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Abstract

We provide a non-interleaving operational semantics for the pi-calculus as asynchronous
transition systems, which generalizes the standard interleaving structural operational se-
mantics and unfolds to standard, stable prime event structures. We follow the approach
taken by Mukund and Nielsen in providing non-interleaving semantics for CCS by infering
the so-called prefixing (structural or subjective) causality between actions from a notion
of locations derived from the syntactic structure of the term. We then introduce a notion
of extruder histories, from which we infer the so-called name (link or objective) causal-
ity that the dynamic communication topology of the pi-calculus introduces. The notion
of extruder histories is inspired by recent work of Crafa, Varacca, and Yoshida provid-
ing an elegant non-interleaving denotational semantics for pi-calculus, but in a model of
non-stable extended event structures.
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1 Introduction

The standard operational semantics of pi-calculus [11, 12] is given through structural opera-
tional rules adopting an interleaving approach to concurrency. Interleaving semantics describe
the concurrent execution of actions as arbitrary sequential interleaving of the actions, employing
basic transition systems or automata as semantic models. This makes it impossible to distin-
guish actions that happen independently, and thus possibly concurrently, from actions that
can happen in any order. However, the ability to distinguish concurrency from interleaving
has several practical applications: It can be used to deal with state-space explosion in model-
checking [5] and to support action refinement [20] and has recently gained renewed interest in
the study of reversibility (e.g. [19]).

To provide a non-interleaving semantics for a calculus, we need to identify concurrency
and causality from the syntactic description of proceses and from that define a notion of non-
interleaving observations. Such observations can be defined e.g. in terms of a bisimulation or
testing equivalence or by expressing the semantics in a non-interleaving model of concurrent
processes, such as event structures [15, 21], asynchronous transition systems [1, 18] or Petri
nets [3], in which the concurrency can be represented explicitly. There has been quite some
work on providing non-interleaving semantics for pi-calculus [2–4, 7, 9, 13, 17]. We leave it to
the long version of this paper to provide a detailed comparison and up-to-date survey. For now
we will only conclude, that the prior work shows that the dynamic communication topology in
pi-calculus makes it non-trivial to identify what accounts for causality and concurrency, and
indeed several possible ways to interpret concurrency and causality have been proposed in the
litterature. The key challenge was identified by Boreale and Sangiorgi in [2], in which they
identify and separate the causal dependencies in calculi for mobile processes in two categories
called subject, structural or prefexing dependencies and object, link or name dependencies. The
subjective dependencies come from the nesting of prefixes, whereas object dependencies come
from the extruding of names.

We found no prior work however, on providing a non-interleaving, structural operational
semantics generalising the standard semantics of pi-calculus within a standard, stable non-
interleaving transition system model. In the present paper we provide such a semantics in-
spired by the work of Mukund and Nielsen [14] and the more recent work by Crafa, Varacca,
and Yoshida [6, 7]. The former defines a structural operational non-interleaving semantics for
Milner’s CCS [10] as asynchronous transition systems. The latter provides an elegant non-
interleaving denotational semantics for the pi-calculus. The elegance is obtained by using a
new notion of extended event structures, which allows for non-stable causality, that is, an event
does not need to have a unique smallest configuration enabling it. An example of such appar-
ent need for non-stable causaility is provided by the process (νn)(a〈n〉 || b〈n〉 ||n(x)), where the
input n(x) depends on the extrusion of n by one of the concurrent outputs in a〈n〉 || b〈n〉, not
both. If one insists on employing a stable non-interleaving model, it seems necessary to have
two different (conflicting) events producing the input action n(x) representing the two possible
dependencies. It is argued in [6, 7] that the technical details become intractable if one insists
on employing a stable non-interleaving model.

The key contribution of the present paper is to work out the technical details involved in
providing a non-interleaving operational semantics for pi-calculus using a standard, stable non-
interleaving model and show that such a stable semantics is not intractable, even though it
does get more complex than the semantics in [6, 7]. Concretely, we generalize the approach of
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Mukund and Nielsen [14] to the pi-calculus to provide a structural operational semantics as
standard asynchronous transition systems that unfolds to prime event structures. The technical
tool is, in addition to the notion of locations used in [14], to employ a new notion of extruder
history, from which the events and stable causal dependencies can be inferred.

Overview of paper: In Sec. 2 we recall the syntax of pi-calculus and the definition of
asynchronous transition systems. We then proceed in Sec. 3 to provide a structural operational
semantics to pi-calculus with information about locations and extrusion histories of actions,
and in Sec. 4 we show how to derive an asynchronous transitions systems from this semantics.
We conclude and comment on future work in Sec. 5

2 Preliminaries

Below we first briefly recall the syntax for pi-calculus, following a style similar to that in [16]
and then recall the definition of asynchronous transition systems [1, 18].

Definition 2.1 (pi-calculus syntax) The set of pi-calculus processes Proc, ranged over by
P,Q, . . . , are defined by the grammar

P ::= a〈n〉.P | a(x).P | Pl + Pr | (νa)P | P ||Q | !P | 0

providing constructs for, respectively: output, input, non-deterministic choice, restriction of
name a, parallel composition, replication and the empty/trivial process and assuming an infinite
set of names N .

We make a habit of using a, b, ... for names that are meant to indicate channels/links for
communication, m,n, ... for names that are being transmitted over channels, and x, y, z, ... when
we intend these names to be substituted.

Below we provide the action labels, ranged over by α, for the transition semantics. The
operational semantics is the standard one [16] and omited for lack of space.

Definition 2.2 (action labels) The semantics of pi-calculus uses action labels on transitions.

τ Communication between parallel components;

a(νb̃)〈n〉 where b̃ ∈ {ǫ, n} Output of name n on channel a, from under a restriction if b̃ = n;
a(n) Input of name n on channel a.

Notation 2.3 For a process P we denote by n(P ) the set of all names appearing in P , by
bn(P ) those names that are restricted by a (νn) or input action a(x), and by fn(P ) those
names that are not bound. For the particular process (νn)a(x) we have n((νn)a(x)) = {n, a, x},
bn((νn)a(x)) = {n, x}, and fn((νn)a(x)) = {a}. For an action label α we use the same notation
for similar notions. In particular, for an output action the bound name is that appearing under
the (ν); e.g., bn(a(νn)〈n〉) = n whereas bn(a(νǫ)〈n〉) = ∅, and fn(a(νǫ)〈n〉) = {a, n}.

Definition 2.4 (asynchronous transition systems) An asynchronous transition system (ATS)
is a structure (S, i, E, I, T ) such that

• (S, i, E, T ) is a transition with S the set of states and i an initial state, E a set of events
labelling the transitions of T ⊆ S ×E × S; and
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• I ⊆ E ×E is an irreflexive and symmetric relation, called “independence”, satisfying the
following conditions:

1. e∈E ⇒ ∃s, s′∈S : (s, e, s′)∈T ;

2. (s, e, s′)∈T ∧ (s, e, s′′)∈T ⇒ s′ = s′′;

3. e1Ie2 ∧ (s, e1, s1)∈T ∧ (s, e2, s2)∈T ⇒ ∃s3 : (s1, e2, s3)∈T ∧ (s2, e1, s3)∈T ;

4. e1Ie2 ∧ (s, e1, s1)∈T ∧ (s1, e2, s3)∈T ⇒ ∃s2 : (s, e2, s2)∈T ∧ (s2, e1, s3)∈T .

The last two conditions ensure that independent events always form interleaving diamonds
and imply stability. Since ATSs unfolds to prime event structures [21, Ch.7], we can see our
semantics as generating stable event structures as semantic objects for pi-processes.

3 Operational Semantics with Locations and Extrusion His-

tories

In this section we describe how to give a structural operational semantics with information
about locations of actions and extrusion histories, from which the notion of events and their
causality relation can be inferred.

We take as starting point a standard operational semantics for the pi-calculus (e.g. [7,
16]). We then add (static) location labels as in the semantics of CCS given by Mukund and
Nielsen [14] built while making the derivation tree of a transition. Finally, we add (dynamic)
histories, which carry information about extruded names and will be part of the states of the
transition system.

As in [14] the inference of location labels from the syntax requires that one does not do any
identification of processes up to structural congruences (e.g., no structural rule for commuta-
tivity), except for alpha-conversion. Our location labels are slightly different compared to the
semantics given for the CCS language in [14], primarily because we do not assume guarded
choice. As a consequence we record both in the label and process which branch of choices have
been taken. Concretely, we extend the process syntax to include processes of the form (b)P
for b ∈ {l,r}. The annotations (l) and (r) are used to keep the information that a process
belonged to respectively the left and right branch of a choice, and will only appear in processes
generated dynamically by the semantics (Example 3.9 motivates this further). We denote the
set of such extended process terms by Proc

+b.

Definition 3.1 (SOS with location labels and histories) We give in Figure 1 the SOS
rules for pi-calculus extended with location labels and histories.

Before explaining and exemplifying the semantic rules we introduce the basic notions of
locations, basic events, components, and extruder histories.

Proposition 3.2 (location labels) The location labels u of transitions H , P
α
−→
u

H ′, P ′ are of

the following forms:

1. s[P ][P ′], where s ∈ {0, 1, l,r}∗ and α ∈ Act\{τ},

2. s〈s0[P0][P
′
0], s1[P1][P

′
1]〉, where s ∈ {0, 1, l,r}∗, si ∈ i{0, 1, l,r}∗, and α = τ .
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(in)
(H ,H ), a(x).P

a(n)
−−−−−−−−−→
[a(x).P ][P [x:=n]]

(H ,H ∪ {(n, ǫ)}), P [x := n]

(out)
H, a〈n〉.P

a(νǫ)〈n〉
−−−−−−→
[a〈n〉.P ][P ]

H,P

H, P || !P
α
−→
u

H ′, P ′

(rep)
H, !P

α
−→
u

H ′, P ′

H,Pb

α
−→
u

H ′, P ′ b ∈ {l,r}
(choice)

H,Pl + Pr

α
−→
bu

H ′, (b)P ′

H,P
α
−→
u

H ′, P ′ b ∈ {l,r}
(choice-h)

H, (b)P
α
−→
bu

H ′, (b)P ′

(H P ,H P ), P
α
−→
u

(H
′

P ,H
′
P ), P

′ bn(α) 6∈ n(Q)

H
′′
= {(n, 0u|{0,1,[R]}) | α = a(νǫ)〈n〉, (n, [R][R′]) 6∈ ǫH ǫ, (n, l) ∈ 1HQ,

∄(n, l) ∈ 0H P : l � 0u|{0,1}}
(lpar)

(ǫH ǫ ∪ 0H P ∪ 1HQ, ǫH ǫ ∪ 0H P ∪ 1HQ), P ||Q
α
−→
0u

(ǫH ǫ ∪ 0H
′

P ∪ 1HQ ∪ H
′′
, ǫH ǫ ∪ 0H ′

P ∪ 1HQ), P
′ ||Q

(HQ,HQ), Q
α
−→
u

(H
′

Q,H
′
Q), Q

′ bn(α) 6∈ n(P )

H
′′
= {(n, 1u|{0,1,[R]}) | α = a(νǫ)〈n〉, (n, [R][R′]) 6∈ ǫH ǫ, (n, l) ∈ 0H P

∄(n, l) ∈ 1HQ : l � 1u|{0,1}}
(rpar)

(ǫH ǫ ∪ 0H P ∪ 1HQ, ǫH ǫ ∪ 0H P ∪ 1HQ), P ||Q
α
−→
1u

(ǫH ǫ ∪ 0H P ∪ 1H
′

Q ∪ H
′′
, ǫH ǫ ∪ 0H P ∪ 1H ′

Q), P ||Q′

H,P
α
−→
u

H ′, P ′ b 6∈ n(α)
(scope)

H, (νb)P
α
−→
u

H ′, (νb)P ′

(H ,H ), P
a(νǫ)〈n〉
−−−−→

u
(H

′
,H ′), P ′ b 6= a b = n

(open)
(H ,H ), (νb)P

a(νb)〈n〉
−−−−→

u
(H

′
∪ {(b, u|{0,1,[P ]})},H

′), P ′

(H P ,H P ), P
a(νb̃)〈n〉
−−−−→

u
(H

′

P ,H
′
P ), P

′

(HQ,HQ), Q
a(n)
−−→

v
(H

′

Q,H
′
Q), Q

′ b̃ ∈ fn(Q)
(com)

(ǫH ǫ ∪ 0H P ∪ 1HQ, ǫH ǫ ∪ 0H P ∪ 1HQ), P ||Q
τ

−−−−→
〈0u,1v〉

(ǫH ǫ ∪ 0H P ∪ 1HQ, ǫH ǫ ∪ 0H P ∪ 1HQ), (νb̃)(P
′ ||Q′)

Figure 1: Structural operational pi-calculus semantics with locations u and extruder histories
H (we omitted the symmetric version of rule (com)).
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Proof : By induction on the length of the derivation tree of the transition H , P
α
−→
u

H ′, P ′. �

Intuitively, a sequence s ∈ {0, 1, l,r}∗ provides a path through the abstract syntax tree,
with 0 and 1 indicating taking the left and right branch of a parallel composition respectively,
and l and r indicating taking the left and right branch of a non-deterministic choice respectively.
The location labels of the first form then provide the location s of an input or output prefixed
sub-term followed by the prefixed sub-term [P ] before the transition and the residual sub-term
[P ′] after the transition. The location labels of the second form provide two locations, ss0 and
ss1, of the output and input prefix in a communication, again followed by the sub-terms and
their residuals.

