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Introduction.

The Klein-Gordon equation Uxx - Uft'+V'(U) = 0 has
solutions in the form of progressing waves. Here I describe a
technique to deal with the case of two such waves superimposed,
in which each wave 1s fully nonlinear, anda.perturbation expansion
is made which assumes that the interaction between them is less
strong. The technique is based upon that used in Grant (1972,73),

and the particular problem was inspired by Ablowitz (1972).

l., Linearized Solutions.

Taking V'(U) ~U for U small, the linearized equation is

Upx = Upg ¥ U =0 (1)
with the solution U = ecos(kx~wt)
k2 = w2+ 1 the dispersion relation
or U = ecos @ @ = kx-wt.

2. Two Waves.

To study the interaction of two waves, with wave numbers and
frequencies (w,,k;) and (w,,k,) respectively, it 1s best to

transform to the phase coordinates.

6 = k,x - u,t

The equation is now

' = 2
glwa t g, Ugg ¥ 2Aer + V'(U) = 0 (2),
g, = k2 - 0,2
g, = kzz - mz2
ro o= kk, - wuw,



Once again, there 1s the linearized solution

U=oacosg+ Bcos B

with the dilspersion relation:
This solution can be iterated upon generating an expansion in

powers of o and B:

U =acosp +Bcos 6
+aB(cos p cos B ,sing sin o ) (3)
+a2(cos29,1) + B%(cos26,1) + a?B( ) +aB?
+o’(C )+ B )

4+ ooe

g, =1 +ca* + c 'B% + eeo

- 1.2 2
g, =1+ c, 70" + c B + eoo

(aB(cosgcosB,sinpsin®) means oBf x some linear combination of

cosypcos® & singsing).
All coefficients also depend on A

3. First, conslder the problem of only one wave, say B8 = 0. Then

U = acosyg + oa2(cos?p,1) + a®(cos’p,cosp) + 0(a*) (4)
s

The terms at each order in o can Just as well be written as a

polynomial in cosy as 1in harmonics of ¢,
Since U 1is a function of ¢ only, the equation can in fact be

integrated:

ngtDlP +VH(U) = (5)

b, 0,0 + V(D) = B(e) ete.

1
o



This implies that the expansion (4) is known
U = F(oacoseja?) (6)

The expansion (4) has, at order an, a polynomial of degree
n 1In cose. It can be enlightening to restrict attention to

those terms that are most rapidly varying at each order - the

highest power of cosyp:
U, ~ acose + a2(cos?p) + a’(cosly) = f(acoscp) (7)

(in fact, fkacosw) = F(acosy;0))

These terms depend only upon each other, and are independent of the
omitted terms 1n the expansion. They consequently form the basis
for an expanslion of the solution F, whose first approximation 39

is nonlinear. Thls follows the reasoning used on water waves.

dﬁ depends on o & cosg only in the single combination
B = oco&p. The equation for UO can be found by making thils change

of variables :

U~U, = U (u) =f(u)

6 ~osing éﬁ

-acosm‘%" + azsinzmdﬁ"

U

USG

gl{azsinzw}f"" - ozcoscpd‘f'] + V(f») =0
but |

a?sin?g = 0? -a2cos?p = a?- p? (8)

which, to highest order (i.e, o+ 0 with u fizxed)



2 (9

also g, =1

- uzf" - u(fz' + V(f)= 0 (10)

This is the equation for the solution (4).
Here it is easy to recover the full solution, simply by retaining

a2-p? instead of - u? in the coefficient of U"
g, [(a? -n2)u" - uU'] +v(U) = 0 (11)

gl(az) 1s determined by the condition that the solutlon be analytic
in u as pu=+ 0 (l.e. periodic in ¢o)
(10) is the equation for ;%(u) = F(u;0)

(11) is the equation for F(ujoa?)

An ilteration based upon f‘ would proceed:
{

- 2 4 £ e
U = fl+ o J£1+ o J%
with all the ¥
g1
collection of powers of a? gives equations for the in.

being functions of u alone. Substitution and

It is worthy to note that ;e(u) provides a nonlinear approxi-
mation to F(ujy az), since it contains some terms from ali orders in
the perturbation expansion. However, it is not a wholly satisfactory
approximation, and will fall when U becomes singular. For the
coefficient of U" in (11) is a? -up?, which vanishes at o = u.

(I assume a singularity first accurs at maximum yu); and in (10)

it is -uz, which does not vanish. (Apart from the awkward fact of
estimating the positive definite a2 -u? by the negative definite
-u2). So (10) will get the order of the singularity wrong. So much

for one wave,



b, Two interacting waves.

a # 0, B # 0.

