
ABSTRACT 

ON THE EFFECTS OF IRREGULAR BOUNDARIES 
IN FINITE DIFFERENCE MODELS 

by 
Geir Pedersen 

Propagation of periodic waves in the vicinity of irregular 

saw-tooth shaped boundaries in finite difference models is investi-

gated. The reflection of an invorning wave from a single saw-tooth 

boundary is found to be accompanied by a phase shift. It is shown 
\ 

that any wave propagating along such a boundary is trapped and 

deteriorates in the direction normal to the boundary. A wave propa-

gating along a channel with saw-tooth shaped lateral boundaries is 
_ _, 

closely related to these trapped waves. The phase velocity is thus 

reduced. Phase velocities obtained from the present normal mode 

analysis are compared to velocities measured in numerical experi-

ments. The agreement is excellent. 

dl· 



INTRODUCTION 

In numerical models for wave propagation in oceans and lakes 

implementation of boundaries of rather complex shape is often 

necessary. Such boundaries are obviously represented most accurate 

by finite element techniques or by use of curve-linear coordinates. 

Such methods are expensive and generally more troublesome to apply 

than standard difference methods with rectangular grids. Most geo-

~hysicists therefore still prefer the latter. In rectangular grids, 

boundaries are usually approximated by a series of line segments 

parallell to the axes as illustrated in figure 1 a. The correspond-

~ng discretization errors are generally of first order in the grid 

increments and may often be important and even dominant. In this 

paper we will describe some effects arising from the presence of 

such saw-tooth,boundaries aligned at 45° to the axes. Contrary to 

boundaries of more complicated shapes the effects of these may be 

simply analyzed by studying wave modes. 

Hear ( 1979) investigated the solution of the ADI scheme for a 
~ . I 

flow in a channel aligned 45° to the axes as depicted in.figure lb. 

The flow was released from rest with a constant surface slope in 

the direction of the channel. He experienced a transverse variation 

of the surface elevation which he also was able to .predict analyt-

ically. M¢rk (1984) studied propagation of single pulses of finite 

length along the same channel. He performed numerical experiments 

using the ADI scheme as well as the explicit FB (forward-backward) 

scheme which is described in section 1. For both schemes he 

observed a significant decrease in phase velocity for narrow 

channels. 



- 2 -

In section 1 we study the reflection of a periodic incoming 

wave from a saw-tooth boundary and prove the existence of waves 

trapped to this boundary. In section 2 we predict the velocity 

decrease reported by M¢rk by constructing periodic propagating 

waves satisfying the boundary conditions at the channel walls. We 

have only considered the FB scheme but our results will probably 

apply to most schemes based on the grid in figure 2. 

a) b) 

Fig.. 1 . 
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1. BASIC EQUATIONS 

A cartezian coordinate system with horizontal axes Ox and Oy 

in the undisturbed free surface is introduced. With the constant 

depth h as characteristic length scale and (gh)~ as velocity 

scale the linear non-dimensional shallow water equation reads: 

.£.!1= 
at 

.. 
iJ•v 

.. 
av 
at = -vn ( 1 • 1 ) 

where n . .. 7 +. . 
is the surface elevat~on, v = u~ + VJ the hor~zontal 

-t-a To 
component of the velocity, iJ = ~ax + Jay the horizontal component 

of the gradient operator and t the non-dimensional time. The 

elimination of 
.. 
v between the two equations in (1 .1) gives: 

At a rigid wall we have the zero flux condition: 

.. .. 
v - v•n = 0 n 

·(1.2) 

( 1 • 3) 

• where n is the unit normal to the boundary. Using the second 

equation in ( 1.1) we find an alternative form of ( ·: . 3): 

.. 
n•Vn = o ( 1 • 4) 

Substitution of a plane wave solution n 

(1 .2) gives the relation: 

( 1 • 5 ) 

\¥e denote <X by a, + iy 1 and ~ by a2 + iy2. A real w is 

possible if: i) r, = a2 = 0, lr2 1<1a1 1 ii) y = a, = 0, I r1 I> I a2 1 2 

iii) a2 = K a1 , y2 = -y, I K for some real K'· The last alternative 
.. .. .. 