Example 3.3 (associativity and commutativity break location labels) Often in presen-
tations of pi-calculus one considers structural rules like for the parallel composition being com-
mutative and associative. We cannot have such structural rules because of how we create the
location labels of the events and how we define the independence relation on events. For the
commutativity of parallel composition we can easily see how our labels do not work any more,
in the example process P = a〈a〉 || b〈b〉. Here we can get the event e = (a(νǫ)〈a〉, 0[a〈a〉][0]) for
the transition on channel a. If we had a structural rule saying that parallel composition can
commute, i.e., that the two processes P = a〈a〉 || b〈b〉 = b〈b〉 || a〈a〉 = P ′ are equivalent for the
semantic rules, we would see P ′ = b〈b〉 || a〈a〉 executing the same event for the same channel
a but which has a different location label e = (a(νǫ)〈a〉, 1[a〈a〉][0]). This breaks our reasoning
about which components execute which events. For the associativity of parallel consider the pro-
cess P ′ = (a〈a〉 || b〈b〉) || c〈c〉 where the event for b would be (b(νǫ)〈b〉, 01[b〈b〉][0]). If we allow
the parallel to be associative we could write P ′ = a〈a〉 || (b〈b〉 || c〈c〉) where the event for b would
be (b(νǫ)〈b〉, 10[b〈b〉][0]. These two events again have completely different location labels, though
they should be seen as comming from the same component.

From the locations we define our first notion of basic events, which correspond to the events
defined for CCS in [14]. We will later show how to split these events to provide a stable non-
interleaving model taking into account the additional causal relationships in the pi-calculus.

Definition 3.4 (basic events) We define the set of basic events Ev as follows:

Ev = {(α, u) | ∃P, P ′ ∈ Proc
+b, ∃H,H ′ ∈ H : H,P

α
−→
u

H ′, P ′}.

For e ∈ Ev we identify Loc(e)⊆{0, 1, l,r}∗, the locations where e = (α, u) occurs, as follows:

Loc(e) =

{

{s} if u = s[P ][P ′]

{ss0, ss1} if u = s〈s0[P0][P
′
0], s1[P1][P

′
1]〉.

Notation 3.5 For any location label u and subset of location elements Λ ⊆ {0, 1, l,r, [P ] |
P ∈ Proc

+b} we denote by u|Λ the subsequence of u formed of only location elements from Λ.
When we are interested in the location label u without some location components Λ we denote
u|Λ, e.g., a location label without its choice components is denoted u|{l,r}.

A component in a parallel composition can be identified from the location label.
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Definition 3.6 (component of P at location s) We define inductively a partial function

Comp : {0, 1, l,r}∗ ×Proc
+b ⇀ Proc

+b

1. Comp(ǫ, P ) = P, provided P 6= !P1 and P 6= (νn)P1 (where ǫ is the empty string)

2. Comp(0s, P0 ||P1) = Comp(s, P0)

3. Comp(1s, P0 ||P1) = Comp(s, P1)

4. Comp(s, (νn)P ) = Comp(s, P )

5. Comp(s, !P ) = Comp(s, P || !P )

6. Comp(bs, Pl + Pr) = Comp(s, Pb) for b ∈ {l,r}

7. Comp(bs, (b)P ) = Comp(s, P ) for b ∈ {l,r}

Corollary 3.7 For any s, s′ ∈ {0, 1, l,r}∗ and any process P , whenever Comp is defined, we
have Comp(s,Comp(s′, P )) = Comp(s′s, P ).

Proof : The proof follows from Definition 3.6 by induction on the structure of s′. The base
case for s′ = ε is easy by using Definition 3.6(1).

Take s′ = 0s′0 for which Comp is defined when P = P0 ||P1, and P = (νn)P0. For P =
P0 ||P1 we have that Definition 3.6(2) says that Comp(0s′0, P0 ||P1) = Comp(s′0, P0), which
implies that the left part of the equality becomes Comp(s,Comp(s′0, P0)). The right part
becomes Comp(s′0s, P0) by applying Definition 3.6(2) as Comp(0s′0s, P0 ||P1) = Comp(s′0s, P0).
The equality of these last two formulas is given by the induction hypothesis. In the case when
P = !P0 then we first apply Definition 3.6(5) and then we follow the above reasoning verbatim.
For the case for P = (νn)P0 we first use Definition 3.6(4) then follow as above.

The case for s′ = 1s′1 is analogous, using Definition 3.6(3) for P = P0 ||P1 and Defini-
tion 3.6(4) for P = (νn)P .

For the case when s′ = bs and Comp is applicable, i.e., P = Pl+Pr, an analogous argument
works using Definition 3.6(6), and using Definition 3.6(7) when P = (b)P .

Note that no matter what the structure of s is, the Comp is defined when P = !P0. This then
reduces to a process where only the cases Definition 3.6(2) and (3) could further be applicable.
�

Definition 3.8 (extruder histories) A history is formed of two components H = (H ,H ):

1. H ⊆ N × ({0, 1}∗[P ][P ′]) a set of pairs of names and extruding (i.e., output) location
strings ending in processes [P ][P ′];

2. H ⊆ N × ({0, 1}∗) a set of pairs of names and input location strings.

We use the notation 0H ⊆ N × (0{0, 1}∗[P ][P ′]) for a set of pairs (n, 0l) with the location
string starting with 0, and similarly 1H ⊆ N × (1{0, 1}∗[P ][P ′]), and ǫH ⊆ N × (ǫ[P ][P ′])
for pairs (n, ǫ[P ][P ′]), with ǫ being the empty string. We use the same notations for 0H , 1H ,
respectively ǫH . These notations are naturally lifted to full histories, e.g., 0H = (0H , 0H ). We

use notation H ∪H ′ to mean (H ∪H
′
,H ∪H ′). We denote by H the set of all histories.
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The use of location labels and histories is explained through examples below. The first
example motivates why we need to use the choice label elements.

Example 3.9 (choice label) Consider the process P = (a〈a〉.0 || b〈b〉.0) + (a〈a〉.0 || c〈c〉.0).
In standard pi-calculus semantics [16] as well as in our semantics given in Fig. 1, the process
P has two transitions labelled with the same action a(νǫ)〈a〉 but reaching two different processes,

i.e., P
a(νǫ)〈a〉
−−−−→ 0 || b〈b〉.0 and P

a(νǫ)〈a〉
−−−−→ 0 || c〈c〉.0. So, to achieve event determinism as required

in Def. 2.4(2), we must assign different events to these two transitions. Without using the
choice labels l/r we would have the location label 0[a〈a〉.0][0] for both transitions and therefore
the two transitions would give rise to the same event, (a(νǫ)〈a〉, 0[a〈a〉.0][0]). With the choice
labels we obtain two distinct events l0[a〈a〉.0][0] and r0[a〈a〉.0][0].

The following example illustrates why we need an additional rule (choice-h) and motivates
the line (7) in the definition of Comp.

Example 3.10 (choice rule) Consider the process P = a〈a〉.(b〈b〉.0 + c〈c〉.0) + d〈d〉.0, for

which the following transition is derived using (choice) and (out) rules: P
a(νǫ)〈a〉
−−−−→
l[Pl][P ′

l
]
(l)P ′

l
,

where the process Pl = a〈a〉.(b〈b〉.0+c〈c〉.0) and P ′
l
= b〈b〉.0+c〈c〉.0. Applying the Comp(l, P ),

with Definition 3.6(6), would return the expected component of P that was responsible for
this transition, i.e., Pl. On the other hand, when applied to the right side of the transition,
Comp(l, (l)P ′

l
) we obtain by Definition 3.6(7) the process that was involved in the (out) rule,

i.e., P ′
l
. Without adding the choice label in front of the right-hand process in the (choice)

rule, we would obtain the wrong component Comp(l, P ′
l
) = b〈b〉.0.

We now define a notion of independence derived purely from the locations, corresponding
to the indpendence relation defined for CCS in [14].

Definition 3.11 (independence on locations) Denote by lcp(s, s′) the largest common pre-
fix of the two strings s, s′. Define an independence relation on locations Il ⊆ {0, 1, l,r}∗ ×
{0, 1, l,r}∗ as follows:

(s, s′) ∈ Il iff

{

s 6= lcp(s, s′) 6= s′ and

lcp(s, s′)s0 � s ∧ lcp(s, s′)s1 � s′ ⇒ s0, s1 ∈ {0, 1}

where � is the prefix relation on strings. We define an independence relation on events ICCS ⊆
Ev × Ev as follows:

(e, e′) ∈ ICCS iff ∀s ∈ Loc(e), ∀s′ ∈ Loc(e′) : (s, s′) ∈ Il.

In the definition of Il the first line ensures that the two independent events do not come
from the same parallel component (i.e., no location is a prefix of the other). The second line
ensures that independent events can be found only inside the same choice branch, as events
from different choice branches are considered in conflict. Inside a choice branch all event labels
are marked with the respective choice label because the rule (choice) attaches this label to the
front of the process, and subsequently the new rule (choice-h) adds them to the labels. This
independence ICCS is sufficient for CCS. Considering the two a-labelled events in Example 3.9,
they have location labels starting with different choice labels. Therefore, the lcp of their location
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paths is empty and the immediate following label components are not in {0, 1}, the events are
not independent. On the other hand, for two events coming from the same choice branch, the
choice label would be the same and thus the lcp would be either l or r and the following paths
would be 0 and 1. So the events would be independent.

However, the basic events do not deal appropriately with name extrusions and the inde-
pendence relation ICCS is too coarse for pi-calculus. They miss the more subtle objective
dependencies that communication of names brings as shown by the following two examples.

Example 3.12 (extruding) Consider a pi-process (νn)(b〈n〉 ||n(x)) which can extrude the
name n on channel b. According to ICCS the two events e = (b(νn)〈n〉, 0[b〈n〉][0]) and
e′ = (n(m), 1[n(x)][0]) are independent (strictly speaking there are infinitely many input events
on n, one for each possible substitution x := m). But the semantics does not allow the input
event to happen until after the name has been extruded. There is a clear dependency between
the input and the extruder (this was observed in e.g. [7,8]). Moreover, this example also breaks
the property 4 of the independence relation in an ATS.

