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1 Introduction

This report summarises the first part of a method for obtaining the complete wave drift
damping matrix. We consider a floating body which can perform linear oscillations in
incoming waves, while drifting slowly horizontally in the surge, sway and yaw modes of
motion, where the latter means a slow rotation about the vertical axis. The body may be
moored by either tension legs or anchor lines. In this first part of the project report we
describe how to obtain the various linear potentials, the linear forces and motions, and
how the coupling between the waves and the slow horizontal motions is accounted for.
The report is based on the publications in the reference list.

We apply potential theory to describe the fluid motion (see §2 & 3), as we disregard
viscous effects and assume that the fluid is homogenous and incompressible. Furthermore,
we use the powerful method of integral equations to compute the fluid flow. All parts of
the method are obtained by strict mathematical procedures.

The derived integral equations contain unknown quantities on the wetted body surface
only, which, among others, means that evaluation of only two coefficient matrices for linear
systems are required, one for the wave part of the problem and one for the time-averaged
part due to the slow motion. The set of perturbation potentials are then obtained by
deriving a set of right hand sides of the equations which are used as input for the equation
solver. The method requires evaluation of ordinary integrals over the mean free surface,
which have relatively quick convergence and are relatively robust to evaluate. We employ
a low-order panel method as numerical tool and use the midpoint rule for numerical
integration, with exception of the singular integrals which are obtained by algoritms based
on analytical methods. Convergence of the method is documented in several examples,
and we have good reason to believe that the linear results and the wave drift damping
matrix may be obtained with a relative accuracy within a few percents, depending on the
discretization of the geometry.

In developing a rather complex method it is desirable to develop checks. This is
part of our philosophy when we develop integral checks like the generalized Haskind
relations, the generalized Timman-Newman relations (see §5) and the energy balance in
the method. We show here numerical results for the two former relations which document
the robustness and soundness of the method. (The energy check being second order in the
wave amplitude is considered in a later report.) In §6 we briefly discuss the amplitudes
and the frequencies of the linear body responses. We find among others that the different
modes of motion in general have different frequencies, which is due to the slow rotation
of the body. Furthermore we find that the frequency of the motion may differ from the
frequency of the exciting force in the respective modes. ‘

A code based on the mathematical formulation is under implementation as an exten-
sion of the WAMIT wave analysis program. The final wave drift damping (WDD) module
contains a mixture between original WAMIT routines and new routines developed at UiO
made adaptive to WAMIT. Roughly speaking, one third of the routines of the WDD-part
are original from UiO; basically these are routines for the set of right hand sides due to
the perturbation potentials, the set of auxillary (Green) functions due to a singularity
with slow speed in waves, the wave forces, the motions and the wave drift damping due to
the slow horizontal motions in waves. Another part consists of modified WAMIT-routines



Figure 1: Sketch of floating offshore platform and ship. Slow velocities U, V and Q2 are
indicated.

(input/output, organization of panels, time-averaged problem), while a remaining part
is original WAMIT-routines (evaluation of the coefficient matrices, equation solver, basic
integration over a panel, zero speed Green function). The final wave drift damping pro-
gram will be organized as a set of submodules fitted to the zero-speed WAMIT-program,
where an index marks if the submodules for the WDD-part shall be included in a run.
Otherwise the original zero-speed WAMIT program is run.

2 Mathematical formulation

We consider a floating body moving with slow velocities in the three horizontal modes of
motion while being exposed to incoming monochromatic waves. We define a fixed frame
of reference and a relative frame of reference where the latter follows the slow motion of
the body, and is rotated an angle « relative to the fixed frame of reference. A coordinate
system O — zyz is introduced in the relative frame of reference with the zy-plane being
in the mean free surface of the fluid, and the z-axis being vertical upwards. Unit vectors
i,j,k are introduced accordingly. The slow velocity of the body, measured in the fixed
frame of reference, is then given by Ui + Vj + Qk, where 2 = & and a dot denotes time
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derivative. We note that U, V and 2 are functions of time.
Let the incoming waves be described in the relative frame of reference by the potential

coshk(z+h) _ikros(g-6) (1)
cosh kR ’

where A, k and 3 denote wave amplitude, wavenumber and wave angle, respectively, of
the incoming waves, h the water depth, and g the acceleration due to gravity. G is defined
as the angle between the positive z-axis and the wave direction. The encounter frequency
is given by

&' = Re[(Aig/w)d'e?], ¢f =

oc=w-—Ukcosf —Vksinf | (2)

where w and k obey the dispersion relation
K = ktanh kh (3)

and K = w?/g. In the incoming wave potential (1) we have also 1ntroduced polar coordi-
nates by £ = Rcos6, y = Rsiné.

The wave angle is constant and equal to (y in the fixed frame of reference. The
slow rotation angle a of the body introduces effectively a slowly varying wave angle
to an observer in the relative frame of reference. This wave angle is determined by
B(t) + a(t) = Bo, which means that

ap

— =-0. 4

= (4)

The effect of a time-dependent wave angle will appear in the sﬁbsequent description.
We let the rotation angle o be of arbitrary magnitude and the non-dimensional

wavenumber kl be of order one, where | denotes the characteristic length of the body.

We further introduce the small parameters

T(U) =Uw/y, T(V)=Vuw/yg, 7(Q) = Qw. - (5)

In the mathematical analysis we apply perturbation expansions in the small parameters
retaining terms up to order (A4/1)2, 7(U), 7(V) and 7(2Q).

Let v denote the fluid velocity in the relative frame of reference. This velocity may
be decomposed by

v=v -Ui-Vj—-Qk x z, (6)

where the latter three velocity components contribute to the velocity which is introduced
to an observer which change his position from the fixed to the relative frame of reference.
This also means that v’ denotes the velocity in the fixed frame of reference.

We assume that v/ can be described by a Laplacian velocity potential ®’. It is conve-
nient to decompose this potential by

=0+ Ux’ +Vx¥ + Qx+9@. (7)

Here, ® denotes the linear wave potential being proportional to the wave amplitude and
is due to the incoming, scattered and radiated waves, U XY + VxV + Qx® the potential
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due to the flow generated by the body when there are no waves, and 1?) a time-averaged
potential being proportional to the wave amplitude squared. For later use it is convenient

to define the following set of velocities:

w=UwY +Vw"” + Ow?, (8)
where
wV = i+ VyY, (9)
wY = —j+ VxY, (10)
w? = —k x z + Vx. (11)

The velocities in (9)-(11) satisfy the rigid wall boundary condition at the body, at the
free surface and at the sea floor, and xY, x", x* vanish at infinity.

3 Boundary value problems

The free surface boundary condition for the wave potential ® is obtained by applying the
individual derivative to the Bernoulli equation for the pressure at the free surface. After
linearizing with respect to the wave amplitude, we find (see references 3, 11, 12)

Oy +2w -0, + O,V -w+ gD, =0 at z=0, (12)

where V}, denotes the horizontal gradient.
We next introduce the following decomposition of the velocity potential

6
® = Re((iAg/w)boe™ + 3 2(66)8;), (13)
j=1

where the first part represents the incoming and scattered waves, and the second part the
radiation potential. §; denotes the amplitude of oscillation in mode j (j = 1,...,6). As
noted above, the motion in the relative frame of reference depend on the slowly varying
wave angle ((t). This means that e.g.

i POt — (Frf. %_ iot .
7 (&;€*°) = (i0¢; Qaﬁ)e , Jj=1,..,6, (14)
0 (s ity _ (ins _ 00Piyot
Bt(¢’e ) = (iog; 95 e, j=1,..,6,D, (15)
where we have used that d3/dt = —Q2. We now introduce the expansions
& =& +7U)E" +7(V)g" +1(Q)ET,  i=1,..,6, (16)
¢p =65 +7(U)¢p +7(V)ép +7(Vgp" (17)

§i0; = 665+ T(U)(¢:)" +7(V)(E9) + Q&) j=1,..,6, (18)




where

(&)™ §°¢1U +&Y 0, (19)
(&) =87 + £V, (20)
(&9)' = i + ;ﬁj ¢ + €179, (21)

Here, ¢%, ¢° §° are the usual linear zero-speed potentials and motions. The quantities

D 37, € 1t/ are requlred to account for couplings between the waves and the slow speed
U hkew1se oy , 5 1V are required to account for the speed V, and finally, ¢}’ Jm,
¢1m’ 12,060/ 3ﬂ are requ.lred to include the effect of a slow rotation.

