ON THE STABILITY OF UNIFORM AND NONUNIFORM

FLOWS IN AN OPEN INCLINED CHANNEL

By

LEIV STORESLETTEN

Department of Mathematics

Agder College

.Box 607, 4600 Kristiansand, Norway

SUMMARY

The linear stability of steady flows of an open channel
of constant inclination is studied. The analysis is based
upon the nonlinear eqguations of shallow water theory, augmented
by a frictional force due to the resistance against the channei
walls.

The stability properties of the uniform basic flow is

thoroughly discussed by using both temporally and spatially

growing modes. Attention is also devoted to the dispersion and

damping of these modes.

The stability of nonuniform basic flows is studied by two
different methods: The normal mode method based on spatial
modes and a generalized progressing wéve expansion method

(called Eckhoff's method).
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0. LIST OF SYMBOLS

o angle of inclination

h depth of channel flow

v mean velocity of channel flow

S = tan o

g* = g cos o , g gravity acceleration
Ce friction coefficient

X distance along the channel

t time coordinate

hy depth of steady flow

Vo mean velocity of steady flow

n perturbation of depth

w perturbation of mean velocity
hT = ho (0}

vs = v (0)

h, normal depth , see (3.5)

Vo normal velocity , see (3.6)
hc critical depth , see (3.5)

5y ¢ &y perturbations defined by (5.1)

Vo

F = ;F§==' Froude number

g hy
A, B, C, D, E, Ey 2x2 matrices
k wave number , kr = Re(k) , ki = Im(k)
w frequency , w. = Re (w) , wy = Im(w)
i = V-1
c , c* phase velocities

see (6.5) and (6.7)




1. INTRODUCTION

Flow in open inclined channels has been studied by many
authors, and there exists an extensive literature on the subject,'
see Dressler (1949), Stoker (1957), Ven Te Chow (1959) and
Henderson (1969), and the references quotéd there. A variety ofv
wave motions occurs in connection with flow in rivers and open
channels, such as roll waves, flood waves and tidal‘bores.

While these phenomena are thoroughly investigated, not so much
attention has been devoted to the stability problems. In his
book, Whitham (1974) discusses the stability properties of the
uniform steady flow, using his own approach. The basic equations
have, however, a great variety of nonuniform steady solutions.
One of the aims of this paper is to analyse the stability
properties of these classes of solutions.

We base our analysis upon the nonlinear equations of
shallow water theory, augmented by a frictional force due to the
resistance against the channel walls. Following Whitham (1974),
we consider very broad channels where the frictional term

according to the Chezy formula is given by

- vivl (1.1)

where c is the friction coefficient, v the mean velocity

f
and h the local depth of the channel. Restricted to broad
channels we can assume the motion to be two-dimensional, i.e.
the actual flow is well approximated by a flow with uniform
velocity over each cross-section.

The Chezy formula needs some additional comments. As

pointed out by Dressler (1949) this formula is strictly

speaking valid only for uniform flows, and it will not be



accurate unless such flows vary slowly with respect to x
(position) and t (time). 1In the present paper the mean
velocity v is, with ohe exception, assumed to be positive such
that the velocity term v]|v| = v? in (1.1). The exceptional
case will be commented on separately.

The basic equations of the fluid motions are treated in
section 2. In the following section we have studied the steady
state solutions and their asymptofic behaviour. The stability
properties of the uniform basic flow is thoroughly discussed by
using both temporally growing modes (section 4) and spatially
growing modes (section 6). Attentiqn is also devoted to the
dispersion and damping of these modes. The stability of non-
uniform basic flows is studied by two different methods, a
generalized progressing wave expansion method (section 5) and the
normal mode method based on spatial modes (section 6).

Our model needs a final remark. In the basic equations (2.1)
the pressure is assumed to-satisfy a hydrostatic law. This
approximation is physically realistic only for relatively long
waves; We have, however, analysed the stability properties of
the uniform basic flow for all wavelengths and it is shown that
the stability condition is independent of the wavelengths. On
the other hand, propagation velocities of normal modes,
dispersion and damping obtained for short waves are not expected

to give sufficiently accurate results.



2. EQUATIONS OF FLUID MOTION

We consider flow in a broad rectangular channel of constant
inclination o and work with the depth h and mean velocity v

as basic variables.

