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Abstract

The shallow water equations, the corresponding energy conservation law and
a standard finite difference method are reviewed. Then, as the first point of
principal novelty, we derive the discrete counterpart to the energy equation. In-
voking the assumption of a gently varying medium we then proceed to establish
a discrete Greens law, that has previously been found by a WBKJ type approx-
imation. Further, we demonstrate that the ratio between the averaged discrete
energy flux and density equals the group velocity, as in the analytical case. Fi-
nally, corresponding results are presented for a somewhat wider spectrum of
methods.

1 Introduction

Among researchers in wave theory a key question concerning numerical solution of
wave equations is to what extent the numerical procedure define a virtual medium
with properties that are analogous to those of the physical medium. Hence, the per-
formance of numerical methods is often discussed in terms like numerical dispersion,
numerical diffusion, spurious reflection etc. Pure mathematicians and numericists,
on the other hand, generally prefer to stay within a framework of theoretical spaces
while measuring the success of a method in a series of more or less obscure norms®.
In the present paper, that definitely belong to the former tradition, we discuss the
role of energy within the context of a finite difference technique for the long wave
equations. Special emphasize is put on the link to physical optics.

The work herein is motivated by two preceding reports on amplification in shoaling
water [2],[3]. The first of these contains a series of tests on the influence of grid
effects on tsunami propagation with particular focus on amplification in shoaling
water. In the latter report this theme was revisited with a more theoretical approach
based on an optical theory derived from the numerical dispersion relation and a
discrete generalization of the WBKJ expansion. One of the key results was a simple
numerical counterpart to the well known Greens law. As an alternative to the WBKJ

!Even though the author has little affection for such an approach, it must be admitted that much
of the work of this kind is good and sometimes even valuable.




method, or other formal perturbation expansions, the optics of physical waves may
be derived from energy considerations; the basic assumption being that the wave
locally is a single harmonic mode fulfilling the same dispersion relation and possessing
the same averaged energy density and flux as in homogeneous medium. This line
of advance was not attempted in [3] due to lacking definitions or undocumented
properties of quantities like discrete energy density, but is the main issue of the
present work. Starting with a non-trivial derivation of expressions for the discrete
energy density and flux, we proceed to reproduce the optical results of [3]. A related
question, that also is of principal interest in its own right, concerns the role of the
discrete group velocity. The application of Fourier transform and the stationary
phase approximation may provide us with one path to an answer. However, pursuing
our main line of advance we will instead seek direct proof for the interpretation of
the group velocity, formally obtained from the dispersion relation, as a measure of
energy celerity.

2 Basic theory.

2.1 Scaling and equations.

Marking dimensional quantities by a star we introduce a coordinate system with
horizontal axes oz*, oy* in the undisturbed water level and oz* pointing vertically
upwards. Further we assume a bottom at z* = —h* and denote the surface elevation
and averaged horizontal particle velocity by and n* and v* respectively. Applying
the maximum depth, hg, and a characteristic wavelength, L, as “vertical” and “hor-
izontal” lengthscales we are then led to the following definition of non-dimensional
variables

e*=L*z, y*=L*y, t*= L*(ghz)_%t, 1)

n* = ahyn, z*¥ = h§z, T = a(ghg)%if,

where g is the constant of gravity and «a is an amplitude measure. Provided a and
B = (ho/L)? are sufficiently small, the flow is governed by the long wave equations:

ov
= -Vn. (2)

on L
= =-V- (hv)’ —& =

ot
We recognize the former as the depth integrated continuum equation, whereas the
latter describes momentum conservation.
Multiplying the momentum equation in (2) by ¥ and invoking the continuum
equation we readily derive the energy equation

0E L
Bt +V.-F=0, (3)

where 1 1
E= —2-h(u2 + ) + 57)2, F = nha. (4)



where ¥ = u7 + vj. Naturally the two terms in E are kinetic and potential energy,
while it is easily realized that F is the effect of the pressure work and the advection
of potential energy?. This process of identifying each of the terms and assure that
they inherit every physical transport mechanism is crucial when conservation laws are
derived from another set of governing equations. In fact, for any twice differentiable
vector field G, (3) imply a new conservation law with the modified density F,

E 4+ V - G and the modified flux F,, = F — 8G/dt. Hence, to name (3) as an
energy equation, for instance, we must justify that £ and F correspond exactly to
the energy density and flux. This is generally rather straightforward. On the other
hand, when seeking discrete conservation laws we may encounter serious conceptual
problems since we cannot rely on exact physical interpretations. We will encounter
this problem below.

