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A phenomenological approach is employed in determining the 

forces and moments on a rotating helix by the resistance of 

the surrounding liquid at low Reynolds numbers, and it is 

shown how they may be balanced by the forces and moments on 

a spherical head. Within the restrictions of the analysis 

it is found that if the head rotates it can only have one 

helical propeller. But if the number of flagella is 4n, half 

of them rotating in each direction, the head will not rotate. 

The rate of energy transmission to the surrounding liquid is 

evaluated in each case; it is found to be lower in the latter 

case, and in the former case it increases with the square of 

the ratio between helix and head radii. The efficiency of the 

propulsion system is found to be practically independent of 

the viscosity of the surrounding liquid, 
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Introduction, 

The propulsion of microorganisms by flagellar motion is 

easily observed in the microscope, and it has therefore 

been studied in the hope that it might throw some 

light on the life functions of the cell, (For a review 

of the literature see for instance Holwill (1966)), 

The success of this approach depends on our knowledge about 

the mechanics of flagellar propulsion. But this again depends 

on the understanding of the hydrodynamics of the translation 

of bodj.es at low Reynolds numbers. This is, however, a compli

cated problem, and analytical solutions to such motions have 

only been found for bodies of the simplest geometries. Thus 

Kaplun (1957) has found the solution for the flow past a circu

lar cylinder, and Proudman & Pearson (1957) the solution for 

the flow past a sphere. 

Whatever understanding we have about the swimming of micro

organisms has therefore been reached using approximate methods, 

Thus Taylor (1952) was able to treat only the cases of a long 

circular cylinder bent into a sinusoidal wave or a helix, when 

the amplitude of the wave was in the order of the diameter of 

the cylinder. By employing a phenomenological approach, Gray 

and Hancock (1955) were able to treat the more realistic case 

when a sinusoidal wave of finite amplitude progresses backwards 

in the flagellum. A similar approach was employed by Holwill 

and Burge (1963) for the case of a rotating helieal flagellum. 

Both Taylor and Holwill & Burge showed that the rotation of the 



- 3 -

helical flagellum produces an axial thrust that can compensate 

for the drag on the head of the microorganism. Further, Taylor 

showed that the rotation of the helix produces a torque around 

the axis that must be balanced. 

In the present paper we will employ a phenomenological approach 

to study the feasibility of rotating helical flagella as 

propellers of microorganisms, and we will consider some ways 

the axial torque can be balanced by the presence of the head. 

It turns out that rotation claims a major part of the rate of 

worl{ needed to propel the organism. 

Forces and moments on the rotating helix. 

i•le consider a circular cylindrical heJ.ix of radius R and pitch 

angle e, Figure 1 a, moving in axial direction with velocity U. 

The radius of the flagellum is r, and its curve length is L. 

R, e, and r are all assumed constant along the helix. The 

helix rotates about the axis with an angular velocity w1 , and 

the flagellum has a "speedometer 1dre" rotation of angular velo-

The velocity of an element of the filament ls then 

+ -+-+ + + 
v = w

1 
Rj + Uk = (w 1Ro::>se + Usine )j '-(w

1 
Raine- Ucose )k' 

+ + 
=v'j'+w'k', (1) 

+ + + 
where i, j, k are unit vectors in radial, peripheral and 

axial directions respectively, relative to the cylinder of the 
+ + 

helix, and j' and k' are unit vectors in a coordinate system 
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... ... 
rotated an angle 0 about the 1-axis, j' is thus along the 

... 
element, and k' normal to it. Further, the element has a 

rotation that is the sum of the rigid body rotation and the 

11 speedometer wire 11 rotation, 

... ... ... + ... 
00 = 001 + 002 = 00 k + oo2j' 1 

... ... 
= (oo 1sin6 + 002 )j I + oo 1 cosok 1 • (2) 