corresponds to a wave number vector of the form: k = k1 + ik2 .. .. .. 
where k1 and k2 are real and ortogonal. If k2 = 0 we have a 
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~ 

pure harmonic propagating wave and if k 2 * 0 iii) may be reduced 

to i) or ii) by a rotation of the coordinate system. We will be 

particularly concerned with the case 

(1.5) gives: 

. ' 

* a; = ~ = (j - iy 

u. ~ k 
I ]+1", 

·I 

. ------p·~-! ---~ 

< t.x > 

Fig. 2. 

for which 

( 1 • 6) 

In figure 2 we have depicted a cell in a standard staggered 

grid. For simplicity the grid increments t.x and t.y are chosen 

to be equal throughout this report. The center of the cell is 

located at (x,y) = (jt.x,kt.x) where we have the n-node. This space 

discretization is the basis of several numerical schemes (Meisinger 

& Arakawa, 1976). For our investigations we will choose one of the 
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simplest which we will refer to as the F.B. (forward-backward) 

scheme. Our main results will though be valid for most of the 

schemes based on the grid in the figure. A difference operator o 
X 

is defined by: 

where n refers to the time t = n~t. 6 ,6 and higher order 
y t 

differences are defined co.rrespondingly. Expressed in terms of 

these operators the F. B. scheme reads: 

n+~ n 
6tuj+~,k = - 6xnj+~,k 

n+~ n 
6tvj,k~ = - 6ynj,k~ ( 1 • 7) 

n+~ n+1 n+1 
6tnj,k = -(6xuj,k + 6yvj,k) 

As in the analytical case elimination of the velocities gives a 
., 

second order equation for n: 

( 1 • 8) 

Substitution of the mode 

gives: 

where 

~2 = ~2 + ~2 

w = 2 w~t 
sin - 2-, 

~t 
a; = 2 a:~x 

sin 2 ~X 
and 

into ( 1 • 8) 

( 1 • 9 ) 

~ = 2 sin ~~x 
~X 2 

If a: and ~ are real (1.9) always gives a real w provided 

~t < 2-~~x. Taylor series expansions in terms of a:~x, ~~x and 

wt.t lead to 

+ ... (1.10) 
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For the case a: = cr - iy, ~ = cr + iy we get: 

(1.11) 

where the over-bars have the same interpretation as in (1 .9). We 

note that (iy) = i ~x sinh y~x . Taylor series expansions applied 

to ( 1 • 1 1 ) lead to: 

(1.12) 

2. REFLECTION OF PERIODIC WAVES FROM A SINGLE SAW-TOOTH BOUNDARY 

A rigid wall is aligned at 45° to the x- and y-axes. The zero 

flux cond~tion at the corresponding saw-tooth boundary reads: 

·o , n 
v q+s, s+~ 

( 2 • 1 ) 

where is the point of intersection between the 

boundary and the x-axis. Using equation (1 .7) we may rewrite this 

condition: 

( 2. 2) 

For interior points equation (1 .8) is still valid. The substitution 

of a function 4 into (2.2) combined with Taylor series expansions 

leads to: 

a2 4 __ 1_< a4 _ ..£.£) + ~-v2c _ !. ~ + o( ~x, ~t2) 
at2 - ~x ay ox 4 2 axoy ( 2 • 3) 

If 4 is a solution of the differensial equation (1 .2) the above 

equation simplifies to: 

(2. 4) 
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where -- 0 0 a/on= 11/2 (-- -) oy ox and 
0 -- 0 0 
os = 11 /2 ( oy + ox) . In terms of 

the normal and tangential velocities corresponding to 

u , the bqundary condition reads: 
s 

C, u and 
n 

( 2. 5 ) 

(2.4) and (2.5) demonstrate the first order error of the saw-tooth 

boundary representation. 