Example 3.13 (parallel extruders) Recall the example process (νn)(a〈n〉 || (b〈n〉 ||n(x))) from
the introduction. Due to the name extrusion being visible in the labels, two different basic
events are assigned to each of the actions a〈n〉 and b〈n〉. Depending on the order of execution,
we have events ea = (a(νn)〈n〉, 0[a〈n〉][0]) and e′a = (a(νǫ)〈n〉, 0[a〈n〉][0]). Similarly, we have
eb = (b(νn)〈n〉, 10[b〈n〉][0]) and e′b = (b(νǫ)〈n〉, 10[b〈n〉][0]). For the input action, we have only
a single event en = (n(m), 11[n(x)][0]).

The example above illustrates several problems: Firstly, due to name extrusion being added to
the labels, we get four different events for the two extruders and not two events that can be
defined as independent. We remidy this below in Def. 3.19, by defining an equivalence relation
on events, identifying the events ea and e′a (and the events eb and e′b) that are equal up to name
extrusion in the labels. However, then we have a problem that the semantics assign a single
event en to the input action, which will be independent of both output events individually, but
not at the same time. In other words, the transition system will again violate the property 4
of the independence relation in an ATS, i.e. the resulting transition system will not be stable.

We avoid this kind of disjunctive causality by splitting the events as described in [7, Fig.2].
Instead of a single event en in Example 3.13 we use the extruder history to split the event en in
two conflicting events, ena and enb, one causally dependent on output event ea and one dependent
on output event eb. Crafa et al. in [7, Sec.6] deems the approach of splitting events intractable
and instead follows a different approach by defining a specially tailored event structure model
incorporating a global set of extruded names.

Instead of the global set of extruded names, we use extruder histories to record during
the run of a process in the output history Hwhich names have been extruded and at which
location the output happened, and in the input history H we record names received on an input
operation and at which location. The accumulation of extruded names is done in the (open)
and (par) rules. The accumulation of received names is done in the (in) rule. In (com) and
(par) rules we look at histories uniquely decomposed into ǫH ′ ∪ 0H ′′ ∪ 1H ′′′: a part with an
empty location, which contains previously extruded names from the same location where the
current parallel process resides, and two histories corresponding to the parallel components.

Extruder information are immediately available in the (open) rule (which we call initial
extruders), but other events in parallel, under the same scope, may also be extruders (which we
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call possible extruders). The possible extruders have the same relevance for spliting disjunctive
causalities as the initial extruders have. Therefore, they are collected in the same history
element, which is done by the (par) rules.

In the (par) rules we only add extruders that have happened in a component in parallel with
the one of the current transition. This was motivated by the parallel extruders Example 3.13.
This contrasts with a process P = (νn)(a〈n〉.b〈n〉) where only a will extrude n, since b is
directly dependent on a. On the other hand, if the output happens after an input that received
the respective name, we cannot consider this output as an alternative extruder in the (par)
rule, since the environment already knows the name.

Example 3.14 (input histories) For a process P = (νn)(a〈n〉 || b(x).c〈x〉) and empty histo-
ries, we can have two transitions:

1. (∅, ∅), (νn)(a〈n〉 || b(x).c〈x〉)
a(νn)〈n〉
−−−−−→
0[a〈n〉][0]

({(n, 0[a〈n〉][0])}, ∅), (0 || b(x).c〈x〉),

2. (∅, ∅), (νn)(a〈n〉 || b(x).c〈n〉)
b(m)

−−−−−−−−−→
1[b(x).c〈x〉][c〈m〉]

(∅, {(m, 1)}), (νn)(a〈n〉 || c〈m〉), with m 6=n.

After the first transition, it is allowed to have an input transition receiving n:

({(n, 0[a〈n〉][0])}, ∅), (0 || b(x).c〈x〉)
b(n)

−−−−−−−−−→
1[b(x).c〈x〉][c〈n〉]

({(n, 0[a〈n〉][0])}, {(n, 1)}), (0 || c〈n〉).

At this point the (par) rule should decide whether the output on c is an extruder for the name
n, which should not be the case, and the input histories help decide that.

Contrast this with the process (νn)(a〈n〉 || c〈n〉) where after the transition on a we obtain
({(n, 0[a〈n〉][0])}, ∅), (0 || c〈n〉), with the same process as above. The input history H allows the
(par) rule to distinguish between outputs that knew of n before the scope of n was opened and
outputs that learned of n by receiving it after it was extruded.

The (com) rule closes scopes that have been opened by an (open) rule application on the
output branch. Therefore, the (com) rule removes any extruder information that has been
added to the history higher up in the derivation tree.

The information collected in the history about the extruders is meant to be used to split
events so to handle the disjunctive causalities that appear due to the multiple parallel extruders.
We extend the previous definition of events by adding a third component that tells which of
the names of the action have been previously extruded and at which location, making the event
into a triple (α, u, L). The new component L is a partial function (which can be undefined
everywhere) from the names of the action to location labels, i.e., a possibly empty set of pairs
(n, l).

Definition 3.15 (splitting events) We define the set of events Ev as follows:

Ev ={(α, u, L) | ∃P, P ′ ∈ Proc
+b, (H ,H ), (H

′
,H ′) ∈ H : (H ,H ), P

α
−→
u

(H
′
,H ′), P ′

and L : fn(α) 9 {0, 1}∗[P ] a partial function defined as

L(n) =

{

l when (n, l) ∈ H and (n 6= m when α = a(νb̃)〈m〉)
undefined otherwise

.



3 OPERATIONAL SEMANTICS WITH LOCATIONS AND EXTRUSION HISTORIES 11

The same name may be extruded by several output actions, thus an event that uses such a
name would have a disjoint dependency, i.e., depend on either of the outputs. In consequence,
we split an event depending on whether some name from the action is part of an extrusion; this
information is taken from the history. There may be two names in the action α that have been
extruded, thus the use of a partial function. There may be many L, and we split one event copy
for each. For each name n on which L is defined, the L(n) = l represents the location of the
extruder on which this event depends; all other related parallel extruders are independent of
this event copy. In the histories we do not need to record the action name that performed the
extrusion, because at one location there can be at most one extruding action. Note that we are
interested only in the free names of α because bound names can appear only in output actions,
and the names appearing in the object of the output actions are not relevant for determining
extruders (this is the second part of the definition of L(n)).

Example 3.16 (two names in one action) For a process P = (νn)(νm)(a〈n〉 || b〈m〉 ||m(x))
and an empty history H = ∅, after two extruding outputs on channels a and b of the names
n respectively m, we may apply the (in) rule with the action label m(n). Thus the α from
Definition 3.15 may contain two free names, both of which have previously been extruded. This
happens because of the substitution [x := n] present in the (in) rule; there may be many sub-
stitutions, one for each possible name. Not all these substitutions allow for a match, which is
required by the (com) rule. But all these substitutions generate valid events. The history would
contain two pairs H = {(n, 0[a〈n〉][0]), (m, 10[b〈m〉][0])}, thus L needs to be a function.

The operational semantics gives transitions between pairs of processes and histories; but the
splitting generates more events than transitions. This is opposed to CCS where each transition
corresponded to one event. Nevertheless, we do not increase the number of processes, but
only multiply from one event to several between the same two processes. The multiplicity is
determined by the history, therefore one could think of generating these events directly in the
semantics rules. We prefer to see exactly how the events are being split, and not hide this
important aspect in the semantic rules.

Definition 3.17 (independence of events) Two events e = (α, u, L) and e′ = (α′, u′, L′)
are independent eIe′ iff eICCS e

′ ∧ eIπe
′, where ICCS is the natural extension of the Defini-

tion 3.11 to triples, which just ignores the third tuple element, and

eIπe
′ iff (∄n : L(n) = u′|{0,1,[P ]}) ∧ (∄n : L′(n) = u|{0,1,[P ]}).

The definition of independence now takes the definition based on locations, i.e., the ICCS ,
and adds more restrictions, i.e., Iπ, which removes some of the “false” independences that we
have in CCS but which should not be present when communication of names are considered.
Intuitively, the definition of Iπ ensures that false independences between split events and their
corresponding extruders are not considered any more.

Example 3.18 (initial vs possible extruders) For a process P = (νn)(a〈n〉 || b〈n〉) the two
output events are independent, thus we should be able to see the same event with action a〈n〉
both before the b〈n〉 and after it. But before the b〈n〉 we have the event labelled with location
(a(νn)〈n〉, 0[a〈n〉][0]) (with the transition derivation tree applying the rules (scope), (lpar),
(out)) whereas after b〈n〉 the event is labelled with location (a(νǫ)〈n〉, 0[a〈n〉][0]) (with the
transition derivation tree applying the rules (lpar), (out)). The reason for the second event
is that first doing b〈n〉 means opening the scope of (νn).
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Definition 3.19 (equivalence of events) Two events e = (α, u, L) and e′ = (α′, u′, L′) are
equivalent e ≡ e′ iff L = L′ ∧ u = u′ ∧ α ≡ α′, where α ≡ α′ iff α = α′ or α = a(νm)〈n〉 ⇐⇒
α′ = a(νm′)〈n〉 with m 6= m′. We denote by Ev≡ the quotient of the set of events wrt. this
equivalence on events; i.e., the set of equivalence classes of events, usually denoted [e].

Note that the independence relation on events extends immediately to event classes because
it does not depend on the action labels. In other words, if two non-equivalent events are
independent then any events from the two equivalence classes are also independent.

Lemma 3.20 (independence is preserved by equivalence) For any events e, e′, e′′ ∈ Ev
we have e ≡ e′ ∧ eIe′′ =⇒ e′Ie′′.

Proof : We need to show three parts:

1. ∄n : L′(n) = u′′|{0,1,[P ]},

2. ∄n : L′′(n) = u′|{0,1,[P ]},

3. e′ICCS e
′′.

For 1 we know from Definition 3.17 and eIe′′ that ∄n : L(n) = u′′|{0,1,[P ]}. From Defini-
tion 3.19 and e ≡ e′ we know that L = L′ which gives us that ∄n : L′(n) = u′′|{0,1,[P ]}.

For 2 using Definition 3.19 and e ≡ e′ we have u = u′, thus giving u|{0,1,[P ]} = u′|{0,1,[P ]}.
Since we know from Definition 3.17 and eIe′′ that ∄n : L′′(n) = u|{0,1,[P ]}, we get that ∄n :
L′′(n) = u′|{0,1,[P ]}.

For 3 recall from Definition 3.11 that e′ICCS e
′′ iff ∀s′ ∈ Loc(e′), ∀s′′ ∈ Loc(e′′) : (s′, s′′) ∈

Il. We have from Definition 3.19 and e ≡ e′ that u = u′. From Definition 3.17 and eIe′′ we
already know that eICCS e

′′, and from Definition 3.4 we know that Loc(e) = Loc(u) and thus
Loc(e) = Loc(e′), giving us e′ICCS e

′′. �

The next lemma ensures that the way we split events does not break the independence and
equivalence of events. When we split an event we expect that any outcome copies to not be
equivalent and also to not be independent. To the contrary, all the copies split from some event
will be in conflict with each other.

Lemma 3.21 (splitting is correct) For any events e = (α, u, L) and e′ = (α, u, L′) we have
L 6= L′ =⇒ (e, e′) /∈ I ∧ e 6≡ e′.

Proof : We use reductio ad absurdum and assume that (e, e′) ∈ I, meaning cf. Definition 3.17
that (e, e′) ∈ ICCS . This demands that ∀s ∈ Loc(e), ∀s′ ∈ Loc(e′) : (s, s′) ∈ Il, meaning that
s 6= lcp(s, s′) 6= s′. But since e = (α, u, L), e′ = (α, u, L′) then their locations are the same,
thus breaking the above assumption, hence (e, e′) /∈ ICCS .

