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None of the errors affect the programs or instructions for the 

use of the program, except perhaps that on page 37. 

rr· ._,__. 

~£§ 28,_ line 12 f'.a~ In place of z:: read Z:: 
i=O i."-"1 

g and G are the gaussian density and gaussj_an integral 

respectively (see p2ge 22) and r* is given 'by 

v 
2 -1 z 

1·* (z) (~) j - 2;.' = z:: e J. v j=o 2 

Page 37, line 10 f .b. In place of 4'i STO + 3, read 41 STO + 2 • 

LB£e 41 : Replace the 5 first lines f.a. 'by: 

STO 0 bn (j 'p) STO 4 1-p,i 

1 ~ .. 5 b +l-J 2 

2 ~ -1+i, Bn (j 'P) 6 "A/2 

"' f IJ.Iv M j l:(1-K)b _., I ' 

For comment on the double use of STO 2, STO Lt and STO 7 , see 

the last lines . . . . . 
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PREFACE 

Revolutionary as the small desk electronic calculato:cs, like 

the hewlett Packard 25, are in the maEua1 calculations, the first 

impression the present authoi:· got was that prograrnrning capacity 

'das vor;;r linli ted. The prograrilS presented by Hewlett Packard in 

its handbook seem to ;:;;uppol~t that conclusion. To begin v:i th the 

present authoi·, the:;::·efore, concentrated on finding computing 

routines for important ,statistical functions which were mi:<~tures 

of stages of runnin[e; p:cograms and. manual treatments. 

It the:reforG carne as a distinct surprise \.vhen it was l'ealized 

that lrL11c:tions like the lrv-oe:;::·hemJetric d.ist:c·i btl.tion (-p. ·j 2-J)_l_ eccentri<::: 

.9l' cen trall or the ecc~:m.t:cic Fist.Le:r and Student distribl!.:.~ns (p. 37,29) 

couJ..d be l1andled by al::noot conpletely automized programs squeezed 

into the 49 prograr,1 l.ir:.es. Consideri.ng the extensive but insuf

ficient tables and nomograr.1s existing e.g. for the hypergeoiJ.etric 

dist:c.i.bution, this is indeed important. 

The ru:r;.ning time for most of the programs presented here •Hill 

-be f'l'om seco:r.cls to a couple of m.inutes for the usual combinations 

of pararr .. eter val1.~.:~s. w'hen the p1'og:c.sm1s are runnirJ.g the attention 

of t:1e compute..L~ will usualiy not -be needed. l~J sor1l8 case[~ the 

running tirr.,e will ·be long2r. ]'or the J.1ypergeomet:..:ic dist::;::i out ion 

with a population size o.f lJ = 800 the :ru...nning time will -bG 2.bout 

15 mi:n.utes to obtain one value, the other values 1t.rill then ·oe :.cun 

off quickly. 2 - 8 :~ti:Jutes will usual:J..y be the :cunning time 

for the eccentric E'isher distriuution, but with both degrees of 

f::-ceedo:m = 200 and eccentl~ic.i ty = 120 it will talre 2! hours ! 

A drmvoack by the prog:;_·ari1 for the Fisher distribution is thc:d:; they 

assu:ri1•2 one of the degrees of freedora to l;e even. Hence an inter

pulc.-L;i.o:1 i.s needed if' lJoth are odd. 
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In the hypergeoruetric distribution, with 

h(x) = 
(a) (N-a) 
x n-x 

( 1\T, 
~· ) 
n 

X 
II(x) = L: h(j) 

j=o 

h(O) is first found by summing logarithms,keeping characteristic 

and mantissa seperated in different stores to obtain high capacity. 

Then h(x) is found ·~y recursion and H(x) ·by summing. The 

eccentric hypergeoEletric dis.tribution with odds ratio A is found 

from 
X 

H (x; A) = K (x; A) /K (n, A) , where K (x; A) = L: h ( j ) )) • 
j=o 

Only a slight correction of the pro,s:c21n r'or the central distribu-

tion is needed. 

The program for the eccentric Fisher distribution is based on 

the :Caot that the ournulati ve probability function can be w:ci tten 

whe:re K11 ,v(g) is the uentral cmnulative distributio:.1. o:f the ratio 

"o<Yh'eo> chi-squares ':li tll }l and v Cl.cGrees of freedom and H is 

Poisson distributed with E H = eccentricity/2 • 

A different method ic used ill the case oi the eccent~ic Student 

expression involving the chi-square and the gaussj_an dist:cibution. 