The zero-speed potentials satisfy the following set of boundary value problems

¢0
—K¢g —a—z— =0 at z= 0, (22)
9% [ m; j=1,..,6
v - g ey Yy )

cosh k(z + h) o—ikR

osh kR O(1/R), R — oo, (24)

¢ — ¢'6;p = R72HY(9)

where §;p denotes the Kroenecker delta, (nj,n2,n3) = n the unit normal at the floating
body pointing out of the fluid, (n4,n5,m6) = ¢ x n and H 0(0) the far-field amplitude of -
the respective potential. We also have that 8¢° /0z=0at z= —h.

3.1 The perturbation potentials

We next consider the perturbation potentials. At the free surface (2 = 0) they satisfy
(see references 3, 11, 12, 13)

—KoV + d)w 0, 508 . 0 .U _
¢;° + —3L— = —2kcos B¢ + 22—8? —iLp(é5,x°), Jj=1,..,6,D, (25)
]_V ¢1V _ . 0 a¢? . 0 Vv o
-K¢;" + —1- = —2ksin f¢; + 21% —iLa(5,x"), 7=1,..,6,D, (26)
8¢ .. 0¢) 00
— Kot 4 2D =D 7D _ 0 9
Ko¢p' + 52 2iK 80 + 2K 30 zKLh(cbD,x ), (27)
— K¢} + ov;” =2 Kio —iKLy(¢%,x%), j=1,..,6 (28)
J 32 66 77 ) b} » .
ne ¢1m crr 0 s
—K¢; 5 2K¢;, j=1,..,86, _ (29)

where Ly(¢,x) = 2Vro - Vax + ¢Vix
Furthermore, the kinematic boundary condition at the body gives

ogle { —im3/K, j=1,...6, s=U,V,

o 0, j=D, s=U,V, (30)
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5¢m —im%, j=1,..,6

7 ) ’ »
{ 0, j=D, (31)

¢119
2
%o, (52)
where

(my,mg,m3)’ =—n-Vw’, s=UV, (33)
(mg,ms,me)° =—n-V(zxw’), s=UY, (34)
(my, mg, m3)® = —n - Vw — 2k x n, (35)
(mg, ms,me)t = —n - V(x x w?) — 2 x (k x n). (36)

We note that m}’ include some new terms introduced due to the slow rotation of the body,
given by

-2k x n, (37)
—2z x (k X n). (38)

These terms are absent in the translatory modes of motion.

There is also a radiation condition for the flow when the incoming wave-field is sub-
tracted. The radiation condition requires that all disturbances due to the presence of the
body in the far-field behave as outgoing waves only. This is equivalent to requiring that
there are no energy sources as R — oo, except the incoming waves. For the potentials
due to U and V' we find (see references 3, 9)

coshkW(z+h) _wg
cosh k0h  *

coshkV(z+h) _vp
cosh kVh  ©

¢ — ¢'6;p + 7(U)¢'"Y = R™V2HY (6)

+O(1/R), R — oo, (39)

¢) — ¢'6;p + (V)¢ = R7Y2HJ (6) +O(1/R), R— oo, (40)

where

27(U)

C’ 2 (kh)
27(V)

Gy (k)

Cy4(kh) = tanh kh +

kY k(l + (cosf — cos ﬁ)), (41)

kY =k(1+ (sin6 — sin B)), (42)

kh
cosh? kh

(43)

and H JU V" denote far-field amplitudes of the potentials.
In the slow yaw-problem we obtain the potentials as follows, see references 11-13,

32¢0 32¢
1Q _ o D . D 139
s —2zKaKaﬁ+2zKaK39+¢ (44)
2 0
/(/]Jln = 21’:K6K60 + ¢13Q’ j = 1’ ”'76’ (45)
3 0
¢1m = 2zK£{ j=1,...,6, (46)




where ¢13? satisfy

cosh k(z + h) o—ikR
cosh kh

and H*? denotes the far-field amplitude of ¢;3.

In addltlon the perturbatlon potentials sat1sfy the rigid wall boundary condition at
the sea floor.

The various potentials are determined numerically by means of integral equations.
First we find the zero speed potentla.ls ¢° at the body surface and the free surface. Next
we determine the potentlals xY, x¥ and x“ by applying source distributions. We then
determine the potentials ¢}V JIV, B 932, 631 on the wetted body surface. The integral
equations for the latter potentia.ls are obtained by application of Green’s theorem to the
respective potentials, the zero speed Green function and certain derivatives of the zero

speed Green function. Formal derivations of the integral equations for ¢9, ¢;¥, ¢;V, are

¢;3Q = R—l/zHJmQ(G) O(l/R), R—o0, j=1,..,6,D (47)

given in the references 3, 9, and for ¢} ¢1m, in the references 11 12 13 The
results are
&
0070 _ I _ —2m¢)(x)
-[93 ¢DGndS 47r¢ B { —47T¢0D(w)) (48)
00 _ A0, _ —27¢(x)
) (6968 ~ Gny)ds = { (o) (49)
.

[ (98 Gh— 65GY + ¢ 2k cos fGY,)dS
B

—i /S ] ¢ Ly (G®, xU )dS = { Zj ((:)) (50)

(¢1UG° 2wV - VG, — 0GY + ¢02k cos BGY,, + G'Wn;)dS
K 7% i g
. 0 0 o | —2n¢i¥(x)
e )ds-{ Zanglo(2) (51)

where Sp denotes the wetted body surface, Sr the free surface and ( ), = 8/9n. The
equations for ¢1V are similar.

'd}m

. @ias - ex -2k ey, das

o, 410
—iK /SF ¢S Ly(G°, x*)dS = { _::g}?)((mw)), (52)



/ (WG — iw? - VG'n; — G + G n;)dS

910
—iK /5 : ¢7Ln(G°, x™)dS = { _Z:Z n((:)). (53)

In the first cases of (48)—(53), = € Sp, which determines the respective potentials at Sp.
For the latter cases,  is in the fluid volume, which determines the potentials in the fluid.
¢;'? may be obtained by differentiating (49) with respect to K.

The Green function G°, being a source at = ¢’ = (¢',7/, ('), is given by (see reference
14, eq. 13.18) 1 .
Gz, 8) = — + =+ ¥(z, ¢ (54)
T1 T2
where
r=y(z-€2+@y-n)2+(z-C) (55)
=@—&P+ -+ (2 +¢ +2h?, (56)

1 [ foo 2e7""(K + v) ,
¥(z,£) = %/ / cosh vh(vtanhvh — K) coshv((" + h) coshv(z + h)

x gV((z—¢') cosa+(y—n')sine) g, 7 (57)

and the integration is above the pole at vtanhvh — K = 0. The auxillary functions are

%GO
GW —2165’3K (58)
0*G°
GY =2%—— 2K’ (59)
2 Y0
G = 2iK a%'gK (60)

and ¢ = tan~1(n'/¢").