Since the statement of the lemma assumes L 6= L′, and Definition 3.19 requires that L = L′,
we thus have e 6≡ e′. �
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Remark 3.22 (binders and extruders) Normally in pi-calculi we talk about two binding
constructs: the restriction (νn)(P ) and the input a〈z〉.(P ). The restriction operator binds the
respective name n, and the notion of extruders appears when an output sends a bound name,
e.g. (νn)b〈n〉.Q. But this is more subtle. The input binds the variable z with the scope being
P . On input, the variable is replaced by the name (say m) that is received from outside the
scope of P . This makes the received name m not bound in P . Any output from P with z does
not need to be an extruder in this case. Still, an output from inside P after an input can be an
extruder if the input receives a name that is bound also in P , e.g.:

(νn)(a〈n〉 ||n〈x〉 || a〈z〉.(c〈z〉 || z〈m〉))

where c〈n〉 can be an extruder for the name n only after a communication on a, but not if the
output on a communicates with something outside the restriction (i.e., extrudes n) and then
the input on a receives n from the context.

4 Asynchronous transition systems for pi-calculus

Definition 4.1 (generated transition system) The operational rules for pi-calculus that
we gave in Figure 1 generate a transition system TSπ = (S,E, T ) in the following way.

• S ={(H,P ) | P ∈Proc
+b, H∈H}, with Proc

+b processes prefixed with b labels,

• E = Ev≡

• T ⊆ S ×E × S with
((H,P ), [e], (H ′, P ′)) ∈ T iff ∃(α, u, L) ∈ [e] : (H,P

α
−→
u

H ′, P ′ ∧ L ⊆ H ).

We sometimes label transitions as H,P
[α],L
−−→

u
H ′, P ′ to emphasise that we work with an equiv-

alence class, having L. For some particular process P and history H, we work only with the
transition system reachable from the initial state i = (H,P ) and denote this TSπ(H,P ).

Remark 4.2 (allowed transitions) A transition is allowed in a H , P only if the extruder
names on which it depends appear in the history of previous extrusions operations, i.e., L ⊆ H .

Proposition 4.3 shows that histories do not contribute to deciding the transitions possible
from a process. On the other hand, histories are used in Definition 4.1 to decide which events
are allowed from a state of the ATS. Because of it sometimes we omit in our results the histories,
when they are not relevant.

Proposition 4.3 (histories in semantics) For a process P , if there exists a history (H ,H )

such that there exists a transition (H ,H ), P
α
−→
u

(H
′
,H ′), P ′ then for any history (H

′′
,H ′′) we

can find the same transition (H
′′
,H ′′), P

α
−→
u

(H
′′′
,H ′′′), P ′.

Proof : We use induction on the length of the derivation tree for the given transition. We look
at the last rule application (the root of the derivation tree), and show that we can apply it also

to the different histories (H
′′
,H ′′).
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The base case for rules (in) and (out) are easy to see that the histories are not influencing
the decision of the transition (not the action label nor the location label). The (in) rule updates
the resulting input history though, but this has no bearing on our lemma.

We take now cases.

1. For rules (rep), (choice), (choice-h), and (scope), we see that a general history
H = (H ,H ) is propagated, unchanged, from the conclusion of the rule to the hypotheses

(i.e., we can replace it with any history (H
′′
,H ′′)). Moreover, the adjacent requirements

of these rules (when any) do not involve the history information.

2. For rule (open) the left-side history is just propagated to the hypothesis, and the adjacent
requirements do not involve the history. The output history is changed though.

3. For rules (lpar) and (rpar) the left-side history elements are both divided into the three
disjoint parts. This division is unique, as we noted previously. Part of this division is
given to the hypothesis to decide whether the required rule is derivable. But now we
can apply the induction hypothesis, which says that here we can have any history. This
means that in the conclusion of the rule as well we can have any history, with its unique
decomposition, that we can propagate up. Moreover, the adjacent requirements do not
involve the history information. Note, though, that the history is being updated to the
right-side.

4. The same argument as for (lpar) works for (com) rule, only that we need to apply two
times the induction hypothesis.

�

Proposition 4.4 (location labels are determined) Whenever we have a transition (H ,H ), P
α
−→
u

(H
′
,H ′), P ′ then the location label u is unique, i.e., determined by P and P ′.

Proof : We generate the location u in the derivation tree of the transition. We assume
inductively that the shorter tree generates a unique label. We then look at the structure of P
and P ′, and consider cases on the last rule applied at the root of the derivation tree.

If P = Pl ||Pr and P ′ = P ′
l ||Pr then we know that (lpar) rule is applied at the root and

it adds to the location label u = 0v where v is the unique label obtained from the proof of the
Pl branch. Similarly we find u = 1v if P ′ = Pl ||P ′

r using (rpar).
If P = Pl ||Pr and P ′ = P ′

l ||P
′
r we know that (com) rule is applied and that u = 〈0ul, 1ur〉,

which is uniquely obtained by continuing up each branch finding the unique ul for the Pl part
and ur for the Pr part.

If P = Pl+Pr and P ′ = (b)P ′
1 where b ∈ {l,r} then we know from (choice) that u = bv.

If P = (b)P1 and P ′ = (b)P ′
1 where b ∈ {l,r} then we know from (choice-h) that u = bv.

If P = (νn)P1 and P ′
0 = (νn)P ′

1 or P ′
0 = P ′

1 then we see from the rules (scope) and (open)
that the location label stays the same through these rules.

If P = a〈n〉.P ′
0 or P = a(n).P ′

0 then we know from (out) or (inn) respectively that
u = [a〈n〉.P ′

0][P
′
0] or u = [a(n).P ′

0][P
′
0] �
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Lemma 4.5 (decomposing transitions) From any transition we can recover the transition
in the immediate component identified by the location label component s ∈ {ε, 0, 1, l,r}, i.e.:
for any possibly empty location string s′ we have

P
α

−−−→
ss′uε

P ′ ⇒ Comp(s, P )
α′

−−→
s′uε

Comp(s, P ′)

where uε is either [Pε][P
′
ε] or 〈0s0s′0[P0][P

′
0], 1s1s

′
1[P1][P

′
1]〉, and depending on the case we have

the following extra properties:

1. when s = 0 we have α′ = α and bn(α) ∈ fn(Comp(1, P ));

2. when s = 1 we have α′ = α and bn(α) ∈ fn(Comp(0, P ));

3. when s = ε and P = (νn)P1 we either have (n ∈ fn(α) and α′ = α) or (α = a(νn)〈n〉
and α′ = a(νǫ)〈n〉 and n 6= a);

4. when s = l or r we have α = α′;

Proof : We take cases after s ∈ {ǫ, 0, 1, l,r}.

• When s = 0 the rule that adds 0 to the location label is (lpar), therefore we work with the
transition P0 ||Q

α
−−−→
ss′uǫ

P ′
0 ||Q. The rule requires that transition P0

α
−−→
s′uǫ

P ′
0 exists and that

bn(α) ∈ fn(Q). Applying Definition 3.6 for deriving components, the above transform

into the expected result, i.e.: Comp(0, P0 ||Q)
α′

−−→
s′uǫ

Comp(0, P ′
0 ||Q) with α′ = α and

bn(α) ∈ fn(Comp(1, P0 ||Q)).

• When s = 1 we follow the same argument as above using (rpar) instead of (lpar).

• When s = ǫ we consider the three rules (open), (scope), and (rep), where we do not
add anything to the location label. The structure of P and of α determine which rule is
applicable.

– Consider the application of (open) to process P = (νn)P0 and action α = a(νn)〈n〉
where a 6= n. We thus work with a transition (νn)P0

α
−−→
ǫs′uǫ

P ′
0 for which the rule

ensures the existence of the transition P0
a(νǫ)〈n〉
−−−−→

s′uǫ

P ′
0. As Comp(ǫ, (νn)P0) = P0

and Comp(ǫ, P ′
0) = P ′

0 we get the expected transition Comp(ǫ, (νn)P0)
a(νǫ)〈n〉
−−−−→

s′uǫ

Comp(ǫ, P ′
0) with the actions as expected α = a(νn)〈n〉 and α′ = a(νǫ)〈n〉.

– Consider the application of (scope) to a process P = (νn)P0, thus working with
a transition (νn)P0

α
−−→
ǫs′uǫ

(νn)P ′
0. The rule ensures that n ∈ fn(α) and that we

have a transition P0
α

−−→
s′uǫ

P ′
0. Applying Definition 3.6 we get the expected transition

Comp(ǫ, (νn)P0)
α

−−→
s′uǫ

Comp(ǫ, (νn)P ′
0), with the action α′ = α.

– Consider the application of (rep) to a process P =!P0, thus working with a transition
!P0

α
−−→
ǫs′uǫ

P ′. The rule ensures the existence of the transition P0 || !P0
α

−−→
s′uǫ

P ′. As

Comp(ǫ, !P0) = Comp(ǫ, P0 || !P0) = P0 || !P0 and Comp(ǫ, P ′) = P ′, we get the
expected transition Comp(ǫ, !P0)

α
−−→
s′uǫ

Comp(ǫ, P ′).
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• When s = l, then depending on the structure of P we have two possible cases, i.e.,
P = Pl + Pr or P = (l)P0.

– When P = Pl + Pr we work with the transition Pl + Pr

α
−−−→
ls′uǫ

(l)P ′
l

from the

application of (choice) rule. This ensures the existence of the transition Pl

α
−−→
s′uǫ

P ′
l
.

As Comp(l, Pl + Pr) = Pl and Comp(l, (l)P ′
l
) = P ′

l
we get the expected transition

Comp(l, Pl + Pr) = Pl

α
−−→
s′uǫ

Comp(l, (l)P ′
l
) = P ′

l
and thus α′ = α.

– When P = (l)P0 we work with the transition (l)P0
α

−−−→
ls′uǫ

(l)P ′
0 from the application

of (choice-h) rule. This ensure the existence of a transition P0
α

−−→
s′uǫ

P ′
0. Since

Comp(l, (l)P0) = P0 and Comp(l, (l)P ′
0) = P ′

0, we get the expected transition
Comp(l, (l)P0)

α
−−→
s′uǫ

Comp(l, (l)P ′
0) and also α′ = α.

• When s = r it follows just as for s = l.

�

Corollary 4.6 Applying several times Lemma 4.5, we can extend s to be a string of location
components: s ∈ {0, 1, l,r}∗.

Lemma 4.7 (decomposing communications) From any communication transition we can
recover the transitions in the components identified by the location labels, i.e.: for any possibly
empty location strings s, s0, s1, s

′
0, s

′
1 we have

P
τ

−−−−−−−−−−−−−−−−→
s〈0s0s′0[P0][P ′

0
],1s1s′1[P1][P ′

1
]〉

P ′ ⇒











Comp(s0s0, P )
α

−−−−−→
s′
0
[P0][P ′

0
]
Comp(s0s0, P

′) ∧

Comp(s1s1, P )
α

−−−−−→
s′
1
[P1][P ′

1
]
Comp(s1s1, P

′)

where α denotes the respective opposite type of communication action than α, and they are of
the forms a(νñ)〈n〉 and a(n).

Proof : For proving the second statement of the lemma we can make use of the first statement
to simplify to only considering s = ε. Then we do a double induction on the structure of the
labels 0s0 and 1s1.