Fig. 1 1Inclined channel

The basic equations governing the flow are

ﬁ- + V—a-}-(- + h‘g}—i‘—" 0 (2.1 a)

ov A *dh * V2 :

3E + V—a; + g-é—i =g S - CfT (2.1 b)
where S = tan a , g*¥ = g cos o , g denotes the gravity

acceleration, Ce the friction coefficient, x the distance
along the channel and t denotes the time. Here (2.1 a) is the
equation of continuity and (2.1 b) is the momentum equation (see
Whitham (1974), pp. 80-87).

Let h = hy(x) and v = vo(x) be a steady state solution of
(2.1). In order to study the stability properties of this basic

flow we introduce the perturbation by

h

h0+n
(2.2)

v Vo + w

where nn and w represent small disturbances superimposed on

the basic flow. By substituting (2.2) into (2.1), the
N



linearized equations for the perturbations are found to be

an on oW ' Voo

It + Vo X + h, X + von + how = 0 (2.3 a)
w + oF an + v w _ c zﬁ + [vy + 2 Xl]w =0 (2.3 5)
3t 9 3x ° 3x £ 42 n 0 cf A,V T y

where a prime denotes differentiation with respect to x. Here

we have used the fact that vohé + hov5 = 0 which follows from

(2.1 a).



3. ASYMPTOTIC BEHAVIOUR OF STEADY STATE SOLUTIONS

The basic equations governing the steady channel flow

h = he(x) , v = vo(x) of (2.1) are

vohy + hove = 0 (3.1 a)

oN

vove + g*hy = g*s - ce (3.1 b)

5]

We need to study the asymptotic behaviour of the solution of

(3.1) corresponding to given values at x = 0 :
ho(0) = h3 , ve(0) = v (3.2)

It is suitable to keep v: > 0 fixed and discuss the solution
for different values of ht > 0.

From (3.1) and (3.2) it follows that heve = hgvy , i.e.

h*' *

Vo = ﬁjo (3.3)
Substituting (3.3) into (3.1 b) we obtain the following
equation for hy

3 73
! hy-h

h, = s—3%—2 (3.4)

h?-hg -

where the normal depth h, and the critical depth h, are

given by
- C; * x .2 1/3 * % .2 1/3
h, = {1§ iﬁ&!%_.} , h = {lﬁiK%L_} (3.5)
g © g

From (3.4) it follows that we have to choose h: * hc if
S # Cge In general n§ continuous solution corresponds to the
critical depth.

If we choose ht = Bo ' (3.1) has the unique constant

solution




h* *
he = hy , wvo = 22¥8 = & (3.6)
ho
where
_2 *
C¢ L =gs. : (3.7)
h
0

* -
If ho # ho (3.1) has the unique solution given implicity

by 2 2
h, + % Eo[gi"l]{ln h°+h°E°+g° + 2V3 Arctan il(gﬁ'ké)}
£ (ho=hy) V3 ho
= Sx + co (const.) (3.8 a).
h* * _
Vo = ﬁj° ' (3.8 b)

The non-uniform solution given by (3.8) has different
asymptotic behaviour as S > Ce (steep slope), S = Ce (critical
slope) or S < Ce (mild slope). Thus we distinguish between
these three cases:

(1) s>c., i.e. Vo> Vg hy (See figure 2, p. 9 )

* -
(a) ho < ho .
(3.4) and (3.8) then imply that ho > 0 , hgo —> 0, h, —> h,
and v, —> Go as x —> o , where Eo and VvV, are determined '

by (3.7).

- *
(b) hy < hy < hc .
In this case h; <0, h; -> 0 , h; —> hy and v, = Vo

as X —=> o ,

*
(C) ho > hC
Then h; > S , ha ~> S , hg => e and vy —> 0 as x —> = .,
It is easily seen that h, tends asymptotically to a straight
line with slope S (in the x, ho -plane) as Xx => « . This

means that the flow surface tends to a horizontal level.



(11) S =cg, i.e. Vo = Vg*h, (see figure 3, p. 9 )

In this case the solution is given by

X, K
Voh

ho=Sx+h]',", Vo = re
Sx+h

which means that the fldw surface is horizontal.

(iii) 8 < c. , di.e. Vo < Vg*E, (see figure 4, p. 9 )

(a) h} < h, .

In this case hy > 0 and hp -+ +» on a finite x-interval,
which indicates that the surface profile will be vertical in |
crossing the critical depth line. The continuous solution
breaks down at this point and a hydraulic jump may occur.

It should be noted that near the critical depth line the flow
may become so curvilinear or rapidly varied that our basic
equations are not valid. Using the Chezy formula, we have

assumed the flow to vary slowly with respect to x and t .

(b) h_ < hy < h, .

