ON THE MOTION OF LONG BUBBLES IN VERTICAL TUBES

by
Kjell H. Bendiksen

ABSTRACT: Potential flow theory has been applied to study the
shape and speed of an infinitely long bubble in vertical tubes. In
particular, the combined effects of surface tension and externally
forced liquid motion are examined. An analytical formula for the
bubble velocity in stagnant liquid is proﬁosed, and shown to be in
very good agreement with experimental data for all values of sur-
face tension. The predicted changes in bubble shape have to a
large extent been confirmed through comparisons with phoﬁographic

evidence for a wide range of parameters.







1. INTRODUCTION

The motion of single, large gas bubbles through stagnant
liquid in vertical tubes under the influence of gravity, has been
studied theoretically by several workers, Dumitrescu (1943), and
Davies and Taylor (1943). Goldsmith and Mason (1962) included
viscous forces, and Zukoski (1966) investigated the effect of
surface tension experimentally.

The present study was initiated by the results of a more
extensive series of experiments, Bendiksen (1983), on the motion
of long bubbles through non-stationary liquid. It was shown that
for all tube inclinations, 6, the bubble propagation rate is well

represented by

Ve = COVL + Yo [1]

where A is the average liquid velocity at infinity. For ver-
tical or near vertical tubes C0 = 1.20 for Fr > 3.5, quite
independent of Re-number, and Vo is close to the bubble rise
velocity in stagnant liquid. The coefficient C0 was found to
increase with decreasing Re-number, approaching 1.90 at Re=100,
Nicklin et al. (1962). Thus, the bubble appears to propagate at a
‘rate slightly less than the maximum liquid velocity at infinity
plus Vo

The following paper presents a theoretical investigation of
the motion of bubbles through liquids in infinitely long vertical
pipes of circular cross-section. The liquid is assumed to be at
rest or obeying a parabolic velocity profile at infinity. The
velocity field caused by the bubble motion is assumed to be axis-
symmetric and irrotational.

A particular objective has been the combined effect of exter-

nally forced liquid motion and surface tension on bubble velocity




and shape. The theoretical results have been compared with the
data of Nicklin et al. (1962), and to some extent Bendiksen (1983)
for laminar liquid flow, and Zukoski (1966) for stationary liquid

at infinity.

2. THEORY
2.1 Potential flow equation

A cylindrical coordinate system (r, ¢,z) following the bub-
ble is applied, as shown in figure 1. Assuming rotational symmetry
around the z-axis, and steady bubble motion, the vorticity, w¢,

may be expressed as
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where ¢ 1is the stream function.

For purely inertial flow under the influence of gravity,

only, dimensional analysis yields Yo vg/gR, and to obtain non-

dimensional equations we use

n=2z/R, £=r1/R, u =u//gR, v’ = v//3R, ¢* = ¢o//grR"

where the star indicates a dimensionless quantity, which will be
subsequently dropped, whenever there is no possibility of confusion.
Assuming a parabolic (or zero) velocity profile at infinity,

and v_ = v+ C(Z,vm) + v the boundary condition there becomes

B 0
@ _ _ 2 _ _ _
v, (8) = v, (1-8%) - vy - c(z,v ) - v (3]
or
@ _ 1 L 1 2
b (E) = - gvpEh - Svo ok [4]
where
vOm = v0 + C(Z,vm)
and [5]

L= d/(pLng).




In the applied reference system the motion is steady, and we have
from Bernoullis equation (with dimensional quantities):

1 -
7(u+v?) + B = n(y)

[6]

With w_=w _=0,
z r

w¢ may be obtained from
du _ 2H
w“’z'v%'ﬁ"ar [7]

which gives in non-dimensional notation

1 3H 1 13 (.=

Wy = - 3 = -3 = — aElvp(8)]? (8]
bovpe) B 2R R

w¢=2vm§

Then [2] may be written on dimensionless form as

2%¢ , 3%y

1 8¢ _
652 anz - E -a_g - -zvmg

A solution of [9] is most easily obtained by decomposing the

stream-function into its up-stream value and local deviation from

this, see for instance Batchelor (1980), pp.544:

.,
w(E,m) = - gv, £2 - et + gr (g, n)

[10]

Equation [9] then yields an equation for F
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A well-known solution of [11] satisfying the boundary condition

u=0 at the tube surface and being bounded everywhere, provided
n<-«, is obtained by the method of separation of variables, and is

given by

-Bin
F( g, Tl) = Zli](Bli)e
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where ﬁi are the i-th zeroes of the Bessel function of the

1. kind and order. The complete stream-function is then
Vom 2 Vm y -8 im
¢(E,n) = = —&° - g¢t + E‘ikiJ](BiE)e [13]

and the velocities are given by
* Tk;ByT,(B5E)e
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2.2 Boundary conditions

The conditions already satisfied in equations [13,14] are
those at n=+< [3,4], and at the tube surface, £=1, where
u(1,n)=0 for all 1.

The boundary condition at the bubble surface is more compli-
cated, due to the bubble shape being unknown. If the pressure in
the bubble is assumed to be constant (pG<<pL), pé, the preésure

in the liquid at the interface may be approximated as

PL(z) = pglz) - "[R] ](zf * Rz%ﬂ] [15]

where RI'R2 are the effective local radii of curvature in and

perpendicular to the rz-plane. In the applied coordinate system,
z=r=0 is a stagnation point, and assuming that the bubble surface

is also a stream-line, Bernoullis equatioh yields

pL(z) pL(O)

[16]

l‘ ) =
+ x(u+v?) - g|z| =
L 2 L

Substituting the liquid pressure, pL,Afrom [15] we get

2402 _ 20 1 1 _ 1 1
utvi=aglz| - SRy * R0 /@ R ] 7]




or on non-dimensional form

2,02 _ v 1 1
atev? = 20n| - 2.2 [Gqey + o0 T (wy * ()]

where Z=c/(pLgR2).
The radii of curvature are rather complicated functions, which
will be derived from [13]. First, observe that [14] at the stagna-

tion point (E=n=0) vyields

Vom = IK;B; [18]

Om

which determines Vom 23S 2 function of the constants ki,Bi.

An equation for the bubble shape is then obtained from [13] and

[]8]:

Lesk.p. + B3 - k.. (p.£) IRE R [19]
25i iPi * 7% iy Bitle =

on the bubble surface (¢=0).

The other boundary condition [17], using [14] and [18],

yields
=3k, 8.0, (B.8) 1112 4 [2k,p,+v_£2-7k.B.T (B.E)e 1']2
P B;% FAr AT A S L R AL
= oeyflo - 1
= 2|n| -2 z[Ro 0y [20]
where ] = 1 ]

R() ~ R (m " Ry(m"
Except for the surface tension terms Dumitrescu (1943) ob-
tained an equivalent set of equations for the special case of no
motion at n=+= (v _=0). In order to solve equations [18-20], how-
ever, keeping three terms in the series expansion, he had to
impose an additional boundary condition in n=-«». This replaces
one of the equations, and reduces the complexity of the problem
considerably, but it does lead to an overdetermined solution.
Furthermore, he assumed a spherical bubble shape at origo, and

this actually leads to a double solution.




In the following, equations [18-20] are therefore solved
directly, making no apriori assumptions on bubble shape. Provided
an explicit equation for the bubble surface on the form n=n(E)

may be found, the principal radii of curvature are easily shown to

be given by
‘ 1= [- 230420y 2)714 1|20 31y2)-%
T gty - - SR T giglangh T (2]

where the second term has to be replaced by its limit as § -+ O.

2.3 Power series solution

The problem is now to determine the coefficients ki so that
£,n satisfies equations []9,20] simultaneously.

Retaining N terms in [19,20], there are three obvious
angles of attack in solving the resulting 2N equations. The
first is a purely numerical one; choosing different 5i; i=1,N we
get 2N unknowns (k]'kz’""kN'"]’"Z""'"N)‘ Another approach
is to utilize the orthogonality properties of the Bessel functions
to get an explicit expression n=n(E). This method was investiga-
ted, and will work, provided the velocity profile in the film at
7=-« may be assumed known. This, however, seems a rather sévere
assumption, of the same nature as that of Dumitrescu (1943).
Therefore, the expansion of the Bessel and exponential functions
in power series, also applied by him, was finally chosen.