The frictional coefficients per unit length for motion along 

and normal to the axis of the element are denoted cT and eN 

respectively, and we put cT = yeN' Hancock (1953) has deter

mined cT and oN for infinite straight cylinders in unbounded 

fluid, and he found y = ~ in this case, The presence of 

external boundaries to the fluid will influence the drag on 

cylinders, however, -see Happel & Brenner (1965), chap. 7, In 

the present case the cylinder - i.e. the flagellum - is coiled 

into a helix of finite length. The other parts of the helix 

will then act as external boundaries to the fluid around each 

element, as will the head and the eventual other flagella of 

the organism. No attempt to determine the proper values of eN, 

oT, and y for the present problem will be made here; we only 

note that the values determined by Hancock should represent 

lower bounds, To simplify the analysis we assume that eN and 

oT are constant along the helix. 

The force on the element of length 61 from its translation 

(1) through the surrounding liquid is then 
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+ + + 
oF- - ol(cTv 1 j 1 + cNw'k') 

+ + =- ol{cT(w 1Rcose + Usine)j 1 - cN(w 1Rsin8- Ucose)k 1 } 

+ 
- - eNol{ [w 1R(sin2e+ycos 2e) - Usinecose(l-y)) j 

= - [w 1Rsinecos0(1-y) 
+ 

U(cos 2 e+ysin2e)}k} 

(3) 

The forces due to the 11Magnus effect 11 on the rotating element 

are of the order of the Reynolds number times the forces due to 

the translation, and they are therefore neglected, since the 

Reynolds number is expected to be small. 

The torque on the element due to the rotation (2) is 

+ + + 
oMt =- ol{ar2(w 1sine+w2)j 1 + Br 2w1cos8k 1 }, (4) 

+ 
where the j 1 -component is due to the rotation about the axis of 

+ 
the cylindrical element, the k 1 -component is due to the non-

uniformity of the longitudinal velocity of the surrounding 

liquid relative to the element, and a and e are the fric

tional coefficients per unit length for the two motions. 

The element of force (3) gives an element of torque at a point 

on the helical axis 

+ + + 
1 oM1 1 = jd x oF I, (5) 

where 
+ 

ldl is the distance between the element and the point 

on the axis. Consider the part of the helix between the rear 

end and an element at curve length 11 from this end, Figure 1 b. 
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The station 11 may equivalently be characteri~ed by the 

angular distance from the rear end 

l1cos0 •h = <l>o + R • 

Similarily the angular distance to the element at station 1 

is given by 

ct> = cf>o + lcos 0 
R ' 

and the angular distance between 1 and 1 1 is thus 

(6) 

The radius vector of station 1 rela~ive to the point 0 

on the helical axis on the normal from station 11 is then 

+ 
= - R[- cos1J!i1 

+ 
1Jitg8k 11 d + sin~~Jj 1 + • (7) 

• 

where 
+ + + 
[ipj pk.) is a coordinate system on the axis parallel 

+ + + this system the to the [i,j ,k) system at station 11. In 

force (3) at station 1 is 

+ + + 
dF = - cNdl{P 1 sin1Jii 1 + P1 cos1Jij 1 

(8) 

where we have used (6) in the last equality. The element of 

torque at 0 from this element of force is by (5), (7). and 

(8) 
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Since R, e, y, and eN are all assumed constant along the 

helix, (8) and (9) may be integrated directly, giving the 

force on the rear part of the helix, and its contribution to 

the torque at o. Thus 

(10) 

and 

where we have put 
... ... ... 