U = acosg + Bcos® + aB(cosepcos6,sinpsing) +
+ a?(cos?p,1) + B%(cos?6,1)
when B8 + 0
U ~ acosp + a?(cos?p,1) = F(acosg;a?) (12)

when o =+ 0
U ~ F(BcosB;R?)
I define an expansion, whose first term is valid in both limits :

U = F(acosy + Bcos6;e?) + 0(aB)
(13)
e?=a®+ g2 +0(aB)
This choice 1s not uniquely determined. Another would be the
obvious

U = F(acosg;o?) + F(BcosB;B2) + 0O(aB) (14)

The advantage of (13) is the convenient form. It involves acosg

and Bcos6, at lowest order, only in the combination
U = accse + Bcosh (15)

This functional form also enables comparison with the expansion
technique based upon the most rapidly varylng terms. In the case of
one wave, 1t was unnecessary. But now the problem cannot be

immediately integrated, and some approximation 1s needed.

It 1s also more convenient because forcing terms at higher

orders are always of the form: Sum of terms like
cos8cos"eF , (1)F, (1)

sinesinwcoanecosani(u) F,{u)



and hence generate terms of a similar form. Whereas (14) will

generate forcing terms like:
n m
cos '6cos wFl(ucosm)Fz(Bcose)
and it will not be so easy to solve for the functions so forced.

The expanslon based on this wlll, at all orders, discard terms
that are "more mixed" than the dominant ones. "More mixed" means
more cross products of terms from the two waves - i.e. a2Bcos?pcosh
is more mixed than o3%cos3p or B%cos?®p. Thus, at lowest order, I
have correct only those terms in the expansion (3) that involve only
o or only Bg. The next iteration includes terms of the form anB
eand 68" - one order of interaction between the two waves. And so on.

The expansion is essentlally an expansion in powers of the interaction

between the two waves, each wave being itself fully nonlinear.

Another way of looking at it is to array the terms of (3) in a

chart of (power of o) vs. (power of B):

0 1 2 3 4
0 % * % »—> power of a
(16)
1 x X X X X
2 x X X
3 x X X
v

power of B

The complete solution 1s the sum of all these terms. If I assume

g 1s small, I can iterate upon a nonlinear a-wave

U = F(acosg;a?)+B{coseF, (acosep;a?) + sinbasingF,(acosy;a?)+ 0(B*)

(17)



Thls is an iteration, whose first term collects all the terms in
the first row of (16), and then iterates,collecting row after row.

Likewlse, the corresponding B-approximation
U = F(BcosB;B2) + a{coseF, (Bcose;B? + sinpBsineF, (BcosO;B?)

+ 0(a?) (18)

iterates column by column.

The form (14), at 1ts first approximation, has correct both
the first row and the first column, and moves inwards with higher
order. 'Higher order' means higher order of interaction, of the two
waves with each other. It 1s not true, for example, that at nth
crder all terms from the first n rows and columns have been

collected. For example a term of (a?B) occurs both at second and

third order

U = F(u) + aB{cosbcos¢F, + sin®singF,}
+ (aB)? [coszecossz3 + cosbcosBsinbsingF, ]

+ (a?B cost + BZacos@)F + eeo

F(u) is first order
F1 & F2 are second order

F, ,F,,F, are third order

A term of order (o?B) can occur in F , F, and F,.
But only at F, 1s any correction made to g(1). Correction to the
dispersion relation occur only at every second order, as they do in
the expansions (17) and (18), because they require a wave to
interact with something else, and then back again to itself. So terms

of order (a?Bg) in F, and F, represent, say an (a?) term from



F interaction with a (B) term from F. An (a?B) term in F,

is generated (a) + (aB) + (a2?B). This is the last time such a

term can arise in the expansion. At order p, terms of order anB

m

are included with n+m > p.

alsc

First,

U =

P

60

B«

g,

g2

g1U¢¢

g(0){_

for comparison, I do the expansion (17)
F_(oacose) +Blcos6F (acosg) + sinfosingF,(acose)]+ «o°

Fo(u) + Bcoseﬁl(u) + oBsinbsineF(u) . U = acosey
-asinw(Fé + BcoseF;) - Ba?sin?psinéF) + BasinBcosoF

-acosm(Fé + BcoseF;) + azsinzm(Fg + BcoseFY)
- ZBazsinmcoswsineF;uBasineslnmﬁz
+Ba’sin’gsingF, -pa?sinecosgsingF)