Then hy < 0 and h; » =~ on a finite x-interval, which
again indicates that the surface profile will be vertical in
crossing the critical depth line. The same arguments are

valid as in case (a) above.

(C) h: > Ho .

In this case 0 < hé < S, hé-*s, hy»+ and vy-0 as x-+o
which means that hy, tends asymptotically to a straight line
with slope S , i.e. the flow profile tends to a horizontal

level.




The conclusions on the asymptotic behaviour of the

solution (3.8) may be more easily seen by considering x as

function of hy

(p. 10 ).

The graphs are sketched in figure 5 and 6

a



The depth h, sketched as a function of the position x 1in
three different cases:

{ -—
ho (c)

-t TToTTTTTTToTT T T TS _'h7,=?1c" -7

______“_1;$:___
=
Figure 2. Steep slope: S > c. , i.e. Yo > Vg*h,

i -

ho
ho=ho=hc
x’
Figure 3. Critical slope: S = Ce v i.e. vy = g*Ho

» -

ho
(c)
I e’ -
N e e =
o ho=hg
@
xI
— *—

Figure 4. Mild slope: S < cg , 4i.e. v, <Vgh,
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.

sketched as a function of the depth h,

The position x

e wn e e e wm e ar m ww - e - w— o . - -

ho

ho

Steep slope

Figure 5.

h,

Mild slope

Figure 6.



- 11 -

4. STABILITY ANALYSIS OF THE UNIFORM BASIC FLOW BY THE NORMAL

MODE METHOD. TEMPORALLY GROWING MODES.

In this section we will thoroughly analyse the stability
properties of the uniform basic flow given by (3.6). This éase
is easily studied by the normal mode method. Assuming the |
channel to be infinite in the x-direction, there is no
appropriate boundary conditions to satisfy. We suppose that
the perturbations n and w of (2.2)Ahave the form:

n o= noei(kx-wt) , W= woei(kx-wt) (4.1)

where the real parts of n and w represent the physical_
quantities. In (4.1) the wave number k is taken as real
whereas we seek complex frequencies w to determine the
temporally growing modes. If there exists modes whére
Im(w) > 0, the uniform basic flow is judged unstable. By this
method the basic flow is disturbed slightly at t = 0 by
periodic wave trains in space.

By introducing (3.6) and (4.1) into (2.3) we get the
algebraic equations:

i(kVo-w)ne + i k howo = 0

-2 (4.2)

i(kg*+icf §°-2-)no +1(kvo-w-i2c Loywy, = 0
Ro Ro

which give the dispersioh relation

22 (20=-3kVo) (4.3)
hy

(w=kVo) 2% = k%g*H, = - 1 c,

The real and imaginary parts of (4.3) give the equations

b, - k2{(c=vo)2 - g*Fo} = 0 (4.4)

2
wy + 2c i

f

5”'5’

and
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il

wy = - cp =% (4.5)
hy

C-;o

_ w
where w, = Re (w) , wy = Im(w) and the phase velocity c¢ = 75 .

Substitution of (4.5) into (4.4) leads to the following
equation for ¢

—2 (c-v,)2-132
Vo R 2 = 2 %= _
—_— p— + k {(C‘Vo) -g ho} =0 (4.6)

(i) The stability discussion

< 0 for

The perturbations (4.l1) are stable provided Wy

both of the roots w of (4.3). This condition is satisfied

(see (4.5)) when

C""'\—Io
2 _ 50 O 4.7)

C=Vy

for both of the phase velocities ¢ , which are the real roots
of (4.6). 1In order to find the stability criterion we have to

investigate these roots. Equation (4.6) implies that

1

= - =2
_ — C_. Vg 2 \/ — C-Vorv2 2 C Vo 2 . '
(C-Vo)2=%‘[g*ho'( f__) + {g*ho-( £ ) } +< £ ) ] (4.8)
k .

ho k ho k ho
It is now easily seen that (4.6) has two real roots , c, > Vo

and c_ < Ve , corresponding to waves travelling in opposite

directions relative to the basic flow. Let w; and w;
denote the damping factors (roots of (4.4)) associated with
these waves.

It follows immediately that c¢_ satisfies the condition
(4.7), i.e. wz < 0 and thﬁs the c_-wave is always stable.

