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Abstract 

This paper is concerned with thermal convection in a hori

zontal fluid layer bounded below and above by two rigid planes 

of constant and equal temperature. The convection is generated 

by uniformly distributed internal heat (cool) sources. Stable 

hexagons are found for Rayleigh numbers up to 3.6 times the cri

tical value~ down-hexagons when the fluid is internally heated, 

and up-hexagons when the fluid is internally cooled. Moreover, 

a subcritical region,where the hexagons may exist, is also found. 
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1. Introduction. 

The topic of this worl{ is thermal convection in a horizontal 

fluid layer when heated from within by an uniform distribution of 

heat sources. This problem has become important in the study of 

motion of the Earth's mantle (McKenzie, Roberts & Weiss 1974). 

Internally heated convection may also be the origin of the cellular 

arrays in the atmosphere of Venus observed by Mariner 10 (Tritton 

1975). 

The upper and lower boundaries of the fluid are assumed to be 

perfectly conducting and maintained at constant and equal temperature, 

whereby we obtain an unstably stratified fluid layer above a stably 

str.atified fluid layer. The governing equations (see section 2) 

show that the motion is dependent on two dimensionless parameters, 

the Rayleigh number R and the Prandtl number P. The linear sta

bility problem was first solved by Sparrow, Goldstein & Jonsson (1964) 

who found a critical Rayleigh number Rc equal to 583.2 . 

A model with a fluid layer of equeous silver nitrate solution 

(P ~6) bounded horizontally by two perfectly conducting planes kept 

at the same temperature has been studied experimentally by Kulacki & 

Goldstein (1972). Applying a Mach-Zehnder interferometer, they 

determined the mean temperature in the fluid for various R varying 

from 0.35 Rc up to 675 Rc. In the laminar regime (from Rc and up to 

about 20 Rc) they observed a kind of a cellular flow. The cells 

seemed, however, to be neither stationary nor truly periodic. For a 

related. model Whitehead & Chen (1970) observed a flow with some 

similar characteristics. The supercritical motion consisted of 

vertical yets of cool fluid from the upper layer which plunged down

ward into the interior of the fluid. The jets were not arranged in 
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an ordered lattice, but were constantly changing. 

This loss of a regular pattern is in striking constrast not 

only to the observations for ordinary Benard convection, but also 

to the results obtained in convection with internal heat sources when 

the lower plane is insulating (Tritton & Zarraga 1967, Schwiderski 

& Schwab 1971, Tveitereid & Palm 1975). In this last case there is 

no stably stratified region. It seems as the occurrence of a. 

stably stratified region will give a tendency towards an unregular 

motion. Tveitereid & Palm found that steady hexagons were stable 

for Rayleigh numbers at least up to 15 Rc. We shall in this paper 

show that with the present boundary conditions, which lead to stably 

as well as unstably stratified horizontal layers, steady motion is 

only possible for Rayleigh numbers up to 3.6 Rc. 

2. GE)verning equations. 

We consider three -dimensional convection in an infinite hori-

zontal fluid layer of constant depth d, bounded above and below by 

two rigid perfectly conducting planes maintained at constant and 

equal temperatures. The fluid is heated from within by an uniform 

distribution of heat sources. 

Applying the Boussinesq approximation, the basic equations 

may be written 

aT + at + V•VT = 

1 . 
- Vp 
Po 

(2.1) 

(2.2) 

(2.3) 
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with the boundary conditions 

+ v = 0 and T = 0 for z = 0 and d (2.4) 

+ 
Here t denotes the time, z the vertical coordinate, k the unit 

vector directed positively upwards, + v = (u,v,w) the velocity, 

p the pressure, T the temperature, T0 a standard temperature, 

Po a standard density, Q the constant generated heat per unit time 

and unit volume, g the acceleration of gravity, a the coefficient 

of expansion, v the kinematic viscosity, K the thermal diffusi

vity and cp the specific heat at constant pressure. 