- u(Fé + Bcoseﬁ;) + (az-uz)(Fg + ecoseﬁg)

3Basinesinqu; - BasinGsinsz + Basinesin@(az—uz)ﬁg

= - BcosOF,- BsinbasingF,

asing(-Bsin6F!) - B(a®-u®)cos6F] + BacosecosyF,

g{(a?) + 0(82)
g§°)(a2) + 0(B2)

t g,Ugg * 22\Ue(p + V'(U) = © becomes

WF! + (az-uz)Fg + B[-ucoseﬁ; + (aa—uz)cosefyl

+ Basinésingl(a®-u?)F) - 3uF] - F 1}

+

ggo){—SCoseFI— Basinesinp>F2}
+ 2x{-B(a?-p*)cosOF} + BcosBuF, + oBsinbsingF!}
+ V'(F_) + V"(F ){Bcos6F, + aBsin®singF,} = 0



|

at O(BY): gfo){—uFé_+ (az-uz)Fg} + Vv(Fo) = 0 I

- as usual.

at O(Bcos8):
(o)

, CF+ 2M[-(a2-p?)Fy+yuF, ]

g% [} + (a?-u?)F"]-g

+ F,V(F,) = 0 (19)

at O(Bsinfeasing)

gfo)\[(az-uz)F—g- 3uF} -le—ggo)‘ﬁz+2xﬁi+ F,v"(F,) = 0  (20)

—

And now for the next: wilth two waves. The method mimigs the
preceeding cases, and the rules for collecting terms, 6; discarding
them to higher orders are thus
Any term that 1s more mixed belongs at a higher order.
Any term that 1s more slowly varylng belongs at a higher order -
except that I attempt to retain some terms, th;t can easily be
2

incorporated, as 1s the one wave case - retaining o2 in o2-p?.
’ g

This is a purely ad hoc improvement.

U = Fo(acosw + BcosB;e?)

+ aB[cosecostl(u;ez) + 5in6singF, (u3;e?)] + oo (21)
H = ocose + Bcosod
€2 to be suitably chosen

To lowest order

U~F (0.
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~ —-qsi '
U ozs.nch,0
~ - ' 2 2 "
acosmFo-Pa sin wFo
U ~ aBsin@sinng
U, ~ -BcoseFé+ stinzng

g, = 209 (e?) +82¢M) (e2)

(22)
gz = 8(0)(52) + azg(1)(€2)
g(o)[(azsin2w4-stinze)Fg - (oacosg + Bcose)F ]
(23)
+ 2AaBsinmsinng + V'(Fo) = 0
A) 2Aaesinwsinng is mixed - an O(aB) term - out it goes
B) _a?sin?p + B82sin?e = a?+p%-a2cos?yp -B'cos?H
= 02+B2-(acoso+pcos8)? + 0(aB)
Let €2 = o0?+B2, & there results
(o) 2_,,2ypn ' 1 - )
g [(e®-u )Fo - WF)1 + VI(F)) = 0 (24)

familar equation with a familar solution.

The choice of €? 1is correct only to order (oB) - i.e. correct

to all orders of o & B alone, Another choice could be

€2 = (a*+B)2 (if o > 0, B > C 1is prescribed)

This can be more reasonable. For example, for a standing wave, where

@ = B, 1t turns out to be required. This is because . = |af+ 8],

and it is convenient to have € = yu__., so that e? - u? vanishes
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at .. - as does the original expressicn (a?sin?p + B2sin?e).
Carried to O(aB) from (24) is

2AaBsinmsin9Fg + 2g(°)choswcosng (25)

At order aB:
U ~ oBlcosfcoseF, + sin®singF,]

U ~ aB{-sinecosch1 + cos6singF, - Bsinecosecost;

- BsinzesinwF;]

Ugg ~ ae[-cosecostl-sinesinsz-B(2cosze—1)cosm)F{

-2600$esinesian5+Bsmfa.mosmF;—Bcosesinesin¢F;

+B2%sin?6cos6coseF! +B8%sin®esingF)]

= oB{cos@cosg[-F,-2BcosOF]-BcosOF!-B2cos?OF}+82F"]
+sinésing[-F,-3BcosOF j+B*F -B*cos?6F) ]

-BcosmF{-BcosmF;}

The last two terms, -oB[-2Bcos¢F!] belong at a higher order, since
they are more slowly varying (in 6) than the retained terms. The
terms BZFE, which are also higher order, are retained because the
corresponding terms are retalned at lowest order.

