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1. SUMMARY 

This paper is primarily concerned v;i th the comparison of two 

discrete probability distributions p = (p 1 , ••• ,pr) and 

q = (q1, •• ,,qr) • 

Let the observationvectors X= (X1 , ••• ,Xr) and Y = (Y1 , ••• ,Yr) 

be independent and multinominally distributed with probability para

meters p and q respectively. 

In 3. a stepdcwn method is constructed for comparing the discrete 

failure rates, n. = p./(p.+ ••• +p ) 
~~ ~ ~ r and n; = q./(q.+ ••• +q ) 

.:~....... ~ ~ r for 

each i = 1, ••• ,r-1 • The method is as follows: Break down the 

2 x r table 
-

x1 x2 ••• xr 

y1 I y2 ••• yr l I ' 

into r-1 2 x 2 subtables of the form 

and use the hypergeometric test on each of them. The probability of 

stating no wrong conclusions is then exactly known. 

In 4. the same problem is considered, but now for only a part of 

the probability distribution. In fact we give a multipel method to 

compare the discrete failure rates in two populations of one failure 

cause when there also are other failure causes. The method is appli

cable for instance in the problem of comparing the mortality of two 

groups when some individuals leave the group also for other reasons 

than death. 
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In 5, tests for the homogeneity hypothesis is derived from the 

multiple comparison method. These tests may be alternatives to the 

x2-homogeneity test in some cases. 

In 6. we construct an alternative to the average rank Wilcoxon 

test and other two sample rank tests in the case of tied ranks. 

The method is as follows: First test whether the probabilities re

fering to the tied observations differ, and then test whether the 

distributions outside the points of ties differ. The first test is 

a homogeneity test; i.e. a hypergeometric test, a x2-test or a 

step down hypergeometric test (as we propose in 5). The second 

test may be a Wilcoxon test based on the material with the tied 

observations excluded. 

2. INTRODUCTORY EXAMPLE 

A central question for demographers is to compare the mortality 

of different groups. To fix ideas let us assume that there are two 

groups, males and females. Since vital statistics usually give the 

number of deaths in various age groups, we let the life time, Z , 

be a discrete stochastic variable distributed over the integers 

1,2, ••• ,r. These integers identify the age groups in the right 

order. 

In this context it is natural to define the mortality of age 

group i as 

P(Z = iiZ > i) . i = 1 , ••• ,r-1 , • 

Let now 

p. = P(ZM = i) and q. = P(ZH' = i) • i = 1, ••• ,r , 
1. 1. "' 

where ZM is the life time of a male and ZF that of a female. 
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Let furthermore 

qi 
.9.; :;: ------- :;: p ( ZF ..... qi+ ••• +qr 

and 

= ijZF > i) ; i = 1 , ••• , r-1 • 

For the two life time distributions (p1 , ••• ,pr) and 

(q1 , ••• ,qr) , the question now is to compare the mortalities E1 

with .9.1 ' with • 0 • and with Slr-1 • For each 

index i we want to conclude 

".E.i < .9.i" , ".E.i > .9.i" or "no statement" ; i = 1,2, ••• ,r-1 • 

Below we shall construct a comparison method with known confidence 

level, i.e. the probability of making at least one false conclusion 

may be calculated. 

3. THE HYPERGEO:METRIC STEP DOWN COJYIPARISON METHOD 

A. Consider the two independent random vectors X= (X1 , ••• ,~) 

and Y = (Y1 , ••• ,Yr) • X and Y are both multinomially distri

buted with parameters (n; p1 , ••• ,pr) and (m; q1 , ••• ,qr) • 

For each index i ; i = 1, ••• ,r-1 , the problem is to compare, what 

we in analogy to the continuous case call the discrete failure 

rates: 

and • 
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A multiple comparison method, 6 , is a rule which, on the basis 

of the observations X and Y , decides which of the three state-

ments ".E.i < .9.i" , ".E.i > qi" or "no statement" are to be made for 

each index i ; i = 1, ••• ,r-1 • 

6 has confidence level 1-€ if the probability of comitting 

one or more false statements is at most € • 

Let 6 be represented by the 2(r-1) dimensional comparison 

function, 

vrhere 0 < 6. , c. and 
J.- J.+ c. +6 < 1 ' J.- J.+ 

i ~ 1 , ••• , r-1 ; 

when X, Y is observed, 

is stated with probability oi+(X,Y) 

lip • < q_. II 
:..:L ~ 

is stated with probability b. (X, Y) 
J.-

and "no statementn is made with probability 1-6i+(X,Y)-6i_(X,Y) • 

For the method developed below, it is easy to calculate the 

confidence level. In fact, at each index i we controle the proba-

bility of comitting an error. 