In the coordinate system [i 1 , j 1 , k 1) at 0 the torque (4) 

due to the rotation (2) is 
... ... ... 

oMt =- ol{ar 2 (oo
1
sine+oo

2
)j' +f3r 2 w

1
cosek'} 

= - .Sl{ [ {.a-f3)r 2 oo 1 sin0cosO+ar 2 oo 2 cosO J! 
+ [r 2 oo 1 (asin 2 6+f3cos 2 0)+ar 2 oo 2 sin0Ji~} 

+ + + + + 
=- r 2 ol{T1 j+T2 k} = -r 2 ol{T 1 sim/Ji 1 +T 1 cosl/Jj 1 +T 2 k1}. 
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Using (6) we integrate this over the helix behind station 1
1

, 

to find the torque at 0 from the "speedometer wire" rotation 

of this part of the helix 

= - (12) 

h i 
,1, _ 1ICOS0 

w ere aga n o/o - R • 

Putting ljJ = LcosQ we then 
L R have from (10) that the total force 

on the helix is 

(13) 

where [i1 ,j1 ,k1] is the [i
1
,J

1
,kl] system at the front end, 

From (11) and (12) the torque at the front end of the axis is 

\~e 

pl 

p2 

Tl 

and 

T2 

+ 
~{cNRLP +r 2 LT }k 

1 2 1 

recall that 

= w1 R(sin 2 0+ycos 2 0) - UsinGcosO(l-y), 

= w2RsinGcosO(l-y) -.·u(cos 2 0+ysin 2 0), 

= {a-a)w1sinOcosO+aw 2coso, 

= w1 (asin20+acos 20)+aw2sinO. 

(14) 
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When there is an integer number of windings on the helix 
LcosO lj!L = R = 2k1T, and (13) and (14) take the particularily 

simple form 

(15) 

and 

+ + + 
1•1 =- cNRLP

1
tg0h-(cNRLP

1
+r 2 LT

2
)kL (16) 

respectively, For simplicity the further analysis will be 

restricted to helices 1'1ith integer number of windings, 

The sum of the external forces and the sum of the external 

moments must both be zero on a body moving freely at constant 
+ 

velocity. Due to the presence of the jL-component in the 

expression (1.6), (15) and (16) can both be zero only if p , 
1 

p 
2' 

and T are all zero. But this is impossible since p 
2 1 

= 0 

and P· = 0 implies y = o, while we have seen that y .:: 1 \'le 2. 
. 2 

thus confirm Taylors (1952) conclusion that the organism must 

have a head to balance the torque on the helix. In that case 

the organism may of course have several flagella. 

Since the torque from the "speedometer wire" rotation is unable 

to balance the torque from the rigid body rotation, we will 

simplify the analysis by assuming r 2 << R~ in which case the 

contribution to the torque from the "speedometer wire" rotation 

may be neglected. Further, since the force and moment on the 

head induced by its motion through the liquid may be evaluated 

only for the simplest geometries, we will consider heads of 

spherical shape, 
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Propulsion by several helices. 

We consider a microorganism with spherical head and n helical 

flagella, The above analysis of forces and torques is only valid 

for helices in axial translation, and we therefore assume the 

flagella to be parallel, If they are constructed in the same 

way, ~~e expect them to be equal, except that they may be either 

righthanded or lefthanded screws, with corresponding direction 

of rotation. This is denoted by putting w11 = ± w
1

, 

ei= 71 ±(o-.:!!.), . 2 2 

At low Reynolds numbers the translational drag on the head is 

approximately DU = 67r~AU, where A is the radius of the head 

and ~ is the coefficient of viscosity of the liquid, and the 

forces balance if 

+ + 

~F - DUKL = 0 

or, from (15) and (3), 
' 

With D :: B 
ncNL 

we then get 

(18) 

(19) 
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The axial torque on the organism may balance either because the 

sum of the axial torques on the helices is zero, or because the 

head rotates. In the former case 

If the number of lefthanded helices is m, this may be written 

or 

(n-2m)P = o. 
1 

From (3), using (19), 

P
1 

= u 1:y[<a+y)tge+y(B+l)t!e] + o, (20) 

and thus n = 2m, with m flagella rotating in each direction, 

+ 
Further, since jL rotates with the helix, the transverse 

component in (16) can only be balanced by the similar component 

on another helix in the same rotation, with a phase difference 

n between the two helices, Thus m must also be an even 

number, m = 2p, and consequently n z 4p. 

