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Abstract 

A numerical analysis of convective motion in a model with one 
/ 

free and.one rigid boundary is performed. The stationary two-
dimensional solutions are found and the dependence on the Rayleigh 
m.111ber, the wave number ~d the Prandtl number is discussed. The 
stability of the two-dimensional rolls with respect to three-dimen
sional disturbances is analysed. It is found that the different 

d_!_f3't;~°t)~£~f3_ gep_eng st!'9_11glf on the Prandt 1 numb er. 
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1. Introduction 

Convection in a horizontal fluid layer heated from below has 

received considerable interest in the recent years. This is because 

this system is of considerably geophysical interest and because it is 

a simple hydrodynamical model in which transition to turbulence can 

be studied. 

In a self-adjoint system where the variation of the material 

properties is negligible except for the density dependence on the tern- · 

perature ,· convection cells have the planform of rolls for small super

critical Rayleigh numbers (Schluter, Lortz and Busse 1965, Tveitereid 

and Palm 1976). When the Rayleigh number is increased, this form 

changes into various three-dimensional forms depending on the Prandtl 

number. With further increase of the Rayleigh number the cell struc

ture goes through different regimes until it disappears and the motiop 
' ' 

becomE;!s turbulent. 

Much of the effort so far has been concentrated on the steady two.-

dimensional motion and the transition from two-dimensional to three-

dimensional motion. A number of experiments have been carried out to 

examine this aspects. (Krishnamurti 1970 a and b, 1974, Willes and 

Deardorff 1970, Busse and Whitehead 1971, Busse and Clever 1978). 

The main results may be summarized·: 

1) For high -rrandtl nunrbe--r-s there are t-ra:ns1-t1ons rrom - rolls to 

bimodal convection. 

2) For low Prandtl numbers there are transitions from rolls to 

oscillatory three-dimensional motion, 

Another important experimental result is the observed decrease of the 
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horizontal wave number for increasing Rayleigh number (Willes, 

Deardorff and Sommerville 1972). 

Theoretically the transition from rolls to bimodal convection 

was first investigated by Busse ( 1967) in a model with two rigid 

boundaries and infinite Prandtl number. Later Clever and Busse (1974) 

and Busse and Clever (1978) have examined the influence of the 

Prandtl number on the second critical Rayleigh number in the same 

model. They obtained results which are in qualitative agreement with 

the experimental results mentioned above. Straus (1972) analysed a 

model with two free boundaries. In the case of infini'te Prandtl 

number he did not find any upper bound for stable two-dimensional 

motion. However, Busse (1972) has shown that for Pr + 0 oscillatory 

instability will occur in this model, de fining 'a second critical 

Rayleigh number. 

In this paper we will analyse a model with one rigid and one free 

boundary. We will then exhibit the importance of different boundary 

·c-omi-ttions-for the··t-rarrstt-i-on- to t-hre-e•di:ni-ens-:t-onal --mot-±-on. ---The- mod-e-3:-

has also the experimental advantage that flow pattern at the upper free 

boundary can easily be visualized. 

The numerical analysis presented is based on Galerkin's procedure 

and the paper starts out with an analysis of the stationary two-dimen

sional s..o.luti.on--.as function of the Raj[l.eigh numb.er, the Pra11_dtl mun'ber 

and the wave nUmber-~--- The heat transport and t!le----:cemperature and velo...1·---~-

city field are discussed. 

In chapter 4 the stability of the two-dimensional motion with 

respect to infinitesimal disturbances is examined, and the stability 

regions for four representative values of the Prandtl number are pre

sented. 
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2. Formulation of the problem 

We consider a fluid layer of constant depth h and of infinite 

horizontal extent. The fluid is bounded below by a rigid perfect heat 

-conducting boundary. The upper boundary is assumed to have constant 

temperature and to be stress-free. The governing equations are made 

dimensionless by introducing h, h 2 /K, AT and ~ 
h2 

as scales for 

length, time, temperature and pressure, respectively. Here K is the 

thermal diffusivity, AT the temperature difference between the upper 

an<1 lower boumiary, v is k.;inematic viscosity and p 0 a reference den

sity. By using the Boussinesq approximation and assuming v and K 

to be constant, the governing equations may be written 

+ 
Pr- 1 ( :~ + ~·v~) = - vp + Ra e k + v2~ (2.1) 

+ V•V :z 0 (2.2) 

ae + 2 at + v•ve = w + v e (2.3) 

of temperature from the static state. Pr is the Prandtl number and 

Ra is the Rayleigh number defined as 

v Pr = 
K 

and Ra = gyATh 3 
K\l 

(2.4) 

where y is the coefficient of thermal e_xpan~j_on and g is the acce-
+ 

leration of gravity. -ir--rs-a- unit vector directed opposite to -the---

gravity. 