Therefore, we consider P of the form P0 ||P1 and apply the (com) rule at the root of the
transition derivation tree. This implies the existence of the two transitions P0

α
−−−−−−→
s0s

′

0
[P0][P ′

1
]
P ′
0

and P1
α

−−−−−−→
s1s

′

1
[P1][P ′

1
]
P ′
1, with Comp(0, P ) = P0 and Comp(1, P ) = P1. Moreover, α and α must

be of the forms a(νñ)〈m〉 and a(m), and P ′ = (νñ)(P ′
0 ||P

′
1), with ñ ∈ {ǫ, n}. We know that

the channel name a must be the same in both α’s and the output name m is the same as the
received name on the input side. Moreover, if ñ 6= ǫ, the only time a name can be been added
to an output action label is by the (open) rule, which opens the scope of n and thus we must
have m = n.
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Apply now the induction hypothesis to the two transitions to obtain Comp(s0, P0)
α

−−−−−→
s′
0
[P0][P ′

1
]

Comp(s0, P
′
0) and Comp(s1, P1)

α
−−−−−→
s′
1
[P1][P ′

1
]
Comp(s1, P

′
1), which by Corollary 3.7 are the same as

Comp(0s0, P )
α

−−−−−→
s′
0
[P0][P ′

1
]
Comp(s0, P

′
0) respectively Comp(1s1, P )

α
−−−−−→
s′
1
[P1][P ′

1
]
Comp(s1, P

′
1).

To see how the right components become the ones from the statement of the lemma
apply Definition 3.6(4) to P ′ with the respective location labels 0s0 and 1s1, having e.g.,
Comp(0s0, P

′) = Comp(0s0, (νñ)(P
′
0 ||P

′
1)) = Comp(0s0, P

′
0 ||P

′
1) = Comp(s0, P

′
0). �

Lemma 4.8 (composing transitions) Under the following restrictions we can lift a transi-
tion from a component to the whole process (when it does not enter a communication):

if Comp(s, P )
α

−−−−−→
s′[P0][P ′

0
]
P ′
1 then P

α′

−−−−−−→
ss′[P0][P ′

0
]
P ′ with Comp(s, P ′) = P ′

1

for s ∈ {ε, 0, 1, l,r}, and α′ defined in terms of α, under the following restrictions:

1. for s = 0 if bn(α) ∈ fn(Comp(1, P )) and α′ = α;

2. for s = 1 if bn(α) ∈ fn(Comp(0, P )) and α′ = α;

3. for s = ε and P = (νn)P1 if (n ∈ fn(α) and α′ = α) or (α = a(νǫ)〈n〉 and α′ = a(νn)〈n〉
and n 6= a);

4. for s = l or r if α = α′.

Proof : We take cases after s ∈ {ε, 0, 1, l,r}.

1. When s = 0 it implies that P = P0 ||Q since Comp(0, P ) = P0. The requirements for
the rule (lpar) are satisfied by the restrictions of the lemma. Therefore, we have the
expected transition P0 ||Q

α
−−−−−−→
0s′[P0][P ′

0
]
P ′
0 ||Q and Comp(0, P ′

0 ||Q) = P ′
0.

2. When s = 1 use an argument as for s = 0 where we use rule (rpar) instead.

3. When s = ε we consider the two non-trivial cases for which Comp is applicable, i.e., when
either P = !P1 or P = (νn)P1.

• For P =!P1 we have that Comp(ǫ, !P1) = Comp(ǫ, P1 || !P1) = P1 || !P1. Therefore,
the transition given by the lemma is in fact P1 || !P1

α
−−−−−→
s′[P0][P ′

0
]
P ′
1 and we are allowed

to apply the rule (rep) to obtain !P1
α

−−−−−→
s′[P0][P ′

0
]
P ′
1 which is the transition we are

looking for, i.e., having s = ε, P ′ = P ′
1, and Comp(ǫ, P ′

1) = P ′
1.

• For P = (νn)P1 we have Comp(ǫ, (νn)P1) = Comp(ǫ, P1) = P1. We take two cases:

– where n ∈ fn(α) and α = α′ for which the only applicable rule is (scope)
where we have the transition (νn)P1

α
−−−−−→
s′[P1][P ′

0
]

(νn)P ′
1. We also have that

Comp(ǫ, (νn)P ′
1) = Comp(ǫ, P ′

1) = P ′
1 which ends this case.
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– when α = a(νǫ)〈n〉 and α′ = a(νn)〈n〉, the only rule that can create this action
label is the (open) rule, which will give us the transition (νn)P1

α
−−−−−→
s′[P0][P ′

0
]
P ′
1

and as Comp(ǫ, P ′
1) = P ′

1 the statement of the lemma is true for this case.

4. For s = l (analogous for s = r) there are two ways Comp can be applied, depending on
the structure of P .

• when P = (l)P1 use Definition 3.6(7) and have Comp(l, (l)P1) = P1. Having
the transition Comp(l, (l)P1)

α
−−−−−→
s′[P0][P ′

0
]
P ′
1 we can apply rule (choice-h) to obtain

(l)P1
α

−−−−−−→
ls′[P0][P ′

0
]
(l)P ′

1. The end this case apply one more time Definition 3.6(7) to

the right hand process.

• when P = Pl + Pr we can apply Definition 3.6(6) to have Comp(l, Pl + Pr) = Pl.
Having the transition Pl

α
−−−−−→
s′[P0][P ′

0
]

P ′
l

we can apply rule (choice) to obtain the

transition Pl + Pr

α
−−−−−−→
ls′[P0][P ′

0
]
(l)P ′

l
, and by Definition 3.6(7) Comp(l, (l)P ′

l
) = P ′

l
.

�

Corollary 4.9 Applying several times Lemma 4.8, when the needed restrictions exist, we can
extend s to be a string of location components: s ∈ {0, 1, l,r}∗.

Lemma 4.10 (composing communications) Under the following restrictions, we can lift
transitions into communication transitions. Whenever we have

Comp(0, P )
a(νb̃)〈n〉
−−−−−→
s0[P0][P ′

0
]
P ′′
0 and Comp(1, P )

a(n)
−−−−−→
s1[P1][P ′

1
]
P ′′
1 , with a /∈ b̃,

then we have the communication P
τ

−−−−−−−−−−−−−→
〈0s0[P0][P ′

0
],1s1[P1][P ′

1
]〉

P ′ with Comp(0, P ′) = P ′′
0 and

Comp(1, P ′) = P ′′
1 . A symmetric case was elided.

Proof : The statement of the lemma implies that Comp is applicable to P , both for a label 0
and 1. This means that P has the structure of a parallel composition. Because of the restriction
a /∈ b̃ we are allowed to use the (com) rule, which gives us that P ′ = (νb̃)(P ′′

0 ||P ′′
1 ) after the

transition. From Definition 3.6(4) we have that Comp(s, (νb̃)(P ′′
0 ||P ′′

1 )) = Comp(s, (P ′′
0 ||P ′′

1 )).
From Definition 3.6(2) we know that Comp(0, P ′′

0 ||P ′′
1 ) = Comp(ǫ, P ′′

0 ) which by Defini-
tion 3.6(1) is P ′′

0 , following the same logic using first Definition 3.6(3) and then Definition 3.6(1)
we have that Comp(1, P ′′

0 ||P ′′
1 ) = P ′′

1 proving the lemma. The symmetric version follows the
same lines. �

Lemma 4.11 (localization) For any process P and a location string s then

1. if H , P
α

−−−−−→
s[P1][P ′

1
]
H ′, P ′ and (s, s′) ∈ Il then Comp(s′, P ) = Comp(s′, P ′) whenever Comp

is defined;
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2. if H , P
τ

−−−−−−−−−−−−−→
s〈s0[P0][P ′

0
],s1[P1][P ′

1
]〉

H ′, P ′ and (ss0, s
′) ∈ Il and (ss1, s

′) ∈ Il then Comp(s′, P ) =

Comp(s′, P ′) whenever Comp is defined.

Proof : We first prove the part 1.
Since (s, s′) ∈ Il then we can split s and s′ into s = ul, s′ = ul′ respectively where

u = lcp(s, s′). This means that for (s, s′) ∈ Il we must have l = 0l1 and l′ = 1l′1, or the
symmetric l = 1l1, l

′ = 0l1, which can be treated analogous. From Corollary 3.7 we have
that Comp(s, P ) = Comp(ul, P ) = Comp(l,Comp(u, P )), and denote Comp(u, P ) = P0. The
decomposition Lemma 4.5 allows us to derive the transition:

P0 = Comp(u, P )
α′

−−−−→
l[P1][P ′

1
]
Comp(u, P ′) = P ′

0

with α′ = α except for the case when (open) rule is applied in the derivation tree, and thus,
α = a(νn)〈n〉 then α′ = a(νǫ)〈n〉. Since l = 0l1 then it must be that P0 = Pl ||Pr, and applying
Lemma 4.5 to the above transition we derive:

Comp(0, P0) = Pl

α′

−−−−−→
l1[P1][P ′

1
]
P ′

l
= Comp(0, P ′

0).

Moreover, since (0, 1) ∈ Il we can apply the current lemma inductively to the transition
with location l = 0l1 to obtain that Comp(1, P0) = Comp(1, P ′

0). These (and the (lpar) rule
that is applied to obtain the last transition) imply that P ′

0 = P ′
l
||Pr.

To finish the proof, use Corollary 3.7 to get Comp(s′, P ) = Comp(l′,Comp(u, P )), and we
thus need to prove that

Comp(l′,Comp(u, P )) = Comp(l′,Comp(u, P ′)).

We already know that Comp(u, P ) = P0 and Comp(u, P ′) = P ′
0. This gives us that we need to

show that
Comp(l′, P0) = Comp(l′, P ′

0).

Since l′ = 1l′1 and we have proven that Comp(1, P0) = Comp(l, P ′
0) this part is done.

For the part 2 we can consider ss0 and s′ to be written as ss0 = u0l0 respectively s′ = u0l
′
0.

Similarly, for ss1 and s′ their independence implies that ss1 = u1l1 and s′ = u1l
′
1. Since

u1l
′
1 = s′ = u0l

′
0 we can identify to cases:

(i). when u1 = u0 or

(ii). when u0 ≺ u1 ∨ u1 ≺ u0.

Recall that since they are part of a communication location label the s0 starts with a 0 and
s1 starts with a 1. The case (i) means that u0 ≺ s ∧ u1 ≺ s. Because of this, the component
identified by s′ is outside any of the two components that participate in the communication,
and thus the rest of this case follows as for part 1.

For the case (ii) we know that ss0 can be written as s0s′0 and ss1 can be written s1s′1, which
implies that u0 ≺ u1 ∨ u1 ≺ u0. We work with the first substring inclusion, as the second one
would be analogous. In this case we deduce that u0 = s, for otherwise we would break the
requirement that u0 is maximal. This implies that s′ can now be written as s′ = s1l′′0 (when
u1 is the shortest then s′ = s0l′′1), which means that the component we are working with is
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in the right part of the communication. Moreover, u1 can be written as s1v′ and thus the
whole s′ = s1v′l′1 and ss1 = s1v′l1. Since s′Ilss1 and s1v′ is maximal then l′1Ill1. Using the
decomposition Lemma 4.5(2) we obtain the transition

Comp(s1v′, P )
α

−−−−→
l1[R][R′]

Comp(s1v′)P ′.

We can apply the lemma inductively to this transition and the independent labels l′1Ill1 to
obtain

Comp(l′1,Comp(s1v′, P )) = Comp(l′1,Comp(s1v′)P ′)

which by Corollary 3.7 transforms in the expected result. �

Lemma 4.12 (determinism) For any process P , history H, and event (α, u, L) ∈ Ev, which
are part of a transition H,P

α
−→
u

H ′, P ′ then P ′, H ′ are unique.

Proof : The events that we are interested in are the ones in Ev obtained through splitting
in Definition 3.15. But each split event is obtained from a transition as in the lemma and all
splits make transitions between the same pairs of processes and histories. Therefore we are not
interested in the splits but in the kernel event, which is formed of the first two elements of the
three-tuple event, i.e., the action name and the location where the event appears.

In consequence, we show that for some arbitrary event and process (together with some his-
tory), there is a unique operational rule that is applicable. This results in a unique transitions,
as in the statement of the lemma.

The histories are not contributing to the decision whether an operational rule is applicable
or not; and neither do the histories influence how the resulting process looks like. These facts
have been established in Proposition 4.3.