The total rate of work by the organism on the surrounding 

liquid is 
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dw dw) (dw) 
dt = <ctt Head + n dt Helix • 

When the head does not rotate 

( d~r) _ DU2 
dt Head - • 

Further. from (1) and (3). 

(dw) = - J~•6F = dt Helix I 
~ + + + 

eN (w Rj+Uk)•(P j~P k)61 
1 1 2 

L L 

= cNL(w RP - UP ) 
1 1 2 

= cNLRw P 
1 1 

(21) 

(22) 

(23) 

where we have used (18) in the last equality. Introducing (22) 

and (23) in (21) we get 

or, substituting for w and P from (19) and (20), 
1 1 

dw _ 2 1 1 (en > 2 a dt - DU B Cl.-y)2 +y tg + (1+y)(B+1) (B+y) + 

+ y(B+l) 2 t 12a] • (24) 
g . 

For a given rate of energy input the velocity will be maximal 

when 

o~z ~~ = (t-~)2 M<n+y) 2 tga+(l+y)(B+1)(B+y)+y(B+1)\:2 e] (25) 
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is minimal, The optimal value of the pitch angle is then found, 

by putting 

a ( 1 dw) = 
'lie DU 2 dt O' 

to be 

[ 
B+l ,] 

9
0 

:: arctg (B+y f¥) 2 , (26) 

With this (25) takes the form 

1 1 dw :: E DU2 dt = ~(B+l)(B+y)(l-/-Y)- 2 (27) 

The optimal value of B = D 
ncNL is found from (27), by putting 

to be 

a 1 dw) 
aB(DU2 dt = 

B = fY ' 0 

0 • 

with the corresponding value of the pitch angle 

Since 

propel 

of the 

a 
00 

DU 2 

the 

1T = - • 
4 

is the rate of work 

head at the velocity 

efficiency of the helices 

needed by external 

U, E = (...L dw)-1 
DU2 dt 

in propelling the 

forces to 

is a measure 

microorganism. 

If the helices operate at the optimal pitch angle given by (26), 

t t t E-1 and the head does no ro a e, is expressed by (27), which 
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has been plotted in Figure 2 as a function of B = D for 
ncNL 

somevalues of 

Propulsion by one helix. 

If the sum of the axial torques on the helices does not cancel, 

the head must rotate if the total moment shall balance. But if 

the head rotates the several flagella must, if they are long 

enough, be wound up into one tail. If they are too short to be 

wound up, the assumptions of our analysis breaks down, both 

because the flagella are no longer parallel, and because of the 

proximity of the head, whose effect on the flow around the 

helices has been ignored, In addition to the case or the 

organism with several flagella and a nonrotating head, we are 

left with the case of the spherical head driven by one helical 

tail. 

+ + 
If the velocity and rotation of the head are vH and ~· 

respectively, and we again neglect the small contribution from 

the Magnus effect, the force on the head is 

(28) 

and the torque is 

(29) 

where D = 6n~A and T = 8n~A 3 = ~DA 2 , and A is again the 

radius of the head, 
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If iH' jH' kH are unit vectors in radial, peripheral, and 

axial direction relative to the cylinder of the helix in a 

coordinate system with origo at the centre of the head, and 

the centre is at a distance s from the helical axis, then 

+ + + + + + 
VH ::: w

1
sjH + UkH ::: -w

1
s sin<J>HiL + w

1 
s cos<J>HjL + UkL , 

... 
where <I>H is the angle between iL at the front end of the 

+ 
liL' 

+ 
kL] helix and iw In the system jL' the force on the 

head is then 

Since the total force on the organism must be zero we then have 

from (15) and (30) 

and it follows that s = 0, i.e. the centre of the head is on 

the axis of the helix and thus <I>H is irrelevant, and 

which is equivalent with (18), with n::: 1. 