It is convenient to eliminate the equation of continuity from the 

problem by introducing the general representation of a solenoidal 
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vector field 

(2.5) 

.• 

where cp and $ are two scalar functions. 
+ 

The equation of motion (2.1) is operated by k•V~(Vx 
+ and k•V~. Together with (2.3) we then obtain the following set of 

equations for the field variables cp, ~ and e : 

.!! -v2 e = - v 2cp - ~. ve at i 

Here v 2 
1 

in ( 2 .5). 

a2 . a2 
= -+-

ax2 ay2 
is the horizontal Laplacian, and 

+ v 

(2.6 

(2.7) 

(2.8) 

is given 

It is convenient to describe the motion in a Cartesian coordinate 

system having origo at the upper free boundary with the z-axis opposite 

to the gravity. The boundary conditions for cp, $ and e then 

become 

The equations (2.6) - (2.8).w1th the boundary condition5 (2.9) will 

will be solved numerically by Galerkin's method. The variables cp, ~ 

and e are expanded in series where a general term may be wr.itten. 



e 

,,.... f (x,y,t) 
n 

The expansion functions 

BinhA. ·Z 1 

q>m ( z) = sinhA.: 

- 5 -

wm(z) 
2m-1 

=COS~ 'ITZ 

and 

e ( z) = sin ltl'lfZ · 

satisfy the boundary conditions (2.9). 

by the relation 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

I 

The constants :>..m are given 

(2.14) 

The critical Rayley number Ra0 defining the onset of c~nvection, 

is found from the linear ~ersion of (2.6)-(2.8) giving Ra0 = 1100.6 

for a horizoritaT wave-number a. 0 :: 2 .-&6:~ (Cnanara:s-ekhID'·1-9-s1-L The

critical values are .independent of the Prandtl nwnber• 

-· ~---- ---------~-----------·--- ---- ·--·--------·-----~~- "'·-----··----------·--"-"" : . 
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-------------------------------------------------------------1--------------------

3. Numerical analysis of the.stationary problem. 

The linear version of the equations (2.1)-(2.3) with appropriate 

boundary conditions at the rigid and the free boundary defines a self

adj oint system. Following Schluter, Lortz and Busse (1965) and 

Tveitereid and Palm (1976) we conclude that the stationary solutions 

consist ·O·f two-dimensional roils. 

We choose the rolls to be y- and t-dependent. Then v = 0 

a a · and ry- = at = 0 and equation (2.7) has the identically vanishing 

solution ~ = o. The equations for <t> and e are then expressed : 

( 3 .1) 

v2e -v12<P = ~·~- v 1 2<P ~ axaz ax az (3.2) 

<t> and e are expanded in series 

q> = l Anm 
einax <Pm(z) 

n,m (3.3) 
e = I B einax ~m_( z) 

rr;m nm 

where <Pm and em are given in (2.11) and (2.13), respectively. The 

summation in (3.3) runs through all integers -m < n < • and 

1 < m < 00 • (A is excluded). - om 

The homogenity of the problem in the x-direction implies the 

restr-lct16n ·: 

A =A nm -nm and 

corresponding to convection cells without tilt. 

(3. 4) 
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To determine the unknown amplitudes A and B we substi-nm nm 
tude (3.3) into equation (3.1) and (3.2), multiply by e-ikax ~1 and 

e-ikaxe 1 , respectively, and average over the whoJ,.e fluid layer. We 

then obtain an infinite set of algebraic equa~ions for the unknown 

amplitudes. In order to obtain a solution of this set it is necessary 

to truncate the seriesc (3. 3). We ehoose to neglect all terms with 

lnl + (m+1)/2 > N (3.5) 

Because of the unsymmetric boundary conditions the solution will 

contain amplitudes with both n+m even and n+m oddJ giving 2N 2 

equations to solve. The equations are solved nunerically 

. "t~j•~;~~::i::re 1"9~ ·~ 
by a Newton-

In order to determine the truncation parameter, ·N, w~ e~n•t ... 

the Nusselt number 

Nu =· 1 ... (::) z:: O = 1 (3.6) 

The solution is said to be satisfactorily accurate if by replacing N 

by N+1 the Nusaelt number varies less than 1-2 per cent. As seen 

from table 1 this criteria is fulfilled for Ra/Ra < 20 and . c N !. 8. 

