On the non-linear stability of a liquid

f1lm flowing down an inclined plane.

B. Gjevik

Lin (1969, 1970a) and Gjevik (1970a, 1970b) have by different
methods demonstrated that steady surface waves on a thin liquid film
flowing down an inc¢lined plane can exist under certain flow condi-
tions., In this study we discuss more thoroughly the special features
of the non-linear stability analysis for a parallel flow with a free
surface, The similarities and differences between the two different
approaches mentioned above Ere emphasized and the difficulties
encounter by applying expanslon methods developed for the study of
parallel flows between rigild planes to the present problem are clearly
revealed. Moreover we study analytically the stability of the steady
wave solutions obtained by Gjevik (1970a, 1970b) with respect to a
certain class of perturbations. This analysls supports the experimen-
tal findings that finlte-amplitude waves with a certaln wavelength
appear to be steady under certain f{low conditions.

We also study the mechanism of energy conversion during the
development of steady finlte-amplitude waves on falling liquid films.
The negligible effect whlch the Reynolds stress and the corresponding
distortion of the mean veloclty profile have on the finlte-amplitude

energy balance, is pointed out,



1, Introduction,

Since falling liquid films are widely used in different
technologlcal processes as In cooling and absorbtion systems,
the flow characteristics of a liquid film have been a subject
of many studies., Especlially the occurrence of surface waves,
which significantly affects the rate of heat or mass transfer
into the bulk of fluld has recelved much interest. A survey
of the literature on this topic is glven by Levieh (1962) and
also by Levich and Krylov (1969), Despite all efforts the
development of finite amplitude waves on falling liquid flilms
has not been satisfactorily explained. Recent independent
studies by Lin (1969, 1970a) and Gjevik (1970a, 1970b), the
latter works will hereafter be referred to as (I) and (II) re-
spectively, however, clearly demonstrate the existence of steady
waves under certain flow conditions. Moreover, these studies
show that the problem can be formulated as a non-linear stabllity
problem for a parallel flow, It should, however, be noticed that
the linear stability problem for a parallel flow with a free sur-
face presents some speclal features which make the non-linear
stabllity analysis different from that for parailel flows between
rigid planes. Therefore the methods developed by Stuart (1960),
Watson (1960) and Eckhaus (1965) cannot generally be applied to
the present problem, In two works by Lin (1969) and (1970a)}, a
modification of Stuart's (1960) amplitude expansion technique,
originally proposed for the non-linear stability study of parallel
flow between rigid planes, has been applied for stability studies

of a parallel flow with a free surface. For thils problem the



method leads to rather cumbersome calculations, and the limitations
of the approach are not discussed by the author. On the other hand,
the method used in (I) and (II), which consists of a long wave
expansion combined with a Fouriler expansion, 1s analytically more
attractive, This method provides a more general formulation of

the problem and enables us to discuss more thoroughly the valldity
of the expansions., Such a discussion is included in the present
study. The connection between the method used in (I) and (II) and
the method used by Lin (1969, 1970a) was only briefly discussed in
(I) and (II). Ve will now demonstrate that under certaln specifiled
conditions we also are lead to the same type of governing equation
for the amplitude of the basic wave component as discussed by Lln,
This, however, only applles to the spatially periodlc waves studied
in (I). This analysis shows that some of the numerical results given
in Lin (1970a) are erroneous, We have also in this study discussed
analytically the stability of the steady wave solutions, derilved

in (I) and (II). Although the analysis includes both space and time

periodlc perturbations it must be admitted that the analysis is still

quite restricted.

Moreover in this study we discuss the mechanism of energy
conversion during the development of finite-amplitude waves on
falling liguild films, One of the results obtained, namely the
explanation of the role of the Reynolds stress on the finite-ampli-
tude stability is already described in Lin's work (1970a). However,
since this result was derived independently and by a different
method by us 1t 1s also presented here. In experiments or techno-

logical processes involving film flows 1t 1s difficult to attain a



a completely clean surface and the presence of surface active
agents will in some cases modify the wave motlon, Levich (1962),
Models taklng these effects into account for film flows have been
studled by Benjamin (1964) and also by Lin (1970b). Of course
the method used in (I) and (II) can easlly be extended to include
the effect of surface active agents. This analysis is certainly
necessary if more precise comparisons between theoretical and ex-
perimental results are required, For the time being we have,
however, completely discarded the effect of surface active agents
and focused our interest on the non-linear processes involved in

surface wave motion on falling liquid films.