Bes:Uies the above ;·neD.tJoner:~ programs, which the present author 

found non-t:r·i vial to comri;rrwt, othe:r tl.Gefu1 prot:,rarns a:r:'E) p:::"esen ted~ 

e. g. for the no:c:rilal di3-crinu-Gion, thr:: b:L:aomial dist.r·ibution, the 

eccentric chi-sg~are distribution etc. 

The program for the normal distribution is different from the 

one presented by Hewlett Packard in its handbook, and has thl':; 
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advantage of requiring no fixed storage in the register, leaving 

the stores free to be vsecl for manual computations. On t~1.e other 

hand the running time fo:,_, the hancibook pl'ogram is shorter~ 

However, no program is really needed j_n this case. Even without 

the many good tables, the normal di,':d-;riiJUtion is easily found by 

a simple routine. as suggested below. 

I. lW'I'ATIOHS 

X and X)c are :i:'•'ci3p(:;ctL,ely binomially and Poisson distributed 
nr; 

X 

E 
j=o 

lJ (J· •n) n '-

X 

2: b(j;A.) • 
j 

In t-v.ro L1dependent Bernoulli trial _series of n and N-n trials 

respectively, J. et p1 be the pro tli:Ct Dili ty of an event P:.. in a 

tl---ial in the fi:~cst serj.ec and p2 be; the pro·babili.ty of "f:-T in -'-' 

trial in the second series. Then the conditional proba-bili.ty oi· 

A occuring x times in the first ser·ies given that A occurs 

a tir:1es among all N trials, is 

where 

Cl 

= h(x) /~.x/ 2: 
j=1 

h(x) = h(x;1) = (~) (~=~) I 

a 



A 
- '+ -

A = p1 p2 
odds ratio = --- / - ::;: eccentricity. 

1-:r)1 1-p2 

(The first Bernoulli series nay IX:' thought of as the sample of 

size n from the lot of size N • Tl1e bias o:f the sampling in 

favour of A is measuretl by :\.) We also introduce 

X 
E(x,A.)::;: 2:: h(j;A.) 

X . 
K(x;A.) = 2:: h(j)A.J 

j=o 
• 
' 

J::;:O 

H(x;X) = K(x;A.)/K(a;A.) • 

H(x;A.) defir..es the eccentric hypergeometric distribution, central 

vrhen A. = 1 • 

If Y is normal (0,1), then 

g (y) = G' (y) • 

If Z!J. (A.) is chi-square distl,i.buted with !J. degrees of' free

dom and eccentricity A. = E :Z - !J. , then 

Pr(Z <z) = ~~(z;A.) 
!J.- !-'" 

Y (z·A.) = ~-- r (z·A.) 
!J. ' d.Z \J. ' • 

If A. = 0 , then we write :for the central chi-square distri-

r (z;O) =I' (z) 
!J. !J. 

y\J.(z;O) = Y,' (z) • 
!--'" 

I1, Y is normal (6,1) and independent of ZIJ., then) 

T!J. ( 6) is eccentric Student distributed with 

degrees of freedom a:r:.d ecceJ1trici ty 6 , and 
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If 6 = 0 v.re write for the (central) Student distribution 

and z 
\) 

axe chi-square distributed (as explained 

above) and independ,9r:ct, then 

F ( A) = ~~ Z, . ( A)/ 'ht 1 Z 
~,~ 0 \) 

is eccentric Fisher-distri-buted with t-'- and v degrees of free-

dom and eccentricity A and we write 

Pr(F (A.) <:f) = G (f;"A) • 
~,v - ~,v 

If A. = 0 we ha-ve the (central) Fisher-d.i.Gtribution with 

l-l and v degrees of frecdorJ and we •t.'Ti te 

F' (0) = F 
\-L,V IJ.,V 

We shall also need 

P,, (A.) :::: z,, (A.)/ z 
~,v ~ v 

which is 11 eccentric cl1i-squ.are-ratio-d.istr·iouted 11 9 and ·vJe write 

Pr(li,. (A.)< r) = K. (:c;A.). 
f-1-,V - j.l,V 

\'le obviously have The reason for 

needing Doth K and G is that we shaJl use 
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II. THE I3INOHIAL DISTRIKJTION 

The programs are based upon 

1 

2 

3 

6 

7 

8 

9 

10 

( ) _ n-j+1 
bll j ,p - j 

j 
= . L bn (i, p) • 

l=O 

Program for tabulation of B n 

STO 3 

~ 

STO 2 

STO 0 

STO 7 

STO ! 