w 
1 

and P
1 

are therefore also in the present case given by the 

expressions (~9) and (20), where now D B=cr;· 
N 
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Rotating joints are unknown in organisms, and the 11 speedometer 

wire 11 rotation of the head and the tail must be numerically the 
-+ 

same. Therefore, if k I 
H is the direction of the "speedometer 

wire" rotation of the head1 

-+ -+ -+ 
WH = wtkH + w2~' 

-+ -+ ... 
If kH' makes an angle ;~_ with kH, and the plane of k I 

-+ -+ + H 
and kH makes an angle K with the plane of jL and k1 , then 

the torque on the head may be written 

-+ 
'1.' = -H = -

+ ... -+ 
= Tw2sin>-sinKi1 - Tw

2
sin>-cosKj 1-T(w

1
+w

2
cos>-)k1 • (32) 

Since the total torque must be zero, we then have from (16) and 

(32)' l1ith 

-+ 
Mtotal 

It then follows that K = 0 or rr, and 

+ T(w + w cos>-) = 0 • 
1 2 

(33) 

(34) 
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The configuration is then as indicated in Figure 3. 

From (33) and (34) we get 

cNRLP +Tw 
1 1 w 

. 2 = - Tcos>. (35) 

and 

tg>. 
cNRLP 

= ± -:-c-N;;;RL;;.,P,_.-~+'-,;T~w~ t g a ' 
1 1 

(36) 

where the positive sign is used when K = 0, 

The rate of work done by the organism on the surrounding liquid 

is again given by 

dw (dw) + (dw) 
dt = at Head at Helix (37) 

From (23) and (34) we have 

= - DU 2 
- T(w + w cos>.), 

I 2 
(38) 

while 

(~~)Head = 

where we have used (15) and (31), and (32), Further from (32), 

since K = 0 or n, 
+ + 

= ± w
2
sin>.j 1 + (w

1 
+ w

2
cos>.)k1 , 
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and thus 

DU 2 + T(w 2 +2w W cosX +w 2 ), 
1 l 2 2 

Introducing (38) and (39) in (37) we then have 

dw _ ( ) 
dt - Tw W +w cosX , 

2 2 1 

Using (35) and (36) this may, after some manipulation, be 

written 

Introducing w and P from (19) and (20) we then have 
1 1 

• [ (B+y) 2 tg 2 6+2y(B+l) (B+y)+y 2 (B+1) \:2 e] • 

(39) 

(40) 

(41) 

(42) 

The first term on the right . side is equal to (24), with 

n = 1, and the second term thus represents the additional rate 

of work because the head rotates. 

When the head is spherical T = : DA 2 , and the efficiency E 

of the single helix in propelling a spherical head is then 

expressed by 
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+ 2y(B+1)(B+y)+y 2 (B+1)\g~a] • (43) 

As in the former case, with a given rate of energy input, the 

velocity is maximal when (43) is minimal. In the present case 

it is more complicated to use this to determine the optimal value 

of the pitch angle directly. Instead (42) was plotted as a 
R function of B for some values of A and y, and for a range 

of values of a (the plots were drawn by a Control Data 3300 

computer), and from these sets the curves giving the lowest 

values of E- 1 were selected. The selected diagrams are shown 

in Figures 4, 5, and 6, where the corresponding optimal values 

of the pitch angle are indicated, 

Discussion and conclusions. 

The diagrams 2, 4, 5, and 6 show that E- 1 varies slowly with 

B ~ nc~L in a wide neighbourhood of the optimal value of B. 

The total curvelength nL of the helix or helices and the 

frictional coefficient eN are therefore not very critical 

parameters. The frictional coefficient may be written 

where E depends on the geometry of the problem. For an infinite 

cylinder with external boundaries to the liquid parallel to the 
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cylinder E is a function of the logaritm of the ratio between 

cylinder radius and the distance to the external walls, and for 

a finite cylinder in otherwise unbounded liquid E is a function 

of the logaritm of the length to width ratio of the cylinder. 