B. The natural way to attack the problem is to let 

a test for 

H. : n. = .9.· J. .I:;.J_ J. 

against the two alternatives AJ..+: E.· >q. J. -J. 

x. 
Since .E.· J. is best estimated by J. 

X.+ ••• +X 
J. r 

and 

( 6. , 6. ) be 
J.+ J.-

by 

it seems natural to let the test (6. ' 6. ) J.+ J.-
be based 
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on the statistics Xi,Xi+ ••• +~ , Yi,Yi+ ••• +Yr • This follows, in 

fact, from the conditionality axiom and the sufficiency axiom. 

(Barndorff-Nielsen, 1971.) 

In the conditional model given (x1,Y1 , ••• ,xi_1,Yi-1) ' 

(Xi, ••• ,~) is multinomially distributed with number parameter 

n-X - ••• -X. and probability parameter 1 ~-1 

( pi+1 
Ei' p.+ ••• +p 

~ r 

p 
, ••• , p.+ r +p ) , and independent of 

~ ••• r 

which has a corresponding multinomial distribution. Since the para

meters of interest, Ei and ~i , depends on (p1, ••• ,pr) and 

(q1, ••• ,qr) only through the parameters of the conditional model, 

it is seen that, relative to the parameters of interest, 

(x1,Y1 , ••• ~xi_ 1 ,Yi_ 1 ) is an ancillary statistic (S-ancillary in 

Barndorff-Nielsen's termDlology, see Barndorff-Nielsen 1971). 

By the axiom of conditionality (Barndorff-Nielsen 1971), infe

rence on (Ei' ~i) may be appropriately done in the conditional 

model given x1 ,Y1, ••• ,xi_1,Yi_1 • 

When i = r-1 we then have that the test may be based on the 

observations xr-1' ~· yr-1' yr where ~-1 is binomially distri

buted with number parameter Xr_1 + ~ and probability parameter 

Er-1 , and ~1 is independent of Yr_1 which is binomially 

distributed with parameters Yr_1 + Yr and ~r- 1 • But this is 

the problem of testing homogeneity against the two alternatives 

Ar-1+ 

mal. 

and A 1 • r- -
The hypergeometric test defined below is opti-

Let i < r-1 , and consialer the conditional model given 

x1,Y1, ••• ,xi_1,Yi_1 • (When i = 1 , the condition is void.) In 

this model Xi is binomially distributed (n-x1- ••• -xi_1 ; Ei) 
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and independent of Yi which is binomially distributed 

(m-Y1- ••• -Yi_1 ; ~i) • Given (Xi' Yi) , (Xi+i'"""'Xr) and 

(Yi+1 , ••• ,Yr) · are independent and both multinomially distributed 

( Pr ) with parameters n-x1- ••• -X; ; l!.i+1 , ••• , and 
..... Pi+1 + •• • +pr 

( qr ) • m-Y1 -~,.-Y; ; ~;+1 , ••• , _,_ _,_ qi+1+ ••• +qr 

But this means that (X., Y.) is S-sufficient in Barndorff-
~ ~ 

Nielsen's terminology, and we can feel safe when we base our infe

rence on (Xi' Yi) in the conditional model given 

x1 ' Y 1 ' • • • 'xi -1 ' Y i -1 • 
By the conditionality axiom and the prL~ciple of sufficiency,we 

have that for each i ; i = 1, ••• ,r-1 , the problem is that of 

testb1g homogeneity against the two alternatives 

the 2 x 2 table: 

r 
., 

X. Xi+1+ ••• +Xr 
I ~ 

I Y. Y.+1+, •• +Y 
~ , ~ r 

I 

and A. 
~-

by 

At level 28. 
~ 

the appropriate test is then the hypergeometric: 

(i itT hen x. <c. 