2, Derivation of the Landau equation and some further comments

on the validity of the expansions used in (I) and (II).

In order to study plane waves we have in (I) and (II) intro-
duced 5 Fourler expansion of the surface deflection r which for
two-dimensional waves 1s a function of the distance along the
plane, x, and of time, t., Thereby the partial differential equa-
tion for ¢ was reduced to sets of ordinary differential equations.
For the sake of the following discusslon we will recapitulate the
procedure for the spatially periodic waves studied in (I)., We
scale ¢ by the mean thickness of the fluid film, h, and write

C(K,t) = 1 + ﬂ(x,t) » (la)
where
k=N 1kx
n(x,) = J A (t)e ‘ (1b)
k=-N

According to the scaling introduced in (I) the dimensional wave



number of the fundamental harmonic in (1b) is o/h, where o << 1,
*

Moreover A_k(t) = Ak(t) where asterisk denotes complex conjugate

and by our scaling of ¢, A = 0. We assume |Ak! to be of order

€6, with the understanding that € << 1 and ¢, = 1. Initially

k
e and S depend on the inltial conditions, However, when a

steady finite-amplitude wave has developed ¢ and 6k are deter-
mined by the flow parameters namely; the Reynolds number and the
Weber number which are defined in equation (9) below, For steady
waves these parameters therefore determine the rate of convergence

of the expansion (1b).

We shall attempt to solve the equation for © correct to terms

of order €2 1n the expansion (1b). Hence if §, 1is assumed to be

k
of order €1 this leads to a simplified set of amplitude

equations @
AL . o a4 qhan, + 2p, + 0(e®) (2a)
aE - g1y + ghAz24y m|A1| A, 0(e”), a
gﬁz = B2As + pAy? + 0(e"), (2b)

where the complex valued coefficients have the same values as in

the Appendix in (II).

Under certain conditions (2a) and (2b) can be combined to an
equation for |A;|. This equation will be of the Landau type which
is referred to frequently in non-linear stability theory (Eckhaus
1965)., However, as known from non-linear stability theory of
parallel flows between rigid planes, conditions under which a

Landau equation for the wave amplitude can be derived, 1s
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restricted (Ellingsen et al. 1970). In order to discuss the

restrictions for the free surface case we write the solution of

(2b) as
t
A, = eth[pIA,ie‘thdt + Az(t=o)]+ 0(e"), (3)
o

where Az(t=o) denotes the initial value of A . Let the indices
r or 1 denote respectively the real or imaginary part of a
complex number. Under two conditions the integral in (3) can be

evaluated and expressed by A?;

1) %%l = B;A;. A condition which 1s valld during the initial

growth of a sufficlently small disturbance |A,].

i) %%i = iBliA . A condition which is valid for a steady wave
1
propagating approximately with the velocity Bxi'
If we moreover assume . B < 0 then regardless of the initial

2

value of A, the resulting equation for A;, vallid for t > Bzr—l

and as long as terms of order €% can be neglected, will be

a_ 2 - 2 4
dtlAll B 281!‘”1' * EPrlﬁxl.; )

Where Pr is the real part of the socalled second Landau coefficlent.
The conditions 1) and ii) lead to different values of P,. However,
if IBlrl << |82r| the difference will be negligibly small. The
steady wave amplitudes obtalned in (I) and (II) correspond to the
stationary solution of (4) for the case 1il) above. Therefore an

expression for P, for thls case 1s already defined in (II) and
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need not be recapitulated., It should be noticed that in order to
have steady finite-amplitude waves we found in (II) that B1r >0
and PP < 0, for small values of o the latter condition implies
that Bzr < 0, These conditions are in agrecment with (4). Due to the
speclal features of the linear stabllity diagram the essential require-
ment for the derivation of (4), Bar < 0, can only be satisfied for
wave numbers in the neighbourhood of the neutral curve in the linear
stability diagram. In elther of the cases 1) or 11) a Landau type
equation valid for ¢t > Bzr_l can therefore be derived only in a
certaln range of wave numbers., On the other hand, for all values
of the wave number satlsfying the requlrements of the long wave
cxpanslon the set of equation (2) as well as the more general set
treated in (I) are valid in a certain time span as long as the dis-
carded higher harmonics can be neglected.