An incoming plane wave in fonn of a single harmonic is denoted 

'by: 

= Ae i (ksD.x+ ipD.x- wnD.t) (2.6) 

where k,i and w must fit the numerical dispersion relation 

(1 . 9). ~ve assume that the incoming wave will 9ive rise only to a 

single reflected harmonic of the form: 

( n ) = B~i(is6x+kp6x-wn6t+6) 
11 s,p ref ( 2. 7) 

The major difference from the analytical case is the presence 

of t:he phase shift &. Substitution into (2.2) gives: 

( 2. 8) 

where 

( 2. 9) 

A real B fitting (2.8) exists if: 

o = -II + 2arg(R) (2.10) 

and we get A=B which implies conservation of energy during the 

reflection. If kD.x,iD.x and wD.x are small we may expand the 

right hand side of (2.10): 

(2. 11 ) 
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This equation clearly illustrates the first order accuracy of the 

saw-tooth boundary approximation. If k=l R becomes real and we 

get 6 = -IT. In this case the two harmonics cancel and we get no 

nontrivial solution. No harmonic wave may thus propagate parallell 

to the boundary without being influenced by its presence. Y.Te will 

show that the boundary instead may act as a wave guide. A wave 

trapped to the boundary must be of the form: 

* n = Aei(a:(s-so )t:.x+a: pt:.x-wt) 
ns,p (2.12) 

where ·a: = cr - iy ( y>O) and cr, y and w must fit the relation 

(1 .11). The quantity corresponding to R in (2.9) has to be zero 

in this case which leads to: 

0 = w2 + - 1-(e -yt:.x cos ( crt:.x) - 1) 
t:.x2 

• \'le expand ( 2.1 3) in the same manner as ( 2.11) and get) 

3 
y = ~w~t:.x + O(t:.x2) -

(2.13) 

(2.14) 

For long waves. crt:.x << 1 and the exponential decay in the normal 

direction to the boundary is slow. 
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3. PROPAGATION OF HAVES IN CHANNELS HITH SAW-TOOTH SHAPED LATERAL 
BOUNDARIES 

Fig. 3. 

Figure 3 shows the discretisized approximation to a channel aligned 

at 45° to the axes. For waves propagating along such a channel a 

significant decrease in phase velocity is experienced both in 

numerical tests and applications. This reduction of the wave speed 

vanishes in the limit of a infinitively wide channel. From the 

discussions of the previous chapter we know that no pure harmonic 
:. 

wave may propagate along the channel. There are two possible modi-

(ications of the wave which may account for the observed delays. 

Firstly the wave may be criss-crossing along the channel in a 
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series of reflections as described by the equations (2.5) through 

(2.11). Secondly the components of the wave numbers normal to the 

direction of the channel may be imaginary. This corresponds to 

trapped waves of the form (2.12). The natural starting point of the 

analysis of the phenomena is the study of the most narrow channel 

possible which is depicted to the left in figure 4. 

------·- B --- .• ··-

ev 
I III ··:·. -, 

-~ . Q-·····-· ..... .Q ~ . e 
2 

I .I D n I 

~1 - 0·····-······0 -
' ' .... I eo 

vx 
Fig. 4. 

Along this channel there is a unique path for wave propagation 

which is marked by the dotted line. We rename the quantities 

belonging to the grid points located at this line: 

n+~ = ~s+~ ( 3 • 1 ) 
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Implementation of the boundary conditions and the new notation in 

equation (1 .7) and (1 .8) lead to: 

n+~ -6 a 2 
x"' s ·' 

6 an = 
t"'s+~ 

( 3 . 2) 

This set of equations is identical to the two-dimensional forms of 

(1. 7) and (1 .8). The wave speed for very long waves (wt.t<<l etc) 

will thus equal 1172 = 0.707 ... The features of this particular 

case seems to support the "c.riss-cross" explanation. This explana-

tion is nevertheless wrong. At the right hand side in figure 4 we 

have drawn an imagined ray of a criss-crossing wave. The difference 

in phase for the right moving wave between point (I) and point .(II) 

is a - 92 
t 

where k and k the = D-9 = k B -+- 2 k D are components 1 n s s n 

of the wave number par all ell and normal to the channe,J... The phase 

of the left moving wave is a 2 = a1 + 6 at (II) and a3 = a2 + t.a 

at point (III). For the phase of the right moving wave at (III) we 

thus have two different expressions: 94 = 93 + 6 = eo + 2t.a + 26 

and a4 = ksD. The equality of these two expressions implles 

6 = -k e < 0. Because k is larger than 1 for the right moving 
n 

wave (2.11) implies that 6 > 0 in the limit kt.x,1D.x + 0. For 

long waves no criss-crossing is therefore possible and the corre-

spending explanation of the speed reduction must be abandoned. 