For the rest we use induction on the structure of the location label and the process P , thus
identifying which of the operational rules applies for the particular reduction. The induction is
double, depending on how the location label looks like, cf. Proposition 3.2, i.e., either of type
(α, s[P1][P

′
1]) or (τ, s〈s0[P0][P

′
0], s1[P1][P

′
1]〉). We have two base cases.

1. When e = (α, [P1][P
′
1]) only rules (in) or (out) are applicable. Depending on the struc-

ture of the process P , or for the same purpose, depending on α, only one of the two rules
applies. The outcome is then determined, thus having a unique resulting process.

2. When e = (τ, 〈0[P0][P
′
0], 1[P1][P

′
1]〉) only the (com) rule applies, and the outcome process

is unique with respect to the original process P . If P = (νb)Q then the rule (open) also
applies and changes the output action to one having a bounded name b, and the resulting
process is also restricted as (νb)Q′ with Q′ determined by the communicating processes.
Otherwise, if P is only a parallel composition, then the resulting process is not under a
restriction.

For the induction case we consider that the event has the location

ss′[P0][P
′
0] or ss′〈0s0[P0][P

′
0], 1s1[P1][P

′
1]〉

with s ∈ {0, 1, l,r}, and any of the s′, s0, s1 may be empty. We take cases after s and for each
case we look at the structure of P and α to determine the rule used. It turns out that each
time only one rule applies.
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1. For the case when s = 0 we have that

(a) if P = P0 ||P1 then the only rule that could have been applied to generate this
transition is (lpar). From the induction hypothesis we know that the required
transition for this rule, which applies to a shorter location label, produces the unique
process P ′

0, which when composed in parallel produces a unique outcome process
P ′
0 ||P1.

(b) if P =!P1 then only rule (rep) applies to produce Q || !Q. Further up the derivation
tree one of the (par) rules apply. When s = 0 the (lpar) rule produces the unique
P ′ || !Q, whereas for s = 1 then !Q reduces uniquely (by the induction hypothesis)
to P ′.

(c) if P = (νn)P1 then

i. if α = a(νn)〈n〉 then only rule (open) applies,

ii. otherwise only (scope) is applicable.

Further up in the derivation tree we can apply the induction hypothesis on the same
location label, but a smaller process (without the restriction operator), to produce
a unique process, thus the whole derivation is unique.

2. For the case when s = 1 we have that

• if P = P0 ||P1 then only rule (rpar) applies, and an argument analogous to 1a goes
through.

• if P =!P1 or P = (νn)P1 then use analogous arguments as for 1b respectively 1c.

3. For the case when s = l (analogous for s = r) we have that

• if P = (νn)P1 then use an analogous argument based on induction as in 1c.

• if P = Pl + Pr then the unique rule application is (choice). The label singles out
which branch is involved in the transition. Even if both branches induce a transition
with the same action name and the same output process, these will be considered
as different events because of the location label containing different choice label
components. Therefore, the nondeterminism no longer exists here. The induction
hypothesis is applicable further up on the derivation tree to the smaller label as well
as smaller process, to produce a unique outcome.

• if P = (l)P1 then the unique rule that applies is (choice-h). Analogously, the
induction hypothesis applies further up on the derivation tree, because of the smaller
location label and process.

For the location label ss′〈0s0[P0][P
′
0], 1s1[P1][P

′
1]〉 an inductive argument as before reduces

the s and s′ to the case when they are empty. In this case the only rule that could have created
this label is the (com) rule. This implies that P = Q0 ||Q1. Using the previous case on Q0

and location s0[P0][P
′
0] we know that Q0 uniquely reduces to Q′

0, and similarly for Q1 and the
location s1[P1][P

′
1]. Thus Q0 ||Q1 reduces uniquely to Q′

0 ||Q
′
1 = P ′. �
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Theorem 4.13 (ATS for pi) The generated transition system given in Definition 4.1 by the
structural operational semantics of Definition 3.1, together with the independence relation I of
Definition 3.17, form an asynchronous transition system as in Definition 2.4.

Proof : It is easy to see that the independence relation I of Definition 3.17 is irreflexive,
because it inherits this from ICCS , and symmetric, because ICCS is and the logical connectives
used in Iπ make this part symmetric as well.

For the first ATS requirement 2.4(1) each event in the generated transition system is an
equivalence class of events, which is made from split events. Each split event is attached to a
transition between two process.

The ATS requirement 2.4(2) is covered by Lemma 4.12.
To prove the ATS requirement 2.4(3) consider a history H and some process P , and two

events e = (α, u, L), e′ = (α′, u′, L′) possible from this state (H,P ), which are also independent
eIe′. The equivalence classes of these two events are the labels in the generated transition
system, i.e.:

H,P
[α],L
−−→

u
H ′, P ′ and H,P

[α′],L′

−−−→
u′

H ′′, P ′′.

Note that all events in an equivalence class have the same L, thus our use of it on top of the
transition. To satisfy 2.4(3) we need to prove the existence of the following transitions:

H ′, P ′ [α′],L′

−−−→
u′

H ′′′, P ′′′ and H ′′, P ′′ [α],L
−−→

u
H ′′′′, P ′′′′, with H ′′′ = H ′′′′, P ′′′ = P ′′′′.

We can have three possible combinations of events, depending on the structure of their
location labels:

1. u = s[R0][R
′
0] and u′ = s′[R1][R

′
1];

2. u = s〈s0[R0][R
′
0], s1[R1][R

′
1]〉 and u′ = s′[R2][R

′
2];

3. u = s〈s0[R0][R
′
0], s1[R1][R

′
1]〉 and u = s′〈s2[R2][R

′
2], s3[R3][R

′
3]〉.

We treat the first case.
Since eIe′ then Definition 3.17 implies that eICCS e

′ and that eIπe
′ (which we use towards the

end of the proof, when showing the ATS property 2.4(4)). Since Loc(e) = {s} and Loc(e′) = {s′}
we have by Definition 3.11 that sIls

′ which means that they look like s = v0s3 and s′ = v1s′3
with v = lcp(s, s′). In consequence, Comp(v, P ) = P0 ||P1 is a parallel composition, and the
decomposition Lemma 4.5 applied using v allows to derive the transitions Comp(v, P )

α0−−−−−−→
0s3[R0][R′

0
]

Comp(v, P ′) and Comp(v, P )
α′

0−−−−−−→
1s′

3
[R1][R′

1
]
Comp(v, P ′′). Note that α0 is not necessarily the same

as the α (cf. Lemma 4.5).
At this point the derivation trees are different in the sense that in one the (lpar) rule

is applicable whereas in the other the (rpar) rule. From the two (par) rules we have the

following respective transitions P0
α0−−−−−→

s3[R0][R′

0
]

P ′
0 and P1

α′

0−−−−−→
s′
3
[R1][R′

1
]

P ′
1. These are given also

with the decomposition Lemma 4.5 since Comp(v0, P ) = P0 and Comp(v1, P ) = P1, and also
Comp(v0, P ′) = P ′

0 and Comp(v1, P ′′) = P ′
1.
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Now we show how to derive the first expected transition H ′, P ′ [α′],L′

−−−→
u′

H ′′′, P ′′′. Because of

the localization Lemma 4.11 applied to labels 0s3Il1 we know that P1 = Comp(1,Comp(v, P )) =
Comp(1,Comp(v, P ′)) and thus we can deduce that Comp(v, P ′) = P ′

0 ||P1. To this we can

now apply the rule (rpar) that we applied above, and deduce the transition P ′
0 ||P1

α′

0−−−−−−→
1s′

3
[R1][R′

1
]

P ′
0 ||P

′
1, which is the same with Comp(v, P ′)

α′

0−−−−−−→
1s′

3
[R1][R′

1
]
P ′
0 ||P

′
1.

In order to obtain the above required transition we need to show that now we can apply the
Lemma 4.8 for composing transitions on the above last transition (i.e., the respective restrictions
of Lemma 4.8 need to be satisfied). For this we consider a minimal v ∈ {0, 1, l,r} and take
cases after it.

Consider v = 0 (or for v = 1 an analogous argument will go through), i.e., we think of
s = 00s3 and s′ = 01s′3. Apply the localization Lemma 4.11 with the independent locations
s = 00s3Il1 to deduce that Comp(1, P ) = Comp(1, P ′), and therefore, P ′ = P ′

0 ||P1 ||Q1.
In order to apply the composition Lemma 4.8 we must satisfy the corresponding restriction,

i.e.: bn(α′
0) ⊆ fn(Comp(1, P ′) = Q1) and that α′

0 = α′. These two are given by the decom-
position Lemma 4.5 when it was applied to the second transition with the above particular
v = 0. This is because the lemma had to apply the (lpar) rule which keeps the same action
names, i.e., α′ = α′

0 and the restriction on names bn(α′) ⊆ fn(Comp(1, P )) which is equal, as
mentioned above, to Q1.

Consider v = l (or for v = r an analogous argument will go through), i.e., we think of
s = l0s3 and s′ = l1s′3. The requirements for applying the composition lemma are immediately
satisfied because of the previous application of decomposition Lemma 4.5 which gave us α′

0 = α′.
To any of the above we can apply rules that do not change the location label, i.e. the

(open), (scope), or (rep). The first two need the form of P to be P = (νn)Q. For this the
component returns Comp(u, P ) = Q for any location label u. The action labels will tell which of
(open) or (scope) have been applied (only one of them can, as we shown in previous proofs).
For any of the two rules the decomposition Lemma 4.5 restriction 3 ensures that α′

0 ≡ α′ are in
the same equivalence class. Moreover, the restrictions needed by the composition Lemma 4.8(3)
are satisfied.

In consequence, in all cases we can apply the composition Lemma 4.8 to the transition

Comp(v, P ′)
α′

0−−−−−−→
1s′

3
[R1][R′

1
]
P ′
0 ||P

′
1 to obtain P ′ α′

0−−−−−−−→
v1s′

3
[R1][R′

1
]
P ′′′ with Comp(v, P ′′′) = P ′

0 ||P
′
1.

We can use analogous reasoning to obtain a transition Comp(v, P ′′)
α0−−−−−−→

0s3[R0][R′

0
]

P ′
0 ||P

′
1.

Again, α ≡ α0 by the decomposition Lemma 4.5(3). We can apply the composition Lemma 4.8
to obtain P ′′ α0−−−−−−−→

v0s3[R0][R′

0
]
P ′′′′ with Comp(v, P ′′′′) = P ′

0 ||P
′
1.

It remains to argue that P ′′′ = P ′′′′. This is the case because of the localization Lemma 4.11
which says that for any independent location label v′Ilv we have Comp(v′, P ) = Comp(v′, P ′)
as well as Comp(v′, P ) = Comp(v′, P ′′) from the given transitions. Now for the above de-
duced transitions we also have Comp(v′, P ′) = Comp(v′, P ′′′) as well as Comp(v′, P ′′) =
Comp(v′, P ′′′′). Therefore, we get Comp(v′, P ′′′) = Comp(v′, P ′′′′), which together with the
fact that Comp(v, P ′′′) = P ′

0 ||P
′
1 = Comp(v, P ′′′′) we have our expected result P ′′′ = P ′′′′.

Claim: The histories H ′ and H ′′ are changed to the same history H ′′′ = H ′′′′.
We look in the derivation tree of the transition to identify how histories are being updated.

Observe that all rules (choice), (choice-h), (rep), (out), (scope), just copy the histories
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from the hypothesis to the conclusion, i.e., they just propagate down the tree the changes done
further up by the other rules.

We discuss how the rest of the rules (in), (lpar), (rpar), (open), (com), change the
histories. The only rule that adds to the input histories H is (in) and this can only be applied
once in a derivation tree. Therefore, the action label α of the transition will tell whether the
(in) rule has been applied, and thus we know exactly what has been added to the input history,
i.e., the pair (n, ε) with n then name from the action α = a(n). Moreover, when (in) is applied
then we can deduce that in the same derivation tree for this transition we cannot have the
rule (out) and thus also not the rule (open) as it needs further up in the tree an application
of (out), as seen from the action label in the hypothesis of (open). In consequence, in a
derivation tree, together with rule (in) only (par) or (com) rules may still be applicable.