If the generated heat Q is sufficiently small, steady state 

solutions of (2.1)-(2.4) exist of the form 

= 2 Q c (d-z )z 
KP 0 p 

+ 
v = 0 ' (2.5) 

If Q is sufficiently great, in the convective regime, the solutions 

are written in the form 

~ = ~'(x,y,z,t) , p = p +p'(x,y,z,t) , T= T + e'(x,y,z,t).(2.6) s s 

To get a dimensionless form of the equations we introduce d, 

d2/K, Kid, Kvlgad3 and Kvp 0 /d2 as units for length, time, 

velocity, temperature and pressure, respectively. Omitting the 

primes the equations take the form 

(2.7) 

(2.8) 

(2.9) 
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with the boundary conditions 

+ 
v = e = o . 

' z = 0,1 (2.10) 

Here P is the Prandtl number and R the modified Rayleigh number, 

defined by 

P = v/K 
' 

(2.11) 

We have introduced the absolute value of Q in the definition of R 

and in the last term of (2.9). Thereby the case of uniform cooling 

(Q negative) also is included in the equations. 

The Rayleigh number R0 , defining the onset of convection, is 

found from the linearized version of (2.7)-(2.10). Introducing the 

horizontal wave number a, defined by 

a2 a2 
ax2 + ay2 = - a2 (2.12) 

R~ becomes a function of a. To obtain this function we develop the 

solution in a power series of z. We find that R0 is independent 

of the sign of Q. The curve R0 (a) is displayed in figure 1 • The 

minimum value of R0 , Rc, and the corresponding value of a, ac, are 

found to be 

a = 4.oo c 

which are identical to the values given by Sparrow et.al •• 

3. Steady solutions. 

(2.13) 

Steady solutions of the equations (2.7)-(2.10) will now be 

found by a numerical approach. To simplify the problem we assume 

that the Prandtl number is infinite, whereby (2.7) becomes linear. 
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It is generally believed that the solution for infinite P also is 

a good approximation to the solutions for moderate Prandtl number. 

+ + + 
Since the velocity is peloidal (i.e. 'i/•V = k•'i/ xv = 0), the 

velocity may appropriately be written 

... + a2 a2 2 
v = (u,v,w) = &V = <axaz, ayaz, -'il 1 )V (3.1) 

where is the horizontal Laplacian. By eliminating the pressure 

term we obtain from (2.7)-(2.10) 

v'+v - e = o (3.2) 

(3.3) 

with the boundary conditions 

v = av = e = o · az ' z = 0,1 (3.4) 

Considering periodic solutions in the x- and y-direction, we 

expand e in a complete set of Fourier modes, each of them satisfying 

the boundary conditions 

e = !B h ei(pkx+qlg)sin(hwz) 
pq (3.5) 

Here k and 1 are wave numbers in the x- and y-direction, respec-

tively. The summation runs through all integers -~ < p < = , 

-= < q < = ; 1 ~ n < "" • To ensure (3.5) to be real, we require 

that Bpqh = B:p-qh where the star denotes complex conjugate. Intro

ducing (3.5) into (3.2) and applying the boundary conditions, we 

obtain 

V = ~B ei(pkx+qly) F (K z) 
L pqh h ' (3.6) 
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where ~~: 2 = (pk) 2 + (ql) 2 • The function Fh(~~:~z) is given in the 

appendix. The unknown coefficients Bpqh is determined from 

equation (3.3) by applying a Galerkin procedure. Introducing (3.5) 

and (3.6) into (3.3), multiplying this by exp{-i(rkx +sly) }sin(g'D'z) 

and averaging over the fluid layer~ we ob~ain 

(3.7) 

- r L {{pt~2+qu1 2 )b(h,K,f,g}+K 2c(h,K,f,g)}BpqhBtuf = 0 
p+t=r h,f 
q+u=s 

Here v2 = (rk) 2 + (sl) 2 • The coefficients a, b and c are given in 

the appendix. 