4 The pressure. Free surface elevation

The linear pressure in the fluid is given by the Bernoulli equation and may be written

®
—%=%t-+(Uw VWY 4 Qw) . V3 + gz (61)
where p and p denote pressure and density of the fluid, respectively.
The free surface elevation ((z,,t) is determined from (61) by setting the pressure
equal to zero at z = (, giving for the linear part

g¢=_%‘1’_(vw VWY +Ow?) Ve at z=0 (62)




5 The linear forces

5.1 The exciting force

The exciting force and moment are obtained by pressure integration over the body. By
setting £; = 0 we obtain

Fj=—p SB(%D +w-V®)n;dS = Re(Ae*X;), j=1,..,6. (63)

It is appropriate to expand the components of X; by
X; = X+ r(U)X} +r(V)XY + (@)X} (64

The exciting force and moment are then found by integrating the diffraction potential
and the product between the velocity w and the gradient of the zero speed diffraction
potential over the body surface. This results in a simple procedure once the diffraction
potential and the source distributions for w and ¢9, are determined (we also find ¢° by
source distributions in order to evaluate ¢>°)

As an alternative to pressure integratlon we develop generalized Haskind relations
for the components of the exciting force. This means that we are expressing component
number j of the exciting force by the far-field amplitude of the radiation potential in
mode number j. These relations constitute quite remarkable connections between the
diffraction and the radiation problems. The relations for zero speed are well known and
may be written as

0
fg \/EC (kR)HJ(B+m)e™*,  j=1,..,6 (65)
where H. J‘-) (B + ) denotes the far-field amplitude of the potential ¢?, see eq. (24).
Extensions of the Haskind relations to also include slow horizontal speeds are non-
trivial and require a set of mathematical manipulations. In short, we apply Green’s
theorem and the boundary conditions for the potentials involved, and in addition some
mathematical tricks, see references 3, 9, 13. The final results are (5 = 1, ..., 6)

U
X_plg_ = /20, (k) (2 cos BHY(+ ) + HI (8 + ), (66)
X}V 2r '
S — Ty k) (s BB + )+ HPV B+ m)e, (67
Q
% -/Z¢ zk (kh)( OH; —5 (B+m) + H;*(8 +7r)) i, (68)

where

arHPY (9) = - [5 ] [(w3Y — 2k cos 635 ) h, — %{-Vho -wVn;]dS +1 /S ] SILL(R°,xY)dS,  (69)
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Figure 2: Geometry of a TPS.

411’H}3V ) = - /s, [(.,/;le —2ksin 0¢2K)h2 - T’{-Vho . anj]dS'i-i ‘/.;’ ¢2Lh(ho, XV)dS, (70)

anH¥(9) = - /S ($19RQ - 2K g0ych, — iVA? - win,)dS +iK /s AR, XS, (1)
B

2rk ’ ' . .y . .

o_V k' —k(C'+2R)) k(i€ cos O-+i sin 6)—ix/4

RO = C’(kh)(tanhkh+l)(e +e )e (72)
and Ly(h, x) is given after equation (29). Furthermore, ¥} = @}V + 2k cos B2y, ¥}V =
63V + 2k sin Bl

Examples for the exciting force due to a body in translatory motion (U, V) is obtained
earlier, see references 3, 4, 9, and confirm the generalized Haskind relations for translation.
Here we show one example for X}U from reference 3, where the geometry is a half-
immersed sphere, see figure 3.

In the next example we show the exciting force on a ship in slow rotation. As ship
geometry we choose a vessel oriented along the z-axis-with section given by a half-circle
and beam '

B(z) = Bol1 - (22/1)), |l <1/2, (73)

where [ denotes the ship length and the ratio I/By is 5.6. We hereafter refer to this
geometry as ship 1. The dimensions of ship 1 correspond to the dimensions of a Turret
Production Ship (TPS) which is considered in some examples later (see figure 2). Working
with the geometry (73) is advantagous, since refinement of the discretization and thereby
convergence tests are relatively easy to perform. In figure 4 we show X }" in heave and
pitch for ship 1 for two different wave angles, viz. 8 = 135° (quartering seas) and 8 = 157°.
X J_m is obtained by both pressure integration and the generalized Haskind relation, with
good agreement between the two different methods.

For comparison we also show in figure 4 the corresponding components of the exciting
force for U = V = Q = 0, illustrating that [X}?| >> |X?| in these examples.
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Figure 3: Exciting force |X}Y| in heave (a) and surge (b) for a half-immersed sphere with
radius a. h = oco. B = 180°. Solid line: Pressure integration. Dotted line: Generalized
Haskind relation. 400 panels on Sp, 880 panels on Sg.
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Figure 4: Exciting force ]X}nl in heave and pitch for ship 1. Solid line: Generalized
Haskind relations. Dashed line: Pressure integration. (a)-(b): 8 = 135°. (c)-(d): 8 =

157°. (e)~(f): |X]|. h = co. 1568 panels on Sp, 6272 panels on Sf.
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5.2 Added mass and damping

By next setting the wave amplitude equal to zero (A = 0) we obtain the pressure force
and moment in the radiation problem

[
F;= —p/ (-82 +w - V®)n;dS = Re(d?¢* > &fix), J=1,...,6, (74)
sp Ot k=1

where the coefficients f;; contain the added mass and damping forces. These forces are
found by integrating the pressure due to the radiation potentials over the body surface,
which is a quite simple procedure once the radiation potentials are determined. Due to the
slow motion of the body we also get a coupling between the velocity w and the gradient
of the zero speed radiation potentials. :

It is convenient to expand &; f;x by

fjfjk = fjo f _?k
()Y ~ 2hcos B (13 + 61013
(V)@ —2ksin ﬂsg?%(f;’k) +E 1)

i% (Kf,k) Leom). ()

For unidirectional forward speed, neglecting the x -ﬁeld Timman and Newman showed
for a slender ship that
T = Fip o =—fii - (76)

The Timman-Newman relations may be extended to the slow drift case for geometries of
arbitrary shape, and with the xV, x", x®-fields included. The extended results are proved
by using Green’s theorem and the boundary conditions for the potentials involved, see
references 3, 9, 13. We find

i?js = _711,87 §= U’ ‘/a Q. (77)
In figure 5 is shown an example from reference 3 for the added mass and damping in
translation, illustrating quite well the antisymmetry of f;; \,

In the next examples we consider f;; 12 due to slow rotatlon of ship 1 and the TPS (model
shown in figure 2), more precisely the cross—couphng coefficients between sway and pitch,

35!, —f35!, and between heave and yaw, fi, —fL see figure 6. The numerical results
illustrate that fu o~ ]119, in agreement with the theory. The results for fi, fi! are
quite similar for the two ships, in spite of their quite different geometries.

While the zero speed cross-coupling coefficients f35, f are different from zero for the
TPS, the cross-coupling coefficients f4?, fa5! in rotation are zero for this ship. For ship
1, being symmetric also with respect to z = 0, we have f§ = & = fail = fi! =0in all
the computations.
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Figure 5: (a) (Total) added mass a;3 (solid line) and —a3; (dotted line) and (b) (total)
- damping b;3 (solid line) and —b3; (dotted line) for small translatory speed U/,/ga = 0.04.
aij + bij/ic = f;;. Half-immersed sphere with radius a. Same discretization as in figure
2. h =o00.
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Figure 6: Added mass Re(f) and damping Im( fi1). (a)—(d) ship 1. Same discretization
as in figure 2. (e)-(f) TPS (760 panels on Sp, 900 panels on Sr). Solid line: f1?. Dashed
line: —f}. h = oo.
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6 The body responses

The body responses are found from the equation of motion, where the usual hydrostatic
forces are accounted for in addition to the added mass, damping and exciting forces.
Accounting for the slow translatory modes we obtain rather simple extensions of the
equation of motion at zero speed. When we allow the body to perform a slow rotation,
we must also account for the non-Newtonian Coriolis force. We then find that the equation
of motion for £} reads (note that we may use w instead of ¢ since there is no coupling
between U, V and 2 to leading order)

(—w?(Mi; + £5) + )&% = AX]?+iX ) + W2 [(F57 — 2ME)E) +2i(Mij + (K £3) k)€, (78)

see derivation in reference 13. Here, M;j; is the usual body matrix, and the term involving
M is due to the Coriolis force. M is determined by

0 -M 0 MZg 0 -MXg
M 0 0 0 MZs —MYg
0 0 0 0 0 0 '
Cc __ .
Mi=| -Mze o 0 0 -IL, D, (79)
0 -MZz 0 I 0 -D,
MXz MYz 0 =D, D,, 0
" where M denotes the mass of the body, (Xg, Yg, Zg) the center of gravity, and
I, = /M 22dM, Dy, = /M z2dM, Dy, = /M y2dM. (80)

We note that M is antisymmetric and corresponds to a rotation of the velocity vector
about the vertical axis, an expected result due to the form of the Coriolis force.