A power series expansion of the Bessel and exponential
functions in [19] to 0(£€) is shown in the Appendix to yield
an explicit equation for the bubble surface [A6] on the form

1 -1
e - Floyetenytien,ee)- onongt) 6]

Similarly, the boundary condition [20] reduced to




2 - v 4 (g2 4+ 1 -1 6
BpB% + (ByymByBy)E® + (3B + §ByBe ~ 3B3yBs)E

2_ - - 4 2_ 2
+ {2Bzvmg [23334 2B,V - 3235]5 In + {482 (2B,v +4B,B,) }In
1 1.1 ]
= 3lnl - EE(RO = R [29]

where B , m=2,...,N+1, is given by [A2], n by [A6], the radii of
curvature by [All1], and the other coefficients are defined in the
appendix.

The applied method of solution consists of collecting terms
of order E2,E%,E® and determine the coefficients B, m=2,3,4
form the three resulting equations. To avoid the last, and most
complicated equation, Dumitrescu (1943) introduced the boundary
condition in n=-«, as rgmarked in the past section.

After some algebra the equations become, from [A13]

3 - 1 e eB_+(b.-b3
B = gB3, + 8°I*B,*(b,-bJ) [22a]
B2
582 - 4B.B, - 2=2B_ - 2B, sv_ - +a_Bl!
3v 2°4 B, 5 3vVm T 2°2°3
2 5 Bs 3
- Z{72(b3-4b]b2+2b])+]6§;(b2-b1)} =0 [22p]
B32 2
[—B-Z-B3v+2B3v(B3+vm)+2BZBS]B4 + BB
+[-(ZE(E§)2 + 38.)B, -3B.B B, + 25 B.B_+2B,(1-v_)a, - 3a [22¢]
2 B, 2°5'P3v °P3751%3v 7 3727356 <72 m’%2 T 293

-Te b _10b7- 2_.0h2h )- AR 2 5Y 1=
£+[64B,(b,+30bb,~10b7~12b b2-9b2b,)~36B, (b -4b2b,+2b?) ]=0

These three equations yield the unknown coefficients 32_4, from

which the ki's are obtained by solving the linear set [A2]:

=B_ ; m=2,...,N+] [23]



Actually, the set [22] has to be solved iteratively, as the coef-
ficients B , m>5 also are given by [23]. This in not a closure
problem, but rather a consequence of introducing the short-hand
notation Bm; the real unknowns are the coefficients ki i=1,3,
for which we do have three equations. Incidentally, there is a
closure problem associated with the surface tension terms, as
stated in the appendix. If the interface condition [20] is sought
to O0(E®), because of the presence of 1. and 2. order derivatives
of the bubble surface equation [19] it has to be of 0(g8) for

the sixth order term in [20] to be accurate.

2.4 Analytical expression for the bubble velocity

Due to the surface tension terms equations [22] has to be
solved numerically. Based on the physical features of the problem,
however, a very simple analytical expression for the bubble veloc-
ity may be obtained as follows. The basic idea is to reformulate
[22a,b] in terms of the mean radius of curvature at the nose (p),

and replace [22c] by a known relation
p = p(I) [24]

Then, from [A11] we get, with p=R,(0), i=1,2

1 - _3-_2 [25]

Rearranging [22a] yields:

B

= ]/3 ° o-—2—- - 3 ]/3
2B, = By, [1+64-L Bav(b2 b])] [26]

Equation [25] then yields




_,1,3/2
By, = (3) (1+z+£(p))
and - [27]
11
B, =3 E(1+E'f(9))

where f(p) depends on N:

By
£(p) = 645—(b,-bJ) [28]

B3v
For N=1, using [23] the computation is straightforward and yields

= 4,2

and for N=2 it becomes

B B
= -2 1 4 1 1
£,(p) = 4{-50"" + ETFZ:F;T[(BZ - 3)(5—)2(6 - 5¢)
B B
+ (% - B])(53)2(6 - azp)]} [29]

