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Abstract 

The method of_ extracting current profiles from vertically integrated hydrodynamic models, 
developed by A.M.Davies (1987, 1990), is extended to incorporate more general boundary 
conditions, and the consistency of the method is closely investigated. 
By using this method the tidal current profiles are studied in view of variations of water 
depth, geographical latitude, surface boundary condition and different vertical variations of 
the eddy viscosity. 
The current profiles are then computed at eight special chosen stations where there exists 
current measurements in up to six different depths which the computed profiles are compared 
with. The observation stations are located in the Barents sea close to the critical latitude 
for the largest semi-diurnal constituents and the current profiles are therefore sensitive for 
variations of magnitude and vertical distribution of the eddy viscosity. In four of the stations 
there are under-ice measurements and the effects of an ice covered ocean has upon the tidal 
currents profiles are also investigated. 
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1. Introduction 

The two-dimensional depth integrated numerical ocean models are well established and exten
sively used to study the tidal dynamics. The model may cover large global oceans (Schwider
ski, 1980) pr smaller limited ocean regions (Gjevik et al. 1990, Flather 1976). The results 
from these models are the sea elevation and the depth mean current with no information 
about the tidal current profiles i.e. how the tidal current varies with depth. 

To study in detail the vertical structure of the tidal currents, several three-dimensional tidal 
models (Davies and Furnes 1980, Davies and Jones 1990, etc.) have been developed. They 
give in addition to the sea elevation the tidal current depth distributions as results, and 
enables a comparison with current observations from arbitrary depth in the water column. 
The three-dimensional numerical models require significantly greater computational resources 
(computer time and memory) than their two-dimensional equivalents. 

An alternative approach is to use the method for extracting current profiles from depth inte
grated models. This method makes it possible to study the vertical structure of the currents 
with less computational resources than required in the full three-dimensional models. This 
method for extracting current profiles is developed by A.M. Davies and are presented for wind 
driven currents in Davies (1986) and for tidal driven motion in Davies (1990), the former with 
full time dependency and in the latter the time dependency is removed due to the periodic 
nature of the tidal motion. The method may incorporate a prescribed arbitrary depth distri
bution of the eddy viscosity. 

In this paper we shall extend Davies method to incorporate more general boundary conditions, 
including the effect of an ice covered ocean surface. Tidal current profiles will be studied in 
view of variations of water depth, geographical latitude, surface boundary condition and 
different vertical variations of the eddy viscosity. 
The latitudes where the Coriolis frequency equals the tidal frequency are called the critical 
latitude for the considered tidal constituent. For the semi-diurnal M 2 tide the critical latitudes 
are 75°2.8' North and South, and for the diurnal K 1 tide they are 30°5.4' North and South. 
Further more we have applied the method to data from stations located near the critical 
latitude for the largest semi-diurnal constituents and to data under an ice covered surface. 

In section 2. the basic equations are given. Firstly, in 2.1., the equations of motion are 
presented. These are the linearized shallow water equations for homogeneous sea and are 
suitable when studying the tidal dynamics in an ocean region. The total current can be 
written as a depth mean part and a deviation from this. The equations of motion can 
then be divided in a similar manner, and we obtain two sets of equations which are coupled 
together through the boundary conditions i.e. the shear stresses at the boundaries. The set 
of equations for the depth mean part of the total current is the starting point for the two 
dimensional vertically integrated model, and the equations for the deviation current is the 
starting point for the current profile calculations. When turbulence is included the equations 
of motion are unfortunately not closed, and closure assumptions must be made. Various 
boundary conditions and turbulence closure approximations devised for the tidal boundary 
layer are presented in section 2.2. and 2.3. respectively. 
In section 3. the numerical methods are described, where we in 3.1. give a overview description 
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of the total comput~tion procedure for the method of extracting current profiles from two 
dimensional vertically integrated models. The starting point for the computation procedure 
is the splitting of the equations of motion in a depth mean part and a deviation from this. A 
detailed description of numerical methods used for the depth averaged equations i.e. the first 
step in the computation procedure, will not be given in this work. Here we will concentrate 
on describing the numerical method for the the solution in the vertical i.e. the solution of the 
deviation part of the equations of motion. A full time dependent description using a Galer kin 
expansion in the vertical are given in section 3.2. This description includes various bed and 
surface boundary conditions for currents under a free ocean surface and under an ice covered 
ocean surface. 
In section 4. a special version of the method for the periodic tidal flow is presented. The time 
dependency is removed and instead the equation for the rotary components of the periodic 
flow is solved. This form of the method cannot incorporate a time varying eddy viscosity. In 
this section the consistency requirements of the method is presented in detail and a parameter 
study of the influence of water depth, geographical latitude, eddy viscosity magnitude upon 
the tidal current are given. A similar parameter dependency study is done by Davies (1985) 
for oscillatory :flow except for the influence of geographical latitude upon the tidal current 
profiles. For the current profile calculations with a constant eddy viscosity there exists an 
analytical solution and hence the accuracy of the method are investigated. 

In section 5. we have applied the method for extracting current profiles from a depth inte
grated model to compute tidal currents in the Barents Sea. This area includes the critical 
latitude of the largest semi-diurnal constituents and is partly covered with ice several months 
of the year. The tidal current profile calculations are carried out at positions in the Barents 
sea where we have current measurements in up to six different depths which the computed 
profiles are compared with and four of these stations have under-ice measurements. The 
profile calculations are carried out with suitable boundary conditions and with different eddy 
viscosity profiles. 
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2. Basic equations 

2.1. Equations of motion 

We shall apply a /-plane approximation for the Coriolis force and introduce a Cartesian 
coordinate system z, y, z with the z- axis in the vertical direction and the z andy axis in the 
horizontal undisturbed sea surface. The linearized shallow water equations for a homogeneous 
sea reads 

8u 8 8 8u 
at -I v = -g ox (TJ- ii) + 1"' + oz (v a) (la) 

8v 8 8 8v 
8t +fu= -g8y(TJ-ii)+ly+ 8z(va) (lb) 

The continuity equation is 

0 0 

OTJ 8 J 8 J -+ -( udz)+ -( vdz) = 0 
8t 8z 8y 

(2) 
-h -h 

where u = u(z,y,z,t) and v = v(z,y,z,t) are the horizontal velocity components, TJ = 
TJ( z, y, t) is the sea surface displacement from its undisturbed position and ij is the equilibrium 
tide or the astronomic tide-generating potential. v is the vertical eddy viscosity, ( l"', ly) is the 
lateral friction and ! = 2 n sin<,D is the Coriolis parameter where n is the angular velocity of 
the earth and <P the latitude. z = -h(z, y) denotes the sea bottom and g is the acceleration 
due to gravity. 
By integrating eqs (1) through the depth and introducing the depth-averaged velocity com
ponents (u, v) 

0 

u( z, y, t) = ~ j u dz, 
-h 

0 

v(z, y, t) = ~ J v dz (3) 
-h 

and the depth averaged lateral friction the depth-averaged (lx, ly), equations of motion are 
obtained 

( 4a) 

(4b) 

where ( r:, r;) are the shear stresses at the sea surface (z = 0) and ( r/:, r:) are the shear 
stresses at the sea bottom (z = -h) given by 

o 8ui 
T"' = pv OZ z=O, 

o 8vi 
Ty = pV OZ z=O, (5a) 

h 8u 
r"' = P 1/ oz iz=-h, 

h 8v 
ry = P 1/ 8z iz=-h· (5b) 

pis the mean density of sea water. Invoking (3) the continuity equation (2) can be rewritten 
as 

OTJ 8 8 - + -(hu) + -(hv) = o 
8t 8z 8y 

(6) 
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Following Davies {1986b) we will now split the total current in two; a depth mean current 
(u, v) and a deviation from the mean ( u', v'). Hence we write for the components of the total 
current 

u=u+u', v = v + v'. (7) 

Inserting ( 7) into the equations ( 1) and subtracting the depth averaged equations ( 4), the 
current deviations ( u', v') are determined by 

(8a) 

(8b) 

where l~,y = lx,y- lx,y. The depth integrated equations ( 4) for the mean current and the set of 
equations (8) for the current deviation are coupled together through the boundary conditions 
(5). It follows from the definition of the depth-averaged velocity (3) and the splitting of the 
total current (7) that 

0 I u' dz = 0, 
-h. 

0 I v' dz = 0 

-h. 

(9) 

With a complex notation the momentum equations in z- andy-directions can be written as 
one complex equation. Defining a complex velocity by 

w=u+iv (10) 

where i is the imaginary unit, multiplying equation (1b) by i and adding (1a) gives 

OW . - 1 0 ow 
at+ zfw = -g(S + S) + h2 os(va;) + L (11) 

where S is the complex surface gradient and S is the complex equilibrium-tide are defined 
respectively by 

(12) 

and L = lx + i ly is the complex lateral friction. In equation (11) we have also introduced a 
dimension-less vertical coordinate s = ~, and the vertical domain is then transformed from 
z E [ -h, 0] to s E [ -1, 0]. This coordinate transformation is applicable even though h is a 
function of z and y. 

By defining a complex mean current ( w = u + i v) and a complex deviation current ( w' = 
u' + i v') and using the same procedure as above for (8) and ( 4) we obtain 

ow - 1 -
at+ i fw = -g(S + S) +ph (To- Tn) + L 

ow' 1 0 ow' 1 - + ifw' = --(v-)- -(To- Tn) + L' ot h2 OS OS ph 

where we have introduced the complex shear stresses 

5 

(13) 

(14) 

(15) 



2.2. Boundary conditions 

The motion in the bottom boundary layer is mainly dominated by the friction from the sea 
bottom. In tidal flow the Reynolds number exceeds its critical value when the velocity exceeds 
0.2 mjs, and the characteristic minimal value of the tidal depth mean velocity is 1.0-2.0 m/s 
in the worlds oceans (Marchuk and Kagan, 1984), and the tidal flow is practically always 
turbulent and then also the bottom boundary layer. The effect of the bottom friction on the 
flow structure depends on the thickness of the boundary layer compared to the water depth. 
In shallow water for example the bottom boundary layer may extend to the surface and be 
determining for the entire flow structure. In this case the boundary layer thickness is equal 
to the water depth. In deep water the bottom boundary layer will only affect the flow in a 
very thin layer near the bottom, and the boundary layer thickness is defined such that the 
velocity at the edge of the boundary layer equals the free stream velocity (Soulsby, 1983). As 
we shall see later the tidal boundary layer thickness in addition to the water depth and the 
sea bed roughn_ess also depends upon the geographical position, and the boundary layer may 
occupy the-entire flow region near the critical latitude in shallow and deep water. 
Unfortunately, the system of equations of motion is not closed when turbulence is included, 
so assumptions must be made and various models for the bottom friction may apply. T he 
complex bottom stress vector defined in (15) is often parameterized by 

(16) 

where the k is the friction coefficient. By choosing 

k = c1 1wl (17) 

where c1 is the drag coefficient, (16) corresponds to a quadratic bottom friction law. This 
form is widely used in depth integrated numerical models of the tidal dynamics. The drag 
coefficient c1 is in this case usually taken as a constant, either specified or used as a free 
parameter to tune the model to observations. The measured value of c1 will vary with water 
depth, sea bed roughness, the phase of the tide and the direction ofthe depth averaged current 
due to veering of the total current with depth (Soulsby, 1983). Observations in the Irish Sea 
(Wolf, 1980) shows that the c1 tends to vary with frequency, and that the quadratic bottom 
friction lags the observed one with about one hour. 
A linear bottom friction law may be modeled by choosing 

(18) 

where u, is a typical velocity scale. A similar parameterization applies for the shear stresses 
due to the deviation current since 

(19) 

when w is independent of the depth coordinate. Another form of the bottom boundary 
condition is obtained by requiring a slip condition i.e. 

wl,=-l = rw (20) 

where r = 0 corresponds to a no-slip condition and r -+ oo to a free-slip condition at the sea 
bed. This implies that the deviation current must satisfy the condition 

(21) 
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where ab = 1 - 'r and is used as a calibration parameter to assure consistency of the compu
tation method (section 6.4.2. ). The surface stress vector ( T~, r;) are defined in (Sa) and for a 
purely tidal motion the surface stresses are usually zero i.e .. 