RCL 3 

11 g 1/x 

12 1 

13 

14 

15 

16 

17 

18 

19 

ST9....± 

RCL 2 

RCL 1 

:f pause 

20 STO >(. 0 

21 

22 

23 

24 

25 

16 

27 

28 

29 

RCL 0 

STO +7 

RCL 7 

i 

STO +1 

STO -2 

RCL 4 

GTO 15 

Run the program by setting 

t .., -~ 's n , en ·er ~ 1 -p ~ ~ 

First stop displays Bn (0 ,p) • 

Setting R/S J:epeatedly displays j whsn pausing and B11 (j,p) 

when stoppinG in turr1 for ~)=1, 2, ••• ,n . • 

If tJ ( j, p) is wanted, press RCL 0 after a stop where j n 

has 'been displayed in the palA.Se. The process can afterv,ra:eds be 

continued by pressing Bi.§ .• 



- 7 -

Prog-ram for sing·le values of B ll • 

Use the prograJ..n abo"Ve '~'rith the following alterations and 

additions: 

18 g NOP 

23 g UOP 

24 GTO 30 

30 RCL 5 

31 RCL 1 

32 f X > y 

33 GTO 35 

34 GTO 25 

35 RCL 7 

:::.6 GTO 00 

Run the program b3r setting 

x , STO 5 , n ~ ente:r.' , 1-:p , R/S. 

Bn(O,p) is first displuyec1, p:cessing _R/~ again disrlays B11 (x,:p). 

Pr·ess RCL 0 to find b11 (x,p) • 

~§JE:E!~~.:.. (with 11 f fix 5 11 ) .. For tabulation of B11 (x,p) for 

n=100 , :p:::;:;0.2 , use :program A above and set 100, enter 0.8 , 

R/S~ Repeat R/S. 

The following values al"e displayeG.. (Not all displays al,e written 

downo) 

X Bn(x,p) ""t;.- B11 (x,p) .h. 

0 2 .c370360 o 1 o-·J 0 15 0,12851 
_a 

1 5.2962936o10 -' 20 0.55946 
->l 

2 6.8317095o10 ·- 25 Oe91252 

r- 0.00002 30 0. 9939L1-,, _. 

10 0.00570 35 0 .. 99985 
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To .find B1 00 (20, 0. 2) use pr·ogrc:.:...1 B a"bove and set 

20, STO 5, ·100, enter 1 0.8, Jt/S • Repeat R/S after first stop 

to display 0.55946. 

The register in the a:bove progrmas is used as follows: 

STO 0 b ( j r" l'J. ~ '•"" I STO i~ p/(1-p) 

STO 1 j STO 5 X 

STO 2 n-j·' 1 STO 6 not used 

STO 3 1-p STO 7 Bn (j ,p) • 
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III. THE J?OISS01~ IJlSTRIBUTIOiT 

The programs are based on 

b(j;~) = ~ o(j-1,A) 
J 

1 STO r; 
c... 

2 CHS 

3 g X e 

4 STO 0 

5 STO + 7 

6 RCL 7 

7 H/S 

8 1 

Run the pl'ograrn by setting 

= e -~ 

9 

10 

1 1 

12 

13 

14 

15 

•J6 

B(j,~) = 
j 
2: b(i,A.) • 

i=o 

STO + 1 

RCL 1 

f pause 

STO . 0 . 
RCL 2 

STO X 0 

RCL 0 

GTO 05 

:t:'i:cst stop displays B(O, ~). Pressing R/§.. repeatedly dis-

plays, 

j when pausing, and l"JU, A) vrhen stopping in tun::.. for 

j=1 ,2, •••• 

If b(j,A.) lS wante·~:~, press RCL 0 after a stop where j 

l:.as been displayed in the pause a Con tillUe the process af'te::cwards 



- 10 -

~~--EE2gE~~-f2E-~i~g;~-Y~~~~~-2f __ £_~ 

1 STO 3 8 1CL 3 15 STO . 0 

2 R ~ 9 RCL 1 16 RCL 2 

3 STO 2 18 ..t:-. x>-v 17 STO X 0 ..L 
~.J' 

4 CHS "11 GTO 20 18 RCL 0 

5 g e X 12 1 19 GTO 07 

6 STO 0 13 STO +1 20 RCL 7 

7 STO +7 14 RCL 1 21 GTO 00 

Hun the lJrogrEG.l by setting 

A , b1 tel' , x , R/ S • 

1::> (-··- \ ) 
..1...1 •• :\_' {I.. J.s then o . .is~'Jlayed • Press RCL 0 to find 1) (x, A) • 