2.2 Discrete formalism.

In the present paper we perform a lot of arithmetics on discrete quantities. These
manipulations are carried out within a simple formalism that the author has found
convenient also on a series of other occasions. The approximation to a quantity f
at a grid-point with coordinates (BAz, YAy, kAt) where Az, Ay and At are the
grid increments, is denoted by fﬁ(,";) . To improve the readability of the difference
equations we introduce the symmetric difference operator, 4,

S = U, - 190, ), (5)

and the midpoint average operator ~% by:
= (") (%) (%)
(FI = 300+ 1) (®)

We note that the differences and averages are defined at intermediate grid locations as
compared to f. Difference and average operators with respect to the other coordinates
y and ¢ are defined correspondingly. It is easily shown that all combinations of these
operators are commutative. To abbreviate the expressions further we also group
terms of identical indices inside square brackets, leaving the super- and subscripts
outside the right bracket. Using the above definitions we derive some relations that
will be needed later. Omitting the dummy specifications of grid sites we may first
state the product rules:

6(f9) =96 Ff+F 69, Fg =F 9+ (5 £)(829). (M)

It is easily realized that successive application of two difference operators produce the
standard three point approximation to the second derivative. For the second order

*The advection of kinetic energy is of higher order in a and does not appear in the present
approximation.



average operator we then find

A:c
o= f+=—68r (8)
In the expressions for discrete energy it is convenient to introduce a geometrical mean
for products:

1 1) (ktd k1) (r—L
[(F %)) = 5 (f(n—;)g( +3) 4 flet3) gl 2)), (9)

Corresponding operators are again defined with respect to the other coordinates. To
improve the legibility we use a shorter notation for the temporal geometrical mean
of squares:

[f(t*z)](n) = (f* f)gn) — f(n+%)f(n—%), (10)

We may relate the geometric mean to the arithmetic mean through relations like:

2
(Fra) =77 - 260, @)D+ AT ) = 3@ ()

By means of (7) a product like f* 8, f is easily rewritten as the total difference 6,(% f?).
Invoking also (8) and (11) we derive the related formula:

F8.F) = 82T - L) = 870D, (12)

that will prove itself very helpful.
For a trigonometric function f, = Aexp(tkaAz), defined for any real a, applica-
tion of the difference and average operators yields the simple results:

6.f =1kf, T =Cef, (13)

where k = Z sin(3kAz) and C, = cos(1kAz). These relations will be useful for
calculating discrete dispersion relations as well as averaged energy quantities.

2.3 Difference equations.

For the set (2) we employ the standard Arakawa C-grid [1] and staggered differences
in time. This choice yields the most widely used method for the actual equations,
even though the time discretization often is regarded as a FB (“forward/backward”)
representation in a non-staggered temporal grid. However, apart from initial and
nonhomogeneous boundary conditions, the rather awkward FB interpretation do not

1
affect the computed result. With n{™”, u (n+3) and v( +3)

g + j P as primary unknowns we

write the difference equations as:

(6m = ~6.(Fw) = 8,05 bu=—bml) 5 B0 =6, (19)



For constant h there exist harmonic solutions with amplitudes A, @ a.nd_}“) for n, u
and v respectively. Denoting the frequency by w and the wavenumber by k = k7'+ £
we then obtain the discrete dispersion relation:

&% = ha (k2 + £2), (15)
where the involved quantities are defined according to:
2 wAt - 2 . kAz - 2 . kAy
» = — sin(—— = —sin(—— = — sin(——). 6
© = sin( 5 ), k Az sin( 5 ), £ Ay sin( 5 (16)

We note that k = k + O(Az?) etc and that the dispersion relation of the differential
equations, (2), is reproduced to second order in the grid increments . The stability
criterion, that follows readily from (15), reads:

Az?Ay?
2o/ == 17
hAt® < ATt Ag (17)
For the velocity amplitudes we obtain:
2 {
@ @

3 Discrete energy conservation.

We seek a discrete counterpart to (3) where the involved quantities, as far as possible,
maintain their interpretation as energy density and flux. First the nodes for the
discrete density and fluxes must be decided. Guided by the structure of the C-grid
and (4) we denote the z and y components of the energy flux by U and V respectively
and invoke the discrete quantities:

U(’H‘%) V(""'%) (19)

i+ ity

EM

1,3

The numerical counterpart to (3) then reads

1
[6.E +8,U + 8,V = o]\, (20)
According to the discussion at the end of section 2.1 we must expect problems con-
nected with the ambiguity of this equation. When Az, Ay, At — 0 the discrete fluxes
and densities must approach those in (4). Beyond this requirement the physical iden-
tification of energy cannot lead us to the “correct” choice for E, U and V.

Different procedures can be employed for the determination of E, U and V. Herein
we present the most illustrative one, which is also closest to the standard approach
for differential equations. Starting with multiplying the discrete components of the
momentum equation with the volume flux components, we then use (14) and the
identities of section 2.2 to change the terms into total differences. Performing our




calculations as straightforward as possible and putting our trust in providence we
may then hope to obtain a useful result. In view of the problem with non-uniqueness
and the somewhat uncommon arithmetics involved, we will present the calculations
in some detail.

Due to the location of the energy node we average the z-component of the momen-
tum equation with respect to both z and ¢ before multiplication with the averaged z
component of the volume flux. Applying the product rule (7) we then obtain:

Bou 6,5 = —hou 8,7° = —6,(R-ui™) + 778, (A" u). (21)

The first term at the rightmost side is immediately recognized as a discrete represen-
tation of the z-component of the flux term in (4). Next we apply (7), (8) and the
z-component of the discrete momentum equation to find:

2
7ot gt = A” 2T gt — __A_"’_g L0, (hu) = ha® + -A—6 (ubsh).  (22)

Substitution into (21) and application of (12) then yield:
2
b (Fh@)) =~ (Fur™) + 76, (Fu) + SR, (23)

where the last term, R, may be rewritten in several steps:

R = —6,(R°u)6,6,a — 6,(ub-h)é;a
—bo(ubehb,a) + (ubeh” — b6,(R°w)) 200"

—8,6, (Eﬁwh u(t*z)) — &, ( h(6, u)(t*”)

The first term in the last line may be included in the flux as well as in the density.
In fact we possess no conclusive means for deciding the true nature of the term.
However, judging from its mere appearance the flux option seems most appropriate.
We note that the questionable term disappears for constant depth. Employing (11)
we may then write:

( hu(t*z)) b (u (B o) ) +76.(F"). (24)

Naturally, the corresponding expression from the y-component may be obtained sim-
ply by replacing u and & by v and y, respectively, in the above equation. Adding the
two together and invoking the discrete continuity equation we obtain a conservation
law of type (20) with

E= %h (u(t*z) _|_v(t*2)") + 7) , (25)
U=u(h*ﬁt)z, V=v(h*n)y. (26)



As mentioned above, the nonuniqueness vanish on constant depth. Still, as shown
in section 5, there are other expressions for the energy quantities that fulfill the
conservation law (20) also when h is constant.