Nunerical costs forbid us, however, ~o increase the truncation para-

meter f\l.rth~. __ The solutions f·or Ra > 20 Rae are therefore not 

. i 

fully con verged. ----------·---------------·--------------_ ----------------------------·-----··------------------ -----

From table 1 we observe that the solution does not converge mono-

tonically for increasin~ N. When N is even the Nusselt number 

shows an overshoot of 2-5 % and subsequent decreases to convergence as 
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N is further increased. For N odd the Nusselt nunber has a smaller 

value and converges from below. The results presented do , however, 

indicate that the solutions with N even converge more rapidly than 

solutions with N odd. The results presented in this chapter and the 

stability analysis in the next chapter are perfor:nied with N even. 

The solutions will then probably satisfy the converging criteria even 

Due to the unsymmetric boundary conditions the solution will have 

tma11111Wtr1c char~t.er. However, the heat flux and thereby the vertical 

temperature gradient must be the same on both boundaries_. From ( 3. 6) 

we then obtain the relation 

N • 
lim l (2n-1)nB0 .2 _1 = O 
N+co n=1 • n 

(3.7) 

For finite N (3.7) is not exactly fulfilled. The balance of (3.7) 

is probably the reason for the different character of the Nusselt 

number for soiutions with N even and N odd. For the converged 

·-f:m1-utrons-tnesum--nr-c-3-.7-)---::rs-u-r o-r-de-r 1-0-L -or les-a~-- -- -- - --- -

In table 2 the variation of Nusselt number with the wave number 

and the Pr~ndtl number is shown. We observe that the Nueselt number 

increases with decreasing Prandtl number and that the wave number 

which gives maximum heat transport increases with increasing Rayleigh 

n.umbe!" • . Th€ v.a.~i-a-ti..o.n wit-l'l 'c-oth the F!'arul-t.1 numt>e;p a,.n4 t-he wa-Ve numt>er. ". 
------------··· ---------··-·-· 

is, however, small. In fig. 1 we have therefore only displayed the 

Nusselt number for Pr = =. For Ra/Rae > 2-3 the numerical results 

fit well to a curve 
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0.3 
Nu • 1 Ki (Ra/Rae) (3.8) 

We have shown that the Nusselt nunber is nearly independent or 

the Prandtl number. From fig. 2, 3 and 4, where streamlines and 

isoterms for Pr= m, 7 and 0.7, respectively, are shown, we notice 

that the detailed flow pattern is also nearly independent of the 

Prandtl number. Fig. 2 (a and b) with Pr = ., and fig. 3 (a and b) 

with Pr = 7 are nearly identical. For Pr = 0.7 (fig. 4 a and b) we 

notice an unsymmetry in the velocity field giving higher velocity for 

the descending cold fluid than for the ascending hot fluid. 

At the lower rigid boundary we observe a boundary layer for the 

velocity field which is nearly independent of the Prandtl number. 

Further we notice that there 1s no significant difference between the 

temperature field at the lower rigid and upper free boundary. The 

reason for-this is that the energy flux is the same through both 

boundaries. 

To examine the temperature anti velocity field variation with the 
I 

Rayleigh number we have in fig. 5-8 given the streamlines and isoterms 

for Ra= 10,20,30 and 40, respectively (Pr= m). ·We observe that for 

increasing Rayleigh number, a nearly isotermal core develOP,S in the 

middle of the cells. In this core the velocity is also negligible, 

and therefore the convective heat transport takes place near the verti-

cal bouil.dar~es of the cells. We also notice that the velocity field 

near the lower rigid boundary is nearly independent of Ra. 

Due to the free upper boundaries the velocity is higher for the 

descending cold fluid than for the ascending hot fluid. (Fig.5a-8a). 