6.1 The frequency of oscillation of mode number j

While the frequency of encounter determines the frequency of oscillation of a body (ship)
with translatory motion in waves, the frequency of oscillation of a rotating ship is not so
straightforward to determine, at first glance. For example, with the exceptions of head
waves and following waves, the encounter frequency of the incoming waves observed at
the bow and the aft of a rotating ship is different, and one expects the frequency of
oscillation of the different modes of motion to occur at some frequency in-between these
two extremes. Turning to mathematical formulae we have for the incoming waves in the
frame of reference of the ship

& = Re[(Aig/w)@ eiot—kReos(B-0)] 5 =, (81)
The phase of the motion is then determined by
ot — kRcos(B — 6). (82)

From this we find the frequency of oscillation by
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%(at _ kRcos(8 — )

=0 + kRsin(f — 9)%
=0 — QkRsin B cosf + QkRcos Fsinf
=0 — Qkzsin f + Qkycos (83)

where we have used that d3/dt = —Q. Thus, the frequency of the waves observed at the
bow of the ship is (z =1/2,y = 0)

o — Qklsin5/2 (84)
while at the aft (z = —1/2,y =0)
o + Qklsin /2. (85)

Now, the frequency of the oscillatory motions of the body may be determined in a
similar way. For the motion in mode number j we have

é-jeiat — léjleiﬂ+i6j- (86)

The phase of the motion is then determined by

ot + 5_7' (87)
giving for the local frequency
d 04; -

The phase angle §; is found by first taking the logaritm of (86), i.e.
Ing; +iot = In|§| +iot +146;, - (89)

and then taking the imaginary part, i.e.

5; = Im(Ing;) (90)
giving o5 ”
. 1 O¢.

Provided that |€7] >> |r(Q)£}?| we may replace &; by &2 in (91), i.e.

66; 082 108 |
'55] ~ a_ﬂj = Im(g—?a—ﬂl). (92)

18




Thus, the frequency of mode number j of the ship reads

0€9
6=w—kUcosﬁ—szinﬁ—QIm(io-i). (93)
& o8
Likewise, we may deduce that the frequency of the exciting force becomes
1 0X?
d=w-—kUcosf —kVsinf — QIm(——=). (94)
(XJ‘-’ op )

We show in figures 7 — 8 some examples of the responses in the vertical modes of motion of
ship 1 and the TPS in slow rotation. The figures show that §§% are much larger than the
counterparts at {2 = 0. Furthermore, both figures show that the frequency of the rotating
ship becomes different in the heave and pitch modes of motion. For ship 1 we note that
the frequency of the response and the exciting force is the same in the respective modes,
while for the TPS the exciting force X3 and the response &3 have different frequencies,
as shown in figure 7c. For this ship the frequency in pitch becomes large for k! close to
13.5. This is, however is of no concern, since the amplitude |{5| is very small close to this
wavenumber.

In figure 9 we show the properties of the surge motion due to a rotating ship 1 for
fixed wavenumber and wave heading varying between 0° and 180°. Of interest, among
others, is to see how the frequency of oscillation behaves for wave heading close to 90°
(beam seas), where the surge motion disappears. We observe that 89 jumps at this wave
heading, but this does not affect the derivative of 6 with respect to the wave angle, when
we approach 90° from above or below. Even §69/83 = I m((@&? /9B) /f?) is smooth and

becomes zero for 8 — 90°, in spite of that £ becomes zero there.
1

7 Concluding remarks

In this first report of the project entitled “The complete wave drift damping and appli-
cations” we have described the linear part of a method for obtaining the complete wave
drift damping matrix. This includes the basic equations and perturbation expansions,
formulation of boundary value problems for a set of potentials and the corresponding in-
tegral equations, the linear pressure and surface elevation, the linear forces and motions.
The theory is illustrated by several exmples. In the next parts of the project we focus
first on the second order quantities like force, moment and energy balance, and thereafter
on case studies where the complete theory is applied. These parts of the project will be
documented by similar reports as this one.
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as in figure 3.
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8 List of symbols

The list is ordered chronologically in accordance with the contents of the report.

O — zyz - coordinate system in relative frame of reference

1,j,k — corresponding unit vectors

Ui + Vj + Qk - slow velocities of the body, §: rotation about the vertical axis
®!, ¢! - incoming wave potential, see eq. 1

A - amplitude of incoming waves

w — frequency of incoming waves in the fixed frame of reference

k — wavenumber of incoming waves

Bo — wave angle in fixed frame of reference

B — wave angle (between z-axis and wave direction) in relative frame of reference
g — acceleration of gravity (=9.81m/s)

K =uw?/g

h — water depth

i=+/—1

0 =w — Uk cos B — Vksin 8 — encounter frequency

R and 6 - defined by z = Rcosf, y = Rsinf

a — rotation angle of the body in the fixed frame of reference

[ — characteristic length of the body, ship length

T(U)=Uw/g
(V) =Vuw/g
7(Q) = Q/w

v — fluid velocity in the relative frame of reference

v’ — fluid velocity in the fixed frame of reference

®’ — velocity potential, V&' = v’

® - linear wave potential, proportional to A

xV - potential due to slow motion in z-direction (without waves)

xV - potential due to slow motion in y-direction (without waves)

x* - potential due to slow rotation about the vertical axis (without waves)
¥(?) — time-averaged potential proportional to A?

wl = i+ VyY
WVZ—j-I-VXV
w = -k xz+ Vy"

w=UwV + Vw" + Qw?
®,, ®;; — partial first and second derivatives of ® with respect to time
®, - partial derivative of ® with respect to z
9k — partial derivative of ¢7 with respect to K
V1, — horizontal gradient
¢p - diffraction potential
ép = ¢ + 7(U)¥ + 7(V)oY + 7(Q)¢H! - perturbation expansion of ¢p
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¢; — radiation potential
0, ¢1V, @1V, 1 11 — perturbation potentials due to @;

¢; — response amplitude in mode number 7 (j = 1,...,6)
0, €Y, 61V, €19 — perturbations of ¢;

n = (n;,ny,n3) — unit normal vector of the body

z x n = (ng,ns,ng)

d;; — Kroenecker delta

H?(6) - far-field amplitude of ¢?

Li(¢,x) = 2Vr¢-Vix+¢V3ix — operator at z = 0, enters in free surface condition

m? — m-terms, 7 = 1,...,6, s = U, V,Q

HY - far-field amplitude of ¢? — ¢’ + 7(U)¢tV

H} - far-field amplitude of ¢9 — ¢’ + 7(U)¢;"

k'Y — wavenumber, see eq. 41

k'Y — wavenumber, see eq. 42

C,y(kh) = tanh kh + kh/ cosh?(kh) - see eq. 43

¢33 — part of ¢1, 19 see eq. 44

H!*? — far-field amplitude of ¢}

G° - zero speed Green function

G, GV, G'% - auxillary functions, see eqs. 58 — 60

&' = (€¢,n',(') - source point

Sp — wetted body surface

S — free surface

p — pressure

p — density of the fluid

¢ — elevation of free surface

F; — force, see §4

X;, X7, X}V, X1V, X} - exciting forces, see §5

hO — far-field amplitude of G°, see eq. 72

IV = @IV + 2k cos B¢2 — potential

zl)}v = ¢]1V + 2k sin ,3¢§-’K — potential

B(z) - local beam of ship 1

By — beam of ship 1 and TPS

[ — ship length

fix = ajk + bjr/10 — added mass (real part) and damping (imaginary part)
S [, f1, I — perturbations of fji

M - body mass

M;; — body mass matrix

M, — matrix accounting for the Coriolis force, see §6

¢ — local frequency

d;, 09 — phase angles of responses
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1 Introduction

This report contains “The wave drift damping matrix and applications, part 2”, and describes
the theory for and the numerical evaluation of the wave drift damping matrix B;;. We also
compute the horizontal drift force (F;, F) and the drift moment M, about the vertical axis,

lLe.
F; Fro By By Bie T(U)
Fy | = Fo |—| Ba Bx By (V) (1)
M, Mo Be1 Bs2 Bes T(Q)

where, (Fyo, Fyo, Moo) = (F;, Fy,M;) for U=V =Q =0, and
T(U) = Uw/g, (V) =Vw/g, () = Q/w. (2)

(U,V A denote slow velocities along the z,y, z-directions, w wave frequency and g acceler-
ation due to gravity.) The report is organized as follows: Section 2 describes wave drift
damping results and computations of force and moment at zero speed. Results illustrating
convergence and various checks of the method are also described. In section 3 the poten-
tials of the wave field are described, section 4 contains formulae for the complete wave drift
damping matrix B;;, and section 5 contains formulae for the energy check. While section 2
is descriptive, sections 3-5 are mathematical.