For N<2 the closed expressions for the bubble velocity then
follow from [23] and [18]. If N>3 additional equations
[22b,c...] for the coefficients B4,B5... are required, and these
soon become prohibitively complicated. With N=1, however, the

calculation again is staightforward and yields
- 4_ =2
vo(2) = 721 + $p7H)% [30]

where from [25 ]

p =4/ = 1.0439

For N=2 equations [23] with B, from [27] reduces, after some

more algebra, to a surprisingly simple expression

Bi+By _ -
V() = 2 ]s] sz - -,,%Bz-p Theft + zeg,(00 ) [31]
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It is immediately obvious from [30] that keeping the first term,
only, although giving a rather accurate bubble velocity for =0,
leads to an incorrect dependence on surface tension. If the radii
of curvature [24 ] are known, for instance by the method of the
past section, the velocities [30-31] should agree with those of
the last section for N=1,2. A comparison with experiment to be
presented in the next chapter shows very good agreement with [31 ]

for all values of .

2.5 Numerical method

Equations [22],[23] and [18] have been solved numerically
for different values of surface tension parameter, I, and liquid
velocity in 1n=o, Vo Keeping in mind that the coefficients
bi=bi(Bj); j=2,8, an iterative procedure is required for the

solution of B from [22] with B from [23]. The outer loop

2-4 5-8

yields B, from [22b]. For a given B, the inner iteration then

consists of solving [22a,c] for B, and B,

L<<]1 the Bz—calculation may be decoupled from that of B4, which

is a very significant simplification. It is also numerically ad-

vantageous to start the B, calculation with - B, = %B;é3+A(p),

simultaneously. For

where A<<Bgj. If the resulting changes in Bg_g are greater than,

say 1%, the outer iteration is repeated with the‘same B3—va1ues,
but with Bn;(Bgld+B2ew)/2; n=5,...8. For I<<1 this proved un-
necessary, if the initial values were properly selected, for exam-
ple from the analytical expressions [30] or [31]. For 1>.20 with
N=3 the method fails, as might be expected, due to the large
deformation of the bubble requiring increasingly higher order

terms in [19],[20]. However, as will be shown, in this region

the analytical formulas still yield surprisingly good results.



With our choice of coordinate system, v0>0, and a]/4B3>0 require
B2,B3>O. With this assumption we always found a unique solution,
if it existed at all. As is most easily seen from [22a,b], for

<0, corresponding to

Z=vmf0, there is a "mirror" solution B_,B

273
the boundary condition being given at n=-« instead of n=te.

3. RESULTS
3.1 Bubble motion

The influence of surface tension on bubble velocity is shown
in figure 2 for vm=0. The theoretical values are presented for
N=1-3, and the measurements are from Zukoski (1966) and Bendiksen
(1983). For =0 vo=.511, .487 and .495, respectively, and the
latter compares very well with that of Dumitrescu (1943) of .496
based on asymptotic matching, Keeping the first term of the series
[19,20], only, yields a somewhat too high value of .511, in con-
trast to that reported by Davies and Taylor (1949) of .464. The
latter, however, was obtained for £=1/2, and this, obviously, is
inconsistent with the assumption £<<1, permitting the higher
order terms to be neglected. For & -+ 0, the result of Davies and
Taylor would be in accordance with ours.

The analytical expression [31] is applied for :>.20 with
radii of curvatures at the nose from the theoretical calculation.
For I<.2 the predictions agree to within 5% for N»>2, whereas
keeping the first term, only, is clearly insufficient to reprbduce
the observed dependence on surface tension. Although higher order
terms in [19,20] (N>3) are needed for :>.2, the analytical
expression [31] with p extrapolated from figure 5, [32], is

surprisingly accurate.
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A convenient way of representing-the effect of a liquid
velocity profile at infinity is through the distribution slip-
ratio, C,s defined by [1].