This also gives rise to an unsymmetry in the temperature field. 
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(Fig. 5b-8b). T:Qis._:unsyrnmetry is more clearly demonstrated in fig. 9 

where the mean temperature for dif?erent values of Ra (Pr= m, a= 2.6) 

is given. 

· 4. Stability of the steady state solution. 

To examine the stability of the steady state solution we intro-

duce 
,... 

1ji + • and a + e + e into ( 2. 6) - ( 2. 8) • ' The 

equations are linearized witb respect to the arbitrary infinitesimal 

distµrbances, 

obtain 

-•• e. After subtracting the stationary part we 

-1 {+ [ ...., ,... . . rv' N ]} - Pr k•V x V (Dq>+Eiji)•V Dtp + Dq>•V(Dq>+Erp) 

J 
If there exists a solution of equatio~s (4.1) with a growing 

time de_p_endenca t.ha_ stationary so1-ution is e_aid to be unst.a.bl~_, o_th~r-

wi se 1 t is st ab le • · -----------------·--·------·--·-·· -·-------···---·-------------------·------------------------------------ ·-- ··-

The disturbances must satisfy the same boundary conditions ( 2. 9) 

as the stationary solution. Further, since the coefficients in the 

perturbat.ion equations do not depend explicitly on y and t and the 

explicit x-dependence is periodic, we may write 
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~ = l anm einax ei(dx+by)+at ~m(z) 
n,m 

~ t ~ inax i(dx+by)+at · ( 
tjJ = L b nm e e · •m z ) 

. e = 

n,m 

l e ein~x ei(dx+by)+ot em(z) 
nm nm 
' 

where c;im(•), •m(z) and' em(z) are defined in (2.11), (2.12) and 

( 2 .13), respect! vely. 1;> and d are f'ree parameters. 

(4.2) 

The equations for the unknowns ~-• b_.. . and c are obtained 
·- .,..... fllll l 

by substituting (4.2) into (4.1), multiply by the expaneioh t'uhctions 

and average over the whole fluid layer. We neglect as 1n the etatib

nary c.ase, all tems w1th lnl + (m+1 )/2 :11,· N. This gives a syate111 of 

linear homogeneous equations constituting an eigenvalue problem with 

a as the eigenvalue, 

Because the stationary solution contains amplitudes with both 

n+m. even and n+m odd, the eigenvalue system does not separate into 

- - even and une-ven---subsys-tems. ---1I'here~ere t-ae s-t-a-b4l-i-t~ s~-stem de-t'-1-nes-- a 

6N2 x 6N2 determinant for finite Pr and a 4N2 x 4N2 determinant 

when Pr = •. 

The eigenvalue, q, is a function of' Ra, a, b and d. For given 

values' of Ra and a we must vary both b and d to :find the most 

unstabJ.tLdiaturbanee:a. _ li12.1Derieal. results in t;:he ca.11e c>~ 1:,nfin~t:e · 

Prandtl number show that the most unstable perturbations ~occur -ror--------
either .b = 0 or d = O. Instability due to disturbances with b = O 

are termed Eckhaus instability. Disturbances with d = O give rise 

to instability termed cross roll instability if b 

and zig-zag instability if b + o. 
is of order 
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The result of the stability analysis for Pr = QO is shown in 

fig. 10. We notice that there exists an upper limit, the second 

critical Rayleigh nunber, Ra 2 , beyond which two-dimensional motion is 

unstable. The second critical Rayleigh n unber is found to be 

Ra 2 ~ 47 Ra0 • The corresponding result for two rigid ~o~daries is 

QI 12 Ra (Bu.see 1967), while the results of Straus (1972) for two 
c -

free boundaries indicate a much higher value for Ra2 • 

For Pr = • cross-roll disturbances are the most unstable except 

in a small region for a < a 0 wb€re zig ... za..g disturbances are the most 

important. Tbe value<: of b for the most unstable cross rolls increases 

from b ,..,, a 
c near Ra0 to at Ra • 

2 

For finite Pr we choose to concentrate on three examples Pr = 7 

(Fig. 11), Pr= 0.7 (Fig. 12·) and Pr= 0 .. 025 (Fig. 13). We notice 

that in these cases some new types of instability occur compared to 

Pr = •. These instabilities, the oscillatory instability (Busse 1972 

and Clever and Busse 1974) and the skewed varicose instability (Busse 

and Clever 1978 )- are- 8-trongly-depenaent- on- t-he-Prandtl-numb-er-, wh-ieh-

indicates a hydrodynamic cause. 