} 
~ -~ 

0. when x. = 

~1 
=c. 

~- ~ -~ 

when x. >c. 
~ -~ 

( 1) 

(1 when xi >c. 
~ 

I-

oi+ = 

~i 
when xi =c. 

~ 

when x. < ci 
~ 
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where c. 
-~ 

is the lower and c. 
~ 

the upper 

hypergeometric distribution with parameters 

M. = X.+ ••• +X 
~ ~ --:r and n. = X.+Y .• 

~ ~ ~ 

(M.) (N. -M.) 
x~ n~-x~ 
~ ~ ~ ) 
(~~) . 

~ 

e:. 
~ 

fractile in the 

N~ = X.+Y.+.,.+X +Y , .... ~ ~ -r r 

iT. 
-~ 

and n. 
~ 

are appropriate randomization probabilities (functions 

of and 

E6. = e:. 
~- ~ 

n.), such that both 
~ 

and Eo. = e:. 
~+ ~ 

in the conditional model, when Hi is true. 

In Sverdrup's terminology, see Sverdrup (1970), our test (6i+ , 

oi_) is the method uniformly maximizi..l'lg the performance among all 

performance unbiased level 2 e. procedures, obeying the conditio
~ 

nality axiom and the principle of sufficiency. This is so because 

the hypergeometric tests oi+ and oi- are the uniformly most 

powerful unbiased tests for the appropriate one sided problems based 

and Y. 
l 

in the conditional model. 

c. Let us now briefly study the power of the hypergeometric compar-

ison method defined above. 

Let Si be the event "the i-th conclusion is true"; 

i = 1, ••• ,r-1 • We regard "no statement" always as true. 

The probability of doing no errors is given by 
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Given (X1 , Y1 ) , s1 is stochastically independent of 

s2 , ••• ,sr_1 • The values of o1+ and c1_ do not, in fact, depend 

on X2 ,Y2 , ••• ,~,Yr when x1 , Y1 is known. 

Consequently 

r-1 r-1 
P ( n s . ) = EJ? ( s 1 1 x1 , Y1 ) P ( n s . I x1 , Y1 ) "11. "21. 1.= 1.= 

But 

and given x1 ,Y1 ,x2 ,Y2 ; s2 is ~ependent of s3 , ••• ,Sr_1 • 

This gives 

r-1 
P( n s.) = 

. 1 1. 1.= 

By repeating this argmnent we obtain 

I I I 
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But 

-I 

E[P(SiiX1,Y1, ••• ,Xi' Yi!X1,Y1, ••• ,Xi-1'yi-1j 

Therefore 

(2) 

(3) 

(4) 

Combining this, we obtain 

r-1 r-1 
P( n S. ) > II ( 1-2e. ) • 

"1 1 -.1 1. 1. ;;t 1.= 

If for no index i , 12.i = .9..i , we have 

r-1 r-1 
P( n S. ) > II ( 1-e:. ) 

"1 1 "1 1. 1.= 1.= 

If p . = q. ; i = 1 , ••• , r , then 
1. 1. 

r-1 r-1 
P( n S. ) = II ( 1-2e: . ) • 

. 1 1. . 1 1. J_;;::: l= 
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In B it was seen that P(Si) is uniformly maximized under the re-

strictions 

E6i+ < e. when E.· < .9.. ' l l - l 

Eo. < €. when E.. > .9.· ' l- l l- l 

Eo. > 
l+ -

e: . 
l 

when E.. > .9.. 
l - l ' 

and EE>. > e. when E.. < .9.. 
J.- - ]. ]. - ]. 

among methods based on the conditionality axiom and the principle 

of sufficiency. 

D. It is of interest to consider the slightly different comparison 

problem, where at each index i ; i = 1, ••• ,r-1 , we are to make one 

of the three statements: 

"n . > .9.. II 
,.!;;.]. - J.. ' 

or "no statement" • 

By letting the decision function be unchanged except that we 

state "E.i 2.: .9.i" with probability oi+ , we obtain a comparison 

method with confidence level 

r-1 
II (1-e.). 