It is seen from figure 3 that for =0, C0 =~ 2,29 and the

bubble actually moves faster than the center liquid at infinity,

plus v.. This is in accordance with earlier results for purely

0
viscous flow with v0=0, where the acknowledged value is C0 =
2.27 for =0, Taylor (1962). For v_<<I, C decreases, but for

L 0
VL<<.0] the accuracy also decreases sharply, due to numerical
difficulties.

The predicted values of Co, are in reasonable agreement with
the experimentally observed ones of from 1.80 to 1.95 of Nicklin
et al. (1962). Furthermore, the predicted fall in C0 with I
indicates that the slight, but significant difference between the
experimentally observed value of C0 = 1,20 in turbulent flow and
the corresponding maximum to average liquid velocity ratio of 1.22
for ali inclinations and D=.025m, Bendiksen (1983), may be due to

surface tension effects.

3.2 Bubble shape

The predicted radii of curvature [Al1], presented in figure

4, show only a slight change in bubble shape for low values of

surface tension. Both decrease with I near origo (N=3), which

implies a more pointed nose; but R decreases far more with E§

1
than R,, the latter being practically constant. For >>.10 the
power series approximation in [Al1] breaks down, and both radii of
curvature near origo start to increase for rather low values of

E. This implies a flattening of the bubble cap and there’may
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ultimately form a "break point" near the tube wall, where R]
becomes very small.

This rather complicated influence of surface tension on
bubble shape provides an explanation of the apparent contradicting
experimental evidence of Dumitrescu (1943) that R] decreases with
increasing £(<.30) near origo, and of Zukoski (1965) that the
bubble shape is approximately constant up to I = .10, with the
radii of curvature near origo increasing with I from then on.
The data of Dumitrescu also confirm the predicted trend in the

dependence of R, on E(<.40) of figure 4.

1

Note that the bubble shape becomes increasingly non-spherical
for £>.20, invalidating the assumption of Dumitrescu of spherical
shape up to &=.60.

The principal radius of curvature at origo with N terms in
[19,20], p, is shown in figure 5 for N=1,...,3. It is believed
that the predicted fall in p with I for N=3 is slightly too
large. The extrapolated values to be applied in the analytical

velocity formula [31] are very well represented, for £ < 1, by

) : -c2/2
p(Z) = py(1-c e ) [32]

where =.795, ¢,=.5173, and c¢_=.0661. Obviously, at least three

o 1 2
terms are required to yield a correct shape, although the analyt-

ical expression for the bubble velocity with p(Ez) from [32] is
surprisingly accurate (figure 2). For large I increasingly
higher order terms are required, as well as the incorporation of

the exact bubble surface equation [A3] in the calculation of Ry

R to represent the break-point near the wall.

21
The substantial increase in complexity, however, makes it an

extremely doubtful procedure, particularly in view of the methodi-
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cal limitations, and the only marginal potential improvements with
respect to the velocity formula [31].

Finally, a last important effect is the predicted increase in
curvature near origo caused by liquid motion at infinity, figure
6. This has been qualitatively confirmed by photographic evidence,
figure 7, from a series of experiments, Bendiksen (1983). Actually

this effect was observed for other inclinations as well, even in

horizontal tubes.
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APPENDIX: Coefficients of the power series expansion
Consider the following power series expansion of the Bessel
and exponential functions to the sixth order in & and fourth

order in n:

Bs B. B.
_ 1,71 1 i 1 i
Jo(Bs8)=1 - (5=) 22 + G2 (=) *e* - G2 (5=)6g6+0(£8) ...
Bi 1 Bi 3.3 1 Bi 5¢5 7
J](ﬂi§)=(§—)§ - TTET(E—) g7 + ETgT(E—) g2 - o(g’) [a1]
l: B. 2 B, 3 B, y B
e 1= —a(zhn + 250 202 - 205300 + Zp(5R) tnteo(n®) L

Define the constants Bm by

N B.
B = I k. (=)™ ;

m k(3 m=2,...,N+1 [AZ]
i=]