8w' 
as ls=O = 0 (22) 

except in Arctic regions where the ocean is ice-covered. Since the ice is floating there is no 
interaction in terms of the hydrostatic pressure between the ice and the water, so the interac
tion between the ice and the water goes through the interfacial drag. In a thin boundary layer 
near the surface the motion is then dominated by the friction between the water and the ice, 
and we can no longer assume zero surface stresses. As for the bottom friction various models 
for the surface friction may apply and the complex surface stress (15) may be parameterized 
by 

(23) 

where the kice is the surface friction coefficient. (23) corresponds to a quadratic friction law 
when choosing 

(24) 

where c1i is the drag coefficient characteristic for the water-ice interface. A linear bottom 
friction law may be modeled by choosing 

(25) 

For ice drifting with a velocity Vice, the boundary condition at the surface must be 

v = a;vice + (1 - a, )V' at s = 0 (26) 

where a, = 1 corresponds to a no-slip condition between the ice and the water i.e. v = Vice· 

vis the current vector with components u and v in the :c- and y- directions respectively. By 
introducing a complex ice velocity ( Wice = Uice + i Vice) the boundary condition at the sea 
surface can be written 

w'ls=O = -a,(w- Wice) (27) 

which leads to w'la=O = -a,w for ice at rest ~ce = 0. 

2.3. Turbulent closure approximations 

Various turbulent closure approximations have been devised for the tidal boundary layer. The 
Boussinesq's eddy viscosity concept, which assumes that the Reynolds stresses are propor
tional to the mean velocity gradient, has been widely used. 
Prandtl's mixing length hypothesis from 1925 relates the eddy viscosity to the velocity gra
dient and the mixing length l 

(28) 
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where w is the complex current defined in (10). Fang and Ichiye (1982) applied the mixing 
length theory for numerical calculations of the vertical structure of tidal currents with a 
finite difference scheme, and obtained a fair agreement with the observations of Bowden et 
al. (1959). 
Another approach is to assume that the eddy viscosity has the simple form 

v(x, y, z, t) = v0 (x, y, t) · f/>(z) (29) 

where the function 4>(z) describes a fixed form of the eddy viscosity in the vertical. The 
horizontal and time variation of the eddy viscosity is described by the function v0 (x, y, t). 
This form of the viscosity has the major advantage of permitting a spectral solution of the 
equations, as we shall see later. v given by (29) is a function of the flow field when V 0 is 
proportional with the depth mean current, and this way of presenting the eddy viscosity is used 
in various three-dimensional tidal models (Davies and Fumes 1980, Davies 1986). A number 
of different ver~ical eddy viscosity profiles for tidal currents have been given in the literature. 
The simplest, for which there exists an analytical solution (presented in sec.6.2.), is to assume 
a constant eddy viscosity through the vertical (figure 1a). A solution for the tidal current 
with a constant eddy viscosity in space and time was given by Sverdrup (1926) and discussed 
further by Prandle (1982). For tidal waves on the North Siberian Shelf Sverdrup (1926) noted 
that the eddy viscosity is far from being constant because of the density stratification. 
An eddy viscosity which increases linear with height above sea bed (figure 1c), for which there 
also exists an analytical solution (Soulsby, 1983), reproduces the near bed velocity profile 
much more accurately than the constant (Soulsby, 1983). Soulsby used an eddy viscosity of 
the form 

(30) 

where u*,,.,. is the maximum frictional velocity over a tidal cycle and K = 0.4 von Karmans 
constant. 
Based on observations in the Irish Sea Bowden et al. (1959) suggested a simple theoretical 
eddy viscosity model of the form in figure 1b, which have a friction layer near the bottom with 
thickness (do) of the order one-tenth of the water depth, where the eddy viscosity increases 
linear with height above sea bed. In the remainder of the water column Bowden et al. kept 
the eddy viscosity independent of depth. The sea bed value of the eddy viscosity may be 
given by 

(31) 

where u* is the frictional velocity and Z 0 is the roughness height. This leads to eddy viscosity 
values at the sea bed ranging from approximately 2.0 cm2 /s to 0.02 cm2 js (Davies, 1985). 
These values are based on observational evidence summarized in Soulsby (1983) Above do the 
eddy viscosity was assumed constant at a value given by 

V 0 = 0.0025 hu (32) 

for shallow water, and in deeper water where the water depth is thicker than the bottom 
boundary layer, by 

(33) 

(Davies and Furnes 1980) with a constant ko = 2 ·10-5 and W 0 = 10-4s- 1 a typical frequency. 
The equations (32) and (33) give V 0 values between 500 cm2 /s to 2000 cm2 js (Davies, 1985) 
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sea <Po 
surface ---ir-=-- <Pl <Pz 

sea bed --'---

a) b) c) d) e) 

Figure 1: Various eddy viscosity depth distributions <P( s), values of the parameters 
do, d1, <Po, <P1 and <Pz are summarized in the text. 

for typical tidal current velocities in the North Sea 40-100 cm/s with a mean depth of 50 m. 
Observations in the Irish Sea (Wolf, 1980 and Bowden et al. 1959) suggest that the eddy 
viscosity increase in a parabolic way, reaching a maximum below mid-depth and reducing to 
a small value at sea surface. (figure 1e). These observations also show that the eddy viscosity 
varies over the tidal cycle, tending to reach maximum values when the current was maximum, 
and to be larger during the flood than during the ebb. Marchuk and Kagan (1984) presents 
also an eddy viscosity coefficient in the tidal boundary layer with similar characteristics. The 
eddy viscosity typically increases almost linearly in the lower layer, then its growth slows 
down and in the rest of the boundary layer it decreases monotonically with height above sea 
bed. A simple vertical variation of the viscosity having these characteristics (Davies, 1985) 
is shown in figure 1e. The values of <Pz and d1 are not decisive for the calculations of tidal 
profile calculations under a free ocean surface, and even increasing d1 from 0.1 h to 0.25 h 
had little effect upon the computed tidal profiles (Davies, 1990). 
By analogy with the sea bed friction layer, there should exist a surface friction layer when 
the ocean is ice covered. The eddy viscosity should then also diminish close to the surface 
to a value v = <Pzv0 over a distance d1 in figure 1d. The surface value may be given by a 
similar relation as (31) with a frictional velocity and a roughness length related to an ice 
surface. We shall see later that <Pz and d1 have a larger effect on the tidal current profiles 
calculations under a ice covered surface than the tidal current profile calculations under a free 
ocean surface. 
In k, e-models the eddy viscosity is expressed by the kinetic energy of the turbulent motion 
k and the dissipation e 

p 
v = const. ·

e 
(34) 

and the complete formulation of this model and the equations for k and e are given in Rodi 
(1980). The eddy viscosity are given by v = const.lVk when the energy dissipation are 
proportional to p;z jl where l is the mixing length. Davies and Jones (1990) has applied 
a three-dimensional turbulence energy model i.e. a k, e-model to determine the tidal flow 
on the Northwest European Shelf. Resulting eddy viscosity profiles from this model support 
a vertical distribution of the form in figure 1e i.e. a rapid increase in the near bed region, 
with a maximum below mid-water depth. A detailed examination of the computed profiles at 
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different points showed that this type of profile was conunon in the shelf (Davies and Jones, 
1990). 

3. Numerical methods 

3.1. Computation procedure 

The method of extracting current profiles from two dimensional vertically integrated models 
(Davies, 1986) may be described in three steps. 
Firstly the continuity equation (6) and the depth-averaged equations (4) (or (13)) together 
with the shear stresses (5) expressed with the mean current as in (16) and (23) defines a 
set of two-dimensional depth integrated equations. Most of the tide and storm-surge models 
existing today are based on these depth integrated equations approximated by a set of finite 
difference equations. The forward centered scheme developed by Anita Sielecki (1968) in 
a staggered C-grid (Mesinger and Arakawa, 1976) is widely used for such numerical models. 
Further details for these models will not be discussed here. From this the computed time series 
of depth mean current, sea bed and surface stress (at each grid point where a current profile 
is required) are saved as the two dimensional model is integrated forward in time. In the case 
of a tide model only the amplitudes and phases of the depth mean current for the different 
tidal constituents are needed, because the motion is periodic in time. These two-dimensional 
models do not give any information about the vertical variation of the current from sea bed to 
sea surface, so in the next step the current deviations ( u', v') are determined i.e. the equations 
(8) (or (14)) with boundary conditions at sea bed (21) and at sea surface (22) or (27) with a 
turbulent closure approximation must be solved. Now the sea bed and surface shear stresses 
are known from the depth integrated model in the grid point where a current profile will be 
computed. The vertical distribution of the current may be computed for different turbulence 
closure approximations and the numerical methods are described subsequently. In the last 
step the total current (7) may be determined, where we must have (3) fulfilled to assure 
consistency. 
In addition to this we have that the method is consistent when the shear stresses computed 
from the current profiles directly from the definition ( 5) equals the shear stresses from the 
depth integrated model parametrizied by a linear or quadratic friction law. Or if the total 
current is computed in every grid point in the depth integrated model, a new estimate of 
the stresses can be determined from (5) which can be given as input in a new run of the 
depth integrated model, and the procedure may be continued until convergence hopefully is 
obtained. 

3.2. The Galerkin method 

We will now use the Galerkin method to find a solution of equation (14) with a zero lateral 
friction i.e. L' = 0. The solution is expanded in a set of trial functions, i.e. known func
tions in the vertical; wN. The choice of the trial functions WN depends upon the boundary 
conditions. It is not necessary that the trial functions satisfy all the boundary conditions. 
In variational methods the trial functions need not satisfy the natural boundary conditions, 
since the variational principle forces them to be satisfied, but they must satisfy the essen
tial boundary conditions. The same approach can be used in methods of weighted residuals 
(Finlayson 1972), in which the Galerkin method is classified. 
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In the case whe:re th~ surface is ice covered, the slip condition at the bottom (21) and at the 
surface (27) are the essential boundary conditions. In order to satisfy the essential boundary 
conditions a trial solution is taken to be of the form 

N 

w' = WN = W 0 (s,t) + Lc,.(t)wr(s) 
r=l 

where w' = W 0 at the boundaries i.e. 

for s = 0 

for s = -1 

and Wr are specified to satisfy the homogeneous boundary conditions i.e. 

Wr = 0 for s = 0 and s = -1 

for all r = 1, 2,-... , N. 

(35) 

(36) 

(37) 

For a purely tidal motion we have a free-slip condition at the surface (22) and a no-slip 
condition at the sea bed (21). A trial solution is again taken in the form as in (35), but now 
we have 

and Wr are specified to satisfy the boundary conditions 

8wr -- = 0 for s = 0 
8s 

Wr = 0 for s = -1 

for all r = 1, 2, ... , N. The expansion coefficients c,. are functions of time only. 

(38) 

(39) 

The choice of W 0 ( s, t) will affect the coefficients cr and should preferably be chosen to assure 
a fast convergence of the series expansion (35). In the example treated below W 0 is chosen to 
be a function of the depth mean current. 
When applying the Galerkin method we transform (14) to the dimension-less vertical coordi
nates and substitute the expansion (35) for w'. This leads to 

(40) 
8w0 • 1 8 8w0 = ---- zjw0 + --v--
8t h2 8s 8s 

Equation (40) is then multiplied by the weighted functions, which in the Galerkin method is 
the trial functions i.e. wk, k = 1,2, ... N, and then integrated over the interval [-1,0]. The 
terms involving the eddy viscosity can be integrated by parts and after applying the boundary 
conditions on Wr we obtain 

0 0 
(41) 

I 8w0 • 1 I 8w0 8wk = - [-- + zf W 0 ]wkds- - v---ds 
8t h2 8s 8s 

-1 -1 
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for k = 1, 2, ... , N and where sununation over r is understood. This set of coupled equations 
( 41) determine the expansion coefficients Cr. 