The (com) rule on the other hand does not change the histories (the same as e.g., (out)
does not), as in the conclusion we have the same histories both on the left and on the right
of the transition. But further up in the derivation tree histories may change. Therefore, when
(com) is applied lower than (in) then we can deduce that the history is not changed for this
transition.

The (par) rules do two things, they update any history information coming from further
up in the derivation tree by adding the respective component label, i.e., in 0H P and 1HQ. The

second is to add new information to the extruder history as H
′′
. The pair that is added in the

H
′′

depends on the action label α = a(νb̃)〈n〉 and on the history that we work with (both input
and extruder parts of the history). In any case, at most one name is added to the history.

Moreover, when (in) is applicable, then H
′′
= ∅ is empty because it depends on α being an

output action.
All these tell that when the actions on the transitions that we work with, i.e., either α or

α′ are input actions, then the history is changed by adding one name pair to the input history
H and leaving the output history unchanged.

On the other hand, let us take the (open) rule, which requires a previous application of
(out), and therefore, no application of (in) is possible, thus the input history H remains
unchanged throughout the derivation tree. The (open) rule adds one single pair (b, u|{0,1,[P ]})
which we extract from the transition labels, i.e., having α = a(νb)〈n〉 and the location label u.
Note that at this point in the derivation tree the name b is added as extruder with the current
location u. But this location is updated by the (par) rules by adding location labels depending
on the respective component. Thus, at the root of the tree this extruded name appears as new
in the history but with the full label u which we see on the transition that we work with.

To finish the proof of this claim we take cases after α and α′.

1. When both α = a(n) and α′ = b(m) are input actions.

The given histories are H ′ = H ∪H1 where H1 = (∅, {(n, u|0,1)}), and H ′′ = H ∪H2 where
H2 = (∅, {(m, u′|0,1)}). Important is that updating the input histories does not depend
on the previous history H . Therefore, when we apply the input actions in the derived
transitions, i.e., α′ to H ′ and α to H ′′, we add the respective input names. This means
that H ′′′ = H ′ ∪ H2 = H ∪ H1 ∪ H2 and H ′′′′ = H ′′ ∪ H1 = H ∪ H2 ∪ H2, which are the
same. This reasoning works for whatever names a, x, n, b, y,m even when some are equal.

2. When both α = a(νñ)〈n〉 and α′ = b(νm̃)〈m〉 are output actions, where both ñ, m̃ can
be either ǫ or a restricted name n respectively m, not necessarily different.
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(a) Consider both actions to have a bound name and n 6= m, then the given histories
are H ′ = H ∪ H1 where H1 = ({(n, u|0,1,[R], ∅)}), and H ′′ = H ∪ H2 where H2 =
({(m, u′|0,1,[R])}, ∅). Since both actions have bound names, it means that the (open)
rule has been applied in both derivation trees. Whenever (open) is applied then we
are guaranteed that the name that is added to the extruder history does not already
exist in the extruder history part, i.e., (open) cannot be applied two times with the
same name during the execution of a process.

Therefore, if H1 adds name n to H and H2 adds name m, and neither of the names
existed in H , then it is obvious that when in the deduced transitions the α′ is applied
to H ′ it will add H2. The same for the other transition to obtain the expected result
as in the previous case.

(b) The case when one of the actions has ǫ and n 6= m, i.e., not a bound name, is handled

by the (par) rules. For the (par) rule to add to the extruder history, i.e., so H
′′
6= ∅,

the name that needs to be added must already exist in the history but with an
independent location label. Assume this for α, thus (n, u′′|{0,1,[R]}) ∈ H with u′′Ilu.
When α′ adds a different name m then H ′′ = H ∪H2 where H2 = ({(m, u′|0,1,[R])}, ∅)

will also have (n, u′′) ∈ H
′′
. Therefore α will still add the (n, u|{0,1,[R]}), and thus we

get the same histories in both deduced transitions.

(c) When n = m and any of α or α′ can contain ǫ, then we are in the situation of parallel
extruders. Here is the case when in one transition we apply the rule (scope) and in
the other the rule (par). This is fine since the name n will be initially added to the
histories H ′ and H ′′ by the (scope) rule, and then in the deduced transitions it will
satisfy the requirements to be added to the histories again, but with an independent
location.

3. When α is an input action and α′ is an output action the reasoning is similar to the one
done in the first case, but working with different rules.

Claim: The deduced transitions are allowed in the ATS at the respective histories.
From the two given transitions we know that both L ⊆ H and L′ ⊆ H . Since the histories

only (at most) increase through transitions and we have seen that H ⊆ H ′′ then we also have
that L ⊆ H ′′, meaning that the transition is allowed (the same for L′ ⊆ H ′).

For the second case, when locations u = s〈s0[R0][R
′
0], s1[R1][R

′
1]〉 and u′ = s′[R2][R

′
2], the

proof follows similar arguments as for the first case, with few differences which we comment
about in the following. Note that the independence of the events now offers two pairs of
independent locations: ss0Ils

′ and ss1Ils
′, which give rise to several cases.

Assume that in both independences we have v = lcp(ss0, s
′) ≺ s and v′ = lcp(ss1, s

′) ≺ s,
which means that v = v′. It is easy to see that now we can immediately apply the same
reasoning as we did before, in the first case. Moreover, recall that the (com) rule which is
applied for the transition with u does not change histories, and thus this transition does not
change histories.

Assume that v = s which means that ss0 = v0s′0 and s′ = v1s′3. This in turn implies that
s′3 6= ε because otherwise we would get s′ ≺ ss1 = v1s′1 which breaks the independence of these
two. Moreover, since v1s′1 = ss1Ils

′ = v1s′3 we get that s′1Ils
′
3 and denote lcp(s′1, s

′
3) = v′′, thus

having ss1 = v1v′′0s′′1 and s′ = v1v′′1s′′3 (or a symmetric variant).
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Because of the form of the location u we can use the fact that to create a communication
location label the (com) rule must have been applied in the derivation tree, which requires
that Comp(v, P ) = P0 ||P1. Thus, having the following transitions

H,P
[τ ],L

−−−−−−−−−−−−−−−−−→
v〈0s′

0
[R0][R′

0
],1v′′0s′′

1
[R1][R′

1
]〉

H,P ′ and H,P
[α′],L′

−−−−−−−−−→
v1v′′1s′′

3
[R2][R′

2
]
H ′′, P ′′.

we must deduce the existence of the following two transitions

H,P ′ [α′],L′

−−−−−−−−−→
v1v′′1s′′

3
[R2][R′

2
]
H ′′′, P ′′′ and H ′′, P ′′ [τ ],L

−−−−−−−−−−−−−−−−−→
v〈0s′

0
[R0][R′

0
],1v′′0s′′

1
[R1][R′

1
]〉

H ′′′′, P ′′′′,

with H ′′′ = H ′′′′, P ′′′ = P ′′′′. We concentrate on deducing the left transition.
Using Lemma 4.5 on the first given transition we can find the transition

Comp(v, P )
[τ ],L

−−−−−−−−−−−−−−−−→
〈0s′

0
[R0][R′

0
],1v′′0s′′

1
[R1][R′

1
]〉

Comp(v, P ′)

which will be from P0 ||P1 to some P ′
0 ||P

′
1. Using the decomposition of communications

Lemma 4.7 we get two transitions

Comp(0,Comp(v, P ))
α

−−−−−→
s′
0
[R0][R′

0
]
Comp(0,Comp(v, P ′)) and

Comp(1,Comp(v, P ))
α

−−−−−−−−→
v′′0s′′

1
[R1][R′

1
]
Comp(1,Comp(v, P ′)).

Applying more the decomposition Lemma 4.5 and Corollary 3.7 to this last transition we obtain

Comp(v1v′′, P )
α

−−−−−−→
0s′′

1
[R1][R′

1
]
Comp(v1v′′, P ′).

Whereas applying the same decomposition Lemma 4.5 to the second given transition we obtain

Comp(v1v′′, P )
[α′],L′

−−−−−−→
1s′′

3
[R2][R′

2
]
Comp(v1v′′, P ′′).

Because of the localization Lemma 4.11 and the independence of these last two location labels
we can see that we can apply the same transition with α′ but to the component of P ′, i.e.,
deduce

Comp(v1v′′, P ′)
[α′],L′

−−−−−−→
1s′′

3
[R2][R′

2
]
Comp(v1v′′, P ′′).

We can lift this transition using localization Lemma 4.11 and the composition of transitions
Lemma 4.8 because the restrictions are satisfied by the previous decomposition lemma appli-
cations (similarly as we argued in the first case above) and obtain the transition

Comp(v, P ′)
[α′],L′

−−−−−−−−→
1v′′1s′′

3
[R2][R′

2
]
Comp(v, P ′′).

Because of the independence with the label 0s′0 we can apply the localization lemma to deduce
that this part of the process also remains unchanged. Therefore, when applying again the
composition Lemma 4.8 we lift the transition to the top most process, as expected

P ′ [α′],L′

−−−−−−−−−→
v1v′′1s′′

3
[R2][R′

2
]
P ′′′
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with P ′′′ the same as P ′ only with the component Comp(v1v′′, P ′) changed accordingly. This
component is different than the part that was changed through the communication.

To deduce the second transition apply a similar argument, but when lifting up apply the
composition of communications Lemma 4.10 to deduce the correct τ -transition. The resulting
process will be the same as P ′′′ because when first we applied the transition with α′ we change
a part which was then not touched by the communication transition.

It is easy to see that these deduced transitions are allowed, and that the histories are the
same, i.e., H ′′′ = H ′′′′ = H ′′.

For the fourth ATS requirement of Definition 2.4(4) consider a history H , some process P ,

an event e = (α, u, L) with a transition H , P
[α],L
−−→

u
H ′, P ′, and an event e′ = (α′, u′, L′) with

a transition H ′, P ′ [α′],L
−−−→

u′

H ′′, P ′′, where we also have that eIe′. To satisfy 2.4(4) we need to

prove the existence of the following transitions

H , P
[α′],L′

−−−→
u′

H ′′′, P ′′′ and H ′′′, P ′′′ [α],L
−−→

u
H ′′, P ′′.

We will only prove for the first of the transitions and rely on the proof for 2.4(3) to show the
existence of the second transition. This is the case because once we have deduced the transition
from P , deducing the fourth transition will fall in under the 2.4(3).

We have four different combinations of events depending on the structure of their location
labels:

1. u = s[R0][R
′
0] and u′ = s′[R1][R

′
1];

2. u = s〈s0[R0][R
′
0], s1[R1][R

′
1]〉 and u′ = s′[R2][R

′
2];

3. u = s[R0][R
′
0] and u′ = s′〈s1[R1][R

′
1], s2[R2][R

′
2]〉;

4. u = s〈s0[R0][R
′
0], s1[R1][R

′
1]〉 and u = s′〈s2[R2][R

′
2], s3[R3][R

′
3]〉.

For case 1 we first write s and s′ as we did in the proof of case 1 for 2.4(3) as s = lcp(s, s′)0v
and s′ = lcp(s, s′)1v′ (the symmetric versions follows just the same). Using the decomposition
Lemma 4.5 on the two given transitions we have the two transition Comp(lcp(s, s′), P )

α
−→
0v

Comp(lcp(s, s′), P ′) and, coming after it, Comp(lcp(s, s′), P ′)
α′

−→
1v′

Comp(lcp(s, s′), P ′′). We

want to prove the existence of the transition Comp(lcp(s, s′), P )
α′

−→
1v′

P ′′′
0 . Having this we

can employ the composition Lemma 4.8, because its restrictions are offered by the previous
decomposition lemma, similar to what we argued before, and we deduce the required transition

P
α′

−−−−−−→
lcp(s,s′)1v′

P ′′′ with Comp(lcp(s, s′), P ′′′) = P ′′′
0 .