The c, -wave, however, is stable if and only if

3_
C+_>_-§-Vg (4.9)
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Since mz < 0 it also follows from (4.4) that w: <0
(stability) if and only if

(c+-Vo)2 < g*n,
or, eqﬁivalently

ve - Vg*E, <c, <V + Vg*h, . (4.10)

+

In order to avoid a contradiction we have to conclude:

If % Vo < Vo + Vg*R, , it follows that

% Vo < ¢, 2 Vo + VG*HO . On the other hand, if

Vo it follows that Vo, + Vg*hy < c, < = V,.

To + Vg*Ro < L <

Njw
Njw

Consequently, condition (4.7) is satisfied if and only if

-\70 < Vo + \/g*-ﬁo

Njw

or, equivalently

Vo < 2Vg*R, . (4.11)
Using (3.7), this stability condition may also be written
(4.12)

Thus the condition (4.12), being independent of the wave
number, is necessary and sufficient for the perturbations (4.i)
to be stable. If the basic flow (3.6) does not satisfy (4.12),
exponential instabilities arise. On the other hand, it is
shown by Dressler (1949) that S > 4 Ce is a necessary
condition for the formation of roll waves.

Concerning the uniform basic flow we have established the

following result
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(4,I) In order for the basic flow (3.6) to be stable

it is necessary that

S <4 Cg -

This result is consistent with that obtained by Whitman
(1974) .

A closer examination of the phase velocities as functions

of the wave number k shows:

dc
c, —> % Vo and afi - 0
as k-—> 0,

1 — de_

C.—> 5 Vo and I > 0
and

: —_— dc

- X e +
c, —=> Vo + v& hy and -V — 0

as k = o .

C_ —> Vo — \/g hy and —dr -> 0

Furthermore, both of the functions are monotonic.

Here we have used the relation

de _ _ _ {(c=¥0)°-g"Ky} (c=Vo)k (4.13)
O (20eTo) P-g o ke () 2
ho

which is easily derived from (4.6).

In the figures 7, 8, 9 and 10 (p.17 & 18) c, and c_ are

sketched as functions of k in the mild slope case Vv, < V%*Ho

and the steep slope cases Vg*ﬁo < vy < ZVS*HO , Vo = ng*ﬁo

(non-dispersive waves) and v, > VG*HO .

(ii) Some special cases

It is also of interest to discuss the dispersion relation,
waves modes and damping in three special cases: Non-dispersive

waves, long wave approximation and short wave approximation.
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(a) Non-dispersive waves (v, = 2 g*Ho , see figure 9):
From (4.6) it follows that the waves are non-dispersive if

and only if

(C‘.\-f-o)z - g*Ho =0

which implies

- = 3= +
c, =vVvo + g*ho =3 Vo w, = 0 (4.14)
c_=Ve-Vg*Hy =3V, w=-2¢c L (4.15)

h,

The wave associated with c, is undamped in this case, whereas

the c_-wave 1is damped. As expected, both are stable.

(b) Long wave approximation:

As pointed out, the basic equations (2.1) are derived for
shallow water theory, and are therefore especially appropriate
for long waves. In the extremely long wave region k -=> 0, (4.6)‘

requires that

(c=¥9)? —> 3 V5
which implies
c, —> % Vo, wi—o0, (4.16)
and
c = 1% W —> - 2 ¢, Yo (4.17)
- 2 Vo i £ Ho ° °

As expected, the c_-wave 1is always stable, whereas the c_-wave
is stable if and only if ¥, < 2Vg*h, .

Furthermore
ot => 0- if T, < 2Vg*F, and k — 0 ,

w

H o+ e+

— 0+ if Vo > 2Vg*h, and k — 0 .
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(c) Short wave approximation:

We will also examine our model for short waves in order to
compare our results to those obtained by the method used in
section 5. In the extreme short wave region k —> o , (4.6)

requires that

(C‘Vo)2 —> g*Ho

which implies

- = +
c, —> vy + Vg hy , wy -> - cC

@(1____30 > (4.18)

+ £ Ho ZVg*Ho

c_ => Vo - Vg¥h, wI —> - o §l<l'+—;;%3-) (4.19)
ho 2 g ho *

The conclusions on stability are the same as for long waves,
but the c, ~wave is in general more strongly damped or amplified.-
For long waves the damping is nearly independent of gravity g,
for short waves, however, gravity may play a dominant role in
damping.

As pointed out in the introduction, our model is a long wave
approximation and propagation velocities, dispersion and damping

obtained for short waves are not expected to give sufficiently

accurate results.
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The phase velocities c, and c_ sketched as functions of the

wave number k in four different cases:

jw
fl
//’

.