2 Wave drift damping results

2.1 Description of the main steps of theory and results

The mathematical problem is formulated in the relative frame of reference which follows
the slow velocity of the floating body, and non-Newtonian forces (the Coriolis force) are
accounted for. The first step is to compute the potentials which determine the components
of the fluid flow at the geometry under consideration. This is obtained by solving the integral
equations which are derived from a set of boundary value problems. The numerical solution is
found by exploiting a low-order method which gives sufficient accuracy for practical purposes.
We then evaluate the added mass and damping coeflicients, the exciting forces and the linear
motions of the body. In all parts of the formulation the slow drift motions of the body are
accounted for, where the slow drift velocites U, V and Q appear as prefactors like in (1)—-(2).
The linear part of the method is described in part 1 of this report, see reference [15].

In the next step we derive formulae for the wave drift damping matrix, with results given
in section 4. We start with the equations of conservation of linear and angular momentum,
where all terms are consistently accounted for. This means that terms proportional to the
wave amplitude squared times the slow velocities in the three horizontal modes of motion are
included. The formulae are relatively simple at the onset, but the final versions become rather
complex. The physical and mathematical arguments used in the derivations are basically
conservation of mass, various versions of Gauss’, Stoke’s and Green’s theorems, in addition
to some manipulations. The precise derivations are given in the references [3], [8], [9] for
the formulae which determine Byy, Bs1, Besi, Bi2, B2z, Bsz (translation). These coefficients
are in this report developed on (novel) explicit form. The derivations for the angular mode,
i.e. Big, Bag, Bes, are given in the references [11], [12], [13]. The final formulae express the
damping coeflicients by:

1) contributions determined by the far-field amplitudes of the linear velocity potentials,
where the effect of the slow drift velocities are taken into account;

ii) contributions determined by the far-field dipole moments of the potential governing
steady velocities in the fluid, introduced by the linear wave field. These velocities couple to
the slow drift velocities in the mathematical formulation (see reference [8]);

iii) and, for Beg, contributions due to linear body responses coupled by the matrix rep-
resenting the effect of the Coriolis force and the restoring force matrix.

All the contributions i), ii), iii) are of importance and must generally be evaluated. For
geometries with special motion characteristics, some of the terms may predominate, however.
Computations for a ship (Turret Production Ship) indicate that the terms i) and ii) are of
equal importance, a result which seems to be due to the relatively large body responses
of this geometry. The contribution iii) may be somewhat smaller than the other terms.
Preliminary computations of a tension-leg platform indicate that the terms of category i)
give largest contribution. This is due to the particular geometry of a tension-leg platform
and that such a platform has relatively small linear responses.




2.2 Wave drift damping computations

The wave drift damping coefficients are functions of the wave angle and the wavenumber,
and extensive examples for the entire wave drift damping matrix is rather demanding. Here
we will show some results which may illustrate the main trend for some of the damping
coefficients. The results may serve as reference and basis for further computations. Several
computations of six of the wave drift damping coeflicients have been presented in the refer-
ences [3]-[12], namely the damping coefficients B;; and B, (1 = 1,2,6), due to translation.
We also show here novel computations for the damping coefficients in the yaw mode, i.e.
Bis, Bys and Bgs. We perform computations for two ship models and an offshore platform.

2.2.1 Ships

The first ship model has circular section and beam B(z) given by
B(z) = Boll — 22/, lal < /2, (3)

where [ denotes the ship length and I/ By = 5.6. We refer to this model as Ship 1. The other
ship is a Turret Production Ship (TPS) with length to beam ratio equal to 5.6. Results for
Bi; and Bg; are shown in figures 1-2 for two different water depths for the TPS and Ship
1 (to be precise, the geometry used to produce figure 2 is slightly different from (3)). The
damping coeflicients Bjg, Bys and Bgg are shown in figures 3-5 for various wavenumbers
and wave headings, where the latter is defined as the angle between the length direction of
the ship, towards the bow, and the wave direction. Wave angle 90° means beam seas, 135°
quartering seas and 180° head seas. The wavenumber range is 4 < kl < 16, which means
that for a ship with length 230m the wave length A = 27 /k is in the range

90m < A < 360m (4)

The figures 3-5 show trends which mainly are:

o The values of Bjg and Bjg give forces comparable to By; and Bj; for angular velocity
times ship length Q[ equal to translatory speed U. '

e Bjs and B¢ may be both positive and negative. There are no physical reasons which
contradict this.

e Bjg and Bjg are almost the same for the two ship models for waves with headings 157°,
180°. This is not true for quartering waves and beam seas, where both Bjg and Bae
are large but different for the ships. For 8 = 90°, By = 0 for Ship 1, due to symmetry.

o Bgg is always positive for the ship models. This is not true for all geometries, however.
Computations for an offshore platform show that Bgs may be negative for some regions
of the incoming wave length, see below.

o Bgs becomes larger for the TPS than for Ship 1. This is most significant for beam seas.
The effect on the damping coefficients due to the responses of the ship are found to be
large. This result is obtained by comparing with computations in reference [12], where
the effect of motions were discarded.




For comparison, we show in figures 6-8 computations of Fyo, Fyo, M. A realistic ratio
between ) and w may be 1:50, which means that the contribution from the damping matrix
may significantly increase the total force or moment acting on the body by 20-50%.

2.2.2 Offshore platform

In the next examples the geometry is a model of an offshore platform, namely an array of four
vertical circular cylinders with radius a, draught 3a and with the cylinder axes located at
(z,y) = (£3.5a, £3.5a). In this case the water depth is infinite. In figures 9-10 are presented
results for the wave drift damping coeflicient B;; and Bgs. The results exhibit quite strong
variations with respect to the wavenumber and the wave angle. In most cases the wave
drift damping is positive. For some wavenumber and wave angle domains the wave drift
damping becomes negative, however. This occurs for By; when 0.5 < ka < 0.7 (8 = 180°).
For Bee negative wave drift damping is most pronounced for § = 45° and 0.6 < ka < 0.8,
1.15 < ka < 1.35. In figure 10 are also shown results by the method of Emmerhoff and
Sclavounos who obtain the wave drift damping moment for vertical cylinders by pressure
integration over the body (Sclavounos, personal communication). The agreement between
the two different methods is good.

2.3 Convergence and the energy check

As mentioned in part 1 of this report [15] it is desirable to develop checks when deriving a
rather complex method. This makes possible a verification of the theory and the numerical
code. Another aspect is convergence of the method. These issues are illustrated in the
examples in figures 11-14. ‘

First is considered convergence of the added mass and damping coefficients fo5 and — fs,
which should be equal, according to the theory. In figure 11 we show computations of these
coefficients versus the inverse number of panels (1/N) on the wetted ship surface. The figure
illustrates the accuracy of the computations, indicating that fos + fso — 0 as 1/N — 0.

In figure 12 is studied convergence of Bjg and Bgg for Ship 1 for two different wave
headings. The number of panels on the wetted body surface is N=392, 800, 1568, with
corresponding number of panels on the free surface Np=1568, 3200, 6272. The results
document convergence.

Figure 13 shows the energy check for Ship 1, illustrating that the energy in the method
is conserved. A correct energy check, which is non-trivial, also documents soundness of
the method. Similar computations are performed for other geometries (results not shown),
giving the same positive check of the method.

In the last illustration we let Ship 1 rotate about an axis of 100 ship lengths away from the
ship. This means that the ship is almost performing a translation. We then compare results
for By, Bis/ks, Bes/sk in incoming head waves, where s = 100/ and [ the ship length, &k
the wavenumber. These coefficients, obtained by three completely different formulae, should
be equal with this scaling, a result which is confirmed by the computations shown in figure
14, giving another check of the method.
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Figure 1: Damping coefficient By;. 0° (following waves). (a) TPS, h/T = 1.2. (b) TPS,
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Ficrre 10. Wave drift damping coefficient for an offshore platform obtained by numerical
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pontoon ; dotted line. with pontoon: x. simplified method for the cylinder array.