The physical energy density as defined in (4) is obviously positive definite, which
implies that the presence of a wave always leads to an increased energy relative to
the equilibrium state. On the other hand, the discrete E given in (25) is not positive
definite due to the geometrical averaging in the kinetic energy. This is most easily
demonstrated for plane waves propagating parallel to the z-axis. For a given energy
node the right hand side of (25) then involves the corresponding 7 node and the
four neighbouring u nodes. An inspection of the numerical scheme reveals that all of
those may be regarded as independent in the sense that no internal constraints on
the five node values are imposed by the difference equations (14). This, as well as
the consequence for positive definiteness, is easily demonstrated through an example.
We specify initial conditions for u and 7 at respectively t = —%At and t = 0, say.
We are then free to choose, for instance,

CH_ Doy 0o

it follows that E}o) = —%h. This is obtained when
(0 _ 2Az (0) _ 2Az

M= "8 T Ay

4 Energies of single harmonics.

4.1 Stable modes.

When h is constant and the Courant criterion (17) is fulfilled we may consider a wave
mode of the form:

wa? Jti?

[n = Acos 0](."-) [u = At cos O]E:;i.), [v = Adcos 0]§ﬂ+%) (27)

where the amplitudes are related by (18) and the phase, § = kz + £y — wt + o, is
defined at all grid sites. The energy density then becomes:
’;202 2202
E = % A? {.L

y 2
7 cos(26) + C } , (28)

where C; = cos(3wAt) etc. From the dispersion relation (15) it immediately follows
that C; > C, for stable modes. Hence, E as given above is clearly non-negative.




However, as demonstrated in the preceding section a combination of modes may lead
to negative values for E.

4.2 TUnstable modes.

The discrete energy conservation law (20) with involved quantities given by (25) and
(26) is valid regardless of the stability criterion (17). When the criterion is violated

there exist modes with imaginary w given by:
At?
w= % +iw;, cosh®w; = ———(Ic2 + ). (29)

Confining the discussion to plane waves, £ = 0, the discrete field is given by:

§;>= (=)A=} Aem it DAt cog(k(j + 1)Az + 65), (30)
2
ng") = (=1)"Ae~wimBAt cos(kjAz + 6p),

where w; may attain positive as well as negative values. The energy density now
becomes:

E(”) A2k2 —2w;nAt cos(Zk]Az + 200), (31)

We observe that instable modes inherit an energy density that is proportional with
the square of the instantaneous amplitude, A exp~“i¢, and changes sign periodically
in space. The latter is a necessity for reconciling the growth of instable modes
with global conservation of discrete energy. This is most clearly demonstrated for
eigenoscillations in a closed basin with noflux conditions applied at the side walls.
For modes with w; # 0 the total (summed) discrete energy then equals zero.

4.3 Averaged energy quantities and physical optics.

We define an average of a discrete variable by:

Ly
<F>~Nh_rgoN+1n;0F (32)

For products of harmonics it is readily shown that the result is independent of ng
and spatial location and that the square of a cosine yields % for the average etc.
Substitution of a single stable harmonic mode, still defined as in section 4.1, that
obeys the relations (16) and (18), into (25) and (26) and averaging give:

1 1C,Cok 1ocz
<E>=§ﬁﬂ,<U>=§J#mM,<V> it b /LS (33)

For a discrete wave mode in a slowly varying bathymetry we may now assume
that (33) is locally valid. When we restrict the discussion to plane waves in a two

dimensional bathymetry conservation of discrete energy then leads to:

h3 A2C, = 22 = const. (34)
Ci



Employing the discrete dispersion relation (15) we reproduce the discrete counterpart
of Greens law that was reported in [3]:

A = const. X (h—h, )':' (35)

The quantity h, = A"’ @ is the stopping depth at which the incident wave is totally
reflected and the optlcal theory collapses.

We may obtain the formal group velocity by differentiation of the numerical dis-
persion relation (15). Introducing the components of the group velocity according to
Cg = Cga¥+ Cgy7 the result can be given as:

hC.k hC, L
=G50 = 3;% (36)
A trivial substitution will confirm that the identities
KU>=cp<E> <V>=cy<k>, (37)

are valid also for the discrete quantities as defined above. We may now recognize
the stopping depth, h., as the depth at which the group velocity becomes zero, with
total reflection as the obvious result.