Choosing for example trigonometric functions, Chebyshevs polinorninals or other known ex
pantionfunctions together with a vertical distribution of 11, the integrals in ( 41) can be eval
uated. 
In the case where we have approximated the eddy viscosity by the Prandlts mixing length by 
equation ( 28) we have 

when the trial solution of the form (35) is inserted. The integral in the second term in eq ( 41) 
may then be computed when the expansion functions Wr are chosen. And then the coefficients 
Cr are determined by solving the non linear set of equations 

0 0 

- ![awo ., ] d zCr jlawrlawoawkd - - -- + Z W 0 Wk S - - -- ---- S 
at h3 as as as 

(42) 

-1 -1 

Another way of choosing the expansion functions is by imposing the eddy viscosity (v) of the 
form (29) and choosing the trial functions as an orthogonal set of eigenfunctions defined by 

a ( awr) 
as </> as = -er Wr for r = 1, 2, ... , N. (43) 

where er are the corresponding eigenvalues (Davies,1983a). With this choice of trial functions 
the equations {41) are uncoupled. </>(s) is the vertical variation of the eddy viscosity. This 
way of representing the vertical eddy viscosity eliminates for example the use of Prandtl's 
mixing length theory where the eddy viscosity is a function of the motion and not only of a 
function of the position. ( 43) is the well known Sturm-Liouville problem, and applying the 
Galer kin method i.e. multiplying ( 43) by wk and integrating from -1 to 0 gives 

(44) 

The eigenfunctions are orthogonal, that means that they satisfy the condition 

0 

J Wr wk ds = 0 ( r # k) (45) 
-1 

provided that the boundary conditions satisfy the relation (Butkov,1968) 

(46) 
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Inserting (44) into the equation (41) with orthogonal eigenfunctions (45) gives 

for r=1,2, ... ,N, and where 

and 

1 
Fr = --:0:-----

J Wr 2 ds 
-1 

{47) 

{48) 

(49) 

This set of N uncoupled equations determine the expansion coefficients Cr This may be 
done by using Laplace transforms, and are given by the convolution integral (Butkov,1968), 
(Davies,1986) 

(50) 

and then the expansion (35) may be rewritten in the form 

N 

w' = W0 (s, t) + L Cr(t) F,. wr(s) (51) 
r=1 

3.2.1. Ice covered ocean surface 

Specially for an ice covered sea surface with ice at rest i.e. Wice = 0 we have w0 (0, t) = -a,w 
and w0 ( -1, t) = -abw. Choosing w0 (s, t) to be a linear function of s we obtain 

(52) 

and Er(t) in {48) is 

0 0 

Er(t) = - plh (To- Th) J Wrds + ( ~~ +if w) J [(a, - ab)s + a.]wrds + 
-1 -1 

0 

~w(a.- ab) J <P(s) aa:r ds (53) 
-1 

depending upon the time variation of the boundary shear stresses and the depth mean current. 
The total current can now be written 

N 

w = w + w' =-[(a,- ab)s + a8 - l]w + L Cr(t) Fr Wr(s) (54) 
r=1 
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In the case where we have a no-slip boundary condition at sea surface and sea bed i.e. 
a, = ab = 1 in eq.(21) and (27), Er(t) in (53) is reduced to 

(55) 

Since we now have by (52) that W 0 = -w the total current (54) is now given by 

N 

W = L Cr(t) Fr Wr(s) (56) 
r=1 

Invoking equation (13) when neglecting the direct influence of the tide-generating potential 
(S) and the lateral friction (L), Er(t) may be written 

0 

Er(t) = -g S I Wrds 
-1 

depending upon the surface gradient. 

3.2.2. Free ocean surface 

Specially for a free ocean surface we have w 0 (-1,t) = -abw and we choose 

and Er(t) in (48) are given by 

0 

E(t) = [- p1h(To- Th) + ab(~~ + ifw)] I Wrds 
-1 

The total current can now be written 

N 

w = W + w' = {1- ab)w + L Cr(t) Fr Wr(s) 
r=1 

(57) 

(58) 

(59) 

(60) 

In the case where we have a no-slip boundary condition at sea bed (21) with ab = 1 , Er(t) 
is given by (55) and the total current by (56). 

3.3. Numerical solution of the eigenvalue problem 

A numerical solution of the eigenvalue problem is found by approximating eq. ( 43) by a finite 
difference equation where we have used centered differences with constant depth discretization 
l::,s. We writes~ si = -(j- 1)l::,s where s1 = 0 and sm = -1 and we have 

(61) 

for j = 2,3, ... ,m-1 and where <Pi+t = </J(si + tl::,s) and wi = w(si)· The no-slip bed 
boundary condition gives 

(62) 
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No-slip surface be: 
Analytical Numerical solution 

solution 6:J = ft 6:J= to 6 " = 1~0 D.s = 2~0 6:1 = s~o 
c1 9.870 9.857 9.866 9.869 9.869 9.870 
1!"2 39.478 39.271 39.426 39.465 39.475 39.478 
<!"J 88.826 87.779 88.564 88.761 88.810 88.824 
q 157.914 154.617 157.084 157.706 157.862 157.905 
es 246.740 238.729 244.717 246.233 246.613 246.720 
1!"6 355.306 338.789 351.118 354.255 355.043 355.264 
e7 483.611 453.220 475.865 481.665 483.124 483.533 
es 631.655 580.216 618.467 628.337 630.824 631.522 
e9 799.438 717.776 778.360 794.126 798.107 799.225 

Free-slip surface be: 
Analytical Numerical solution 

solution 6:J = ft D.s =to 6 " = 1~0 6 " = 2~0 6 " = 5~0 
el 2.467 2.568 2.517 2.492 2.480 2.472 
<=z 22.207 23.051 22.640 22.426 22.317 22.251 
EJ 61.685 63.680 62.806 62.274 61.987 61.807 
q 120.903 123.789 122.851 121.997 121.479 121.140 
<=s 199.859 202.390 202.535 201.534 200.779 200.246 

"6 298.556 298.192 301.537 300.806 299.866 299.124 
e7 416.991 409.624 419.458 419.716 418.718 417.768 
<=s 555.165 534.854 555.823 558.143 557.303 556.174 
1!"9 713.079 671.827 710.083 715.951 715.588 714.337 

Table 1: The first nine Eigenvalues. 

The numerical representation of the surface boundary conditions is 

for a no-slip surface condition 

for l.orderfree-slip s.c.; 0(.6s) 

for 2.order free-slip s.c.; 0(.6s2 ) 

(63) 

The eigenvectors and -values of (61) are found by using an Eispack subroutine which finds 
the eigenvectors and -values of a symmetric tridiagonal matrix by the implicit Ql method 
(Wilkinson and Reinsch,1971). When the total water depth region are represented by m 
points in the vertical then the depth discretization is .6s = 1/(m- 1) and the total number 
of numerical eigenvalues are n = m- 2. The eigenvalues er are sorted such that e1 < e2 < 
... < er < ... < en and Wr are the corresponding eigenvectors. 
Davies (1985) has used another numerical approach where the eigenvalue problem is solved 
using the Galerkin method with piecewise B-spline polynominals as expansion functions. By 
this method it is possible to have finer resolution in the near bed boundary layer. 
As we shall see later the tidal current boundary layer in the Barents sea may occupy the 
entire sea depth and because of the ice covered surfaces far north in the Barents sea, there 
also exist a surface boundary layer. Therefore a fine resolution may be needed in the whole 
sea depth region, and the depth discretization is therefore kept constant. 
The eigenvalues are computed for a constant eddy viscosity (i.e.when </J(z) = 1) are shown 
in figure 2 for depth discretization .6s = 2~, 5~, 1~0 , 2 ~0 and 5~0 for the free-slip (fig.2a) 
and no-slip (fig.2b) boundary conditions respectively. For comparison the eigenvalues of the 
analytical solution is shown. The analytical solution of the eigenvalue problem for a constant 
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eddy viscosity is 

{ 
,.:_(1- cos(r1r))sin(-nrs) for a no-slip sc. 

F,. w,.( s) = ;~sin( a,. )cos( a,.s) for a free-slip s.c. (64) 

for r = 1,2, ... , with corresponding eigenvalues e,. = (r1r) 2 and e,. = (a,.) 2 = ((r- t)1r) 2 for 
the no-slip (37) and free-slip surface boundary conditions (39) respectively. The first nine 
eigenvalues are given in table 1. 
There are found no significant difference using a first or second order approximation of the 
free-slip surface boundary condition (63) and the l.order approximation therefore are used. 
The relative error i.e. the deviation of the numerical solutions from the analytical, in % is 
defined by 

le - e I ~e,. = r,ana r,nu1n • 100 % 
eT,ana 

(65) 

where the subscripts ana and num refer to the analytical and numerical solution respectively. 
From figure 3 we see that 6.e,. < 2% with 6.s = 1 ~0 for the 20 first eigenvalues for both the 
free-slip (fig.3a) and no-slip (fig.3b) boundary conditions. If a deviation of 2% is tolerable, 
the Galer kin series ( 35) may be truncated after N ,...., 15 - 20 terms for 6.s = 1 ~0 , after 
N "' 30 - 40 terms for ~s = 2~0 and after N "' 80 terms for 6.s = 5~0 . So, in order to 
choose depth discretization in the numerical solution, one must know for how many terms N 
the Galerkin series may be truncated to obtain a tolerable deviation. This will be analyzed 
in examples later. 

The nine first eigenfunctions for 6.s = 1~0 are shown in figure 4 and 5 for a free- and no-slip 
surface boundary conditions respectively. 
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4. Tidal flow 

4.1. Equations of motion in rotary form 

The tidal motion is almost periodic and therefore the time-dependency in the equation of 
motion can be removed by first expressing the velocity in rotary components {Prandle 1982, 
Soulsby 1983, Davies 1985) and then we will introduce the tidal current ellipse. 
Considering one tidal constituent, the corresponding velocity components can be written 

u(::e, y, z, t) = u0 cos(wt- 5 ... ), v(::e,y,z,t) = v0 cos(wt- 5v) (66) 

where u0 = u0 (::e,y,z),v0 = v0 (::e,y,z) represent current amplitudes and 5... 5 ... (::e,y,z), 
5v = 5v(::e, y, z) current phases. w is the frequency of the tidal constituent, and tis the time 
variable. By substitution for u and v from {66) we obtain for the complex velocity defined in 
(10) 

(67) 

where 
1 i 

R± = -( u0 cos 5u ± v0 sin 5v) + -( v0 cos 5v =f u0 sin 5 ... ) 
2 2 

(68) 

R+ eiwt represents a velocity vector with constant value which is rotating in the complex u,v 
plane in counter clockwise or cyclonic direction in time with a frequency w. In a similar way 
R_ e-iwt is a velocity vector rotating in clockwise or anticyclonic direction when viewed from 
above. By adding these two rotary motions via ( 67) the total current vector will describe the 
ellipse shown in figure 6. 
The major semi axis (A) of the ellipse corresponds to the maximum current velocity which 
occur when R+eiwt and R_e-iwt has the same direction i.e. 

(69a) 

The minor semi axis (B) corresponds to the minimum velocity which occurs when R+eiwt and 
R_ ciwt has opposite directions. Hence the minor semi-axis is 

The angle between the direction of the major axis and the ::e-axis is given by 

1 
a= -(gl + gz) 

2 

(69b) 

(69c) 

where g1 = arctan(~';t;!]) and g2 = arctan(~n;t;=J) and Im(R±) is the imaginary part of 
R± and Re(R±) the real part. When referring to the azimuth orientation of the tidal current 
ellipse, it is meant the angle between the major semi-axis and North {O.degree = North and 
90.degrees =East). 
The direction of rotation is determined by 

cyclonic rotation: IR+l > JR_J I.e. B > 0 

anticyclonic rotation: IR+l < JR_J I.e. B < 0 {69d) 

no rotation: IR+l = JR_J i.e. B = 0 
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-- a} b) c) 

Figure 6: The tidal current ellipse (Prandle, 1982) (a) cyclonic rotation (b) anticyclonic 
rotation (c) the total current. 

The eccentricity c is here defmed as the ratio of the minor and major semi axis i.e. 

B 
€ =-

A 
{69e) 

and where c > 0 indicates cyclonic rotation and c < 0 indicates anticyclonic rotation. In the 
case of rectilinear motion c = 0 which means that !AI ~ IBI. For circular motion c = 1, -1 
where !AI "' IBI. 
When the total velocity is expressed in rotary components, the equation of motion (11) can 
also be split into rotary components leading to an equation for each component R+ and R_. 
When assuming that the eddy viscosity is constant in time and substituting (67) in {11) we 
obtain 

1 a aR+ - 2 
i(f + w)R+ = h2 as (v---a;-)- g(S+ + S+) + VH \JH R+ (70a) 

. 1 a aR_ - 2 
t(f - w )R_ = h2 as (vas) - g( s- + s-) + VH \l H R_ (70b) 

where we for the considered tidal constituent can write the surface elevation in the form 

7J(x,y,s,t) = 7Jocos(wt- 811 ) (71) 

and S defined in (12) can be written 

(72) 

and s± are given by 

{73) 
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where [ ]x is :"' and [ ]y is :Y. And similarly for the tidal potential fJ. 

The inviscid (v = vH = 0) solution of (70) is 

R g S±,invi.cid 
±,invi.cid = - i(f ± W) (74) 

where the free stream value R±,inviscid is independent of depth, but varies with the Coriolis 
parameter. Since the Coriolis parameter changes magnitude with geographical latitude, <P i.e. 
f( <P) = 20 sin 1r, R±,inviscid is a function of </J. When f -+ w i.e. near the critical latitude, 
R±,inviscid goes to infinity. 