The oscillatory instability always emerges from cross-roll distur

bances with b ,..,, a 0 /2 • The skewed varicose instability corresponds 

to disturbances with both b and d different from zero. The value 

Qf b and d for the_most unstable disturbance does not vary signi-

Pr; 

close to 1. For finite Pr the numerical results show that the value 

of b decreases continuously with 1nereaa1ng Ra for Ra beyond a 

certain value depending on Pr (Table 3). Busse and Clever (1978) 

- - I 

I 
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termed this properly for knot instability. Numerically we do not 

find any difference between the knot instability and ordinary cross

roll instability. We find it therefore convenient to retain the ~erm. 

"cross-roll" for this type of instability, too. 

The results given in fig. 10-13 show the.t the stabil~ty regions 

are strongly dependent on the Prandtl ntmber, although the stationary 

solutions are nearly independent of Pr (Table 2 and Fig. 2-4). 

Fig. 11-13 show qualitative agreement with results obtained by Clever 

and Busse (1.S#74) and Busse and Clever (1978) in a model with two rigid 

boundaries. The decrease of Ra 2 with decreasing Pr is, however, 

stronger in our model due to the upper free boundary. 

The second critical Rayleigh number, Ra 2 is found to be: 

Ra2 /RacCll47,11 .5 and 1.06 for Pr= co, 7, 0.7, and 0.25. respectively. 

The corresponding values in a model with two rigid boundaries are found 

to be Ra/Rae• 12, 15, 3.6, and 1.2 for Pr= co, 7, 0.7 and 

0.025, respectively. (Busse 1967, Clever and Busse 1974 and Busse and 

- - CI ever 1 9-Ts-) • -we n ot-fi} e tnat irr-tne mrs e or--two r-i-gi d-b-oun dart es - --Ra 2 

is greater for Pr = 7 than for Pr = co. The results shown in 

fig. 10-13 do not indicate a similar trend in a model with one free and 

one rigid boundary. 

It is seen from the figures that the upper bound is determined by 

different disturban-e-es de-pending on the Pranat.l number. Gross rolls 

are the most important disturbances for Pr= co (fig. 10). For Pr= 7 

(fig. 11) both the skewed varicose instability and the cross-roll in

stability are present. For Pr= 0.7 (fig. 12) and Pr= 0.025 (fig.13) 

the upper bound is determined by the oscillatory instability and the 
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skewed v~ricose instability. We notice that the oscillatory insta

bility becomes more important as the Prandtl number is decreased. In 

the limi't of vanishing Prandtl numbers the oscillatory instability will 

then probably be more important than the skewed varisoe instability. 

An analogous result was found by Busse and Clever (1978). 

It is shown in fig. 11, 12, and 13 that the skewed varicose 

instability eliminates stationary rolls with high wave numbers. This 

effect plays a major role in explaining the generally observed increase 

of wave length of convection cells for increasing Rayleigh numbers. 

(Willis, Deardorff and Sommerville 1972). 

We also notice that the importance of the more established types 

of disturbances varies with the Prandtl number. The zig-zag instabi-

11 ty disappears for all three examples w.ith finite Pr, while the 
I 

I 

Eckhaua instability becomes more important when Pr is decreased. 

For Pr= 0.025, for instance, the Eckhaus instability dominates for 

the. smallest supercritical Rayleigh numbers. The stability region for 

- Pr- = o-~-025 is--nowever so-smal:r th-at i-t wil-1- be-±m'l'"les-s-ib-le t-e- f1-nEI. 
' ' :t' 

stable rolls in an experimental upset for this Prandtl number. 

5. Summary. 

We have in this paper studied convection in a hortzontal l_ay~r 

with one rigid and one free boundary. TWo-dimensional finite amplitude· -' 

solutions have been obtained and the stability of these solutions with. · 

respect to infinitesimal disturbances has been examined. 

The solution df the stationary problem is obtained for various 
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values of the Prandtl number, the Rayleigh number and the wave 

number. As shown in table 2 and fig. 2, 3 and 4 the stationary 

solutions are only weakly dependent on the Prandtl number. The 

Nusselt number does, however, increase somewhat with decreasing 

Prandtl number. In fig. 1 we have displayed the Nusselt number as 

a function of Ra/Rae for Pr = m. The numerical results are 

approximated by 

0.3 
Nu • 1 .6 (Ra/Rae) 

for Ra/Rae > 2 - 3. 