2 2
Uw¢<~ ag{cosbcose[-F, -3acosgF ! +a Fymazcos wFY]

+sinesinp[-F,-3acos¢F] +a’Fl-a?cos?eFyl+ «o -}
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er ~ a6{+sinesin¢F1+cosecost2+BsinecosesinwF;-Bsinzecost;

+asin@sinecost;-asinz6cos9F;+aesinecosesinwcosmFY

+aBsinzesin2ng}

= aB{sindsine[F +Bcos6F +acosyF]]
+tcosb+coso[F,+BcosOF j+tacoseF)]

+sin9sinw-chosecostg+chosZSCOSZbF;

-BCOSQF}-0acosOF!+aBR (1-cog26~cos?p)F"}
2 2 2

and the third & fourth lines contain terms belonging at higher order.

Collecting all the O(aB) terms gives:

0 = cosecosw{g(o)[-Fl-3BcoseF;+BzF?-62coszeF¥]
(o) v 2N 2 2 0]
+g [-F1-3acostl+a Fl-a cos“eF!]]

+2A[F2+(acosw+scose)F;]+V'(FO)F1}

+sin9sinw{g(°)[-Fz—3BcoseF5+Bng—Bzcoséngl
(o) T4 2N _ 2 2 @
+g [-F,-3ccos@F)+a Fz-a cos @le
+2M[F +uF [ 14V (F )F, }

+gg(°)cosecost"+2Asinesinng o

& remembering a? +B? -a’cos?p-B2cos?6 = e2-p? + higher order ,

the equation for F1& F, are : |

g(®)[-2F, -3uF ]+ (c2-u? ) FU1+2ALF +uF) 14V (FF, = -2g(OF"  (26)
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g{0) [-2F,-3uF + (€2 -u? B} 1+2A (F W N +V')F IF, = -2AF" (27)
and if I define F:t = F1 tF;
(o){( 2_p2)p" F'-2F }+2A{F +uF! +V'(F )F, = =-2( (O)+A)F"
& € - t-3ui--+— + T HE o/t T ~cl8 - o
) (28)

i.e. F, & F_  are independent of each other.

F is fully specified, given the additlon condition that it

is analytic in both u and € when these are small.

The mechanism of this expansion can be regarded as summing the
terms of the expansion (16) "in the p-direction" - each step adds
another layer. Comparing with the expansion for the one wave case,

it can be seen

A) In finding each Fi(u), I am able to retain the €2 term as well =
i.e. 1t 1is better than Just a simple "most rapidly varying"

approximation.

B) But in terms of the expansion in the orthogonal direction

z(ap)" 222 B, Fi(u), it is not possible to retain the analogous terms,

and hence it is Jjust a simple mest rapidly varying approximation.

Summary.
The exact solution 1s a function generated by an "improved most

rapidly varying approximation" crossed with another such. I
approximate by an "improved approximation'crossed with a"simple

approximation".

N.B. The expansion is not an expansion in powers of oB. The next

terms are:
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(aB)z[coszecoschF3 + cosfsinécosysingF, 1+ (a*Bcos6 + Bacose)F,

all of these are of comparable order, and it is the equation for F5

that gives the next term g(1) in the expansion of the 8y -

Most unfortunately, Eqn(28), although only an 0.D.E., can't
be scolved in closed form. And since it contains two'parameters, A
& €, 1t isn't even suiltable for numerical cdmputation - Jdoesn't

& la Ablowitz. /
represent an improvement over doing the original eqn.by Fourier series,Y

This is a great shame, since 1t would be reasonable to truncate
at this point (or the next, in order to get another approximation
for the gi). The basic solution Fé contalns two waves, each
described exactly as far as interactions with itself go. The order
of term contains the first order interactions. That is, if B 1is
small, we have @ nonlinear o-wave with @ linearized about it. This

gives now the amplitude and phase of the B-wave changes, bec .se of
the effect of the "background"” - the a-wave. So the results, to
order oB, represent a solutlon with two nonlinear waves, each with
amplitude and phase changing in accordance with the other wave, but
with the other wave in its free form for the purposes of computing
this interaction. Second-order effects come at next order - e.g.

effects on the B-wave caused by what the B-waves changes in the

o-waves.
The main advantage here then 1s the very convenient functional
form for expressing the solution.

The disadvantage is the insolubility of (28). (28) is very

similar to (19) and (20) - the equations of motion linearized about
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a nonlinear wave. If one is explicitly soluble, so is the other.
So the fact that (28) can't be neatly solved, reflects that the

problem of a linearized wave riding on a non-linear one, also cannot

be solved.
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