Figure 7: Vo < Vg ho

A
C
N« S
_3.— —//
7 Vo
4
/"
1l = /
jvo-\z

Figure 8: Vg*h, < Vo, < 2Vg*H,
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N~
<
"\‘

k
Figure 9: v, = 2Vg'hy,° (non-dispersive waves)
N
c
% ;o_\/c-’-
= ]

(ST
Sl
/

¥

Figure 10: v, > 2Vg*h,
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5. STABILITY ANALYSIS OF STEADY FLOWS BY ECKHOFF'S METHOD

We are now going to investigate‘the stability properties
of the steady flows given by (3.6) and (3.8). Our analysis
is based on Eckhoff's method (see Eckhoff 1981), which is
especially developed for stability investigations of short
wave disturbances. Thus it may seem suspect to apply this
method to a model which is a long wave approximation. However,
the discussion in the previous section concerning uniform basic
flow shows that the stability condition (4.12) is independent
of the wavelengths. This fact justifies the use of Eckhoff's
method to our problem.

When applying this method we haVe to transform the hyper-
bolic system (2.3) into a symmetric form. We introduce new

variables Cl and §2 by

1
5 ho(3y + Z,)

'r":
(5.1)
1 [* -
w =% Vg ho(Z; = T,)
which transform (2.3) into the symmetric hyperbolic system
ow ow
—a—E+Aﬁ+BE=O (5.2)

where the vector variable w and the coefficient matrices A

{vo + Vg™ n, 0

and B are

I
—l
Y oY
SO o
—
b ]
]

¥= 0 ve - Vg ho (5.3)
' -F+5 F-1 -F+2 -F-2

B=_i_%o_\/;;;1_o }J,%.cf‘_éﬂ_ (5.4)
0 F+1  -F-5] °1 F-2 F+2

Here F = — is the local Froude number.
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The characteristic equation associated with (5.2) is

det{EA-AI} = [ (vo+Vg* ho)E-A][ (vo-Vg ho)E-A] = 0O (5.5)

Thus the characteristic roots are seen to be

Q) = (votVg'ho)E , 0, = (vo-VgTho)E (5.6)

and the associated eigenvectors mav be chosen

r. = (1,0) , r, = (0,1) . (5.7)

1 2

These roots correspond to waves travelling with speeds
Vo + VGTE: and vy - VE'KZ respectively. The ray equation and
‘the stability equation (see Eckhoff (1981), eq. (5.2) and (6.15))

corresponding to Ql are found to be

dat

dp h, v v v

e = -{——"—\/g'ho(—— _i_+1)+c —-2(-—-°——+1)}P (5.9)
dt ho 4\/9 h, f hy 2\/g|ho

and the equations corresponding to QZ are

g% = vo - Vg*h, (5.10)
dp hg * v v v

=— = -{=2 Vg ho(~——£——-l> + ¢ _i( 9 -+1>}P (5.11)
dt Bo 4Vg*n, £ R\ av/g*h, -

These equations are the basis for our stability analysis.

(i) waves associated with the Ql~root

Let us first discuss the stability properties of the waves

corresponding to the characteristic root @ The stability

l'
equation (5.9) is valid along the ray determined by (5.8).
Substituting the solution x = x(t) of (5.8) (satisfying
Xx'=x9 at t =0) into hy , vo and h, of (5.9), we obtain

a linear ordinary differential equation

dx _ vo + Vg™h, , (5.8)

a?_—- a(t)P . (5.13)
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1

It follows from the theory of Eckhoff (1981) that the basic
flows given by (3.6) or (3.8) cannot be stable unless the

trivial solution P =0 of (5.13) is stable.

The basic flow corresponding to the constant solution (3.6)-
is easily handled. 1In this case (5.13) is autonomous, and the

constant coefficient is

a=-c, j’—_l(--—"-&-_—-+1> . (5.14)
ho‘ 2 g ho

The trivial solution P = 0 1is thus stable if and only if

a<0, i.e.
Vo < 2Vg h, (5.15)

or, equivalently

S < 4c. . (5.16)

Consequently (5.16) is a necessary condition for the uniform
basic flow (3.6) to be stable, which agrees with the result
found in the previous section.