(with f fix !::) _.1 • 

Fo:2 tabvla tion of :J ( j, A.) for ) .. = 4. 68 use progran1 A 

ai)OVe and set 4. 68 , R/ S Repeat R/S_. The following values 

are displayed 

0 0.00928 6 Oo80732 

1 0.05270 7 0.89785 

2 Oo15Lt32 8 0.95081 

3 0.31284 9 0. Si7835 

4 0.49831 10 0.99124-

h 0.67191 11 O.S9672 -" 

12 0.99386 

To fj_nd B(5, 4.68) cUrce:tly u~~e ]_E'ogram B and D':';t 

B = 0.67191 () b=0.17360 .. 
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The registers in the above programs are used as follows: 

STO 0 b(j?\) STO 3 X 

STO 1 j STO 4-6 not used 

STO 2 "A STO 7 B(j,"A) 

IV THE (ECCENTRIC) rr{PERGEOTiCETHIC DISTRIBUTION 

H(x) 

The pl'ograms 
X 

= Z:h(j) 
j=o 

and 
X 

H(x;"A) = I: 
j=o 

are based on 

h(j+1) 

H(x; ).,) = 

where 

K(x1/...) = 

for 

whol'e h(x) 

11 

j=o 

:n-1 
I: 1og(1- n~j) 

= iO 0 

K(x,"A) I K(n; /,) 

v 
~ .. 

l\. j 2: h(j) • 
j=o 

(By using the logari t:b ... mic form of h ( 0) , we obtain almost 

11 m1limited 11 capacity .. ) 
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1 + 13 
_,_, 

x=y 25 g 10x 37 -r j_ 

2 STO 5 14- G'.J:O 18 26 STO 6 38 STO X 6 

3 7 15 RCL 2 27 STO +7 39 RCL 5 

4 CHS 16 ~ 28 RCL 7 40 f pause 

5 1 17 GTO 03 29 f pause 41 1 

6 + 18 RCL 2 30 R/S ~-2 STO -2 

7 ...(: .. log 19 STO -4 31 RCL "" 43 STO -3 ..L c_ 

8 STO +0 20 1 32 RCL 3 44 STO +5 

9 1 21 STO +4 33 X 45 STO +4-
10 STO -5 22 STO 5 7;L1 _, ~ RCL 5 46 RCL 6 

11 RCL 4 23 RCL 0 35 RCL 4 47 GTO 27 
12 RCL 5 24 g frac 36 X ~1-8 GTO 00 

1 • Be sure that N> a+n • If not1 then change notations; 

let a -? N-a if a ,2:Yl c:md n -? n-n if n > a • 

2. Run the program by setting: 

a 
' 

STO 2 ' 
n 

' 
STO 3 ' J'J-n ' 

STO 4 ' 
R_LS • 

3. H(O) Q 10P is first displayed. P2essing RCL 0 clisElays 

integ_G~'=' pa:c·t as -p • Hence H(O) is found. 

~~. 

for 

Setting R/S repeatedly displays: 

~1 wl1e11 pausing, 

j=1,2, ••• Hence 

and H(j) o 10P when stopping , in turn 

j anll H(j) arc given for j=0,1,2, •• 

Finally H(j) = 1.00 •••• for larg:;; j • 

(with "f fl'v L}_lt) _... ' . 
N = 8 , a = 3 , n = 5 • Set 3, STO 2, 5 , STO 3 , 3 , STO 4 , 

.R/S , displays 0.1786 = H(O) o 1oP • RCL 0 gives ·-p = -1 , 

hence H(O) = 0.01786. .Se-cting IL/S repeatedly gives : 

j H(j)10 1 j H(j) 
1 2.8571 0 

2 8.2143 , hence 1 

3 10.0000 2 

0.01786 

0.28527 

0.8214-3 
3 1.00000 

the 
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Usc the same p.rogre..rr· as above, "!:rut vri .. th the following aJ.. ter-

ations and adcU ti.ons: 

46 RCL 1 
I 

47 STO X 
,.. 
0 

4'":> u I\.CL 6 

L~9 GTO 27 

(Of course this program could have been used also under A , 
setting A.= 1.) 