The bubble surface equation [19] is then to the order 0(£®) and

o(n3) for ¢ # O:
v -B.m
crbe b sy - e ey s 00 4 = 0
i 1

Sd

Applying the expansions [Al] yields

B Vm B5 7
- — 2 —_ e . rb6
Gz * 78% * 31378 3727’ t ---}

By

o4 .2, 6 .y
(By = 7713787 + 378 In
B B 3 B
_ 22 - 3D 2 4 1 _cuy o2 _ 27 6 _-21.3 =
57183 = 71278 * sr37e " In? - 37{By - zrElind = 0
From Dumitrescu (1943), Davies and Taylor (1949), and others,
we know that for small I, at least, the bubble shape is nearly

spherical at its nose, and n‘ is at least of order 2 in £. Thus

to 0(£®) we have
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A natural next step would be to represent 1 by a power
series function of 2, possibly spherical near origo, as assumed
by Dumitrescu (1943). With surface tension effects preseht, how-
ever, the bubble shape near origo will be quite deformed, and‘the
above approximation becomes too crude. Instead we solve for 1

from [A3], considering it a second order equation in 1

= [2(B. - 252 + ig‘*)+2{(3 - 5.4.52 + 595“)2+(23 -B.E2).
n= 18y =3 T2° /= 2~ 32 12 3755
g Vm 2 B5 L B7 6 8 3ns . 2711-1
[5(33 t 5-)E° - 1728 + 7228° — gB4n 112} {2[233-355 11

With the actual choice of coordinate system, the bubble surface is
completely below origo, and the negative sign must be retained.
Expanding the square root in powers of £2 we get to O(ES):

= {(B, - 3552 + Eﬁa“) - B, - B[22 - (b - 1a2)g®
n 2~ 2 12 2 203 2 )

3
+ g(3c - 3ab + 32°)£61}/ (28,-5,_£2) [a4]

where

37 283
= (lg2 _ 2 -1 1 -2
b = (434 3B3Bg - 7BV + 63236)32 [a5 ]
=1 (g2 - 1 8p 43)p72
¢ = 73(B5 - BBy + gB3B, + 3B,n?)B,

Rearranging [A4] in increasing order of £ we finally get
= [—a F2-4 rF4_a r6l. —r_ 21~
n= { a,g2-a,g4-a g6} {2(233 B:E2) } [n6]

: v
- . _m
where B3v = 83 + 3
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B
3
a, == B
1 32 3v
B
= _1l.2o_1_6
2, = By(b - 2% - g 5) [a7]
=1 -3 3.3
ay = 3B2(3c 2ab + g2 )

Equation [A6] is an explicit one for =n, i.e. if the coefficients
B~ are known, the bubble shape near origo may be obtained. With
N=3 in [19,20] three of the coefficients B, m2,4 may be
obtained from [20] as follows.
Firstly, the expansion [Al ] is substituted in [20]; yielding
to o(&®)
2p2_ v, 1p2:67 4 2 4
{a[BZe%-B,B,e" + 7B2E®] + 5B, B £6-16B 335 2n+8[B3B,+B,B; ]E*n
2 22,2 2 g4 _
+16B 34; n2+16B2£2n2} + {4[B3v§ - 3B5B3,¢ 6]

-16 [- 2 4+ 1 -B,£2) n-
16 [-B3,£2 + 2BsE* ]+[(By-B,E2) n By ]

+16[B2-2B,8,£2]n2} = 2|n| - 2-z[§; - 3%37] [a8]

Rearranging this equation, we get

-B.B, JE* + [%32 +1s B ; Bg J£©

2¢ 2
BJE? + [B3,-B,B, 68286 ~ 3B3yBs

+ {2B,v g2- [283B4+234v 3235] g4l + {—[233vm+4BzB4]§2+4B§}n2

1 1 '
= 30l - 32 - wy | (0]
To proceed expressions for the radii of curvature are needed.