. 1 ]. J.= 

In fact, (3) has to be modified in this new problem, and we get 

the higher confidence level. 

~his problem and comparison method seem to us, in many situations, 

to be more natural than the former, although the former is more in 

line with traditional two sided testing. The only change in the 

problem is the change of the status of the case "E.i = .9.i" • The 

price of letting this case play its important role in the former 
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problem is a poorer confidence level. The level is reduced from 

rr(1-e.) ~ 1-L:e. 
J. J. 

to rr(1-2e.) ~ 1-2L:e. and in many situations this 
J. J. 

price is all to high. 

It is natural to call the latter method, the one sided comparison 

method. 

Example 1. 

In order to study whether the risk of emigration or death is 

greater for males than for females, born in Norway in the years 

1880 to 1884, we analyze the data presented in table 1. 

Let pi be the probability that a male shall leave the popu

lation (by emigration or death) when he is in the i-th age group. 

qi has a corresponding definition. 

Let us use the one sided comparison method to conclude either 

"pi> qi" , "pi< qi" or "no statement" for i = 1, ••• ,10 • 

Table 1 

Number of persons leaving the cohort born in the years 1880-

* 1884 in Norway, when being in various age groups. 

0-4 

1 

5-9 10-14"15~19 20~24 25-29 30-54 35-39 40~44 45-49 over 50 

2 3 4 5 6 7 8 9 10 11 

12779 4934 5453 19245 13975 3283 1111 

Female 11948 4406 3047 8348 10152 5118 3104-

1925 2791 2547 60979 

2531 3002 2820 66446 

* The data is taken from Historical Statistics 1968, Sentral bureau 

of Statistics, Oslo, Norvray. 
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To apply our comparison method we divide the table into 10 2 x 2 

sub tables 

/ \ 

Step 1. 12779 116243 

\ 
x1 X2+ ••• +X11 ) 11948 108974 y1 Y2+ ••• +Y11 I 

Step 2. 4934 111309 ( x2 . X3+' .. +X1 ~1) 
4406 104568 y2 ; Y3+. • .+Y11 . 

Step 3. 5453 105856 

3047 101521 

Step 4. 1924-5 86611 

8348 93173 

Step 5. 13975 72636 

10152 83021 

Step 6. 3283 69353 

5118 77903 

Step 7. 1 1 1 1 68242 

3104 74799 

Step 8. 1925 66317 

2531 72268 

Step 9. 2791 63526 

3002 69266 

Step 10. 2547 60979 

2820 66446 
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The comparison leads to the following conclusion: 

For all reasonable confidence levels above 0.93, we state 

lip > q II lip > q It lip > q II 
3 3' 4 4' 5 5' 

lip < q II lip < q II lip < q II 6 6 , 7 7 ' 8 8 

At level less than 0.93 we can also state 

The significance probabilities of the individual tests is calcu

lated by the normal approximation to the hypergeometric distribution. 

For the sixth individual test we have, for example, that when 

p6 = q6 , then given x1,Y1, ••• ,x5 ,Y5 and x6+Y6 , x6 has a hyper

geometric distribution with parameters N = X6+Y6+ ••• +X11 +Y11 = 
155657 , M = X6+ ••• +X11 = 72636 and n = X6+Y6 = 8401 and 

P(X6 ~ 3283) ~ ~(-14) ~ 0 • 

The comparison indicates that at ages below 25 males leave the 

population at a higher rate than the females, and at ages above 25, 

at a lower rate. 

4. COMPARING THE DISCRETE FAILURE RATES IN TWO POPULATIONS OF ONE 

FAILURE CAUSE WHEN THERE ARE MORE THAN ONE PRESENT. 

A. Let 

be multinomially distributed, the number of trials t~ing n and 

probability parameters 



- 14 -

and let 

Y21'y22'"""'Y2r 

be multinomially distributed with parameters m and 

and independent of the X-s • 

The problem is now to compare 

with 

for i = 1, ••• ,r. 

For each index i, i = 1, ••• ,r we wru1t to state one of the 

three conclusions "l2.1i < .9.ii" , 11.£1i > .9.1i 11 or "no statement". 