5 An 1ll defined conservation law.

We will demonstrate an alternative to the preceding definitions of discrete energy
quantities. For simplicity we confine the discussion to constant depth and waves that
propagate in the z-direction. The derivation in section 3 is followed until the last
term on the right hand side of (21) is rewritten by means of (22). Instead we now
write:

Rt 6,u = -7t 6 + A—-ﬁzﬁtﬁm. (38)
A few manipulations then yield the identity:

l———=
s2n5n = 8u(66.7) — 6 (3T ) (39)
Collecting the terms we now obtain the modified energy density and flux:
1 o 2
Ey = sh(@)" + % - ——(m)z Uy = hu®™ + AT"’&WJ*. (40)

As compared to those in (25) the above expressions are aesthetically inferior; we have
been unable to group the terms of (40) to form the same nice and compact discrete
counterpart to the analytical formulas. A more important objection against (40) is
that

< Uy > #cg< Ey >, (41)
and that U; =const. does not reproduce (35). We are thus led to disregard E; and
U; as proper definitions of discrete energy quantities. Still, we can not rule out the
possibility that there do exist more than one set of discrete energy quantities that
fulfil < U > = ¢y< E >.



6 Related difference equations.

We have generalized the preceding results to a few other discrete equations related to
those in (14). For simplicity we again confine the discussion to constant depth and
no variation in the y-direction.

6.1 The linearized Boussinesq equations.

Taking into account terms of order 8 (see section 2.1) while assuming h =const. and
neglecting nonlinear terms we obtain:

d3u
oz%ot’

on_ _ou du_ 0
a9’ ot 0
where a dispersion term has been introduced in the momentum equation and u must

be interpreted as the depth averaged horizontal velocity component.
From (42) we obtain:

(42)

77+ﬁ2
T

E

2 2,
%hu2 + %772 + %h (%?) , U=nhu- -'qh3 66 5 (43)
The O(B) term in the density stems from the vertical motion of the fluid while the
higher order term in the flux is due to the non hydrostatic part of the pressure. On
the other hand, the effects of the vertical variations of the horizontal velocity cancel
to the present order in S.

As a natural extension of the discretization in section 2.3 we obtain the difference
equations:

[6n = ~hoeul™ D, [fu= 6.+ %hzﬁiﬁtulﬁi@- (44)
The dispersion relation now becomes:

7.2
o= —hk—., (45)
1+ 8h2k?
while the amplitudes for u and # fulfill 4 = ®A/(hk).

When calculating the energy quantities we follow the procedure in section 3 as
close as possible. Two new and laboursome terms appear during the derivation. One
comes directly from the dispersion term, while another appear when the momen-
tum equation is invoked in the counterpart to (22). For illustration we display the
transformation of the first only:

TRGT = (T - A—”a 25°)626,0°

- (_‘wﬁ 5 ,l—cht) _ —6}(5 ——zz)(t*z) 5 (62-—::) (tx2) (46)
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At the end the result may be organized in the compact formulas
—T e PR L | R
B = L 1 Lot 4+ B0, v = ht - O masw, ()

which correspond term by term to the analytical expressions in (43).
The averaged density and flux for a single harmonic now become:

- h3
<E>= %CfAz, <U>= %%Cmct (1 - @_6_02) A%, (48)

Noting that ¢, can be written as

_ dw Cz(:’ ﬂhs-z
ngdk_Ctl; (1— Gw), (49)

we may again observe that < U > = ¢;< E >.

6.2 Finite element discretizations.

In [3] the discrete Greens law was established for two of the most relevant finite
element formulations for the long wave equations.