And when an infinite cylinder moves in an unbounded liquid, Lamb 

(1932), has shown that e is a function of the logaritm of the 

cylinder Reynolds number, which in the present case is approxi-

mat ely 2rwtRP • where 
\l 

p is the density of the liquid. is 

then at the most a function of the logaritm of the viscosity of 

the surrounding liquid, and since E- 1 varies only slowly with 

B, the efficiency of the propulsion system is effectively inde

pendent of the viscosity of the liquid. From (27) and (43) 

U ,.. / ~ ~~ , and the velocity of the microorganism· is, with a 

constant energy input, inversely proportional to the square root 

of the coefficient of viscosity of the liquid it moves through. 

The variation of E with y is more pronounced, This indicates 

a uefect in the analysis, since, as already mentioned, y will 

depend on the distance to "exterior" boundaries to the liquid 

around each element on the helix. Thus small values of R, and 

possibly the several flagella, should give higher values of y,with 

correspondingly higher values of E- 1 and lower efficiency 

of the propulsion system, 

With only one helical propeller the efficiency decreases-rapidly 

with increasing ratio between helix and head radii ~· This 

increase should be less pronounced if the head - as is often 

observed - is elongated in the direction of progression and 

flattened parallel to this direction. For then the ratio ¥ 



- 21 -

should be lower, and by (42) this gives a lower value of 

For small values of the ratio R A the efficiency will 

1 E
-1 be 011er, and higher, than indicated in the diagrams, since 

the claim on the available energy input from the "speedometer 

wire" rotation of the helix then can no longer be ignored. 

We have not considered how the front end of the helix is connec-

ted to the head. It is obvious, however, that also the motion 

of this part of the tail will make a claim on the energy budget, 

probably without a comparable contribution to the propulsion of 

the system. 

Save for the assumption that the head is spherical, all our 

assumptions and simplifications, including the selection of 

optimal values of the pitch angle, thus tend to give too favour

able values for the efficiency of the propulsion system. 

If the radius of the head of the 

moves through water, say, where 

microorganism is 
-2 

\l - 10 , with a 

l).lm, and it 

velocity 

U = 100 \lmfs - values that are in the observed range - the head 

Reynolds number is 

while, with r - ~ R, (r 2 << R2 ) the Reynolds number of the 

helix is 
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From (19), with B N 1 and y = !, 

w . N 7U ' 
1 

and taking R N A N 1~m. then 

R 5 •10~ 4 
eHelix N 

The Reynolds numbers are thus small, as expected. 

With -1 E = 50, say, the rate at which energy is transmitted to 

the liquid in the above motion is in the order of 

while, according to Rotschild (1961), the available energy input 

rate is an order of magnitude higher. In the present study we 

have, however, only considered the exterior mechanics of the 

system, Actually, this cannot be separated from the interior 

mechanics, that is how the flagellum should be constructed, how 

it should deform in the interior, and how this interior deforma

tion should change with time, to support the helical motion and 

the resulting forces and moments from the exterior. This will 

give restrictions on the parameters of the helix. Thus the 

strains in the flagellum are proportional to the ratio between 

the radius of the flagellum and the radius of curvature in the 

helix, and there is an obvious relation between this radius of 

curvature, and the radius and the pitch angle of the helix. 

Further, the necessary change of deformation in the flagellum 

cannot be performed without energy losses. 
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The efficiency of the helix as propeller for microorganisms 

can only be determined when both the external and the internal 

mechanics are taken into account. The external mechanics of 

the system seem now to be fairly well understood. It may be hoped 

that the results of the present study can be used in establishing 

some of the boundary conditions needed to solve the problems of 

the internal mechanics of the system, and thus lead to a more 

complete understanding of the mechanics and physics of the 

helical propulsion system. 
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Figure legends. 

Sketch of the helix, with notations used in 

evaluating forces and moments on the element 

61, a, and on the helix, b, 

, of woriF'l 1 1 d 
Dimensioness ratGI E- = DU 2 d~ for an organism 

with several helieal propellers 

B = D for some values of 
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