As for the total current ( w) we may also split the deviation current ( w') in rotary components 

w' = R~ eiwt + R'_ e -iwt (75) 

And from (14) we obtain the rotary form of the deviation current equations 

(76a) 

(76b) 

This is possible only if the shear stresses are linear, i.e. can be written 

(77) 

and 

(78) 

In analogy with the tidal current , the periodic shear stresses may be described by a shear 
stress ellipse, defined in (69) where R± is replaced by T±. The complex shear stresses at sea 
surface and sea bed T0 and Th can then be written in rotary components such as 

T Tl T o iwt +To -iwt 
o = •=O = + e _ e , 

With a linear friction law(16) and (23) for sea bed and sea bed respectively we have 

where k and ki is given by (18) and (25) respectively, and where 

0 

R±(l:, y, t) = j R± ds 
-1 

are the rotary components of the depth mean current. 

(79) 

(80) 

(81) 

The boundary conditions for the deviation current described in section 3 can easily be trans
formed and applied for the rotary components. The slip condition at the sea bed (21) gives 

(82) 
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and at the surface bonndary condition for the ice-covered ocean (27) we have 

(83) 

The ice velocity Wice are generally not periodic and can then not be divided in rotary compo
nents such as wice = R~eeiwt + Ri_:_ee-iwt. We have no such problems when the ice is at rest. 
For the free ocean surface we have the surface condition (39) which is transformed to 

8R±Io = 8R±Io = o 
8s 8s 

(84) 

4.2. Analytical solution 

The equation (70) describing the tidal motion has an analytical solution for a no-slip bottom 
bonndary condition with a constant eddy viscosity when neglecting the lateral friction and 
the influence of the tidal potential. 
For a constant eddy viscosity v = v0 , (70) can be written 

Vo 8 2 R+ . 
h2 8sz - t(f + w )R+ + E+ = 0 (85a) 

V 0 82R_ "( ) h2 --a;;:- - t f- w R_ + E_ = 0 (85b) 

where 

(86) 

For a free-slip surface bonndary condition (84) and a no-slip bed bonndary condition (82) 
with ab = 1 (i.e. R± 1- 1 = 0) the analytical solution is (Fang and Ichiye, 1980 and N~st, 1988) 

R+(s) = iE+ (cosh(k+s) _ 1), 
f + w cosh(k+) 

{ 

iE_ ( cosh(L•) _ 1) for f > w 
f-w cosh(k-) ' 

R (s) = - iE- (cos(L•)- 1) for f < w 
- w-f cos(k-) ' 

_h;~-(s2 -1) for f = w. 

(87) 

(88) 

For a no-slip surface bonndary condition (83) with a. = 1 and with R~e = 0 and a no-slip 
bed bonndary condition (82) with ab = 1 the analytical solution is 

{ 

iE- (cosh(L)-1 "nh(k ) + h(k ) 1) f-w sinh(L) Sl _s COS _s -

iE- cos(L)-1 · R_(s) = - w-f( sin(L) sm(k_s) + cos(k_s) -1) 

- h, E- ( sz + s) 
2v0 
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for f > w, 

for f < w, 

for f = w. 

(89) 

(90) 
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Figure 7: The boundary layer thickness of the anticyclonic component (fl_) as a function of 
latitude ( ¢, 0 N), 110 =100 cm2 js 

4.3. Turbulent boundary layer thickness 

In analogy with Ekman's theory (referanse) for wind driven currents, two boundary layer 
thickness can be defined for constant eddy viscosity 110 (Davies,1985) 

[2;;:-
.!l_ = 7rv~ (91) 

Souls by (1983) also defines two boundary layer thickness which are proportional to 1/(w +f) 
and 1/ ( w - f) for the cyclonic and anticyclonic components respectively. 
The cyclonic component is much thinner than that for the anticyclonic component ( fl_ > .!l+) 
when f > 0 i.e. at the northern hemisphere, and .!l+ is contained within fl_. All the other 
features of the velocity structure will also have smaller vertical extent for the cyclonic than 
for the anticyclonic component (Soulsby, 1983), and this effect will be even more pronounced 
when f approaches w. fl_ as a function of the latitude¢ is shown in figure 7. In the case where 
the ocean is ice-covered there will exist a boundary layer of the cyclonic and the anticyclonic 
components at the sea surface as well as at the sea bed. 
The boundary layer thickness .!l_ goes to infinity when the frequency of inertia ( Coriolis 
frequency, f = 2n sin¢) approaches the frequency of the tidal constituent (w). So, in tidal 
flow the viscous effects will to be a dominating factor at latitudes where the tidal frequency 
equals the Coriolis frequency (w = f = 2n sin¢crit., 'critical' latitude). The critical latitudes 
for the tidal constituents M 2 , 52 ,N2 and K 1 at the northern hemisphere are 

¢M, = 75°2.8'N 

¢N, = 71°26.4'N 

¢s, = 89°55.8' N 

¢Kl = 30°5.4' N 

as shown by the plots in figure 7. The Barents sea includes the critical latitudes for semi
diurnal tides. 
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The same situation arises in the southern hemisphere, where f is negative. Here the boundary 
layer of the cyclonic component (.6.+) becomes larger for latitudes where If I ~ w. 

4.4. Numerical solution 

The entire computational procedure for extracting current profiles from two-dimensional 
depth integrated models is described in section 3.1. In this section this computation pro
cedure will be applied to solve the set of equations (70) for tidal flow. In the following the 
solution of the depth integrated equations i.e. the surface gradient S± and the depth mean 
current R±, will not be discussed in detail, but will be further specified in the applications in 
section 5. 
In section 4.4.1. we will concentrate on finding the solution of (76) i.e. R±, and then present 
the rotary components of the total current ( R± = R± + R±) as the solution of ( 70). Further
more we will discuss the consistency of the entire computation procedure in section 4.4.2. 

4.4.1. Solution using the Galerkin method 

In order to find the solution of (76) by using the Galerkin method as described in section 3.2 
the trial functions WN is expressed in rotary components. (35) and (75) gives 

N N 

w' = ( Wo+ + L Cr+ Wr) eiwt + ( Wo- + L Cr- Wr) e -iwt 

r=l 

where Cr± and Wo± are constants independent of time defined respectively 

C - c eiwt + c e-iwt 
r - r+ r- ' 

w - w eiwt + w e-iwt o- o+ o-

(92) 

(93) 

(94) 

With orthogonal trial functions defined by the eigenvalue-problem ( 43) the coefficients Cr are 
given by equation ( 4 7). For periodic functions we have ~ = i w( Cr+eiwt - Cr- e-iwt) and eq 
( 4 7) leads to 

_ Er,± Fr 

Cr± - "(J ± ) < 
t W + ll0 h>" 

(95) 

provided that Er ( t) defined in ( 48) can be expressed in rotary components i.e. Er ( t) 
Er,+ eiwt + Er,- e-iwt. Fr is given in (49). 
By (75) and (92) the rotary components of the deviation current, R± are then given by 

(96) 

and the rotary components of the total current are then 

(97) 

In the case where we have an ice covered sea surface at rest (section 3.2.1.) as in (52) we have 

(98) 
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and by (53) that 

0 0 

Er,± =- p~ (T±- T~) J Wrds + i(f ± w)R±) J[(a,- ab)s + a,]wrds + 
-1 -1 

(99) 

And in the case where we have a free ocean surface (section 3.2.2.) as in (58) we have 

(100) 

and (59) gives for Er,± 

0 

Er,± = [- p~ (T± - T~) + abi(f ± w )R±J J Wrds (101) 
-1 

Specially for a no-slip condition at sea bed and surface i.e. a, = ab = 1, or a free ocean 
surface (58) and a no slip bed condition i.e. ab = 1 we have 

(102) 

and 
0 

Er,± = [- p1h (T±- T~) + i(f ± w)R±J J Wrds (103) 
-1 

And the rotary components of the total current may be written 

0 

N _..!..(To_ Th) + i(f ± w)R J Wrds 
R - "" ph ± ± ± -1 ( ) 

± - L..J "(f ) e 0 Wr S 
_ 1 'Z ± W + V 0 h> J ?d 

r- w; s 
(104) 

-1 

By (57) Er,± in (103) may be determined by the surface gradient when neglecting the direct 
influence of the tide generating potential and the lateral friction. When applying (73) we 
obtain 

0 

Er,± = -g s± J Wrds 
-1 

And the rotary components of the total current may be written 

0 

N fwrds 
R _ "" g s± -1 ( ) 

± - L..J "(f ± ) e 0 Wr S 
r=1 z W + Voh> J w;ds 

-1 

Which is how Davies (1985) has expressed the rotary components. 
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4.4.2. Consistency of the method 

The computation procedure for extracting current profiles from two-dimensional depth inte
grated models used for finding a solution of (70), is based on the two sets of equations for the 
depth mean current (13) and for the deviation current (14). These two sets of equations are 
coupled together through the boundary conditions (5) i.e. the sea surface and sea bed shear 
stresses and the definition of the depth-averaged current (3). 

Firstly, when using this method for extracting current profiles from two dimensional depth 
integrated models, it is important to test that the shear stresses from the depth integrated 
model are equal to the shear stresses derived from the current profile calculations. The shear 
stresses from the depth integrated model is given by the friction law (16) and (23) for the sea 
bed and surface respectively, and the shear stresses derived from the current profile calcula
tions is given by (5). The bed shear stresses depends upon the value of the eddy viscosity and 
the velocity gra_dient at sea bed which may be changed by applying different viscosity profiles 
(fig.1) and -different degrees of a slip bed condition given by the value of the parameter ab 

introduced in (21). The bed shear stresses computed from the current profile calculations 
is made to fit the stresses from the depth integrated model by a suitable choice of the eddy 
viscosity profile and the slip condition with (107) as a constraint. The same procedure must 
be applied to test the consistency for the shear stress at the sea surface. 

The second requirement for consistency of the method is that relation (9) derived from eq. 
( 3), is maintained. One way of fulfilling this requirement may be to use the magnitude of 
the eddy viscosity (vo) as a tuning parameter such that the computed current profile has the 
same depth mean value as the mean current from the depth integrated model. In this work 
this is done in the numerical procedure by demanding that the square root of the current 
amplitudes from the depth integrated model is equal to the depth mean of the computed 
current amplitudes i.e. 

(107) 

where j is a counter in the vertical. 

Davies who first introduced the method of extracting current profiles from depth integrated 
models, formulated it first for wind driven currents (Davies 1986 and 1987). A special version 
of this for tidal motion is presented in Davies (1990). Here Davies focus on comparing the 
results with a fully three dimensional tidal model, and concludes with an acceptable accuracy. 
Davies says that the bed stresses is not guaranteed to match that in the integrated model 
unlike in his enhanced bed stress method (Davies 1987, 1988), but can be made to match it in 
an iterative manner by a suitable choice of the eddy viscosity profile. Davies (1990) does not 
inquire whether the depth mean current from the integrated model equals the depth mean 
current from the profile calculations, and he gives the value of l/0 which is related to the :flow 
field, by 

p 

l/0 = ~ J JL(t)dt, (108) 

0 
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(where P is the tidal period) representing a tidally averaged eddy viscosity. 

Zitman {1990) has also used Davies method as a starting point to formulate a method to 
analyze the vertical structure of the horizontal current velocity components. He ends up with 
an overcomplete set of equations ( m + 4 equations and m + 2 unknowns) and leaves out the 
two equations of 'highest-frequency' (i.e. the Galer kin equations m + 3 and m + 4), and claims 
that this allows for an exact representation of the depth-averaged current velocity and the 
applied wind surface stress, whereas the Galerkin optimization only is partly realized. Zitman 
in his progress report {1990) presents no results on the testing of the consistency of his method. 

4.5. Current profile calculations 

In order to examine the influence of the eddy viscosity (constant), water depth and geograph
ical latitude upon tidal current profiles, we will study the case where the inviscid solution 
defined in (-74) is determined such that we have rectilinear flow in the :z:-direction with am
plitude 1.0 mjs ( => R± = 0.5). In all the examples considered below we then will have 

lim R±(z) = R±,invi•cid = 0.5 
l.lo--+0 

when computing the current profiles by the numerical solution (106). This gives 

where 

0 

Er,± = E± J Wrds 
-1 

E± = -gS±,invi8 cid = i(f ± W )R±,invi•cid = i(f ± W )0.5 

The results from this analysis is given in section 4.5.1. 