When x1i is the number of items failing at time (index) i , 

of the interesting cause in the X-population, and x2i is the 

number failing at the same time of other causes, then E,1i is the 

conditional probability that an item shall fail at index i , of the 

interesting cause, given that it has not failed before. 

In medical experiments where one treatment group is compared to 

a control group with respect to mortality it often happens that 

individuals leave the experiment or treatment groups of other causes 

than death. In such situation the above model and problem formu-

lation may be reasonable. 
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In demography, the situation is often that persons leave a popu

lation of two reasons, mortality or emigration. In mortality 

studies, the parameter of interest may be the conditional probability 

of dying in an age group i given that the person still is in the 

population at the beginning of that age. 

B. Relative to and .9.1i ' 

is an ancillary statistic. This follows sinoe given this statistic, 

(x1i,x2i, ••• ,x1r,x2r) and (Y1i,Y2i, ••• ,Y1r,Y2r) are independent 

and both multinomially distributed, and (Ei',9.i) depends on 

(p11'p21'q11'q21'•••,P1r'P2r,q1r,q2r) only through the probability 

parameters of these conditional multinomial distributions. 

Furthermore, in the conditional model given (5), (X1 .,Y1 .) 
the 1 1 

are sufficient (S-sufficient). This is seen in exactly/same way as 

in 3B. 

By the conditionality axiom and the principle of sufficiency, 

we have as above that the hypergeometric test (Pi-'ti+) defined 

below is optimal 

1 when x1i <c. 
-J. 

~. = rr. when x1i = c. 
1- -J. -J. 

0 when x1 . >c. 
J_ -J. 

(1 when x1i > ci 

pi+ 
1- when x1i ::: c. 

=Gi J_ 

when x1i < c. . i = 1 , ••• , r 
J_ 

, • 
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ci is the lower and ci the upper E:i fractile of the hypergeo

metric distribution with parameters Ni = X1i+X2i+Y1i+Y2i+ ••• 

+X1r+X2r+Y1r+Y2r ' Mi = X1i+X2i+ ••• +X1r+X2r ' and ni = X1i+Y1i • 

TT. 
-l. 

and are randomization probabilities, so that when 

€. , 
l. 

in the conditional model given (5). 

C. The simultaneous level of the comparison method 

c~1-'~1+'" •• '~r-'~r+) is found in the same way as in section 30. 

Given (5), the outcome of the i-th test ~i is independent of the 

outcome of the r-i remaining tests (~i+1 _,~i+1 +), ••• ,(~r-'~r+) • 

If s. 
l. 

is the event that the i-th conclusion is true, we then have 

r 
P(. n 8i) = EL P[s1 IX11 ,x21 'Y11 'Y21 ]E[P(S2IX11 ,x21 'Y11 'Y21' 

1=1 

X12'X22'y12'y22J ••• P[Sr1X11'X21'y11'y21'"""'X1r'X2r'y1r'y2r] 

• • • I x11 'x21 'Y 11 'Y 21 J J · 
The analogue to (2), (3) and (4) is prooved by the same reason-

ing as in 30, and we then conclude 

r r 
P( n S. ) > II ( 1-2e: . ) • 

'1 1 -.1 l. l.= l.= 

If E1i ~ ~1 i; i = 1, ••• ,r, then 

r r 
P( n S.) > IT (1-e:.) • 

'1 1 '1 l. l.= l= 

On the contrary, if E1i = ~1 i; i = 1, ••• ,r, then 

r 
P( n s. ) = 

. 1 l l.= 

r 
TI (1-2e:i) • 

i=1 

Our method ~ has exactly the same optimality properties as 

the method 6 developed in 3. The conments in 3D apply also in 

this case. 
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Exarnple 2 

In order to study whether the mortality is greater for male 

children than for female, we follow the cohort born in 1951. Some 

of the children born in that year did however emigrate. The number 

of emigrated and dead in the various age groups is given in table 2 

below 

Table 2 

Number of emigrated and dead male and female children of the 

* cohort born in 1951 

age 0 1 2 3 4 5 6 

dead 717 176 61 33 36 22 27 
male 

emigrated 0 2 15 53 17 19 7 

dead 520 141 39 21 19 15 8 
female 

. emigrated , 0 19 16 16 14 8 15 

* Source: Central Bureau of Statistics, Norway. 