For the steady wave solutions, discussed in (I) and (II) the
peculiarities of the linear stability diagram in the present problem
are also crucial for the rate of convergence of the expansion (1b).

The assumption that &, is of order e[k"ll, is only satisfied close to
the neutral curve in the linear stability diagram and then only

within certailn ranges of the flow parameters. This can easily be seen
from the numerical result given in (I) and (II). For example for values
of the flow parameters such that Bzr tends to zero 6k will not be of
order elk'll.An estimate of the rate of convergence 1is then obtalned bj
retaining higher order terms in (1b) as we have done in (I) and (II). i
[k-1]

If we assume Sk tc be of order ¢ and attempt to determine

the steady wave amplitude correct to order e’ we are lead to the set
of amplitude equations gilven in (I) (equation 15), These equations
were solved numerically in (I) and (II), The accuracy obtained in this
way corresponds to that obtalined by the evaluation of the terms of
order €% in equation (U),

Lin's analysis (1969) lead to a simllar type of equation for the

amplitude of the baslc harmonic as glven in (4), but there is,
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independent of scaling procedures, some discrepancy between the

values of the coefflcients given by Lin and those given above, Our
numerical results for the steady wave amplitudes in the neighbourhood
of the line Bzr = 0 1in the stablility diagram contradict these

given by Lin (1970a). According to these results the second Landau
coefficient becomes zero in this range of the flow parameters,
however, his analysis for steady waves scems to imply that the second
Landau coefficlient is derived for a similar condition as stated in 1)
above. On the other hand, our analysis, which correspond to the

more realistic condltion 11), implies that P, becomes of order

1/a when Szr + 0, a result which also 1is supported by numerical
results, Also for other wave numbers there 1is a discrepancy

between the valuec of the steady wave amplitudes given by Lin (1969} and
and those given in (II), TFor example our data for the steady wave
amplitudes at flow rates corresponding to Kapltza & Kapitza (1949)
observations are about 20% higher than those given by Lin, Although
the data are not quite comparable since the perfurbation methods are
different and besides that in our computation the effect of the a?
terms as well as the effect of the non-linear correction to the
volume flux are taken 1lnto account, these effects cannot fully
explain thls large discrepancy which we so far have found no reason
for.

The long wave expansion applied in (I) and (II) can only be
expected to glve a reasonable approximation as long as o << 1 and
also oR << 1, where R 1is the Reynolds number of the flow. In the
range of wave numbers corresponding to steady waves (BIP >0,

B < 0) the requirement oaR << 1 soon becomes 1lnvalid for R > 1.

2
Since the long wave expansion used in (I) and (II) also leads to



extremely involved algebra when 1t is carried out to higher order
approximations, numerlcal methods might be the only way to investi-
gate the problem in these cases. For example a Taylor series
expanslion of the stream funetion for the wave motion in terms of
the coordinate normal to the plane, where the coefficlents are
functions of x and ¢, combined with a Fourier expansion of these
coefficients in x will reduce the problem to a set of ordinary
differential equations, With a sultable truncation these equations
might be solved numerically.

There is also another restrietion which should be noted.
Although the numerical results in (II) indicate that the scaling
in (I) is valid for steady wave solutions even at an inclination
angle down to 7.50, the scaling will obviously become invalid at
sufficiently small angles of iInclination, In these cases a similar

scaling as used by Gjevik (1970c¢) would be more appropriate.

3. Stabllity of the steady wave solution,

Since the equations (2a) and (2b) in a certain range of the
flow parameters can be reduced to a Landau type equation for,!A1|,
it follows immediately from previous results (Eckhaus 1960) that
.the steady solution of equation (i), for B, >0 and P <0,
is stable for perturbations in |A,|. The stability of the steady
wave solutlion to perturbations which have a more general x-dependence
is obviously a difficult problem. Ve will, however, study some

types of perturbations which are to be expected under experimental

conditions., Consider now the case where the steady waves are
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generated by a wave generator (idealized). This situation can be
modelled by the analysis in (II) which we briefly will recapitulate.