( 5 .1) 

The variation of the temperature field and velocity field are 

shown in fig. 2-8. We find that the boundary layer at the lower 

rigid boundary varies lit~le with both Prandtl number and Rayleigh 

number. When the Rayleigh number is increased, the central region 

of the cells becomes nearly isoterrnal and the velocity in this region 

is small. 

Due __ t Q__!_he_\lns_y-mm~_1;_!'_¥ _!_I1~!_11~ l:>_e>_undar~---~-Q!l_9_i tj._Q!lS _J~oth _J;_h~_ velo-_ 

city and the temperature field show an unsymmetric character which 

increases with increasing Rayleigh number. The effect of the boundary 

conditions is most clearly shown in fig. 9 where the mean temperature 

for different values of Ra (Pr = ~) is displayed. 

In section 4 the stability of the steady state solutions with 

_respect to infinitesimal disturbances has been discu.ssed. It is shown 

that the second critical Rayleigh number depends strongly on the 

Prandtl number. It decreases from 47 Rae for Pr z • to 1 ,0,6 Rae 

for Pr= 0.025. 
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In the case of finite Prandtl number some new types of instabi

lity occur, the oscillatory cross-roll instability and the skewed 

varicose instability. These instabilities are strongly dependent on 

the Prandtl number which indicates a hydrodynamic cause. The effect 

of these disturbances are found to be stronger in our inodel compared 
' to a model with two rigid boundaries. 

Acknowlede;emens_ 

Parts of this work h&B been supported by The Royal- Norwegian 

Council for S.cientific and Industrial Research (NTNF). 



- ' 

REFERENCES 

Busse, F.H., 1967, 

Busse, F.H., 1972 

- 17 -

"On the stability of two-dimensional convection 

in a l'ayer heated from below", 

J.Math. and Phys. i§_, 140-149 • 

11 Tbe oscillatory instability of convection rolls 

in a low Prandtl number fluid'', 

J .Fluid Mech. 52, 97-112·~ · 

Busse, F.H. and Clever, R.M. 1978, "Instabilities of convection rolls 
in a fluid of moderate Pr ndtl number••·, 

In press 

Busse, F.H. and Whitehead, J .A., 1971, "Instabilities of convection 

rolls in high Prandtl number f;tuid", 

J.Fluid Mech. 47 305-320. 

Clever, R.M. and Busse-, F.H., 1974, "Transition to nonstationary con

vection", 

J.Fluid Mech. 65 1 625-645. 

Chandrasekhar, s., 1961, "Hydrodynamic and hydromagnetic instability", 

Krishnamurti, R., 1970 a, "On tne transition to turbulent convection, 

Part I. The transition from two- to three

dimensional flow", 

J.Fluid Mech. 42- 295-307. 

Krishnamurti, R., 1970 b, "On the transition to turbulent convection, 

_ __ ____ _ __ _ __ Part II ._Th~Eransit ion to f_~e~-:~ependent flow", 

J. Fluid Mech • .!£, 307-320. 

Krishna;m.arti, ·ft., 1914, "Some further Btudiee on the traneit ion to 

turbulent convection", 

J.Fluid Mech., §.Q., 285-303. 



- 18 -

SchHlter, A., Lortz, D. and Busse, F., 1965, "On the stability of 

steady :finite amplitude convection", 

J. Fluid Mech., 28, 223-239. 

Tveitereid, M. and Palm, E., 1976, "Convection due to internal heat 

eourose", 
J. Pl u1d Mech. , 16, 411-499. 

Willis, G.E. and Deardorff, J.W., 1970, ''The oscillatory motions of 

Rayleigh convection", 

J. Flu~d Mech., !!_, 661-672. 

Willis, G.E., Deara:orrr, J.W. and Sommerville, R.C.J., 1972, 

"Roll-diameter dependence in Rayleigh convection 

and its effects upon the heat flux", 

J.Fluid Mech., 54, 351-367. 