The class of basic flows corresponding to (3.8) is more
difficult to handle since we are not able to find the solutions
of (5.8) and (3.8) explicitly. It is, however, sufficient for -
us to know the asymptotic behaviour of these solutions as
X => ». The two different cases hy — h; and hy, -> = are

both accessible to stability analysis:

(a) Cases where ho(x) —> ho_:

These cases include the solutions of (3.8) when S > Ce
x
(steep slope) and 0 < h, < hc .
Since ho(x) = Ry , ho(x) = 0 , ve(x) => Vo as x —> « ,

and x => o as t — o , it follows that

lim a(t) = a
to
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where a 1is given by (5.14). From standard theory of stability

we conclude that if the trivial solution P = 0 of (5.13) is

to be stable it is necessary that a < 0 , 4i.e. (5.16) has to

be satisfied

(B) Cases where hg(x) —> = :

These cases include the solutions of (3.8) when

%*
S > and he > hc ’ or

Ce
S = c¢

*
S < cf and he > ho

since ho(x) => o , ho(x) => S , vo(x) = 0 as x —> = ,
and x —> o as t -» «, it follows that a(t) - 0 as t - o,
To handle this case we eliminate t as independent variable in

(5.9) by using (5.8) and get the equation:

dp _ '
5 = b(x)P (5.17)

where

Vo Vo

1 hg v
b(x) =- —————-{-—l/i "(———+1)+c ——(———"——+l)} (5.18)
vo+Vgth, 2oV9 Bolgyg¥h, £ B\ 55%n, |

The trivial solution of (5.17) has exactly the same stability
properties as the trivial solution of (5.13). Since also

b(x) -> 0 as x — ® , we introduce z = ln X as a new
independent variable (see Eckhoff & Storesletten (1978), p. 405).
Again the transformed equation maintains the stability
properties at the origin. Asymptotically as. z —> o this
transformed equation tends to an autonomous equation with the

constant coefficient

b = 1lim x b(x) = -1 . (5.19)

X=-»00
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Here we have used the fact the %f -> S§ as x —> o , which
follows from (3.8 a). Thus we conclude from (5.19) that the

trivial solution P =0 of (5.13) is stable in this case.

Furthermore, the leading term in the asymptotic expansion of
the variables Zy aﬁd Z, tends éxponentially to zero as

X => o , Since h, grows linearly with x we can conclude
that also the leading term of the variables n and w (see
5.1)) tends to zero as x —> o .,

There is an additional point which needs a comment. 1In
this paper we have supposed the undisturbed mean velocity vy
to be positive. Since hy —> «© 1in our case, it follows that
v —> 0 and thué the frictional term in (5.17) may change
sign in spite of small disturbances. However, this fact does
not alter our conclusions since the frictional term in the
transformed equatioh of (5.17) vanishes when x —> =

Consequently no instabilities are detected by our method
in cases where hj(x) —> +« .

(ii) wWaves associated with the Q.,-root

2
An analogous discussion of the stability properties of the

waves corresponding to the characteristic root 92 , 1i.e. the

equations (5.10-11), does not detect any instabilities. The

discussion is therefore omitted here.

(iii) Conclusions

In view of the above discussion and the theory in Eckhoff

(1981), we have established the following results:
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(5,I) In order for the basic flow (3.6) to be stable it is
necessary that
S < 4cf.

(5,II) In order for the basic flow (3.8), when
%
S > cf and 0 < h, < hc ’
to be stable it is necessary that

S < 4cg .

The waves associated with the roots Ql and 92
correspond to the c_ - and c_-wave, respectively, in the
short wave approximation studied in the previous section.»
Where comparable the stability results agree. 1In particular,

no instabilities have been detected in the slowest travelling

wave.
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6. SPATIALLY GROWING WAVE MODES ON UNIFORM AND NONUNIFORM

BASIC FLOWS

In section 4 we analysed the stability properties of the
uniform basic flow. This study was concerned with temporally
growing or decaying wave solutions which were assumed to be
periodic in the distance along the inclined channel; Such
solutions do not provide any information about the spatial
development of a steady wave train downstream (or upstream)
from a wave generator. 1In experiments where a wave generator
is introduced into a basic flow to produce controlled wave

disturbances a better model may be spatially growing modes.

(i) The uniform basic flow

The perturbations (4.1) in section 4 were treated as temporal
modes where the wave number k was taken as real and the complex
frequencies w were determined from the dispersion relation.

For spatial modes we analyse the perturbations

i (kx-wt) i (kx-wt) | 6.1)

n=n0e ’ W=Woe

where we take a real value of the frequency and seek complex eigen-
values k==kr + iki for the wave number. We judge the flow to bé
stable against spatial modes (6.1) if for all real w

ki > 0 for waves travelling in the positive x-direction

and

k. < 0 for waves travelling in the negative x-direction.