Figure 9: Wave drift damping moment By, for an array of vertical cylinders. Wave heading
B = 180°. Example from Nossen, Grue and Palm [3], figure 10.
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3 The potentials

We describe the incoming waves in the relative frame of reference by the potential

_ : I_iot 1 coshk(z+h) —ikR cos(8—0)
- Re[(Azg/w)¢ € ]7 ¢ - COSh kh € Y (5)

where A, k and (3 denote respectively the amplitude, wavenumber and wave angle of the
incoming waves and h the water depth. Furthermore,

oc=w-—Ukcosf — Vksin g (6)
where
K = ktanh kh K =w?/g (7)
The velocity potential @’ describing the entire flow my be written by
O =0+Ux"+Vx¥ +Qx*+ 9@ (8)

where @ denotes the linear wave potential being proportional to the wave amplitude and is
due to the incoming, scattered and radiated waves, UxV + VxV + Qx% the potential due to
the flow generated by the body when there are no waves, and %(? a time-averaged potential
being proportional to the wave amplitude squared.

3.1 The wave potential ®

We may write
1AG | oy 1Ag 04 w v 1Q) iot
@ = Re(—=¢e""") = Re(—(¢° + (V)" +7(V)¢"" + 7(Q)¢'")e") (9)

We shall here be interested in the far-field. For ¢° we have

h kU h) _ua
coshk™(z + )e—zk R |

0_ I _ p-1/270
¢ d) R H (0) cosh k1UL O(l/R)’ R — 00, (10)
For the potentials due to U and V we find (see references [3], [9])
0 I W _ pe1ja U COShEY (2 +h) _up
¢ —¢ +7(U)p" = RT/°H”(§) T +O(1/R), R— o, (11)
0 I WV _ po1/2 gV g C08h kV(z+h) _uvg
¢ —¢ +7(V)o R™/“H"(0) oL kVh € + O(1/R), R — oo, (12)
where
27(U)
w _
k —k(1+ Cg(kh)(cose cosﬁ)), (13)
V). .
KY =k ( — i 14
+ Cg(kh)(sm9 s1n,@)), (14)
kh

Cy(kh) = tanh kh + (15)

cosh? kh
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and HYY denote far-field amplitudes of the potentials.
In the slow yaw-problem we obtain the potentials as follows, see references [11]-[13],
8240 5240

10 _ o f g 130
@ —2zA6Kaﬁ-l—ZzIxaKaa+¢ (16)

where 1% satisfy

coshk(z + h) ik

13Q _ p-1/2 7130
¢ =k H(0) cosh kh

+ O(1/R), R— o0 (17)
and H'%® denotes the far-field amplitude of ¢

3.2 The potential

The second order potential %(?) appears in the formulae for the second order fluid pressure,
and for the mean force and moment always multiplied by the slow velocity w. To leading
order in € it is then sufficient to consider the boundary value problem for %) when U =
V = Q = 0. The free surface condition for () then reads

82¢0*
0z2

oy 17 199 0°0 109020 Al 0
S = 5n VOt Gt gmon — T M

) at z=0 (18)

where a bar denotes time-average and a star complex conjungate.
The boundary condition at the body reads

oy
on

where € = Re|(¢;, &2, 63)€Y, & = Rel(&4, &5, & )e'Y]. Furthermore, |V4()| — 0 for R — oo,
oY /0z =0 at z = —h.

The solution for ¥(?) may be obtained by an integral equation. The analysis below shows,
however, that to find the mean force and moment, only the boundary conditions for ¥(?) are
required, and not the complete solution for ¥(3). A complete discussion of the significance
of ), and how to obtain the potential, is given in reference [8].

—-n-[E+axz) V]Ve+(axn) [(d/d)E+axe)—VE]  (19)
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4 Formulae for the wave drift damping matix.

4.1
pi;z _ %/O”{QS_HT;M; (C,kIHOP) + cos 6 HOP + CgRe(H°H13U*)} cos 00
+ %Cg cos BRe[S™3Y] (20)
where a star means complex conjungate and
Chade \/%e”/“H”U*(ﬁ) (21)
H° = HY + K(&/A)H? (22)
HWY = g33v ¢ (Kg?H;SU + 2k(cos B — cos §) (a ;O)HO + (K&Y — kcos ﬁgg)HJ‘.’) JA (23)
ArHPY = /5 B[(2k cos 0%, — ¥iV)ho + I%Vho -wn;]dS + i /S ] 2L(R%, xV)dS  (24)
4 HIU = /5 (2 cos By — wlf)h2dS + /S SBLa(k,x")dS (25)
v;¥ = ¢ + 2k cos Bk, La(h,x) = 2Vih - Vax + hVix (26)
B = %‘?g—}%(taﬂh kh + 1) (ek(' + e—k(C’+2h))ek(i£’ cos §+in’ sin 6)—in /4 (27)

C,(kh) is given by (15).

4.2
B 2m .
pgi{g = %/ {E—H—C—@—ﬁ-;k <C k|H®|? ) + cos | H°|* + CgRe(H°H13U*)} sin 6dé
g
k
+ 29?09 sin BRe[S™?V] (28)
4.3
B g k(cos @ — cos 3 . . .
922 =3 m/0 { ( . )ak(C HOHY") + ksin 0HY H® + C, H° H}*" }de
+-LIm {— sm,@(——a—(C k)S° + 2k0i) —2cos3S” + C S‘3U'} +ZLym (29)
2w? C, Ok ok w2 2
where

5°=\/§?;6"”/4[H°(ﬁ)]*, s°’=@e""/‘*w;’<ﬁ>]*, 513”’=\/%e""/“[ﬂe‘3”w>r (30)
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()
Mo=(fga) [0 - T—ds =

Sp+SrF
_]: _ 0, " . O - vV _ 0, Ox 77 0 10
SIm [ B v ) dS+A/CB(X y)B® - ngdl /SF( y)¢°¢2:ds)
(31)
= [(&,8,&) + 2 x (&,&,&)]/A (32)
4.4
B, gk [ [sinf—sing 0 0 ) 012 0 1713V
i M/O { o o (CoklHO[?) + sin 0| HO[? + Cy Re( HOH'®"*) y cos 0df
k
+ i—icgcosﬁRe[S'lSV] (33)
513V= /2%62'#/4HI3V*(/8) (34)
I(KE))

H'Y = B 4 (KEH + 2k(sin 8 — sin 0) HY + (K€Y — ksin BE0)HY) /A (35)

oK 1
anH = | [(2ksind¢f — v}V )hs + —ngh" -wn;ldS + i /s S Ln(h%x")dS  (36)
AHIY = [ (2hsin 06 — ¥ )H2AS +i [ SHLAK, x¥)dS (37)
Sp Sp
iV = @1V + 2k sin B¢y (38)
4.5
B k 27 (sinf —
pgzz - 2-‘1)2/0 {Sm = Smﬁaak (Cok|HOP? )+sin0|H°|2+CgRe(H0H13V*)}sinod9
g
+ %Cg sin B Re[S™%Y] (39)
4.6
Bez, g 2 [ k(sind —sinf3) 9 0 0 770% 0 113V
Py 2w21m/0 { c o (C,HOHE") — k cos OHRH + C,HOH}*V™ § df
) 8Ss° ,
+§i—2lm {COS,B(C e (C k)SO +2k—8—k—) — 2sin 8S° + C, St } - %Ml (40)
2m x / 27 i * ! 2m i *
§0 =\ MHNB), S = e HG(B), SV = e HFV (B (41)
o

M, = A? v_ d 42
L= (fed?) [ (¢ - 2)%5 S (42)

(see also (31)).
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4.7

Bigl; —(i~i
pgA? 0B

L oo () sl o (25 )