The surface deflection is described by (la) where

N ik(X'I'Ct) (5)

k= e
n(x,t) = )} A (x)e
k==-N

*
In (5) ¢ denotes the dimensionless frequency and Kk = Kwk(x).
For weakly non-linear waves the Ek are slowly varying functions
of x, If (5) is introduced in the equation for the surface de-
flection, we obtain a set of equations for Ki and Ez whille Eo
is determined by the rate of volume flux, (For detalls see'II)*)

With much the same analysis as that leading to (4) we find,

approximately:

d M A IEYS

Sia 02 =6 18002 ¢ B olALY + dr |A0]%8, (6)
where

0

Equation (7) expresses that the mean volume flux (with respect to
time) 1is constant and equal to Qp. The coefficient r, in (6)
will be proportional to o and need not be recapitulated here,

For B:r > 0 and P, < 0, by a proper choice of h, Eo can be
set equal zero at values of x where the steady wave has developed

fully. Therefore the steady wave solution of (6) corresponds to

¥) Note that for the temporally periodic waves,(5),the scaling
ilength h for ¢ must be interpreted as the mean film thilckness
with respect to time at a certaln posiltion x along the plane.
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that of equation (4). Suppose that the wave generator is vibrating
with an amplitude corresponding to a steady wave amplitude and that
a small perturbation in |31| 1s introduced such that the mean
volume flux is kept constant. According to (7) this latter condition
requires a perturbation of the mean 1layer thickness. For sufficiently
small values of a,lPPI >> |rr{, and 1t follows from (6) that in this
equation the perturbatlion in Ko can-be neglected compared to the
perturbation in IE;I. Therefore we conclude, wilth the same arguments
as for the spatially perilodic perturbation referred to above, that
the steady wave solutlon i1s stable for a perturbation 1n [K;I. The
stablility analysils for the steady wave train does not directly apply
to cases with spatially varying wave trainsg downstream from the wave
generator. Nevertheless, for a finlte amplitude wave train with
spatial variation it is reasonable to expect that this motlion will
have a similar although weaker, stabi;izing effect on a perturbation
of |E;| as the steady wave motion 1s found to have.

Perturbations with a slightly different frequency than that of
a steady wave motion will, according to the linear stability analysis,
be unstable, Therefore this type of perturbation might grow and over-~
shadow the basic steady motlon, However, we will argue that the
basic steady motion will also have a stabllizing effect on this type
of perturbation. Consider, for example, two spatially periodlc per-
turbatlions, PP, with wave numbers a' = o + & and a" = o - 6
respectlvely, where o 1is the wave number of the steady finite-
amplitude wave and the parameter ¢§ 1s much less than «o. Then
by non-linear interaction between the PP and the steady wave, wave
- components, S, with wave numbers close to that of the higher harmo~

nlcs for the steady wave as well as a wave component, Q,with wave
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number: & will be generated, When the wave number of the steady wave
is chosen so. that B >0,B2r <0 then according to linear stability
analysis the S components are stable while the Q component will
be unstable, If we assume Q to be small initially, 1t might be

neglected for a certain time span. The weak coupling between the Q

and the PP components suggests that thils time span might be large
compared to the time 1t takes for the steady wave pattern to travel
a distance equal to 1ts own wavelength, Some estimates which we
have done support this suggestion. As long as the Q component can
be neglected the stabillty analysls for the PP component will be
very similar to that already gliven for the same type of perturba-
tions to a steady wave motlon in parallel flows between rigid planes,
(Eckhaus 1965, Chp. 8). Thercfore the result obtained by Eckhaus
that the PP components will be damped also applies here, but then
only for a certain limited time span,

Under experimental conditions where the steady waves are ini-
tiated artificlally 1t is recasonable to expect that the most domi-
nant two-dimenslonal perturbations occurring are contalned among the
types of perturbations investigated above, Our analysis can,
however, only indicate what experiments show, namely that finite-
amplitude waves with a certaln wavelength will appear steady under
certain flow conditions,

Finally we add some remarks on Kapitza's (1948) analysis of
the present non-linear stability problem. It follows from (7) that
among the steady wave motions having the same mean volume flux, the
wave with maximum amplitude of the fundamental harmenic will
correspond to the lowest value of the mean thickness of the fluld

layer, KXapiltza (1948), stated without proof that only this wave
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motion would correspond to a stable motion and consequently used
thls assumption to determine the flow uniquely. Our results
obtained in (I) and (II), that the steady flow depends strongly
on the inltial orboundary condition imposed, together with the
results of the stabllity analysis above indicate, however,that
Kapltza's assumption is 1nappropriate and that only the wave
motion having approximately the largest amplitude for a given

mean volume flux can be determined by the method suggested by

Kapitza.

b, The energy conversion during the development of steady finifte-

amplitude waves on falling liquid films.