{109) 

(110) 

(111) 

In the various current profile calculations the consistency requirements described in section 
4.4.2 are not considered, it is the relation {109) which connects the current profiles together. 
A complete application of the method where the consistency of the method is discussed and 
various eddy viscosity profiles applied, is done in section 5. 
In the examples given below we have applied a no-slip bed boundary condition and a constant 
eddy viscosity, and for these cases there exists an analytical solution (87)-(90) to which the 
numerical solution (106) can be compared. This is done in section 4.5.2. 

4.5.1. Parameter dependence 

The figures 8-17 shows the vertical distribution of the normalized major semi axis A (normal
ized by the free stream value) of the tidal current ellipse computed from the rotary components 
by (69a), the eccentricity e defined in {69e) and the :z:-component of the stress amplitude di
vided by the density ( Tzo/ p) for three different values of the constant eddy viscosity. 
The current profiles are computed for f = 1.2 ·10-4s- 1 which corresponds to a position in the 
North Sea at 55.6 degree North, a position which Davies (1985) has used in his test examples. 
The other position where the current profiles will be computed is at 74.3 degrees North where 
f = 1.4 ·10-4s- 1 and which is close to the 'critical' latitude for the M 2 constituent and where 
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we expect large viscous effects for the semi-diurnal tides. 

Figure 8 shows the M 2 current ellipse components at 55.6°N in water depth of 100 meters 
and where a free-slip surface boundary condition is applied. For relatively small values of the 
constant eddy viscosity (v0 = 10 cm2 js) the normalized major semi axis A increases rapidly 
in the near bed region, exceeds the free stream value and falls back to its free stream value at 
about 40 meters above sea bed i.e. below sea surface. The eccentricity and the stress com
ponent are nonzero only in the near bed region. It is evident from figure 8 that the bottom 
boundary layer is less than the water depth and occupy a region near the sea bed. This is 
confirmed by realizing that in this particular case the boundary thickness .6._ defined in (91) 
is 31 meter. For larger values of v0 = 1000 and 100 cm2 js we have a uniform increase of A 
with distance above sea bed. A exceeds the free stream value at about mid-depth and are 
slightly larger than the free stream value at sea surface for V 0 = 100 cm2 / s. The eccentricity is 
negative in the same depth region. For V 0 = 1000 cm2 js the free stream value is not attained 
before sea surface is reached. The eccentricity decreases with distance above sea bed and 
does not either reach the free stream value at sea surface, and are positive at all depths. The 
boundary layer thickness .6._ is 98 meters ("' water depth) for V 0 = 100 and 310 meters (~ 
water depth) for v0 = 1000 cm2 js. 

Figure 9 the depth variation of the the K 1 current ellipse parameters. There are no significant 
difference in the depth variation compared to the results in figure 8. The bottom boundary 
layer may be slightly smaller i.e. the major semi-axis increases more rapidly with distance 
from sea bed and the region near sea bed where e and Txo are nonzero is smaller than for the 
M 2 tide. The boundary layer thickness .6._ = 20, 65 and 205 meters for v 0 = 10, 100 and 1000 
cm2 js respectively i.e. larger than the water depth only for the highest value of the constant 
eddy viscosity. 

Figure 10 and 11 for the M 2 and K 1 constituents respectively show profiles of ellipse param
eters at 74.3°N i.e. close to the M 2-criticallatitude but further away from the K 1-critical 
latitude. 
The K 1 profiles are practically similar at 55.6°N (fig.9) and at 74.3°N (fig.ll). And the 
boundary layer thickness .6._ are slightly smaller at 74.3°N (fig.7) than at 55.6°N this is 
because we are further away from the K 1-criticallatitude. 
The changes for the M 2 profiles are more dramatic. For v0 =100 cm2 /s and 1000 cm2 js the 
vertical variations of A seems similar, but the surface value at 74.3°N (fig.10a) is about half 
of what it is at 55.6°N (fig.8a) i.e. about half the free stream value. The eccentricity is very 
different, at 74.3°N (fig.10b) e is almost constant equal to one for v0 =1000 cm2 /s while at 
55.6°N (fig.8b) e starts at 0.5 at sea bed and decreases with distance above sea bed. The 
motion at 74.3°N is practically circular at all depth while at 55.6°N it becomes more and 
more rectilinear with distance above sea bed. At both latitudes the direction of rotation is 
cyclonic ( e > 0). For v 0 =100 cm2 js e decreases uniformly with distance above sea bed at 
both latitudes; at 74.3°N e starts at about 1. at sea bed and are > 0.5 in all depths while 
at 55.6°N e starts at 0.5 and becomes negative at sea surface i.e. the direction of rotation 
changes at 55.6 °N but are cyclonic in all depths at 74.3°N. For v0 =10 cm2 js A does not 
exceed the free stream value before about 25 meters below sea surface at 74.3°N and e is 
negative where A is larger than the one. The boundary layer thickness is larger than the sea 
depth. The boundary layer thickness .6._ is 1950, 617 and 195 meters for V 0 = 1000, 100 and 
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10 cm2 / s respectively i.e. ~ water depth. 
In figure 12 the M 2-profiles at 55.6°N (from fig.8) and at 74.3°N (from fig.10) are plotted 
for comparison. Figure 13 shows the same for the K 1-profiles. As said earlier the K 1-tidal 
current profile does not change much during the latitude change from the North Sea to the 
Barents sea, while the M 2-tidal current profile is a lot more affected by the change in latitude. 
The main effect is that the motion tends to be more circular and that the current value varies 
more in the same eddy viscosity range. 

As far north as 74.3 degrees the ice cover may influence the current profile near the sea surface. 
In order to model the effect a solid ice cover has upon the current profiles, the no-slip surface 
boundary condition is applied. The figures 14 and 15 show the profiles of the M 2 and K1 

tidal ellipse parameters. We now have two boundary layers, one at sea surface and one at 
sea bed. As seen in figure 14 and 15 these two boundary layers seems similar and has the 
same character as the bed boundary layer in the free surface case i.e. the vertical variation 
with distance from the boundary are similar. The stress amplitude has the same boundary 
value at the two boundaries and are zero at mid-depth. The profiles are symmetric around 
mid-depth for a constant eddy viscosity. 
In a more realistic situation one would assume that the ice-water friction interaction are dif
ferent from the friction between the sea bed and the water. And that the eddy viscosity are 
different in these two boundaries which results in two different boundary layers. A further 
investigation of the effect of an ice-covered ocean upon the tidal currents will be done later 
when a depth varying eddy viscosity is considered (section 5.2). 

Davies (1985) discusses the influence of sea depth variation upon the vertical variations of the 
tidal current at 55.6°N, and concludes that there exists two physically different situations, 
one where the near bed stress layer are less than the water depth and the tidal current profile 
is characterized by a profile within this stress layer which is determined by the variation 
of viscosity. Above this stress layer the tidal current is essentially constant and attain the 
free stream value. The second situation where the stress layer exceeds the water depth, the 
tidal current profile in the entire water column is influenced by water depth and the viscosity 
distribution. 
In order to investigate the same problem at 74.3°N, near the critical latitude for the M 2 

constituent, we also have computed tidal current profiles in sea depth of 300 meters (fig.16), 
and in sea depth of 30 meters (fig.17) for a free-slip surface boundary condition. For both 
depths the boundary layer thickness ( ~-) is larger than the water depth 
For water depth of 30 m the current (A) never attain the free stream value and are less than 
the half of the free stream value for all the three eddy viscosity values. The motion is about 
circular for V0 =1000 and 100 cm2 /s (e "' 1) and for v0 =10 cm2 /s the motion is closer to be 
circular than rectilinear (0.5 < E < 1). 
The vertical distribution of A and E are similar for h = 30; V 0 = 0.001 and h = 300, V 0 = 0.1. 
In these two examples the factor v0 jh2 in front of E,. in (96) are identical. The Txo/ p-profile 
are however different in these two situations. 
The K 1 profiles are also calculated in the water depth of 30m and 300m in figures 18 and 19 
respectively. Here we still have the two physically different situation which Davies describes 
(1985) because for the K 1-tide we still are far from the critical latitude in the Barents sea 
(74.3°N). 

30 



Latitude Depth Tidal Eddy viscosity: V 0 Fig. 
(oN) (m) canst. 1000 ( em• /s) 100 (em• /s) 10 (em• /s) nr. 

N 6.s N 6.s N 6.s 

M2 10 1 10 1 35 1 8 100 iOO 200 
55.6 100 

K1 10 1 10 1 30 1 9 iOO 100 200 

M2 10 1 10 1 10 1 16 iOO iOO 100 
30 

K1 10 1 10 1 20 1 18 100 100 20o 

M2 10 1 10 1 30 1 10 100 iOO 200 
74.3 100 

K1 10 1 10 1 35 1 11 100 iOO 200 

-

M2 30 1 30 1 90 1 17 200 200 500 
300 

K1 10 1 35 1 80 1 19 100 200 500 

Table 2: N- is the number of terms in the Galerkin expansion and f:::.s- is the grid resolution 
required for keeping the error of theN first eigenvalues less than 2 %. 

4.5.2. Accuracy of the numerical solution 

By comparing the analytical solution (87)-(90) and the corresponding Galerkin solution (106) 
where Fr, Wr and er are determined from the analytical solution (64) of the eigenvalue prob
lem, the number of terms N needed to obtain an acceptable accuracy of 2% as defined in 
section 3.3., may by found. For the tidal profile test examples presented in the previous 
section (4.5.1) N is given in table 2. 
When Fr, Wr and er in the Galerkin solution are determined from the numerical solution (61) 
of the eigenvalue problem, N determines the depth resolution f:::.s for a specified relative error 
f:::..e defined in (65) and shown in figure 3. The f:::.s that is needed for the numerical eigenvalues 
to be within 2% of the analytical eigenvalues are also given in table 2 for the tidal profile test 
examples. There are no significant changes in N when a no- or free-slip surface boundary 
condition is applied, therefore only the profile examples with a free-slip surface boundary 
condition are presented in table 2. 
N (and then f:::.s) is found to be dependent mainly upon the water depth and the value of 
the eddy viscosity. The tidal current profiles characterized by a high shear region near the 
boundaries i.e. situations where we have deep water and where we have small values of the 
eddy viscosity, need more terms N in the Galerkin solution. And from this it follows that 
in these cases a high grid resolution in the vertical direction in the numerical calculation is 
required. 
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Figure 8: Profiles for M 2 -tidal ellipse parameters at 55.6"N in water depth of 100 m for 
different values of constant eddy viscosity V 0 =1000 cm2 js (. ... .), 100 cm2 js (- - -) and 10 
cm2 js (-),for a free-slip surface boundary condition. (a) A, normalized major semi-axis, 
(b) e = B/A, eccentricity, (c) Tzo/ p (cm2 js2 ), shear stress amplitude in x-direction. 
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Figure 9: As figure 8, but for K 1-tidal ellipse parameters. 
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Figure 10: Profiles for M 2 -tidal ellipse parameters at 74.3°N in water depth of 100 m for 
different values of constant eddy viscosity V 0 =1000 cm2 /s ( ..... ), 100 cm2 /s (- - -) and 10 
cm2 /s (-),for a free-slip surface boundary condition. (a) A, normalized major semi-axis, 
(b) c = B /A, eccentricity, (c) Txo/ p (cm2 js2 ), shear stress amplitude in x-direction. 
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Figure 11: As figure 10, but for K 1 -tidal ellipse parameters. 
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Figure 12: Comparing M 2 profiles at 55.6°N from figure 8 (- - -) and at 74.SON from figure 
10 (-). a), b) and c) shows the normalized semi-major axis A and d), e) and f) shows the 
eccentricities e for v0 = 10, 100 and 1000 cm2 /s respectively. 
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Figure 13: Comparing K 1 profiles at 55.6°N from figure 9 (- - -) and at 74.JON from figure 
11 (-). a), b) and c) shows the normalized semi-major axis A and d), e) and f) shows the 
eccentricities e: for V 0 = 10, 100 and 1000 cm2 js respectively. 
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Figure 14: Profiles for M 2-tidal ellipse parameters at 74.3"N in water deptb of 100 m for 
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cm2 Js (-),for a no-slip surface boundary condition. (a) A, normalized major semi-axis, (b) 
e = B /A, eccentricity, (c) Tzo/ p ( cm2 js2 ), sbear stress amplitude in x-direction. 
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Figure 15: As figure 14, but for Krtidal ellipse parameters. 
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FigUie 16: As figure 10, but in water depth of 300m. 
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FigUie 17: As figure 10, but in water depth of 30m. 
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Figure 18: As figure 11, but in water depth of 300m. 
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5. Tidal current profiles in the Barents sea 