The dispersion relation (4.3) derived in section 4 may be

written
-2 a— 2 - 72 2 v
(Vo=g ho)k - (2wvy +3ic, %)k + w° + 2iwc, =%+ =0 (6.2)
£ 5, £ R
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The real and imaginary parts of (6.2) give the equations

=2

(Vo-g" Bkl - 3¢, Lk, - k2{(c"-F5)2-g" Ko} = 0 (6.3)
ho ’
and * 3—
Cf C -7\70
kl = - —;——— (6.4)
ho C =4y
where c¢ = T is the phase velocity and
r
ve-g*h - *h
Ug -_-__2:_9__0 = Vp _9______9_ (6.5)
Vo : Vo i

The relation (6.4) introduced into (6.3) leads to the equation

e 5, (EFaeu) v, -
(:—) (2vo+g hy) = )2 '*(*;) {(c"=vo)"=g ho}=0 (6.6)
C =y

ho (o]
where
3 Va-g'B, = 395 |
uy =5 LT = o — (6.7)
2vs+g hy 4vio+2g hy
The equations (6.3) - (6.6) are a little more complicated

than the analogous equations for temporal modes discussed in
section 4. It is suitable to start our stability discussion by
a brief examination of the phase velocities as functions of the
frequency w . |

The equation (6.6) has in general (Vo¢=v§;§:) two real
roots c: > Vo and ct < Vo , corresponding to waves

travelling in opposite directions relative to the basic flow.

Let kI and k; denote the damping factors (roots of (6.3))

associated with these waves. If w - 0 than c: - %Vo and
ct - u; » and if w - o than c: - vy + V%*Ho and

Ct I Vo = Vg;%: '.

Since

— *— %;°-'g*ﬁ° - ¥ 2
(Vo-Vg™Ho) - u, = 25— (Vo-Vg* o) (6.8)
2vs+g*ho
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it follows that

u, > %, - Vg*K, and 3V, < 7, + Vg*R, when ¥, < 2Vg"h,

and

< Vo - VS*HQ and %50 > Vo + Vg*Ho when Vo > ng*Ho .

Y1
- [ *—
In the critical case vy, = Vg hy, there is only one mode

. * ,
since the c¢_-wave degenerates, see some special cases below

(p. 28).
* *

In the figures 11, 12, 13 and 14 (p. 30 and 31) c, and c_

are sketched as functions of w 1in the mild slope case

Vo < Vg*h, and the steep slope cases Vg*h, < v, < 2Vg*h, ,

Vo = 2Vg*h, (non-dispersive waves) and Vv, > 2Vg*h, .

From (6.4) and the above discussion it follows immediately

* -—
that ¢, > 3vo , i.e. ki > 0, is satisfied if and only if

+ =
Vo < 2Vg*h, . This condition is necessary and sufficient for

*

the c,

wave to be stable since it always travels in the positive
%X - direction.

The c:—wave, however, travels in the negative or positive
X - direction according as Vv, < Vg;%: or Vo > v§:§: .
Stability requires k; <0 or kI > 0 , respectively. It is
easily seen that u, < Vv, - VQ:EZ < ct if vy < Vg:ﬁi .

On the other hand

* < u; < ug if  Vg*h, < ¥, < 2Vg*h,

¢ 1

and

Ct < Vo — Vg*ho < Uy if 50 > 2 g*Ho

Consequently, k] < 0 when Vo < Vg*h, and k; > 0 when

—

v > Vg*Ho , Wwhich implies that the ct—wave is always stable.
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In view of the above discussion we have now established the

following result:

(6,I) For the uniform basic flow (3.6) to be stable against
spatially growing modes (6.1l) it is necessary and

sufficient that

This result agrees with that obtained for temporally growing
modes in section 4. In particular, no instabilities arise in

the slowest travelling wave.

Some special cases:

The phase velocities and damping factors in the following
four special cases are found to be
(a) The critical case v, = Vg*h, :

In this case the ct-wave degenerates and there is only one

mode, which is stable.

2 2 c 2
e I M (6.9)
60" +2w he 9a " +4w
where o = c g% .
ho
(b) Non-dispersive waves (Vo = 2 g*Ho , see figure 13):
3 = +
i =3V . ki =0 (6.10)
c
* 1l — -
=3 , kx]=4t (6.11)
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(c) Long wave approximation (Vo # g*Ho ) ¢

If w -0 it follows that

- +

3
Cy 3 Vo o ki - 0 (6.12)
- 2 k= c - 2 '
R el IR = (.13)
2vo“+g hy hy vo =g hy

Near the critical case the ct-wave is strongly damped.
Concerning propagating velocity, dispersion and damping of the
ct—wave, there is an essential difference for long waves
between spatial and temporal modes. On account of the
negligible damping or amplification of the c:-wave, there is

no corresponding difference for this mode.