It is well known, that if the coefficients in (2.7)-(2.9) are 

constants, the planform for moderate Rayleigh numbers will be two

dimensional rolls (Schluter, Lortz & Busse 1965). If the coefficients 

depend on z, as in the actual case, the planform may be hexagons 

or two-dimensional rolls. It was shown by Tveitereid & Palm (1975) 

that if the linearized version of (2.7)-(2.10) is self-adjoint, the 

pattern will be two-dimensional rolls. If, on the other hand, the 

problem is not self-adjoint, we expect hexagons. In the present 

problem the equations are not self-adjoint, and we expect hexagons. 

To the first order in the amplitude hexagons are given by the 

Fourier modes · 

with 

We note that A1 1 = 0 corresponds to two-dimensional rolls, 

whereas A02 = 0 corresponds to a rectangular-like structure. 

(3.8) 



- 8 -

If the first order terms are given by (3.8), it follows that the 

exited higher order terms will be of the form A1jcos(ikx)cos(Jly) 

where i and j are integers such that i + j are even. Restric-

ting the solutions to this form, we may conclude that 

= B-rsg = B-r-sg , and that all Brsg are real. 

= B r-sg 

The system of differential equations (3.7) will be truncated 

such that the terms for which 

(3.9) 

are neglected. Here M is an integer to be specified below. The 

validity of the truncation is verified by examining the values of 

the numbers 

(3.10) 

N = - -- T aTI ;-1 at z= 1 max 

for different values of 
solution is accepted to 
vary be less than 1% 

M. The bar denotes horizontal average. The 
be sufficiently accurate when N0 and N1 

as M is increased from M to M + 1. 

To ftnd the solutions of (3.7) we apply a Newton-Raphson 

method. Both for Q positive and Q negative we obtain three 

different steady state configurations 

1) down-hexagons, i.e. descending flow in the center of the cells 

and ascending flow at the peripheries, 

2} up-hexagons and 

3) two-dimensional rolls. 
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In the next section we will apply a stability analysis to 

investigate the stability behaviour for the hexagons and the rolls. 

4. Stability analysis. .. 
By introducing an infinitesimal perturbation 

.. -+- ....... 
(e,v = ~V) with 

a time dependence of the form exp(at), the perturbation equations 

are written 
.. 

v'+v - e = o 
... 

.. -+- .. -+-
= cre + v•ve +v•ve 

with the boundary conditions 

-.. ""V "' V:.2.-:e=O; az z = 0' 1 

(4.1} 

(4.2) 

(4.3) 

.. 
Assuming periodical solutions in x and y, e may be written 

; = 8i(ekx+~ly)~~ ei(pkx+qly)sin(hwz) 
l. pqh (4.4) 

where £ and ~ are free parameters. It can be argued for that for 

hexagons, a complete stability analysis is attained when ~ runs 

through the values from zero to one and £ from zero to 

From (4.1) and (4.3) 

where K = (p+£)2k2 + (q+~)212. 

appendix. Multiplying (4.~) with 

Fh is given in the 

1 
3~ • 

(4.5) 

exp{-i(EkX + ~ly) }exp{i(rkx +sly) }sin(gwz) and averaging over the 

fluid layer an infinite set of linear homogeneous equations, deter-.. 
mining the coefficients B follows. We truncate this system rsg' 

analogous to what was done in the previous section. The stability 
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problem is thus reduced to the determination of a • If all the 

values of a have a negative real part, the examined configuration 

is stable. 

5. Results and discussion. 

a. Q positive. 

The results of the stability analysis are shown in figure 1. 

We find that the down-hexagons are stable for R < 3.6 Rc. Neither 

the up-hexagons nor the rolls are found to be stable planforms. 

Furthermore, we find a subcritical region, from R = 0.964 R0 up 

to R = R0 , in which down-hexagons may exist. The wavelength of 

the cells is found to decrease with increasing Rayleigh number, 

from ~c at R = Rc down to about f ~c at R = 3.6 Rc. 

The numbers N0 and N1 , defined by equation (3.10), are 

displayed in figure 2. The curves are computed by considering wave 

numbers in the middle of the stable region. It is seen that N0 

and N1 vary by less than 1% as M increases from 4 to 5. 