+%Re{@em/ H () ( o g ) — 2i[HE,(8) + H3(B)] ( _Czisnﬂﬁ )]} (43)

where

—k x lz)Ml

kC, 1k 0C,
HY = I% L[2iK (th + Hoy) + H% + C ok (Hﬂ + HY) (44)
98 Ke?) B(KE0) OH?
R L ate o AL

AmH = | (3K §chG, — ¥I™hE = iVA - win;)dS + i / $2Ln(h%, xV)dS  (46)
B

4r HIO = / (2K ¢ hS — p1R0VdS + / % Li (K, x*)dS (47)
Sp
4.8
Bos _ , @"MGEEE | icu(§HE" — E5GT) 1 TPRp
o — {2 o gy [, (H3(0)+ HR(0) ™ (0)d6} (49

where ¢;; denotes the usual hydrostatic matrix, which also may include mooring forces, and

0 -M 0 MZg 0 —MXqg
M 0 0 0 MZs; —MYg
¢ 0 0 0 0 0 0
M;; = —-MZs 0 0 0 —1Izy Dy, (49)
0 —MZG O Iz‘y 0 _sz
MXq MYqg 0 -D,, D, 0
M denotes the mass of the body, (Xg, Ys, Z¢) the center of gravity, and
L, = /M 2dM, D,, = /M zzdM, D,, = /M yzdM. (50)
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5 Conservation of energy

The energy equation for translation has been described in the references [3], [4], [9]. Here
we describe the case of a slow rotation, 1.e.

d(Es + Ey)

_ L
7 = /SR(;D-I- 5PV + pgz)v - ndS (51)

expressing that the rate of change of kinetic plus potential energy of the floating body (E)
and the fluid (E/) inside the control surface Sg is equal to the energy flux at Sg. Let us
consider the time-averaged energy equation, giving

d(Es + Ey)

1
= — - 2 . —_ — 0 1Q
W /Sn(p-i— 5PV + pgz)v - ndS = WP+ (W™ + .. (52)
For W° and W we find
WO 1 0 0%
pgAZc, °C, /SR Im{¢°¢,"}dS (53)
Wi
pgAZc,
o[ [ Re{KB n(gh — i(6} + K(Es/A)6)' ) }dS + 3 L9 _ K|Bg['nsdS
Cg Sgp p B J 9 0,3 3 3
K 0
-_A—f%R e{€2(&3 (pVe Xp — meXa) + & (pVBXB — miY5))}
K K2
+2 A2 a/@(|§4|2 + ‘£5| )(PVBZB - meG) + A2 83(6060*)
2 C , 0C ,
_/0 Re{KH"| L9 Ci_afﬂg — 2Cy(Hl%p + K(E5/A) H)| }do
2m ir/4 T ~ 1 0C *
—Re{y/ T/ E —§H19+ A S H} = 2iCy(Hoyp + K(¢ e5/A) H%)| '}
+K(— ! zt —1—(—92 JRe{t \/ ’"/4H°* (54)

where ¢, = 8w/0k, BS = B® -k and H'? = 2iK (H, + Hpy) + His.
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6 List of symbols

B;; - wa\}e drift damping matrix

O — zyz - coordinate system in relative frame of reference

1,]J, k — corresponding unit vectors

Ui+ Vj+ Qk - slow velocities of the body

®!, ¢! - incoming wave potential

A, w, k — amplitude, frequency, wavenumber of incoming waves
B — wave angle (between z-axis and wave direction)

g - acceleration of gravity (=9.81m/s) |

K =w?/g

h — water depth

i=+v-1

0 =w — Uk cos 3 — Vksin § — encounter frequency

R and 6 — defined by z = Rcosf, y = Rsind

T(U) = Uw/g, (V) = Vw/g, 7(Q) = Q/w

®’ — velocity potential

® - linear wave potential, proportional to A

xY, xV, x* - potentials due to slow velcities along z,y, z-directions
¥(? — time-averaged potential proportional to A2

wU =i+ VU, w¥=—-j+Vx", wh= -k xz+ Vyx"
w=Uw"+Vw" +Qw®

¢x — partial derivative of ¢ with respect to K

V1, — horizontal gradient

¢ — potential

¢ =¢° + 1(U)pY 4+ 7(V)p*Y + 7(Q)¢'? - perturbation expansion of ¢

¢ =8} + (V)¢ +7(V)g" + ()"
— perturbation expansion of ¢;, j =1,2,...,6,D

1V, 1V, 1 — potentials

P11, @1V 118 _ potentials

¢}3U’ ¢}3V’ ¢J139 — potentials

€; — response amplitude in mode number 3, j =1,...,6
9,8V, €V, 19 — perturbations of ¢;

7S
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B’ =[(&,6,8) +z x (&,&,8)]/A

— generalized unit normal vector of the body
Li(é,x) = 2Vro - Vix + ¢Vix — operator at z =0
HO HY HY HYW HY H$ _ far-field amplitudes
HBU [V [13Q _ farfield amplitudes
H° = H? + K(&/A)HY
HWU = g13U 4 (K{QHQU + 2k(cos 8 — cos H)MHQ + (K€Y — kcos ﬁf?)H]O) /A

HISY = HI 4 (KEH?V + 2k(sin § — sin 0) S0 HO 4 (K€Y — ksin 869 HY) /A

139 — H139 + K[(€1n 85 216;22’))]{0 9% 8(;\150)% + EOHISQ] /A

M = (w/gA?) fs, 45, (XY — x)az""’ ds

n

My = (w0/9A) fszp5, (x" = v)%5mdS

kU k'Y - wavenumbers

C,(kh) = tanh kh + kh/ cosh®(kh)

Sp — wetted body surface,

S — free surface

p — pressure,

p — density of the fluid

F.,F,, M, - horizontal drift force, yaw moment

B(z) - local beam of ship 1

Bp - beam of Ship 1 and TPS

[ — ship length

fix = ajk + bjx/ic — added mass (real part) and damping (imaginary part)
% [, [, f1& - perturbations of fjx

M - body mass

M;; - body mass matrix

M¢; - matrix accounting for the Coriolis force

¢;j — hydrostatic coefficients

W, W° W _ energy fluxes

X ¢ - centre of gravity

X g — centre of bouyancy
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Additional effect of external damping/mass/restoring

The symbols used here are defined in Chapter II and III and in reference 13. First we consider the
equation of motion. Let the mass and restoring force matrlces M;; and c;; contain external effects.
Additional external damping may be written:

Bf = Re[—wbﬁ({? +7(U) }U +7(V) ;V + 7(92) Jm + ir(Q)E?,,a)e"“] (1)

where 0 = w — kU cos 8 — kV sin . By using the relevant equations for the exciting and hydrody-
namical damping forces, and (1) for BP, we find that the equation of motion becomes, for zero speed
and to leading order in 7(U), 7(V), 7(f2) respectively

(—w?(Mi; + 0 - zbE/w) + 021)50 AXY (2)
(—w?(Mi; + [ —ibl Jw) + ¢;;)€;Y = AXIY + [W*fi7 — 2gk cos B(M;; + (K f3}),x — b5}/ (2w))]EY (3)
(—w?(My; + f,-(;- /w) + ¢ij)§; &V = AX} + [u)2 — 2gksin B(M;; + (K .),K - z‘bfj/(zw))]gg (4)

(—wz(Mij + zbE/w) + c,,){IQ
- A(X,.IQ +1X0) + WP [(f5 — 2MG)E) + 2i(My; + (K £)) x — ibf/(2w))€9 5] (5)

Next the expression for Bgg is considered. The near-field contribution to Bgg may be written

L 0*1_10*_3- 0, . 0% __1
2K /SB Re{ ,ﬁ¢,n ¢ ,Bn 3ﬂ(ZKB nw V¢ )}ds- ngA2Re[ ] (6)

where superscript 1 replaces superscript 12 and
Re| | = Re{ O"‘( (iXOﬂ + X}) +uw? 3{; +w? EO + 2 (K f, )Kfjoﬁ) Er(AXD + WP fjﬁ;-)),ﬂ}
= Re{ 2*( (zXOB + X1
+W € + W56 + 2w (K f) k€3 g) — & (—w? (Mjs — ibj; Jw) + ¢;i)€) 5}
= Re{€)5(A(X)s + X}) + W?[f3&] + Fi56] + 20(K f3) k&5 5 + (WP Mj; + iwbl; — c;)€7)} (7)