The tides in the Barents sea area are strongly influenced by the following; the area includes 
the critical latitude for the largest semi-diurnal constituents, the steep shelf slope at the 
west of the Bear Island has a profound effect on the dynamics, and the shallow water depth 
particularly in the Svalbard bank area introduce strong frictional effects. The tidal current 
velocity in this region between Svalbard and the Bear Island is to 1 m/ s for the M 2 constituent 
(Gjevik et al. 1990), and this region ice-covered large parts of the year. 
Of existing current observations in the Barents sea we have chosen a set of measurements 
under ice (52, 53, 54 and 55) and a set of measurements obtained under a free ocean surface 
(N, A, B9 and B1). The geographical location for these stations are given in figure 20 and 
they are all located near the critical latitude for the M 2-tide i.e. near 75°2.8'N. These current 
measurements exists in up to six different depths which the computed current profiles may 
be compared with. So in this section we will compute the tidal current profiles with different 
vertical distributions of the eddy viscosity. 
Gjevik et al.(1990) presents results from model simulation of the tidal constituents M 2 ,S2 ,N2 

and K 1 in the Barents sea. These results are obtained with a depth integrated two-dimensional 
model and the harmonic constants for the depth mean current and for the sea elevation for 
the M 2 and the K 1 tides are given in the tables 3 and 4 for the chosen observations stations. 
The observed water depth and the model water depth at the different stations are also given 
in the tables 3 and 4 and are slightly different due to grid resolution effects. The current 
amplitudes presented in the tables are the 'corrected' currents data obtained by 

model water depth 
corrected model current = model current X b d d h 

o serve water ept 
(112) 

This correction may be an important effect for stations in shallow water but the correction 
normally does not have any significant effect in deep water. 
To achieve a reasonable good agreement between the observed and the computed current 
profiles, the results from the depth integrated model i.e. the depth mean current, must 
be in reasonable good agreement with the depth mean of the observed current. This is 
the case for results from the depth integrated tidal model of Gjevik et al. (1990) at these 
observation stations, and in the presentation of the results the depth mean values from the 
depth integrated model are presented by a straight line in the figures 21-32. 
The tidal current profiles of the current ellipse parameters presented in the figures 21-32a-d 
are computed from the rotary components of the total current (R± = R± + R±)- The ellipse 
parameters are obtained from the relations (69). The rotary components of the deviation 
current are computed from (96) with boundary conditions. The depth mean rotary compo
nents R± are computed from a similar relation as (68) but from the depth mean harmonic 
constants (u0 ,0:;r,V0 and 8:v) which are given in the tables 3 and 4 for the different observation 
stations. 
The figures 21-32e andfshows the modulus ofthe shear stress rotary components (IT+I, IT-I) 
in (78) divided by the density. These will be discussed in view of the consistency requirements 
of the method. A complete representation of the shear stresses would require the arguments 
also to be shown. 
In the computation method used here the eddy viscosity is taken to be of the form (29). The 
prescribed vertical variation of the eddy viscosity ( ¢>( s)) determine the expansion functions 
(wr) and the eigenvalues (er) in the eigenvalue problem (43). The numerical solution of the 
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Depth (m) Tidal Model Harmonic constants 
station position obs. mod. canst ii0 (cm/s) oii(deg.) v 0 (cm/s) o'ri_deg.) 

N 72°00.0'N 328 308 M2 12.2 61.0 6.1 243.1 
31°00.0'E K1 2.0 212.4 0.9 15.5 

A 73°50.0'N 300 312 M2 13.2 40.6 6.8 312.1 
20°00.0'E K1 4.5 228.7 2.0 80.0 

B9 75°00.2'N 193 200 M2 9.6 56.6 5.2 310.7 
34°57.4'E K1 1.0 95.0 1.5 198.0 

B1 74°58.8'N 44 70 M2 53.9 48.0 45.0 313.8 
20°03.8'E K1 17.8 128.6 19.3 37.6 

Table 3: Model data from the depth integrated model for the stations which have current 
measurements under a free ocean surface. 

Depth (m) Tidal Model Harmonic constants 
station position obs. mod. canst iio(cmfs) oii(deg.) vo(cmfs) o'ri_deg.) 

S2 75°34.0'N 87 96 M2 26.5 49.3 17.0 319.4 
23°26.4'E K1 6.5 143.7 6.5 70.0 

S3 75°20.0'N 157 155 M2 16.2 51.8 7.0 330.2 
24°59.4'E K1 3.2 160.3 1.3 68.5 

S4 75°02.0'N 281 290 Mz 10.1 57.8 2.2 10.9 
27°06.9'E K1 1.8 194.2 0.6 253.2 

S5 74°51.2'N 366 368 M2 8.4 61.0 1.4 35.8 
28°43.3'E K1 1.5 211.3 0.8 257.3 

Table 4: Model data from the depth integrated model for the stations which have current 
measurements under an ice covered ocean surface. 

eigenvalue problem ( 43) is described in section 3.3. The different eddy viscosity profiles ( <P( s)) 
used in the following calculations are shown in figure 1, and the value of !10 is determined 
such that (107) is fulfilled. The tidal current profile examples presented here do not include 
a time varying eddy viscosity, which would be an important mechanism in generating higher 
harmonics in shallow tidal seas (Davies, 1990b ). 
In the section 5.1 we will discuss some examples where we have computed the tidal current 
profiles for the M 2 and K 1 constituents at positions where we have observations under a 
free ocean surface. The current profile obtained under an ice covered ocean surface will be 
presented in section 5.2. 

5.1. Tidal current profiles under a free ocean surface 

Figure 21 shows the computed current profiles for the M 2 tide at station N (Nordkappbanken) 
for various eddy viscosity profiles. The boundary conditions used are a free slip sea surface by 
eq. (84) and a no-slip at sea bed by eq. (82) with ab = 1. The input mean current harmonic 
constants are given in table 3 and the corresponding ellipse parameters are presented by a 
straight line in the figures. The X indicate observed data. For the constant eddy viscosity 
profile (fig.1a) we have <jJ(s) =<Po= 1 and by (107) V0 is 93 cm2 /s. In the linear eddy viscosity 
profile (fig1c) <Po = 0.001 and </J1 = 1. In this case V 0 was found to be 6220 cm2 js in order to 
maintain the depth mean current set by the requirement (107). The current profiles computed 
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Figure 20: The location of the stations where we have current observation data. N, A, B9 
and Bl have current observations under a free ocean surface. 52, 53, 54 and 55 have current 
observations under an ice covered ocean surface. 
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with a bottom layer eddy viscosity profile (fig1 b) we have chosen <l>o = 0.001 and <l>o = 1 and 
the thickness of the friction layer is d0 • h = 0.1 ·328m. The friction layer being about a tenth 
of the total water depth which is chosen to be in accordance with what Bowden et al. (1959) 
suggested for a water depth of about 30 min the Irish sea. Here V0 is 760 cm2 / s. The linear 
eddy viscosity profile (fig.1c) may be considered as a special case of this bottom layer eddy 
viscosity profile with d0 = 1.0 equal the total water depth. 

In all these three profile examples at Nordkappbanken the M 2 tidal current ellipse changes 
direction of rotation when approaching the near bed region. This is also the case for the 
observed current ellipse. A similar change of direction of rotation of the current ellipse 
is obtained by Davies (1986) in a model covering the North Sea and are confirmed with 
observations at three different stations. 
Even though the computed major and minor semi axis and the azimuth orientation of the 
current ellipse (fig.21 a, b and c) do not fit to the observed ones, the eccentricity i.e. the ratio 
minor to major- semi axis (fig.21d), agree very well with the observations. We also note that 
the eccentricity is not sensitive to variations of eddy viscosity profiles. 

Figure 22 shows the K 1 current ellipse profiles at the same station, Nordkappbanken, com
puted with the constant and linear eddy viscosity profiles. As a consequence of the constraint 
(107) the magnitude of V 0 is 12 and 1450 m 2 /s for the constant and linear eddy viscosity 
profiles respectively. The current profiles differ only in the near bed region i.e. inside the 
bottom boundary layer, and above this region the profiles are equal and constant with depth. 
The current profiles are sensitive to the different eddy viscosity models inside the boundary 
layer and outside the current are independent of depth equal to the depth mean current from 
the depth integrated model. Again we see that the eccentricity (fig.22d) are about constant 
and match the observed one very well, even though the major and minor semi axis (fig.22a,b) 
do not. As distinct from the M2 current ellipses, the K1 ellipses do not change direction of 
rotation when approaching the near bed region, even for the computed nor for the observed 
current ellipses. 
Comparing the profiles for the M 2 and the K 1 constituents it is clearly seen that the M 2 

current ellipses depend more strongly on the changes of the eddy profiles. In other words, 
we see that the vertical distribution of the M 2 current ellipse parameters are more sensitive 
to variations in the eddy profile than the K 1 ellipse parameters. Nordkappbanken is located 
in the Barents sea where we are close to the M2 critical latitude and far from the K1 critical 
latitude. In view of the results of the parameters dependency study in section 6.5.1. this may 
explain why the current profiles are more sensitive to viscous effects and varies more with 
depth. Similar results are obtained by Foldvik et al. (1990) who have investigated the tides of 
the southern Weddel Sea, which includes the M2 critical latitude in the southern hemisphere 
and the M2 velocity profile becomes strongly depth dependent at this latitude. 
The boundary layer thickness~-' defined in (91) are 260m and 20m for the M2 and the K1 

current profiles respectively computed with a constant eddy viscosity (v = v0 ). ~- are less 
than the total water depth for both constituents, but for the K 1 tide ~- is a thin layer near 
the bottom and for the M2 tide ~- occupy t of the water depth. 

At Nordkappbanken (station N) the water depth are 328m. We shall now compute current 
profiles at other stations with shallower water and and which are located even closer to the 
M2 critical latitude and see if we can call attention to the same properties of the current 
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ellipses as pointed out at Nordkappbanken. 

At station A with a water depth of 300 m and located closer to the M2 critical latitude, 
the M2 and K 1 current profiles are shown in figure 23 and 24 respectively. The current pro
files are computed with the same eddy viscosity profiles as used in the profiles calculation at 
Nordkappbanken. For the constant eddy viscosity v0 is 414 cm2 js and 13 cm2 js for the M 2 

and K 1 constituents respectively, which gives the boundary layer thickness, .D._ to be equal 
to 993 m and 11 m. Here we see that .D._ exceeds the water depth for M2 , while for K1 .D._ 
is only 1~0 of the total water depth. For the linear eddy viscosity profile v0 is 6680 cm2 js 
and 2600 cm2 /s for the M2 and K 1 respectively. Even though the water depth and the M2 

current velocity have approximately the same value at station A and N, the current ellipse 
parameters depends more on the choice of eddy profiles than at station N. The observed 
M 2 current ellipse changes direction of rotation at point of measurement near sea bed. The 
current ellipses computed with a constant eddy viscosity reproduce this, but not the current 
ellipses computed with a linear or a layered eddy profile. In order to match the computed 
parameters to the observed, one should apply a layered eddy profile (fig.1b) with a smaller d0 • 

As we can see, the observed current has a more complex vertical structure near the sea surface 
than the computed. Wind may have caused larger mixing in the surface layer and influenced 
the observations, while wind effects are neglected in the model where the motion is purely 
tidal driven. Density stratification effects may also have influenced the observations. 

We have also chosen to present current profiles at the stations B9 and B1, both located close 
to the M2 - critical latitude. The water depth at B9 and B1 is 44 m and 193m respectively. 
The current profiles at these two stations are computed with a constant and linear eddy 
viscosity profile. The M2 and K 1 current profiles at station B9 are shown in figure 25 and 
26 respectively. There are only three depths where there exists observation data and none 
close to the sea bed. For the constant eddy viscosity V 0 is 210 cm2 js and 18 cm2 js for the 
M 2 and K1 constituents respectively, which gives the analogous Ekman boundary layer, .D._ 
to be equal to 9500 m and 23 m. This is about the same situation at station A where .D._ 
exceeds the water depth for M 2 , while for K 1 .D._ is a thin region near the sea bed . For the 
linear eddy viscosity profile v0 is 3180 cm2 /s and 5000 cm2 js for the M2 and K 1 respectively. 
The M 2 and K 1 current profiles at station B1 are shown in figure 27 and 28 respectively. Here 
there are only two depths where we have observation data and none close to the sea bed. At 
this station we have very strong tidal current and very shallow water. For the constant eddy 
viscosity V 0 is 310 cm2 js and 170 cm2 js for the M2 and K 1 constituents respectively, which 
gives the analogous Ekman boundary layer, .D._ to be equal to 3700 m and 70 m. For the 
linear eddy viscosity profile V 0 is 4670 cm2 js and 4800 cm2 js for the M2 and K1 respectively. 
Here at B1 the .D._ exceeds the water depth for the M2 and for the K 1 constituent. And we 
observe that the M 2 and the K 1 current ellipse parameters have a similar depth distribution. 
The eccentricity is about constant in depth. 