The same numbers are also shown in figure 3, but with a logarithmic 

scale for the R/Rc-axis. To a good approximation we may write 

N0 = 4.05 + 0.21 log (R/Rc) 

N1 = 4.20 + 1.42 log (R/Rc) 

The horizontally averaged temperature given by 

T = 4(1-z)z + ~ L B00g sin(gwz) 
g 

(5.1) 

(5.2) 

is shown in figure 4. We observe that the warm central core of the 

layer is displayed upwards. 
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In figure 2 we also have given the experimental values of 

N0 and N1 found by Kulacki & Goldstein. We note that there is 

a marked discrepancy between the observed values of N1 and the 

values of N 
1 

found in the present work. Between the values of 

N0 , however, there is a better agreement. The reason for this 

discrepancy is not clear. The experimental values show, however, 

a considerable scattering and their results are perhaps not 

sufficiently exact for comparison. 

In the present model where the lower part of the fluid layer 

is stably stratified, we expected to find a region with oscillatory 

instability. Our computations show, however, that the marginal 

stable mode (for R = 3.6 Rc) has a real a. 

The stability region shown in figure 1 was computed both for 

M = 4 and M = 5. We foutld the same stability boundaries for these 

two values of M, indicating that M = 5 defines a good truncation 

of the infinite system of equations. 

b. Q negative. 

In this case we find that the up-hexagons are stable 

in the same region as the down- hexagons for Q positive 

(see figure 1 )., The amplitudes of these up-hexagons, Brsg' 

multiplied with (-1)g are identical to the amplitudes of the down-

hexagons we obtained for Q > 0. Down-hexagons and two-dimensional 

rolls, however, are unstable planforms when Q is negative. 
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6. Summary and concluding remarks. 

The main result obtained in this paper is shown in figure 1 

where it is illustrated that hexagons are stable for Rayleigh numbers 

less than 3~6 Rc, down-hexagons when the fluid is internally heated, 

and up-hexagons when the fluid is internally cooled. We also found 

a small subcritical region. 

A comparison of the results of the present analysis with the 

experimental results of Kulacki & Goldstein (1972) shows a rather 

poor agreement. The discrepancy is possibly due to the fact that it 

is difficult to observe the convective heat transport for small 

super-critical Rayleigh numbers. 

The stability boundaries obtained here are very different from 

those found when the lower plane is insulted, giving that the whole 

layer is unstably stratified (Tveitereid & Palm 1975). It seems as 

the occurrence of two layers, one unstably stratified and one stably 

stratified changes the character of the motion thoroughly. 
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APPENDIX 

Definition of the function Fh(rc,z). 

From (3.2) - (3.6) we obtain 

with the boundary conditions 

z = 0,1 

The solution is 

where 

Fh(rc,z) = Ah (rc)sin(hnz)+ C~ 1 )(rc)z Cos(rcZ) 

+ c~2 )(rc)Sin(rcz)+ c~3)(rc)z Sin(rc z) 

h h n Ah ( K) I ( ( -1) Sin rc - rc) 

= Cos K c~ 2) ( IC) /Sin K 

Definition of the coefficients a, b and c. 

1 

a(h,v,g) = J (2z-1)Fh(v,z)sin(gnz)dz 
0 

(A .1) 

(A.2) 

(A.3) 

(A.4) 

(A.5) 



- 14 -

1 

b(h,K,f ,g) = J Fh(K,z)sin(t1f.z):>in(g1Tz)dz 

0 

1 

c(h,K,f,g)-- f1r J Fh(K,z)cos(f'ITZ)sin(g1TZ)dz 

0 

(A.6) 

(A.7) 
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Figure 2 

Figure 3 
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Figure legends 

The stability region. 

The numbers N0 und N1 as a function 
of the Rayleigh number for M = 4 and 5. 
O,x, values of N0 and N1 , respectively, 
from Kulacki & Goldstein (1972). 

No and Nl as a function of R, showing 

No = 4.05 + 0.21 log (R/Rc) and 

Nl = 4.20 + 1.42 log (R/Rc). 

The horizontally averaged temperature for 
different values of R/Rc. 
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