To obtain this result we have used (2). This means

0
ZK/ Re{¢ 'ﬁn 26 — (iKB° - nw - V¢**)}dS
-1 . .
=5l o A2 { vl AX + XDp) — c5if) + [(f + My +ibj /w)&} + fLE0 + 2i(K ;;.),Kg;.{ﬂ]}}

(8)
We now use (3) and find
A(X] +1X05) + (&) + fii€) + 20K f) k&5 g =
— (WM — 'wa{f- c,J)E} + 2iw* ME, EO i(2w2 M;j — iwb] )5?6 (9)
This means that the term on the right of (8) becomes
Re{ €03{1(cji—ciy)+w™(Miy— My) —iw (55 +b5) € ~ 20 M€ +il2w* Mig—iwhE1€0 5} /(209 4%) (10)

The term (10) determines the near-field contribution to Bgg. The expression for the far-field contri-
bution to Bgg remains unchanged.
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Wave drift damping with WAMITUIO
Panel program. Module integrated in WAMIT

QUANTITIES EVALUATED BY WAMITUIO
ADDED-MASS AND DAMPING COEFFICIENTS (IOPTN(1) = 1):
See egs. (74)-(77), Chapter 1.

Zero speed:

Derivative with respect to K = w?/g:

0

REAL/IMAGINARY PART OF f,, ;. = pj;_i
Perturbation due to speed along the z-axis:

REAL/IMAGINARY PART OF T}/ = ;Zlf;
Perturbation due to speed along the y-axis:

REAL/IMAGINARY PART OF T,/ = pi{:

Perturbation due to rotation about the z-axis:
10

REAL/IMAGINARY PART OF T = i

where m = 3 for 1,5 = 1,2,3, m =4 for: = 1,2,3,5 = 4,5,6 or 1 = 4,5,6,7 = 1,2,3, and

m =5 for i,j = 4,5, 6.
EXCITING FORCES (IOPTN(2,3) = 1):
See eqgs. (63)~(64), Chapter .

Zero speed:

o X?

X =
' pgAL™

Derivative with respect to the wave angle £:




z!
XiHB = rm

pgAL™
Perturbation due to speed along the z-axis:
—XIU _ X,'IU
' pgAL™
Perturbation due to speed along the y-axis:
YIV _ X,ilv
YT pgAL™

Perturbation due to rotation about the z-axis:

<~ XM
¢ pgAL™

where m = 2 for 1 = 1,2,3 and m = 3 for + = 4,5, 6.
BODY MOTIONS IN WAVES (IOPTN(4) = 1):
See eqs. (16) and (78)-(93), Chapter L.

Zero speed:

w0 &
Ei—z

Derivative with respect to the wave angle §:
P _ b
l,ﬁ A

Perturbation with respect to speed along the z-axis:

1

—1U_§Z-1U
G=

Perturbation with respect to speed along the y-axis:

& =




Perturbation with respect to rotation about the z-axis:

s _ E
é‘i - A

PRESSURE AT CENTROIDS OF INPUT PANELS (IOPTN(5) = 1):

P =P+ r(U)PY + (V)P + 7(Q) P12

The pressure components are complex amplitudes. For 7(U) 7(V) 7(Q), see eq. (5), Chapter
L

Zero speed:

=0 po
pgA

Perturbation with respect to speed along the z-axis:
'P'IU B PlU
pgA
Perturbation with respect to speed along the y-axis:
FIV B PlV
pgA
Perturbation with respect to rotation about the z-axis:
. Pl(l

P =
pgA

PRESSURE/FREE SURFACE ELEVATION AT FIELD POINTS (IOPTN(6) = 1):

P =P’ +r(U)PY + r(V)PY + 7(Q) P
The components of pressure/elevation are complex amplitudes.

Zero speed:

A
pgA




Perturbation with respect to speed along the z-axis:
FIU B PIU
pgA
Perturbation with respect to speed along the y-axis:
FIV _ PIV
pgA
Perturbation with respect to rotation about the z-axis:
—10 B Plﬂ

P -
pgA

FLUID VELOCITY VECTOR AT FIELD POINTS (IOPTN(7)):
Same output as for zero speed.

MEAN HORIZONTAL DRIFT FORCE AND YAW-MOMENT (IOPTN(8) = 1):
See egs. (1)-(2), Chapter II.

Zero speed:
— Py, — M
= ! M = —
V2T pg AL O T pgArL
Wave-drift damping matrix:
—= B;; . - Bs;
B =—2X-1=1,2, B¢ = !
= pgA?L ¥ pgArL?

MEAN ENERGY FLUX (IOPTN(8) = 1):

W =W°+r(UWW + 7(VWY + r(Q)W
For 7(U) 7(V) 7(Q), see eq. (5), Chapter I.

w

W= pgAic,L

where ¢, denotes group velocity.




INPUT TO THE PROGRAM

The control parameter IWADD is used in the WAVE DRIFT DAMPING VERSION of WAMITS5.3
in addition to the standard control parameters.

IWADD = 1 means that effect of slow motions in the three horizontal modes of motion are
included, and that the complete wave drift damping matrix and related quantities are evaluated.
IWADD = 1 is default value in this version of WAMIT.

IWADD = 0 means zero slow speed, with WAMIT kept in the original form.
IWADD = 0 may be specified as the last parameter in 'config.wam’. It is not necessary to
specify IWADD unless the user wants to employ the original zero speed version of WAMIT.

The input files are:

xxxx.GDF

xxxx.POT

xxxx.FRC

xxxx.FDF

These input files may be specified in fnames.wam.

The GEOMETRIC DATA FILE (.GDF) is the same as for WAMIT5.3
The POTENTIAL CONTROL FILE (.POT) is the same as for WAMIT5.3
The FORCE CONTROL FILE (.FRC) is the same as for WAMIT5.3

The following restrictions apply for IWADD = 1:

It is not possible with additional walls.

NBODY must be 1.

ISOR must be 1.

IRR must be zero.

IDIFF can be either 1 or -1.

ISOLVE must be 0 or 1.

ISCATT must be 0.

IOPTN(5) can take the values 0,1,2,3. For 2 and 3 the velocity field with zero speed is obtained.
IOPTN(6) cannot not be equal to 2.

IOPTN(7) can be equal to 0 or 2. In the latter case the velocity field with zero speed is
computed.

IOPTN(8) cannot be equal to 2.

IOPTN(9) must be equal to zero.

The FREE SURFACE DATA FILE (.FDF).
The xxxx.FDF file specifies the discretization of the free surface with format as for WAMIT5.3S.



A group of four vertices, numbered in a COUNTER-CLOCKWISE sense when viewed from
the fluid domain, is used to identify a panel. This is the same as for the xxxx.GDF-file.

The parameters PARTS and NPF are read as dummy variables and are NOT used.
The .FDF file is not assumed if IWADD = 0.

SUGGESTED DISCRETIZATION OF THE FREE SURFACE

The free surface integrands in the integral equations converge quickly with respect to the radial
coordinate. The free surface contribution to some of the quantities have, however, somewhat
slow convergence with respect to the distance from the geometry. A discretization with panel
areas being proportional to the radial distance squared is recommended. It is suggested that
the outer discretization radius, R,,:, is chosen according to:

R,.: = L for a ship with length L.

R,u: = 2L for a platform with distance L between the columns.
Rou: = 6L for a vertical cylinder/sphere with radius L.
AUTOMATIC GRIDDING OF THE FREE SURFACE

The program may also be run with the same input as for the zero speed program WAMITS5.3,
without specifying a discretization of the free surface. The program then checks if there is no
xxxx.FDF-file, and, if so, generates a discretization of the free surface and writes this to an
xxxx.FDF-file, the latter to be specified in fnames.wam file.

The automatic discretization routine is not intended to be general and has curently the following
restrictions: '

One intersection between the geometry and free surface is assumed.

The following symmetries may be used: Symmetry about the x-axis. Symmetry about the x-
and y-axes.
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