The choice of eddy viscosity at sea surface and sea bed at the stations N, A, B9 and B1 are 
summarized in table 5. In section 2.3. the eddy viscosity values at sea bed is given in the 
range 0.02 - 2.0 cm2 js and above the friction layer to be 500 - 2000 cm2 js. This agrees 
very well with the sea bed and surface values obtained in the current profile examples with 
the layered eddy viscosity profile, and generally we conclude that the eddy viscosity values 
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Eddy viscosity profile v(z) (em~ Is) 
Station Tidal fig.1a tPo - 1 ie.v- llo fig.1b tPo- 1, tP1 - 0.001, do- 0.1 fig.1c tPo = 1, tP1 = 0.001 

const. llo tJ._ I depth v(O) v( -h) v(O) v( -h) 
N M2 93 2601328 760 0.76 6220 6.2 

K1 12.2 201328 - - 1450 1.4 
A M2 414 9901300 930 0.93 6680 6.7 

K1 13 111300 - - 2600 2.6 
B9 M2 210 95001193 - - 3180 3.2 

K1 180 231193 - - 5000 5.0 
B1 M2 310 3700144 - - 4665 4.7 

K1 170 70144 - - 4800 4.8 

Table 5: The surface (v(O)) and the bed (v( -h)) eddy viscosity value which gives the input 
depth mean current for the different computed current profiles. For the constant eddy viscosity 
profile for which the boundary layer thickness (Ll_) is defined (91), Ll_ relative to the total 
water depth is given in tbe table. 

obtained represent reasonable estimates. 

The consistency requirements for the method is described in section 4.4.2. The current profiles 
represented in section 5.1 have the same depth mean current as the depth mean current 
from the depth integrated model because the value of V 0 determined by (107). The second 
consistency requirement concerns the shear stresses where we require coinciding surface and 
bed stresses from the depth integrated model and from the current profile calculations. 
The current profile examples presented in section 5.1 are computed at stations where we have 
a free ocean surface, and the surface boundary condition is zero surface shear stress. In the 
figures 21-28e show the depth distribution of the shear stresses, we see that the surface value 
is zero i.e. coinciding surface shear stresses is fulfilled for the M2 and K1 constituents at all 
the stations N, A, B9 and Bl. 
Concerning the bed stress, a quadratic friction law (17) is used in the depth integrated model 
for the M 2 constituent. Since the system is not linear the current profiles should have been 
computed with use of the time dependent method described in section 3. A convolution 
integral (50) must then be evaluated for every time step. And to proceed one may calculate 
the current harmonic constants (or ellipse parameters) from the derived time series. In stead 
of implementing this procedure for the M 2 current profile calculation, we have used a linear 

friction law (18) with u 8 = Ju~ + v~. It is expected that this approximation have a minor 
influence on the current profile. 
The rotary components of the complex bed shear stresses from the the depth integrated model 
are indicated by an asterix at sea bed in the figures 21-28e and f. 
For the M 2 constituent at the various stations we have a fairly good agreement between the 
shear stresses from the depth integrated model and the bed stresses from the current profile 
calculation for the cyclonic components of the shear stresses (IT+I, fig.2lf, 23f, 25f, 27f). 
While the anticyclonic component (IT+I, fig.21e, 23e, 25e, 27e) gives best consistency in the 
examples where the eddy viscosity profile decreases to a smaller value near the sea bed. The 
current profiles computed with a constant viscosity gives a too large value for the bed stress. 
For the K1 tide in the depth integrated model it is used a linear friction law (18) with 
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c1 = 3.0 · 10-3 a.nd u, = 0. 75 m/s and the rotary components of the shear stresses are easily 
evaluated. The K 1 current profile calculations give too small values for the bed stresses in 
comparison with the bed stresses from the depth integrated model for both the cyclonic and 
anticyclonic rotary stress components at all the stations (fig.22, 24, 26, 28 e and f). The high 
value of u. used in the linear friction law may be a reason that the bed stresses from the depth 
integrated model is so high. The 'typical' velocity scale u, for the K 1 tide at the stations 
we have considered have a maximum current in the range 0.02- 0.2 mjs which would have 
given a smaller value of the bed stress from the depth integrated model. 
Applying other eddy viscosity profiles will also affect the bed conditions in the profile calcu
lations, and also applying other boundary conditions at sea bed i.e. a slip condition ab < 1 in 
eq. (21) will also have influence on the current characteristics at the sea bed, and hopefully 
better bed stress consistency. 

5.2. Tidal current profiles under an ice covered ocean surface 

When the ocean is ice covered, there will in addition to the bed boundary layer, also exist 
a boundary layer near the sea surface. The motion in this boundary layer is dominated by 
the friction between the ice and the water, and which further will depend upon the condition 
of ice we have and the velocity of the ice relative to the ocean water. In the calculations 
presented below we have assumed that the ice is at rest and that we have a no-slip boundary 
condition between the the sea water and the ice (R~" = 0 and a, = 1 in eq. (83)). The 
boundary condition at the sea bed is the same as in the profile calculations under a free ocean 
surface (sec 7.1.) i.e. ab = 1 in {82). 
The stations S2 - S5 where we have the current observations, are all located near the M2 

critical latitude (fig.20) and the influence of eddy viscosity upon the M 2 current profiles is 
expected to be large compared to what is the case for the K 1 tide. We have therefore chosen 
to present only the current profile calculations for the M 2 constituent in this section. We have 
computed the current profiles with a constant eddy viscosity at all the stations S2- S5, which 
because of the symmetry on the boundary conditions (no-slip at sea bed and surface) gives 
current profiles that are symmetric around mid depth. With these boundary conditions the 
computed current profile will be symmetric around mid depth if a symmetric eddy viscosity 
profile is applied. Further, with the constant eddy viscosity as a starting point, we have con
structed a simple eddy viscosity profile for each station which reproduce the main properties 
of the observed current profile. 

Figure 29 shows the M2 current profiles at station S2 where the water depth are 87 meters. 
The full drawn line in figure 29 gives the calculations with a constant eddy viscosity and by 
(107) V 0 = 87.8 cm2 js. In the profiles calculations in section 5.1. we had only one boundary 
layer near the sea bed and the eddy viscosity profile was constructed with a linear increase 
with distance above sea bed. Here we have a boundary layer at sea surface too and have 
therefore chosen an eddy viscosity profile with a bed and surface friction layer with a linear 
increase with distance from the boundary (fig1d) where of course the choice of the parame
ters ¢0 , ¢1 , ¢2 , d0 and d1 will influence final current profiles. The current profile calculations 
presented by a dotted line in figure 29 is computed with this two layer eddy viscosity profile 
(fig1d) with <Po = </J2 = 0.001, <Po = 1, d0 = 0.05h and d1 = 0.2h and by (107) V 0 = 283.6 
cm2 js. This eddy viscosity gives a computed depth distribution of the maximum (A, fig.29a) 
and the minimum (B, fig.29b) current velocity decreasing with depth, similar as for the ob-
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Figure 21: Computed M2 tidal current profiles at station N (Nordkappbanken 7:ZON 31°E), 
water depth 328m, for various eddy viscosity profiles; ( ), (---)and(----) fig.la, 
band c respectively. (a) A major semi axis, (b) B minor semi axis, (c)() azimuth orientation, 
(d) B/A eccentricity, (e) IT+Ifp shear stress and (d) IT-1/P shear stress. X indicate the 
observed current data, the straight line represent the depth mean values and * is the stress 
from the depth integrated model. 
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Figure 22: Computed K1 tidal current profiles at station N (Nordk.appbanken 7:JON 31°E), 
water depth 328 m, for various eddy viscosity profiles; ( ) and (- - - -) fig.la and c 
respectively. (a) A major semi axis, (b) B minor semi axis, (c) 8 azimuth orientation, (d) 
B/ A eccentricity, (e) IT+I/ p shear stress and (d) IT-I/ p shear stress. X indicate the observed 
current data, the straight line represent the depth mean values and * is the bed stress from 
the depth integrated model. 
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Figure 23: Computed M2 tidal current proflles at station A (73"50'N 200E), water depth 
300m, for various eddy viscosity proflles; ( ), (-- -) and (- - - -) fig.la, b and c 
respectively. (a) A major semi axis, (b) B minor semi axis, (c)() azimuth. orientation, (d) 
B/A eccentricity, (e) IT+IIP shear stress and (d) IT-1/P shear stress. X indicate the observed 
current data, th.e straight line represent th.e depth. mean values and * is th.e bed stress from 
the depth integrated model. 
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Figure 24: Computed K 1 tidal current profiles at station A (7:J050'N 200E), water depth 300 
m, for two eddy viscosity profiles; ( ) and(----) tig.la and c respectively. (a) A major 
semi axis, (b) B minor semi axis, (c) 8 azimuth orientation, (d) B/A eccentricity, (e) IT+I/ p 

shear stress and (d) IT-I/ p shear stress. X indicate the observed current data, the straight 
line represent the depth mean values and * is the bed stress from the depth integrated model. 
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Figure 25: Computed M2 tidal current profiles at station B9 (75°0.2'N 34°57.4'E), water 
depth 193m, for two eddy viscosity profiles; ( ) and (-- - -) fig.la and c respectively. 
(a) A major semi axis, (b) B minor semi axis, (c)() azimuth orientation, (d) B/A eccentricity, 
(e) IT+ II p shear stress and (d) IT-I/ p shear stress. X indicate the observed current data, the 
straight line represent the depth mean values and * is the bed stress from the depth integrated 
model. 
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Figure 26: Computed K1 tidal current profiles at station B9 (75°0.2'N 34°57.4'E), water depth 
193m, for two eddy viscosity profiles; ( ) and(----) fig.la and c respectively. (a) A 
major semi axis, (b) B minor semi axis, (c) 8 azimuth orientation, (d) B/A eccentricity, (e) 
IT+IIP shear stress and (d) IT-1/P shear stress. X indicate the observed current data, the 
straight line represent the depth mean values and * is the bed stress from the depth integrated 
model. 
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Figure 27: Computed M2 tidal current profiles at station Bl (74°58.8'N 2003.8'E), water 
depth 44 m, for two eddy viscosity profiles; ( ) and(----) fig.la and c respectively. (a) 
A major semi axis, (b) B minor semi axis, (c) 8 azimuth orientation, (d) B/A eccentricity, 
(e) IT+I/ p shear stress and (d) IT-I/ p shear stress. X indicate the observed current data, the 
straight line represent the depth mean values and * is the bed stress from the depth integrated 
model. 
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Figure 28: Computed K1 tidal current profiles at stationBl (74°58.8'N 2003.8'E), water depth 
44 m, for two eddy viscosity profiles; ( ) and (- - - -) fig.la and c respectively. (a) A 
major semi axis, (b) B minor semi axis, (c)() azimuth orientation, (d) B/A eccentricity, (e) 
IT+Ifp shear stress and (d) IT-1/P shear stress. X indicate the observed current data, the 
straight line represent the depth mean values and * is the bed stress from the depth integrated 
model. 
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served current. Especially for the eccentricity (e, fig.29d) we have very good agreement with 
the observations. Figure 30 shows the M2 current profiles at station S3 where the water depth 
are 157 meters. In the current profile calculations the same eddy viscosity profiles as used at 
station S2, is applied and by (107) 110 = 87.3 cm2 js and 110 = 283.0 cm2 js for the constant 
and the two layer eddy viscosity profile respectively. We have similar situations at these two 
stations, the water depth are relative shallow (compared with S4 and S5), the maximum cur
rent velocity is quite large (16-26cm/s), the observed currents decrease with depth and the 
values of 110 for the different current profile calculations with equal eddy viscosity distribution 
at S2 and S3 differ only by some decimals of a cm2 js. 