Exploiting the symmetry of the channel in figure 3 we assume 

the existence of a wave of the form: 

n = Aeia(s+p) D.x cosh y(s-p) 
Tls,p 

= A[ i( ast.x+cx*pt.x) + ei( a.* st.x+a.pt.x) J 
2 e 

where a.= a- iy. 

( 3 • 3) 
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From (2.2) we get: 

m 
-y6.X . * 

0 = e 2 ( w 2 6. x 2 + e ~ cx 6.x + e- i cx6. x - 2 ) 

m --y 6.X . * icxt:.x 2 -2 2 - ~cx t:.x 2 ) + e (w t:.x + e + e -
m -yt:.x 

2e-yt:.x = e2 (w2t:.x2 + cos ( at:.x) - 2) ( 3. 4) 

m 
--yt:.x 

2ey6.x + e 2 (~2t:.x2 + cos ( 0'6.X) - 2) 

where m is as defined in figure 3. m+1 equals the number of n-

points at the x-axis. This equation in addition to (1 .11) gives the 

dispersion relation for waves propagating along the channel. 

Letting a.t:.x, w6.t + 0 keeping m fixed, expansion of (3 .4) and 

(1.11) gives: 

= (1 + l)w2 , · y2 = 
m 

The phase speed cs is given by: 

c = w = w = ( 1 + .!.. ) -~ 
s ks 12a m 

( 3. 5 ) 

( 3 • 6) 

where ks = 12a is the component of the wave number parallell to 

the channel. There is a short-cut leading to equation (3.6). 

Because the numerical dispersion relation (1 .9) is of second order 

accuracy the leading discretization error stems from the modelling 

of the boundary. We may thus obtain (3.6) by solving the analytical 

problem defined by the combination of (1 .2) or (1 .5) and the 

boundary condition (2.4). Hence (3.6) is valid for all second order 

schemes~based on the present grid having a boundary discretization 

error as given by (2.4). In table we have compared cs from (3.6) 

to the speed of long single-crested pulses measured in numerical 

experiments by M¢rk (1984). The agreement is convincing and the 
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small discrepancies are probably due to discretization errors and 

inaccuracy in the wave speed measurements in the experiments. 

TABLE 1 

m cs Num.exp 

1 0.7071 -
2 0.8165 0.817 

3 0.8660 -
4 0.8944 0.895 

6 0.9258 0.925 

1 0 0.9535 0.954 

20 0.9760 0.979 

In the limit ct~x,w~t ~ 0 the velocity components parallell and 

" normal to the channel are given by: 

A e ik s ( x s- c s t ) 
cosh (/Zyx ) u == s c n 

s (3 • 7) 

1 e ik s ( x s-c s t) 
sinh ( 12 yxn) u == n 12m 

where xs and xn are parallell and normal coordinates to the 

channel respectively. In (3.7) we have abandoned the index notation 

for numerically calculated quantities. (3.7) illustrates that in 

the inner part of the channel there are no signs of any effect that 

may be interpreted as a no-slip condition as observed by vleir for 

the ADI scheme. On the contrary: us ~btains its largest values 

close to boundaries. 
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CONCLUSION 

The presence of saw-tooth shaped boundaries introduce discret

ization errors of first order in the grid increments. These errors 

may cause significant distortion and even qualitative changes of 

the reflection properties of the boundary. The reflections of a 

plane wave from such boundaries are accon~anied by phase shifts 

and, contrary to the analytical case, there exist solutions in form 

of waves trapped to the boundary. Propagating waves in channels 

with lateral saw-tooth boundaries have to be of this form. Hence 

the component of the wave number vectors normal to the direction of 

the channel has to be imaginary and the phase speeds are therefore 

reduced. These reductions are severe for narrow channels. Even 

though the investigations are confined to the FB scheme the- results 

will 'probably be valid for most related schemes. When discretisiz

ing a geometry effort should be made to avoid the described effects 

as far as possible by choosing the appropriate orientation of the 

coorc:\inate system. 
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