Since 0vIl1v
′ we can apply the localization Lemma 4.11 to the first transition to deduce

that Comp(1v′,Comp(lcp(s, s′), P )) = Comp(1v′,Comp(lcp(s, s′), P ′)). In consequence we can
apply the second transition to this component to obtain the transition that we are looking for,
with P ′′′

0 = Comp(lcp(s, s′), P ′′). Here we have to apply the decomposition and composition
lemmas to go down respectively up the location string, similar to what we argued in the previous
relevant case for ATS restriction 2.4(3).

It remains to make sure that the above derived transition is allowed, which by Definition 4.1
means to show that L′ ⊆ H . We know that L′ ⊆ H

′
and we know that H ′ = H ∪H0 where H0
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may be of the form ({n, u|{0,1,[R]}}, ∅). In fact, any name that is added to H 0 by α will have
the location u|{0,1,[R]}. To show our inclusion we can show that L′ ∩ H 0 = ∅. This is given by
the independence relation eIπe

′ which implies that 6 ∃n : L′(n) = u|{0,1,[R]}.
The remaining three cases follow similar arguments as the above case 1 and the respective

cases 2 and 3 from the proof for the ATS requirement 2.4(3).
�

Proposition 4.14 (conservative semantics extension) The labelled semantics of Defini-
tion 3.1 conforms with the semantics for CCS (as given in [14]) in the sense that when we
apply our semantics to CCS process we observe the following:

1. the histories are always empty;

2. the events are never split;

3. the independence constraint Iπ is trivially satisfied;

4. the equivalence classes of events are always singleton.

Proof : Consider each of the four statements.

1. For the first statement we look at the transition rules (lpar), (rpar) and (open), as
these are the only rules that add anything to the output histories. The rule (in) adds
to the input history, which is used in the (par) rules to determine what to add to the
output histories. In all the rules the names that are added to the histories are coming
from the object part of the actions. But in CCS there are no names transmitted, i.e., the
object part of the actions would be empty.

2. As we know from part 1 that the histories are empty, and the splitting of events in
Definition 3.15 split one event for every L which are created from the histories. But with
the histories being empty the only L that can be made is the one where ∀n : L(n) =
undefined, thus proving this statement.

3. This is easy to see from the previous part 2 since Ls are undefined everywhere.

4. Since the object part of the actions does not contain names (no extruded names), we will
never use the (open) rule, thus all output events will have the action labels of the form
a(νǫ)〈n〉. As the members of the equivalence classes e ≡ e′ with e = (µ, u, l), e′ = (µ′, u′, l′)
iff u = u′∧l = l′∧µ ≡ µ′ where µ ≡ µ′ ⇐⇒ µ = µ′∨(µ = a(νb)〈n〉∧µ′ = a(νc)〈n〉∧b, c ∈
{ǫ, n}) we only have µ = µ′ and the equivalence classes are singletons.

�

Definition 4.15 (semantic projections) Define a projection map πH one states of the ATS
that removes histories as πH((H ,H ), P ) = P . Define another projection map πb on process
terms from our labelled semantic that removes the artificial choice labels b as πb((b)P ) = P ,
otherwise it returns the same process.
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Definition 4.16 (pi-calculus semantic rules) Denote by −→π the transitions obtained with
the standard pi-calculus semantic [16] over the pi-calculus syntax from Definition 2.1. We give
these structural operational rules here (ignoring their tau-rule and match-rule, and combining
their close- and com-rules into a single com-rule).

n 6∈ fn((νx)P )
(inp)

a(x).P
a(n)
−−→π P [x := n]

(out)
a〈n〉.P

a(νǫ)〈n〉
−−−−→π P

P
α
−→π P ′

(sum)
P +Q

α
−→π P ′

P
α
−→π P ′ bn(α) 6∈ n(Q)

(par)
P ||Q

α
−→π P ′ ||Q

P || !P
α
−→π P ′

(bang)
!P

u
−→π αP ′

P
a(νn)〈n〉
−−−−−→π P ′ Q

a(n)
−−→π Q′ n 6∈ n(Q)

(com)
P ||Q

τ
−→π (νn)(P ′ ||Q′)

P
α
−→π P ′ b 6∈ n(α)

(res)
(νb)P

α
−→π (νb)P ′

P
a(νǫ)〈n〉
−−−−→π P ′ n 6= a

(open)
(νn)P

a(νn)〈n〉
−−−−−→π P ′

Proposition 4.17 (pi-calculus semantics is preserved) Denote by −→π the transitions ob-
tained with the standard pi-calculus semantic [16] over the pi-calculus syntax from Defini-
tion 2.1. Whenever we have a transition P

α
−→π P ′ then we have in our semantics a tran-

sition (∅, ∅), P
α
−→
u

(H ,H ), P ′
b

for some appropriate location label u and history (H ,H ), and this

πb(P
′
b
) = P ′.

Note that Proposition 4.17 claims the transition starting with the empty history, but then
Proposition 4.3 allows any histories to be used.

Proof: Consider the standard pi-calculus operational semantic rules presented by [16], as these
are closest in presentation to our rules. We use induction on the derivation tree and show how
for each rule application in the pi-calculus we find rules applied in our semantics which return
the required process.

Note first that for output action labels, what [16] denotes xy we denote x(νǫ)〈y〉 and what
they denote x(y) we denote x(νy)〈y〉; i.e., distinguishing when the name is bound or not in the
action.

It is easy to see how when the pi-rules (inp) and (out) are applicable, then the respective
labelled rules are also applicable to the empty histories, and the output process as well as the
action label are the same as in the pi-rule. In the location rules we update the input history in
the (in) rule, and create the respective location labels.

The pi-rule (bang) is the same as our labelled rule (rep). The same for the pi-rule (res)
with its requirements which appear the same in our labelled rule (scope). To both these the
resulting processes are exactly the same. Moreover, the histories are not even changed, neither
the location labels.

For the pi-rule (sum) note that the processes and requirements are the same as in our
labelled rule (choice) with the exception that in our rule we add at the front of the process
the respective branch label (b). But this is ignored by the projection map πb. Otherwise we
obtain the same process P ′. Moreover, the branch labels are not used in deciding semantic
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transitions in our rules, but are just carried along, and also attached to the location label. We
can see in our labelled rule (choice-h) how the action and the processes are transferred from
the hypothesis to the conclusion, while branch labels are being added to the front.

The pi-rules (par), (com), and (open) are manipulating the same processes as our respec-
tive labelled rules, and the respective requirements are the same. In our case we manipulate
histories and construct location labels.

One last aspect that we need to show is that the histories do not prohibit transitions which
otherwise are allowed in the pi-calculus transition system. This is because in Definition 4.1 of
our generated ATS we disallow some of the split events if their locations are not already in the
history. �

Proposition 4.18 (no extra transitions) Whenever we have a transition in our labelled se-

mantics (H ,H ), P
α
−→
u

(H
′
,H ′), P ′ then we find the transition in the standard pi-calculus se-

mantics πb ◦ πH((H ,H ), P )
α
−→π πb ◦ πH((H

′
,H ′), P ′).

Proof : Consider our operational rules from Figure 1 and use induction on the derivation tree
to show that for each rule applied in our semantics when we remove the histories and b labels,
than either the same rule is found in the pi-calculus from [16] or we find other rules applied
which return the required process.

We note as in the proof of Proposition 4.17 that for output labels, we denote x(νǫ)〈y〉
where [16] denotes xy, and we denote x(νy)〈y〉 where they denote x(y).

It is easy to see that our rules (in) and (out) have the same requirements as the pi-rules
(inp) and (out) respectably, and return the same process and action label. The only difference
is that we add a location label, and for the (in) rule we add to the input histories. But neither
of these impact the transitions we are allowed to have in these rules.

Our rules (rep) and (scope) are the same as the pi-rules (bang) respectively (res).
Moreover, the requirements are the same for both pairs and both result in the same transitions.
Moreover, the locations and histories are not even changed.

For our rule (choice) we first note that the requirement, action label and process are the
same as for the pi-rule (sum) with the exception that we are adding to the result a b label
depending on the choice made. But the statement of the lemma removes all these labels making
the process the same for both rules.

For our rule (choice-h) it has as an input process a process with a leading b label. It is
easy to see that it does not affect the process or action label and that by removing the b labels,
i.e., as the map πb does, we get the same hypothesis and conclusion, thus generating no actual
new transitions compared to the pi-calculus ones.

Our rules (par), (com) and (open), are all manipulating the same processes as the respec-
tive pi-rules. Otherwise, these also manipulate the histories. We can see that the requirements
for the allowed transitions are the same in the respective pi-rules, and in the histories we are
adding information. But the histories have no impact on the action label or the resulting
process. �

Corollary 4.19 (conformance wrt. pi-calculus) These semantic rules from Definition 3.1
conform with the standard semantics of pi-calculus in the sense that any transitions between
pi-processes are also found between the same processes in our semantics, and we do not add
extra transitions that cannot be found in pi-calculus.
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5 Conclusion and Future work

We provided a structural operational non-interleaving semantics for the pi-calculus as asyn-
chronous transition systems following the approach by Mukund and Nielsen [14] and capturing
the additional causalities introduced in pi-calculus processes by taking inspiration from the
recent work by Crafa, Varacca, and Yoshida in [7, Sec.6]. Compared to the latter, the main
differences are that we provide an operational semantics and that we split events based on so-
called extrusion histories and thereby obtain a stable non-interleaving semantics that unfolds to
standard, prime event structures. As future work a more thorough comparison with the related
work [2–4,7,9,13,17], and in particular [7] should be done. We conjecture that it is possible to
define a splitting for the extended event structures of [7] to obtain the prime event structures
obtained from unfolding the asynchronous transition systems provided by our semantics.
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A Appendix

Proposition A.1 (alternation of (rep) rule) For the replication operator !P the applica-
tion of the (rep) rule is in strict alternation with either (lpar) or (rpar), where (lpar)
ends the alternation sequence and (rpar) enforces another subsequent application of (rep)
which in turn prolongs the derivation tree. The alternation is matched exactly by the location
label.

Proof : Consider that the derivation tree of a transition out of a processes Ps has at the root
the application of the (rep) rule, which implies that Ps =!P . Therefore, the transition !P

α
−→
u

P ′
0

is derivable from a transition P || !P
α
−→
u

P ′
0.

In the derivation tree for P || !P we can apply either the (lpar) or the (rpar) rule. This
shows that after each use of (rep) the derivation tree would contain a (lpar) or (rpar).

When the (lpar) rule is used for P || !P
α
−→
0u′

P ′ || !P would need, one level up in the

derivation tree, to deduce the transition P
α
−→
u′

P ′. This means that the rule to be used next is

only depending on the structure of P , and thus the initial alteration comes to an end.
When the (rpar) rule is used for P || !P

α
−→
1u′

P ||P ′
0, we would then need the transition

!P
α
−→
u′

P ′
0. This is the same as the original transition (but within a different assertion context),

thus the alteration continues with having to use the (rep) rule again. �

Example A.2 To exemplify how the (rep) rule is applied only in alternation with the (par)
rules, consider the process P =!(!Q) and some location s[Q0][Q

′
0] pointing to a sub-process inside

P . In the derivation tree for any transition out of P , the first applicable rule would be (rep)
because of the structure of P having the replication as the outermost operator. At this level
in the derivation we need to work with P ′ =!Q || !(!Q). When s = 0s′ we can use the (lpar)
rule to find the component !Q, at which point the (rep) rule applies again to get Q || !Q. This,
depending on the reminder location label s′, requires the application of either (lpar) or (rpar)
rules. Otherwise, when s = 1s′ we would instead choose the right branch using the (rpar) rule,
which ends up back at P , but under the reminder location label s′.