At the next two stations S4 and S5, the water depth are 281 and 366 meters respectively, 
and the maximum current velocity is 8-10 cmjs. The observed current increases with depth 
and reaches a maximum below mid depth and the observed current ellipse changes direction 
of rotation in the near bed region. At S5 the observation point near the sea bed is missing, 
which may have documented the calculated change of direction of rotation of the current 
ellipse. Because the mooring for S5 was discovered at drift, all the current meters except for 
the one nearest the sea floor were recovered. But since station S5 as at the stations N, A 
and S4 have similar conditions i.e. deep water, relative weak current velocity and are located 
close to the critical latitude, it is probable that the observed current ellipse change direction 
of rotation at S5 too. 
The M 2 current profiles at station S4 are shown in figure 31 and in the current calculations 
a constant eddy viscosity is applied and by (107) we obtain 110 = 94.8 cm2 js and for the two 
layered eddy viscosity profile (fig.1d) with <l>o = </>2 = 0.001, <l>o = 1, d0 = 0.2h, d1 = 0.05h we 
have 110 = 309.0 cm2 js by (107). Here we have chosen the viscosity layer thicker at the sea 
bed than at the surface ( d0 > d1 ). This gives a depth distribution of the maximum current 
velocity (A, fig.31a) which is increasing with depth and which is reaching a maximum below 
mid depth, in accordance with the observations at this station. Both eddy viscosity profiles 
reproduce the change of direction of rotation of the current ellipse near the sea bed, but we 
see from the eccentricity (e, fig.31d) and the minimum current velocity (B, fig.31b) that the 
computed current ellipse changes direction of rotation at sea surface too, while this is not 
the case for the observed current. A way to obtain the observed result might be to choose 
different value of the eddy viscosity at sea bed and sea surface. We have a similar situation at 
S5 where the current profiles showed in figure 32 are computed with the same eddy viscosity 
profiles. This gives by (107) 110 = 98.5 cm2 js and 110 = 322.5 cm2 js for the constant and the 
two layered eddy viscosity profile respectively. 

The current profile for the stations presented above may be classified in two groups S2, S3 
and S4, S5. 
Firstly, at S2 and S3 the current velocity are quite strong and the water depth are relative 
shallow. The observed current shows a decreasing effect with depth and the current ellipse is 
rotating cyclonic at all depth. At S3 where we have the deepest water of these two stations, 
the minimum current velocity ( B, fig.30b) is very close to zero at the sea bed i.e. almost 
changing direction. The main properties of this current picture are reproduced with an eddy 
viscosity profile showed in fig.1d with d0 < d1 , as described above, which gives a higher velocity 
gradient at sea surface than at sea bed. Concerning the consistency of these computations, 
described in section 4.4.2. for the general case, the depth mean current from the depth 
integrated model is the same as for the current profiles since the value of 110 is determined 
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such that (107) is ful:fined i.e. a constraint in the computation procedure. Furthermore, 
the bed and surface shear stresses from the resulting current profiles shall equal the stresses 
from the depth integrated model. The bed stresses from the depth integrated model are as 
described in section 5.1. and showed with an asterix ( *) at sea bed in the figure 29- 30 e and 
f. The shear stresses from the current profiles computed with an eddy viscosity of the form 
in figure 1d, give a bed value in quite good agreement with the bed stress from the depth 
integrated model, and this is the same as found in the current profile examples in section 
5.1. The surface shear stresses due to the ice covered ocean surface are actually not taken 
into account in the depth integrated model. But here in these current profile calculations 
we have given the shear stresses from the depth integrated model a value by using a linear 

friction law with u, = Ju~ + v~ and CJi = 1.0 10-3 i.e. one third of the drag coefficient at sea 
bed. The modulus of the resulting rotary components of the complex surface shear stress are 
marked with an asterix ( *) at the sea surface in figure 29 - 30 e and f. The shear stresses in 
fig.29-30 e and f presented by a stippled line show that the modulus of the shear stresses is 
less at sea s:urface than at sea bed which is also the case for the shear stresses from the depth 
integrated model. And we see that for both the surface and bed stresses the computations 
with an eddy viscosity distribution near the boundaries which are increasing with distance 
from the boundary, seems to fulfill the consistency requirement best. 
The second current profile group is the stations 54 and 55. Here the water depth is deeper and 
the current velocity weaker. The observed current shows an increasing effect with depth which 
reaches a maximum below mid depth and the current ellipse changes direction of rotation in 
the near bed region. These main properties of the current picture are reproduced with an 
eddy viscosity of the form given in fig.1d with d0 > d1 , as described earlier. The shear 
stresses (fig.31-32 e and f, stippled line) derived from the current profiles computed with this 
eddy viscosity profile give a higher surface value than the bed value. This is the opposite 
of the situation for the bed and surface stresses from the depth integrated model. So, the 
consistency requirements concerning the shear stresses are not very good maintained at these 
two stations. To improve this (and to improve the agreement with the observations in the 
near surface region) a more detailed testing of different eddy viscosity profiles for example 
with eddy viscosity surface value not equal to the bed value ( rf>o f; ¢2 ) and also different 
boundary conditions (ab, a,< 1, i.e. slip boundary conditions) are needed. 
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Figure 29: Computed M2 tidal current profiles at station S2 (75°34'N 2J026.4'E), water depth 
87 m, for two eddy viscosity profiles; ( ) and (- - - -) tig.la and d respectively. (a) A 
major semi axis, (b) B minor semi axis, (c) B azimuth orientation, (d) B /A eccentricity, (e) 
IT+I/P shear stress and (d) IT-1/P shear stress. X indicate the observed current data, the 
straight line represent the depth mean values and * is the bed and surface stresses from the 
depth integrated model. 
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Figure 30: Computed M2 tidal current profiles at station S3 (75°20'N 24°59.4'E), water depth 
157m, for two eddy viscosity profiles; ( ) and (- - - -) fi.g.la and d respectively. (a) 
A major semi axis, (b) B minor semi axis, (c) B azimuth orientation, (d) B/A eccentricity, 
(e) IT+ifP shear stress and (d) IT-1/P shear stress. X indicate the observed current data, the 
straight line represent the depth mean values and * is the bed and surface stresses from the 
depth integrated model. 
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Figure 31: Computed M 2 tidal current profiles at station 54 (75°2'N 27'6.9'E), water depth 
281 m, for two eddy viscosity profiles; ( ) and (- - - -) fig.la and d respectively. (a) 
A major semi axis, (b) B minor semi axis, (c) 0 azimuth orientation, (d) B/A eccentricity, 
(e) IT+If p shear stress and (d) IT-I/ p shear stress. X indicate the observed current data, the 
straight line represent the depth mean values and * is the bed and surface stresses from the 
depth integrated model. 
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Figure 32: Computed M 2 tidal current profiles at station S5 (74°51.2'N 28°43.3'E), water 
depth 368m, for two eddy viscosity profiles; ( ) and (- - - -) fig.la and d respectively. 
(a) A major se:rlli axis, (b) B :cllinor se:rlli axis, (c) B azimuth orientation, (d) B/A eccentricity, 
(e) IT+IIP shear stress and (d) IT-1/P shear stress. X indicate the observed current data, the 
straight line represent the depth mean values and * is the bed and surface stresses from the 
depth integrated model. 
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6. Conclusions 

The method of extracting current profiles from two dimensional hydrodynamic models, devel
oped by Davies (1986, 1990), is presented for a general time dependent flow and for periodic 
motion as tidal wave. Both presentations include an arbitrary depth distribution of the eddy 
viscosity, but the latter is restricted for time independent eddy viscosity and for linear motion 
in time. The presentation includes various sea bed and sea surface boundary conditions, and 
we have focused on the consistency requirements of the method. Consistency require equal 
depth mean current, bed shear stresses and sea surface shear stresses from the two dimen
sional model and from the resulting current profiles. 

The calculations of tidal current profiles with a constant eddy viscosity show that tidal current 
profiles in water deeper than the near bed stress layer, is sensitive to the magnitude of the 
eddy viscosity within the near bed stress layer, and above this stress layer the tidal current is 
essentially constant at its free stream value. Tidal current profiles in water shallower than the 
near bed stress layer, is sensitive to the magnitude of the eddy viscosity in the entire depth 
column. 
Further the calculations presented here show no significant difference in the depth variations of 
the semi-diurnal M 2 constituent and of the diurnal K 1 constituent at geographical latitudes 
around the North Sea (55.6 °N). Here the thickness of the near bed stress layer is of the 
same order of magnitude for the two tidal constituents considered. Similar calculations at a 
latitude further north (74.3 °N) show that the M2 tidal current profiles change their depth 
distribution more dramatic. The M2 current profiles become more sensitive to variations in 
viscosity magnitude where the bed stress layer exceeds the water depth, even for very deep 
water. While the K 1 current profiles remain about the same as at 55.6 °N. 
The thickness of the stress layer goes to infinity at the critical latitudes. The conclusion is 
that the tidal current profiles becomes very sensitive to variations of magnitude of eddy vis
cosity at positions close to the critical latitude for the considered tidal constituent. Near the 
critical latitude the thickness of the stress layer exceeds the water depth and goes to infinity 
at the critical latitude. 

When the tidal current profiles are calculated with different eddy viscosity profiles, the entire 
method of extracting current profiles from two-dimensional hydrodynamic models is applied. 
The M2 and K 1 tidal current profiles are calculated at positions locate.d in the Barents sea 
where we have current observations. The tidal current calculations show acceptable good 
agreement with the observations at these positions. 
The depth distribution of the M 2 current ellipse parameters are very sensitive to eddy viscosity 
variations in the Barents sea, and the current profiles are more sensitive in variations in the 
eddy viscosity the closer to the critical latitude the calculation positions are. For the M 2 

constituent the thickness of the stress layer exceeds the water depth in the Barents sea, and 
the M 2 current profiles computed with various eddy viscosity depth distributions give different 
results in the entire water column. The M 2 current profiles depend strongly on changes of 
eddy viscosity profiles compared to the profiles of the K 1 constituent. The various K1 current 
profile calculations with various eddy viscosity profile differ only in the near bed region i.e. 
within the bed boundary layer, and above this layer the profiles are approximately equal and 
constant in depth. The thickness of this near bed layer becomes larger relative to the total 
water depth as the water depth becomes shallower and as the calculations are done closer to 
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the critical latitude for the K1 constituent. 
These different current profile characteristics of the M2 and K1 tidal constituent may be 
explained by the location of critical latitude of the two constituents. The position where the 
calculations are done are close to the M2 critical latitude and far away from the K 1 critical 
latitude. 
The eccentricity here defined as the ratio minor to major semi-axis of the current ellipse, 
is not very sensitive to variations of the eddy viscosity profiles. The computed eccentricity 
agree very well with the observed, even though the computed semi-axis do not agree with 
the observed as well as the eccentricity. At stations with deep water the eccentricity of the 
M2 current ellipse is close to zero and changes sign from minus to plus near sea bed. By this 
means that the M 2 current ellipse changes direction of rotation from anticyclonic direction 
at sea surface and mid-depth to cyclonic in the near bed region. This change of direction of 
rotation is not found for the K 1 current ellipse. In shallower water e is closer to -1 and about 
constant with depth i.e. the M 2 current ellipse is more circular and rotates anticyclonic in 
the entire depth column, which is also the case for the K 1 constituent. These different results 
in deep and shallow water are robust due to variations of eddy viscosity profiles and are 
confirmed by the observations. 
The value of the eddy viscosity in the calculations is determined such that the resulting 
current profile have the same depth mean current as in the depth integrated two-dimensional 
model. The viscosity value obtained when a constant eddy viscosity profiles is applied, is to 
high, while the layered eddy profile (fig. 1 b) gives viscosity values at sea bed and surface in 
the same range as indicated by Davies (1985). Generally the viscosity values obtained in the 
current profile calculations represent reasonable estimates. 
Concerning the consistency of the bed shear stresses, calculations with the layered and the 
linear eddy profile (fig. 1 b, c) give best result. Further the anticyclonic stress component 
gives better consistency than the cyclonic, and we have obtained better consistency results 
for the M 2 constituent compared to the K1 constituent. 
To find the optimal eddy viscosity profile for the calculated current profile we must consider 
how the current at different depth agrees with observations (if observations are available), if 
the viscosity values represent physical reasonable estimates and which eddy profile that gives 
best consistency of the shear stresses at the boundaries. 

The method of extracting current profiles from two-dimensional hydrodynamic models is also 
applied for calculating tidal current profiles under an ice covered ocean surface. The M 2 tidal 
current profiles are calculated at four stations where we have current observations under ice 
and which are located near the M 2 critical latitude. 
The current profiles for these stations are classified in two groups. The observed current in 
the first group with relative strong current and shallow water, decreases with depth and the 
current ellipse is rotating cyclonic at all depth. The observed current in the second group 
with weaker current velocity and deeper water, increases with depth with a maximum below 
mid depth and the current ellipse Changes direction of rotation in the near bed region. The 
calculations with a two layer eddy viscosity profile (fig1d) give current characteristics close 
to the observed. For the first group the surface eddy viscosity layer is thinner than the bed 
eddy viscosity layer, and for the second group the bed eddy layer is thinnest. 
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