7 8 

20 22 

6 4 

10 1 1 

26 16 

9 

21 

24 

6 

11 

dead or 
emigrated 
at age 
absent 

9 

30121 

28239 

Since it is usually accepted that the mortality for male children 

is no less thru~ the mortality for female children, we use the one 

sided comparison method. 

Our method is now to apply the hypergeometric test to the 

following 2 x 2 tables 



717 30649 
1 • 

I 520 28642 I 

L---'------'' 

2. p761 
1 141 1 

30471 1 

284821 

• 
• 
• 

9. 21 

6 

3012~ 
2823;1 
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( ~X11 X21+X12+X22+ ••• +X19+X29+X10 ) 
! y21+Y12+Y22+ ••• +Y19+Y29+Y10 \ y11 

( ~ x12 
X22+X13+X23+ ••• +X19+X29+X10 ) 
y22+Y13+Y23+ ••• +Y19+Y29+Y10 I y12 

Here x10 is the number of male children still in the population 

at age 10 and Y10 has a corresponding definition. 

The significance probability of the last table is 

P(X19 > 21) = 0.0057 • 

At confidence level not exceeding 

(1-0.0057) 10 = 0.9441 

our result is that at ages 0, 7 and 9 males have a greater mortality 

than females. At ages 1, 2, 3, 4, 5, 6 ru1d 8, the material does not 

support any conclusion. 

5. A:PP LICATIONS IN TESTING FOR HOMOGENEITY 

A. Let the model be as defined in 2A, and consider the homogeneity 

hypothesis 

H : p. = q. ; i = 1 p •• ,r 
0 l l 

against the alternative 

A : pi ~ qi for some i • 

In this situation it is common to use a chi square test. 
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Our two sided comparison method may however also be used as a 

test here, 

Denote by 6 the test which rejects H0 if and only if the 

two sided comparison method leads to the conclusion lip. < q. II 
J. J. 

or 

to "P· > q." for some i ; i = 1, ••• ,r-1 • 
J. J. 

By the equivalence 

pi= qi ; i = 1, ••• ,r <~ Ei = ~i ; i = 1, ••• ,r-1 

and the properties of the comparison method stated in 2C, it is seen 

that o is an unbiased test with exact significance level e • 

When is b a better test than the usual x2-tGst? 

We have not studied this question in any detail, but we can say 

something. 

First of all it must be said that the x2-test is probably more 

powerful than our test. 

When some pi or qi are small, compared to n , the true level 

of the x2-test may differ substantially from the nominal. Our test 

has however exact level. In this case some cells in the 2 x r 

table contains very few items, and it is common when using the 2 
X -

test, to pool this cell together with a neighbouring cell. But 

this pooling may destroy important features of the table. If for 

instance p. F:;j 0 
J. 

and q. 
J. 

is substantially larger than 0 our test 

will in many cases have good power, but if pi+pi+1 F:;j qi+qi+1 , the 

power of the pooled x2-test may be bad. 

When the material is extensive, i.e. n and m are large, 

users of x2-tests lcnow that they almost allways get rejection of 

their null hypothesis. This is so because in real situations H0 

is seldom exactly true, and for large n and m the powerfunction 

of the x2-test is very steep in the neighbourhood of H0 • 
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Further studies wil probably show that the powerfunction of our 

test is not that steep in the neighbourhood of H0 (in some matric). 

But at some distance away from H0 the power should be good enough 

when n and m are large. Perhaps our test is a better al terna

tive to the x2-test than the much more complicated tests proposed 

for this case by Hodges and Lehmann (1954). 

To this comes that our test in a way utilizes the information 

contained in the materj_al better than its competitors. In fact, 

when H0 is rejected our conclusion will be a more informative 

statement than that p and q just differ,-

In one respect, our step down test is problematic. Often it is 

not possible to order the cells in a 2 x r table in any natl~al way. 

Our test, and the conclusions we reach is ho,,rever based on one 

ordering of the table. Other orderings of the table may lead to 

different conclusions. 