Approximating the surface equation, [A3 ] with a power series in

£2, n=-z§=]|bi|§21 in [21], differentiating with respect to &,

yields
N+1
%g = - 1 2ib, g21-1
i=1
and ' . | (a10]
52 N+1 2(i-1)

- I 2i(2i-1)b.¢&
282y .
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where
b1 = a]/4B3
- (- 2 .
b, = ( 2B;b2+B,b, ]235)/232
- . 2 _1 A n _ 4y .3
by = [-4B;b b +B;b+B b, - gB.D, + 17zB, - 3B,al]/2B,
= [- 2 -1 - 2
b, = [ 2B4(b2+2b,b,)+2B.b b, +B,b, - gB.b, - 4B,b’b,
(= _ 2 1o 12 4 25 43
(75T - 3747)Bs ~ &B7P + 3BePi /2B,
Thus
2 - 2 + 2b, = 4b
Ry 1 1 1

Obviously, including all surface tension terms of order six,
requires the bubble surface equation [A6] to be of order o0(g8),

and this was done in order to obtain b,. Then, from [21] after

4

some algebra, we get

2b. + 12[b

h3lp2 -Ah2 5l
R () ] b]]g + 3o[b3 4b2b, +2b3 ]&

2 172 1

- 2_gp?2 b _10b7 156
+ 28[b4 12b,b2-9b2b+30b b, 10b]]§

and [a11]

] -b3 2 - 2 5 L
e 2b, + 4[b2 b]]g + 6[b3 4b]b2+2b]]§

+ 4[b,-12b,b2-9b%

by _10n71r6
4 P2 +30bXDb 10b]]g

3 172

It is now easily ascertained that for a spherical bubble surface
the expressions in the brackets are zero to 0(z6); thus the
curvatures are constant and equal for all g, as they should.

From [Al11] the surface tension term in [A9] becomes

1
2

1 1 4_1 -b3) 2 -4p?2 Sygh
E[Ro iTﬁT] 5z {16(b, b1)§ +36(b;-4bZb,+2b7) E

+32(b,-12b b2-9b2b_+30bib -10b{)§6} [a12]

172 173 172
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Inserting [A6] for n and [A12] in [A9] finally yields

{aB,B2 - 1a

- -h 3 2
3B3 3 az(b2 b])4B3}£

1
2 _ -2R2R - S R, —4b2 5
+{5B3B3V 4B,B3B,-2BJB;~2B,B, V| - za,-1 [18(b3 4b7b,+2b3)4B,
- ~-h3 L
168, (b,-b3) ]}z

B

3p2 B2
+{[B2B3V+ZB3VB3(B3+vm)+2B2B5]B4 + B3+B2 [Aa13]
v_ B2
3 m 3 2 1
+[(- 385 - 5 EE)B3V - 3B3B5 By, + 5B,B3Bg + 2B,(1-v )a, - za,

- - 2_0h 2 b ~10b7) - (b —-4h2 5 6 =
z[64B, (b, 12b,b5-9bb4+30b b ,~10b ) =368, * (b,-4bZb +2b7) ] }¢ 0
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FIGURE CAPTIONS

Figure 1. The applied coordinate system.

Figure 2. The influence of surface tension () on bubble velocity
in stagnant liquid (Theoretical: —— 3 terms, —-+- 2 terms
[31], === 1 term [30]. Experimental: Zukoski (1966);

o Air/Water, A Alcohol/Water. Bendiksen (1983); Air/water).

Figure 3. The dependence of C, [1] on liquid velocity at
infinity (vm) with surface tension as parameter (oI=0.,
Vr=.0026, AI=.013).

Figure 4. Predicted non-dimensional radii of curvature (R],Rz)
vs £ in stagnant liquid (vm=0) with surface tension as
parameter (— R, ———_Rz)-

Figure 5. Predicted radius of curvature at origo, p , vs surface
tension for v =0 (—— N=3, -+~ N=2, --—- N=1).

Figure 6. Predicted effects of liquid motion at infinity and
surface tension on bubble shape at origo (p) (A vm=0,

o} Vm=.05, v vm=.10).

Figure 7. Measured effect of liquid motion at infinity on bﬁbble

shape (p) for :=.042: (a) vm=0, (b) v.=.07, (c) vm=.94,

m

(d) vm=].00, (e) vm=1.40, (£f) vmf].93).
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