VWe shall consider two-dimensional motion down an inclined
plane, The basic parabolic flow we denote U, while the velocity
components of the wave motion, along the plane and normal to the
plane respectively, we denote u and w., The veloclty components

of the total motion are then:

U+ u

=2
n

(8)

VI

=
i

Otherwise we shall adopt the same notatlion and scaling procedure as
introduced in (I) and (II). The motion will then be characterized

by & Reynolds number and a Weber number which can be written:

R = ghising
T TTovE 0

(9)

T

W= Sghfsing
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where @ is the inclination angle of the plane, g is the
acceleration of gravity, v is the kinematlc viscosity, p 18 the
density of the fluid and T denotes the surface tension. The
scaling length h 18 a characteristic thickness of the fluid layer
and 1s defined differently for spatially periodic wave motion
and for temporally periodlic wave motion (See § 2 and 3 above).
Consider the case where the wave motion 1s spatially periodic,
The temporal rate of change of the kinetlce energy, %, per wave.
length and per unlt span of the plane, 1s caused by the following
effects. The work done by the component of gravity along the
inclined plane which we denote ﬁ, the rate of energy dlssipation
which we denote ﬁ, the work done against the surface tension which
we denote E and finally the work done to deform the free surface
in the gravity field which we denote P. If all these different
contributions per wavelength and per unit span of the flow are
scaled according to (I) and (II) by pR%v®/h? we obtain, by using

the equation of motion and the corresponding boundary conditions

given in (I):

dE _ iy y 5
% - N-M+L+P (10)

3

where the right hand slde 1s defined in Appendix A. Obviously for
the parabolic flow, U, the energy balance in (10) is £ = 5 = 0

and ﬁ = ﬁ. For steady finite-amplitude waves ¢ 1s a periodic
function of x+et, where c¢ 1s the dimenslionless wave veloclty

and consequently, in thils case, a simllar equilibrium energy

balance exists, The different constraints on the spatially perilodice
and the temporally periodic wave motion are clearly illustrated by

energy considerations. Consider an infinitesimal amplitude surface
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perturbation of the form

1(x+ct)

r = 1 + A(t)e + complex conjugate, (11)

where A(t) 1s an exponential growing or decaying function of time
and ¢ 1s determined by linear theory. Since E and 5 are
negative for a temporally growing wave, i.e. energy ls converted to
both surface energy and to potential energy, the gravity component
along the inclined plane 1is the only energy source for an unstable
wave component, Since ﬁ depends on A an eventual finite-
amplitude balance for this wave component can only be established
by a proper adjustment of g, i.e. by an adjustment of the rate of
volume flow 1in the x-direction. A temporally periodlce surface per-
turbation with infinitesimal amplitude is also given by (11) where
A now is an exponential function of x. For weakly stable or un-
stable waves A(x) 1s a slowly varying function. If we follow

one individual wave the energy equation (10) will also apply

(approximately) in this case. Since the mean volume flux 1s kept
constant, ﬁ will alse be independent of x. This 1s achleved

by an adjustment of the mean layer thickness. Therefore for the
temporally periodic wave an eventual finite-amplitude balance in
(10) can only be established by a non-linear modificaticn of the
engrgy dlssipation.

The special features of non-linear stability analysis of a
parallel fiow with a free surface can be demonstrated clearly by
energy considerations., Let us examine the energy conversion between
the wave motion and the basic parabolic flow. The temporal rate of
change of kinetic energy, E, in the perturbation motion is caused

by: The work done by the Reyholds shear stresses which we denote
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K, ‘the rate of energy dissipation in the perturbation motion which
we denote M. (This expression is defined similar +to ﬁ in
equation (10), and the work done by the pressure and the viscous
stresses set up by the perturbatlion motion. This latter contribu-
tion can as well be interpreted as work done at the deformed free
surface, namely 1) work done against the surface tension which