B. Let the model be as in A, but assume that it is apriori known 

that n. > .9..o;.~- ~ 
for i = 1, ••• , r-1 • 

We want a test for the one sided homogeneity problem: 

H : p. = q. ; i = 1, ••• ,r 
0 ~ ~ 

against 

A Ei ~ .9.i ; i = 1, ••• ,r , with at least one strict 

inequality. 

The usual x2-test does not take into account the one sided 

nature of the problem. Our one sided comparison method does, how

ever, give us a test for this problem, and this test is m1biased and 

has exact level. 
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~1other possible test is the one sided Wilcoxon test. Because 

of the discrete distribution, the material will show a large number 

of tied ranks, and some modifications has to be done, The average 

rank Wilcoxon test may be used. The null distribution of its test 

statistic is known, see Klotz (1966), but to calculate the signifi-

cance probabilities is labourious, unless the number of observations 
See Hajek (1969). 

is small, For large n + m , the normal approximation may be used/ 

When r is small compared to n + m , the number of ties may how

ever be so great that the average rank Wilcoxon test is not very 

a ttrac ti ve • 

D1 order to show the connection between the alternative above 

and the Wilcoxon alternative, i.e. that the q-distribution is 

stochastically larger thru1 the p-distribution, we will prove the 

following lemma. 

Lemma 

If .9. t < Et , t = 1 , •• , , k < r ; then 

If some of the inequalities of the condition are strict, then 

the one in the conclusion also is. 

Proof 

We want to show that 

But 

p1+p2+ ••• +pk == £.1+(1-12.1 )£.2'+, •• +[ 1-£.1-(i-:£1 ):£2- ••• 

-( 1 -.£1-( 1 -~1 ):£2-'' .-(1-£1 )( 1 -~ ) ••• (1-Ek-2)::e.k-1 )]Ek 

= E.1+(1-£1)(J2.2+(i-£2)[£3+(1-£3)[ ••• [Ek-1+( 1-Ek-1)Ek] •• JJJ 
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and since by the condition, 

Ei+(1-Ei)e ~ ~i+(1-~i)8 when 0 ~ e ~ 1 , 

we have 

• 
• 
• 

which shows that 

If some inequality is strict, say 

then E· > 0 => P; > 0 ~ £ 1· < 1 ; i = 1, ••• ,j-1 • 
J .J 

This implies 

• 
• 

and the lemma is proved. 
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6, AN ALTERNATIVE TO MODIFIED WILCOXON TESTS WHEN THERE ARE MANY 

TIED RANKS. 

Consider now the non-parametric problem of testing 

H0 : F = G 

where F and G are two cumulative distribution functions. 

Let first the alternative be the two sided one: 

A : F < G or F > G • 

(F < G <~ F(x) ~ G(x) with strict inequality for at least one x.) 

Let u1 , ••• ,Un be independent F-distributed and independent of 

V1 , ••• ,Vm which are independent and G-distributed. 

In this situation it is common to use the Wilcoxon test or some 

other rank test. 

In the material shows many tied ranks, these tests have some 

deficiencies. 

We shall. propose a new test for this case. 

If there are tied ranks, we know that F and G have at least 

as many common poinm of disc on tinui ty as there are points at which 

the x-observations and the y-observations coincide. Let these points 

be x1 < x2 < ••• < xr_ 1 • 

Let 

pi = F(xi)-F(xi-) and qi = G(xi)-G(xi-) 

and let 

and q = 1-q - ••• -q • r 1 r-1 

i = 1 , ••• , r-1 , 

Let furthermore F be the cumulative distribution function of v. 
l. 

given that Vi~ !x1 , ••• ,xr_1 l . G has a corresponding distribution. 
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With an index function i(x) defined by 

F and G are given by 

F(x) =; [F(x)-p1- ••• -pi(x)J 
r 

and 

G(x) = ~r[G(x)-q1- ••• -qi(x)J 

Our testing problem may now be formulated: 

against 

H : p. = q. ; i = 1, ••• ,r and F = G 
0 l. l. 

A : pi ~ qi for some i or F < G or F > G 

The order statistics of u1 , ••• ,Un and of v1 , ••• ,Vm are in 

the present model sufficient. 