Fig. 1 

Fig. 2 

Fig, 3 

Fig. 4 

Fig. 5 

Fig. 6 

Fig. 7 

Fig. 8 

Fig. 9 

Fig.10 

Fig.11 

- 19 -

E i__g_ur_e_le_g_end_S____ 

Nusselt number v. s. Ra/Rae for Pr = co and a. = 

(a) Streamlines and (b) isoterrnf!_ for Ra/Rae ;: 5 J 

Pr = co J a. = 2.6 

(a) Streamlines and (b) isoterms for Ra/Ra = 5, - c 
Pr = 7, a = 2.6 

(a) Streamlines and (b) isoterms for Ra/Rae = 5, 

Pr = 0.7, a. = 2.6 

(a) Streamlines and (b) isoterms for Ra/Rae = 10, 

Pr = co a = 2.6 
' , 

(a) Streamlines and. (b) isoterms for Ra/Rae = 20' 

Pr = co' a = 2.6 

(a) St ream lines and (b) isoterms for Ra/Rae = 30' 

Pr = co' a. = 2.6 

(a) -Streamlines and (b) isoterms for Ra/Ra0 = 40, 

-- --P~- =- -co-, -- -G -= -2-.-6--

2.6 

Mean temperature for different values of 

Pr = co, and a = 2.6 

Ra/Ra for 
c· 

Stability region for Pr = co 

cross roll instability 
-••- zig-zag instability 

Stability region for Pr = 7 

~~ cross roll instability 

-- the ak&w..et.i varic.oae instability 



Fig.12 

Fig.13 
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Stability region for Pr = 0.7 
~ cross roll instability 
-•- the skewed varicose instability 

-~- oscillatory instability 

--- Eckhaus instability 

Stability region for Pr = 0.025 
-•- the skewed varicose instability 
--x- oscillatory instability 

--- Eckhaus instability 
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~ 4 5 6 7 8 

10 3.45 3.29 3.39 3.37 3.38 

:.lO 4.09 3.72 4.12 3.97 4.0ti 

30 4.33 3.89 4.60 4.28 4.52 

40 4.40 3.99 4. 95 4.48 4.87 

50 4.46 4 .• 07 s.22 4.59 5 .18 

Table 1. The variation of the Nusselt number with 

the truncation parameter N for different 

values of Ra/Rae (Pr = ~, a = 2.6) 



Ra/Ra0 2 

"' 

Ra/Rae = 5 

j I 

! 
I 

! Ra/Rae = 12 

I 

Pr = 
Pr = 
Pr = 
Pr = 
Pr = 
Pr = 

Pr = 
Pr = 
p~ = -

-
7 

' . 

0.7 

-
7 

0.7 

• 
7 

0.1 

a.::i2.5 

1~891 

1~895 

1~195 
I 

2~775 
I 

2~782 

2~795 

3~558 

3~576 

3~ 670 

2.6 2.7 21.8 
! 

1.902 1.908 1.1910 

1.905 1.911 1.~13 
1.906 1.912 1 .1915 

2.788 2.796 2.laos 
2.795 2.804 2 .1810 

2. 814 2.829 2.ja40 
I 

3.579 3.598 3./612 

3.600 3. 613 3°1627 
I 

3.100 3.725 3-l746 

2.9 3.0 3.1 3.2 J.3 3.4 •. 3. ~:I ~.§ 

1.908 1.903 1 .900 

1. 911 1 .906 1 .903 

1.913 1.907 1 .. 903 

2.809 2.011 2.809 2·.806 
2.814 2.815 2.814 2.811 

2.847 2.es1 2.$48 2.842 

3.624 3.633 3 .641 3.646 3.648 3.649 3.648 3.646 

3. 6 3·8 3.646 3.652 3.655 3-656 3.655: 3.652 3°648 

3°763 3-776 3-786 3.792 3.795 3.795 3.792 3-786 

Table 2. • Variation of Nussel t number with wa\Te number and Prandtl number for 

different values dr Ra/Rae. 

I 

[: 
I. 
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~ co 7 0.7 c 

1.2 2.6 2.65 2.7 

·1.5 2.65 2.67 2.65 

2 2.7 2.7 2.4 

2.5 2.75 2.6 2.3 

3.5 2.85 2.5 2.0 

5 3.0 2.35 1 .• 6 

7 3.2 2.1 
, 

10 3.5 1. 8 

20 4.0 

30 4.5 

40 s.o 

Table 3. The value of b for the most unstable 

cross-roll for different values of 

Ra/Ra0 and Pr. 
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