In one element approach we approximate 7 and u by piecewise constant and linear
functions respectively, which yields a staggered grid. Correspondingly, we invoke
constant weight functions for the continuity equation and linear weight functions for
the momentum equation. Invoking the same enumeration of nodes as in the difference
method we find the assembled equations:

nt+i 1 n
(Ben = —ho, ] [(1+ 3807880 = —Eam](). (50)

We note that these are identical to the discrete Boussinesq equations with 3 replaced
by —%Azz. The results of the preceding subsection will then apply directly.

The other formulation is derived from the long wave equations expressed in terms
of the velocity potential ¢:

D2 (,28), 2.

ot oz Oz ot - (51)

We note that differentiation of the right equation, with respect to z, and use of the
identity d¢/8z = u reproduce the equations employed previously. In the residual
formulation the right hand side of the continuity equation is integrated by parts
and both form and weight functions are chosen to be piecewise linear. Assuming a
uniform grid we obtain assembled equations of the form:

1 l 1 )
[(1 + gAz253,)5tTI = —h6:¢]§ +z); [(1 + €A1’262)(6t¢ n 77) _ 0]§ )‘ (52)
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We now introduce the velocity as u = §,¢ and apply the operator §, to the right
(Bernoulli) equation. Noting that the mass matrix, represented by the operator
14 %A:czﬁg, is non singular we then arrive at:

1 ntl n
[(1+ EAzzaf)ém = —hﬁzuﬁ- YD b= - s (53)

Proceeding in the same manner as before we then find:
- 2 2
E= —;-hu(t*2) . %nz _ A_l’z’_(a,n)z“”, U = hu® + ATzﬁ"’tﬁzﬁm. (54)

It is now convenient to express the averaged quantities in terms of the velocity am-
plitude 4:

~ Az?
<E>= %hach, U= %%c,,ot (h + Tzaﬁ) a2, (55)

Again we find < U > = ¢;< E > and reproduce the result of physical optics in [3].

7 Discussion.

Guided by the analytical expressions for the energy density and flux we have ob-
tained discrete counterparts from the difference equations and the particular discrete
arithmetics that was outlined. Even though we have performed the calculations only
for a few discretization, corresponding results may be expected for other methods
inheriting a dispersion relation allowing neutrally stable modes.

The most complete analysis, involving variable depth, was performed only for a
midpoint difference method based on the C-grid. As might be expected the actual
expressions for energy density and flux were ambiguous. Following a procedure a
simple as possible and making the most “natural” choices we obtained very compact
formulas in perfect correspondence to the analytical expressions. However, this, in
itself, is certainly an insufficient justification for the notations discrete energy and
flux. More substance is given to these phrases when we observe that the expression for
the flux under the assumption of a slowly varying medium leads to the same discrete
version of Greens law that has previously been found by a discrete WBKJ technique
[3]. Further confirmation is then allotted by the fact that the averaged density and
flux for a single harmonic obey the usual relation < F >= ¢y < E > with ¢, extracted
from the numerical dispersion relation. Hence, we have found strong support for the
existence of a proper and unique discrete energy concept in homogeneous medium.
In the case of variable depth, on the other hand, the only clue to avoid ambiguity is
the look of the dubious terms, that points to fluxes rather than densities.

In the case of plane waves on constant depth We have also calculated the discrete
energy quantities for the linearized Boussinesq equations and FEM formulations for
the hydrostatic equations. Again we find the proper relation between density, flux
and group velocity and the optical results of [3] are reproduced.

12




Finally we give an important example of inference from the new “insight”. Com-
pared to the analytical Greens law the discrete version yields over-amplification. As
a consequence of the results described above we may now present a quasi physical
explanation for this feature. Claiming c,< E > constant we now observe that < E >
is reduced relative to the analytical value by a uniform factor (see (33)), while the
corresponding ratio for the group velocities decreases in shoaling water due to the
decreasing wavelength. Thus, to maintain a constant flux the discrete amplification
must be larger than the analytical one.

The author wish to thank Mr. H. Johnsgard for helpful discussions and valuable
suggestions concerning the energy expressions. The presented work has been carried
out under the GITEC-TWO (Genesis and Impact of Tsunamis on European Coasts)
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