These statistics may be represented by 

x1 , ••• , xr, u ( 1 ) , ••• , u (~) , 

and y 1 ' • • • 'yr' V ( 1 ) ' • • • 'V (Yr) 

where 

X . = # l U . = x . } , Y = # l V . = x . l ; i = 1 , ••• , r-1 
l. J l. i J l. 

and u ( 1 ) ' ••• 'u (~) is the order statistic of the Xr U-obervations 

falling outside 1 x 1 , • • • , xr_1 l • V(1)'•••,V(Y) are defined simi
r 

larly. 

Let now o1 be an e1 test for 

H1 : Pi = qi ; i = 1 ' • • • 'r 

against 
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And let o2 be an e2 test for 

H2 F = G against A2 : E < G or F > G • 

Since (X1, ••. ,Xr' Y1 , ••• ,Yr) is sufficient (S-sufficient) 

relative to p1 , ••• ,pr' q1 , ••• ,qr, it is natural to base o1 on 

this statistic. 

On the contrary, this statistic is ancillary relative to F, G 

and by the conditionality axiom, o2 may be a test based on 

U( 1 ), ••• ,u(~) , v( 1), ••• ,v(Yr) in the conditional model given 

If r = 2, it is natural to let o1 be the two sided hypergeo

metric test. If r > 2, it is in most cases best to let o2 be 

the x2-test, but in some cases the step down test proposed in A 

is appropriate. 

In the conditional model given x1 , ••• ,~ , Y1 , ••• ,Yr , we have 

that u( 1), ••• ,u(~) and v( 1 ), ••• ,v(Yr) are the order statistics 

of two independent samples, one from ! and the other from G • 

An appropriate test for testing H2 against ~ is the two sided 

Wilcoxon test or some other rank test based on these order statistics. 

The test 

is now a test for 

H0 against A • 

The level of 6 is by conditional expectation seen to be 

We have not studied the power of this new test in any detail. 

A one sided variant of the above test is easy to construct. 
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Example 3 

In ru1 experiment the loss of attachment is measured in a group 

orthodonti·cally treated and in a reference group. See Zachrisson 

and Alnoos [ 6 ] • 

In both groups the probability of having no loss of attachm~nt 

is substantial. If there are any loss of attachment this loss is in 

both groups continuously distributed over the positive half axis. 

A priori it is known that the loss of attachment is at least as 

great in the experimental group as in the reference group. A natural 

way to analyze the data is then first to use a onesided hypergeo

metric test for testing whether the probability of no loss of 

attachment is smaller in the experiment group than in the reference 

group, and then use a onesided Wilcoxon test in order to test 

whether the conditional distribution of loss of attachment given 

positive loss is stochastically larger for the experiment group than 

for the reference group. 

Unfortunaley, the positive observation are recorded as 0.13, 

0.25, ••• , so that the underlying distributions are completely dis

crete. This gives us some tied ranks and we choose to use the 

average rank Wilcoxon test. The argument above applies equally well 

to the situation where x1 , ••• ,xr_1 only are some of the common 

points of discontinuity! 

The observational material is given in table 3. 

Table 3 

Average Loss of Attachment. 

Average Loss 0 

Experiment group 20 

Reference group 27 

0.13 

3 

16 

0.25 

3 

5 

0.38 0.50 

4 9 

4 1 

0.63 

3 

0 

0.75 > 0.75 

1 8 

1 0 
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The significance probability of the table 

'1-;-1 -~~--~ 
~· 
i27 I 27 

is by the one sided hypergeometric test approximately 8 1 = 0.18 • 

The significance probability of the rest of the material is how

ever by the average rank Wilcoxon one sided test as small as 

82 ~ 1-~(10.3) = 0 • 

We may then conclude that the loss of attachment is greater for 

those who have been orthodontically treated than for non tre.ated 

persons. This is particularly clear for those who have some loss 

of attachment. 

By the average rank Wilcoxon test (used on the whole table), 

table 3 has significance probability 0.012 • Compared to the 

significance probability, 0, obtained by our method (when we use 

the same significance level for each individual test), this seems to 

indicate that in situations like the above our test is favourable. 

A study of the power function is however needed for such conclusions. 
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