(d) Short wave approximation (v, # Vg*h, ):

If w - o it follows that

?_Q_ l"-\70 /2\/9*-1:1-0

x = * +
c, » Ve + Vg hy , k; = c. — — = (6.14)
+ i £ ho Vo+\/g*ho
- = - Vo 1+vo/2Vg*h . :
c* + o - Vg'Re , k] e, Lol Yo/2V3 o (6.15)

f R, Vo-Vo'h,
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%

+ @and ct sketched as functions of

The phase velocities ¢

frequency w in four different cases:

;o‘f'vg*}-lo—-—----————— e e e e e e e e o =

Nlw
<
o
|

«1
(o
VotV Ra b - - - - - - e e e e e e e e
2 Vo —/\d—"
2 *
€+
*
c—
—
VO‘Vg*Ho

Figure 12. Vg*h, < ¥V, < 2Vg*h,
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jw
<
o

+

| *

Figure 13.

Vo =

o o a.

2 g*Ho (non-dispersive waves)

\L

Figure 14.

Vo >

g hy
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(ii) Nonuniform basic flows

In order to study spatially growing wave solutions on
nonuniform basic flows we introduce the time periodic

perturbations

iwt

n=n(x)e , w=w(x)e vt

(6.16)

The nonuniform basic flows may be stable only if small
perturbations given by (6.16) die away or persist as
perturbations of similar magnitude as x - ® (or as x = -« if
perturbations propagate in the negative x —direction).

The expressions (6.16) substituted 'into (2.3) give the

equations

dn dw . - -
Vo -a-;% + hy a—x' = (1w-V;)n - hy w
(6.17)
- - 2
*dn aw _ Vo _ = —vi- Vow
9ax t Vo 3% Ce ;:7 n + [1w=vy 2cf ho]w
which may be written as
ds
C I=x - Ds (6.18)
where
n .
s =4 _ , and C and D are 2x2 matrices.
w
Multiplying (6.18) by the inverse of C we get the system
ds
where
2 ]
. ! Vo ' . '
1wvo—vovo-cf H?- -voho-lmho+hovo+2cfvo
E =l ’ (6.20)
voz-g*hO * ' v 3 *, ! ' A4 2
-iwg +g*vo+cf —17 g ho+iwve-voevo=2cg H%—
hy

J
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It is now possible to study the étability properties of the
nonuniform basic flow (3.8) in the steep slope case S > Ce
when 0 < hp < h,, i.e. in cases where h,(x) - hy as x » = .
(S > Ce implies that all perturbations propagate in the
positive x -direction.) Stability of the basic flow requires
that the trivial solution of (6.19) is stable (as x - «).

According to standard theory of stability it is necessary
for the trivial solution of (6.19) to be stable that both of

the eigenvalues of E;, = lim E(x) have nonpositive real parts.

X0
Here
- -
ino-cf gl -iwh +chvo
1 Ro
Eo‘=:rjr—1;:-4 (6.21)
Vo =g ho * ;,' 3 - “"' 2
-iwg +ecy —5 iwvo=2c, -
hy hy

\

The eigenvalues of E, are roots of the equation

det (Eg-AI) =

-2 = .2 - 7,2 2 v

(Vo =g ho) A% + (=2iwVe+3c, ~2—) A = (0 +2iwc, =L) = 0 (6.22)
f . £ 3,

It is easily seen that (6.22) is transformed into (6.2) by'
substituting ik for A , where i 1is the imaginary unit.

Consequently
A = ik = -ki + 1kr (6.23)

where ki and kr are given by (6.3) and (6.4).
Re(A) = -k; < 0 if and only if k; > 0. Since S > c. ,
i.e. Vo > Vg*h, , it follows from the discussion in the above

subsection (i) that:
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(6,I1) For the nonuniform basic flow (3.8), when
: *
s > Ce and 0 < hy < hc ’

to be stable against spatially growing modes it is

necessary that

This stability result agrees with that obtained for non-
uniform basic flows in section 5. In that section we also
investigated the stability properties of nonuniform flows
where hg(x) - as X » o , No instabilities were
detected in these basic flows. An analqgous discussion by tﬁe
method used in the present section gives no information since

both of the eigenvalues of E, # 0 are zero.
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