we denote L, i1) work done agalnst the hydrostatic pressure
deviation in the steady flow, which we denote P, 111) the work
done against the component of the viscous stress deviation in the
steady flow normal to the free surface, which we denote S, and
finally 4iv) the work done against the component of viscous stress
deviation in the steady flow tangential to the free surface, which
we denote St' It is pertinent to mention that the contributions
ii)-iv) arise from the assumed analytilcal continuation of the basic
parabolic velocity profile and the corresponding. pressure distri-
bution at the deformed surface. If we assume spatially periodic
wave motion and evaluate all these different contributions per wave-
length and per unit span of the flow, we find

di

T (12)

z K - M+ L + P+ 8 +
K-M+L+P+S +5,

where the right hand side of (12) is defined in Appendix B and the
scaling is as for the terms in equation (10). For parallel flows
between rigid planes L, P, Sn and Sy, vanish and the only energy
source (in the mean) is through the action of the Reynolds stress,
uw, With a deformable surface, however, the situation becomes

more involved, Let us now estimate the relative importaﬁce of

the different terms on the right hand side of (12). We first ob-

serve that for waves of the type (11) L and P are negative for
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temporally growing waves and posltive for temporally decaying

waves, If we assume a wave motion with amplitude € then 1t follows
from Appendix B and Appendix C that S is of order g%i R St is
of order gﬁ , and K = aRe?. *)It is therefore obvious that the

main energy source for the perturbatlion motion is St’ while the
effect of the Reynolds stress is negligible for the surface mode
treated in (I) and (II)., It is pertinent to mention here that

by uslng the results in Appendix C we easily show that for the

disturbance (11) the Reynolds stress 1s stabilizing if
a? < ( LR - cot 6)/V. (13)

The requirement (13) can be satisfied even for disturbances which
are unstable according to linear stability theory.

For a steady finite-amplitude wave, obviously L = P = 0.
Therefore for the steady weakly non-linear waves studied in (I)
and (II), the equilibrium energy balance is mainly established by
the non-linear modiflcation of the terms St and M, It follows
from the results in (I) and (II) that this modification is attained
mainly by the generation of higher harmonics through non-linear
interactions while the mean distortion of the basic parabolic
velocity profile, given in equation (4C),Appendix C, 1s a negligible
effect. This situation is quite different for high Reynolds number
parallel flows between rigid planes where the distortion of the
mean veloclty proflle has an important effect on the finite~
amplitude equilibrium energy balance. For plane Couctte flow for

example this 1s discussed in the work by Ellingsen et al. (1970).

%) oW and cot® is assumed to be of order unity.
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Appendix A,

If z denotes the coordinate normal to the inclined plane
and a bar denotes integration over one wavelength in x-directlon,

we have:

E = f (%% +ow)dz
O
2

N g
N = '&R- I udeg
Q
~ 1 (.50 du,%, Ju dw , 9w WUy 2
M= g [(gD e [ BB+ Bt (B
O
g 3%t
5 202W 5 9x2
R
ar 2,3
(Lto®(52) )7
X
5 2cot0 7 2
_ Cco - cot8 3¢
P - - R J WdZ — - R at L]
(8]

Appendix B,

With the same notation as in Appendix A, we have

g
- g—q i}
K=z - [ 37 uw 4z
o
s 2L
L = 20.%W DX
- R ) ac 2 3
(1+a2(§§) )2
2
P = 25RE0 GUIT)
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" dU 3¢t
20, dz 93X -
°n R 2¢0Cn2 at z =g,
1to (5—')
X
du ]
To(1-q2(25)2)
1 3 a2 X
S, = = ———(u+a2w—5) at Z =
t R ox 1+a2(g§)2 5

where

and

Appendlx C.

The Reynolds stress uw in the case of spatially periodic
motion is easlly obtained, correct to terms of order a, from the

results in (I), namely:

— 2, 2 w2
UW = = %[aaw(%gg) + acotﬂ(%ﬁj ]z“
¢ Larc?(35)°25 - 1 arg(38) 26 (10)
3 3% T X

where 2z 1s the coordinate normal to the plane and a bar denotes

the mean with respect to X,

For steady two-~dimensional motion; the distortion of the mean

veloelty profile is glven by

du _ s -
dzz - R gz uw (2¢)

The boundary conditions for u are

— au _ _
U= g = 0 for z = 0, (3¢)

The latter condition follows immediately from the fact that the mean
layer thickness 1is used as the scalling length in the Reynolds number.

From (2C) and (3C), we find
A

U = aoR I nwdz (4o
Q
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