Use the s;:une proced.u:re as above J. - .1 , but under 2 set 

A. , STO 1, a, STO 2, JJ., STO 3, N-n, STO 4, R/S • 

T< ( -; • "I ) o 1 r·1P · , · J d ( .b .. ..; , {\. ~ lS now UlS}J .. aye p is not need<Jd). Continue 

un-Gi1 K(j,A.)o10P is stabilized. It can then be set equal to 

f ..<:>.. A ) 

..LlX '+ • N" = E3, a = 3, n = 5, (as above) 

and /, = 2 

l 
,.., 

H u Ko 10..t-" 

0 0. 1786 0.004-3 

1 5-5357 0 .131~2 

2 26.9643 0.6537 
.., 

41.2500 1.0000 ) 

4- 4""1.2500 
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For significance tes '~ing H(x) from program A , where x is 

the observed value; is used and checked against 1- ~' ~ (£=level). 

HovJever, for the purpose of finding the power critical values 

of th~~ observed x may be :needed. 

Hence to find the smallest x such that H(?!J > a. • 

Use the progr<=J..r::t A 2.bove with the following alterations anc. 
:.::::· 

changes: 

24 g HOP 

29 RCL 1 
30 GTO 48 

Use the sar:Ie procedure 

a. STO 1 ] a~ STO 2, 

l1-0 

48 
49 

as 

n, 

When the machine stops, a. 

x = RCL 5 - 1 • 

g NOP 

f X?:,Y 

G~O 31 

above 1 - .2,, but tmder 

s~eo ~ N-Il!' STO 4, R/S • ../9 

is displayed. Tl1e11 press 

~~12~~-2.! N = 26, a= ·i·1-, n = 10, a.= 0.95 • 

Set 0.95, STO 1, 14, STO 2, 10, STO 3, 16, STO 4, R/Sa 

Then HCL 5 = 8. Hence x = 7. 

2 set 

RCL c· :; 

If a = 0.05 in STO 1 we get RCL 5 = 4, hence x = 3. This 

and 

means that the c~ci tical values v-ri th level 0. 90 are those < 2 or 

> 7 ~ 

The register in the above lJroe.:.ram is used as follows: 

STO 0 log h(O) STO 4 N-n 
' 

~'r-n-a+ j +1 

STO 1 A. STO j;::-
:; N' j 

STO (') a - j STO 6 h( j) c._ 

STO 3 11 - j STO 7 H( j) 
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E.xamnle ~-· (Program A.) N = Ll;-00, a= 50, n = ·JOO, A.= 1 • ____ .,~,;; ____ _ 
The machine ra.:r1 for 2 .m.inutes to obtain 

H(O)o10p = 0.18271604-5 , -IJ = -6 (lWL 0) • 

Repeatedly pressing gi \TC;S: 

j H( j) o 1 oP H(j) 

0 0.18272 
1 3.82243 0 .00000!~ 
2 38.85519 0.000039 

3 255.97489 0.000256 
L4 r 1230.2354-7 0.001230 

5 ~~604. 61563 o.00460S 
6 1 :3996.20 0.013996 

7 35587.97 0.035588 
8 77 4-22. C3 0.077422 

9 146768.58 0.146769 
10 246280.87 0. 2~-6281 

15 852302.02 0.852302 
20 996382.26 0.996382 
25 999990 .. 55 0.999991 

30 1000000.00 1.000000 

31 Rep. 

After H( 10) had been displayed 30 _R.i§__~s changed.....1£ 

30 f pal~ (by setting PRCH·'I, IJST, BST, f pause, SST, RUN), in 

order to save tj_me. Theil. running -;vas stopped at first j)C:.::use 

after 10, 15, etc., had ·been dj_spln:,'ed. 

N = 800, a = 300, u = 4-00, First display, after 

9 minutes 7 vv<a::1: 

H(O)a10p = 0.10858 , -p = -131 • 

and then stored 

Hence we LGW taoulate -- · . ·. r Dr 
1-, I ·: ;' o ·"I\; -
~- \. \) .., 
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(Unless this is clone the machine will be OJ!' v1i th H(72) o 1 oP 
og ) = 7e75o10~ • 

Repeatedly pressing J\./S ·,ve get: 

j H( j) j H(j) 

0 1.0858 -132 
141 0.10719 0 10 

1 1 . 2911 0 
10-129 142 0.13665 

2 7.5570 0 
10~127 14-5 0.25552 

-5 123 5.2706 0 ·JO 150 0.52910 
9 o 5L100 

_., 
155 0. 789·10 12A 0 10 -

125 1 • 6914 0 

~ 1 0-L,. 1 c;c 0.937tt7 

130 2.1802 c 10- 3 16~; 0.98825 

134 0.011752 '170 0.99864 

140 0 .08260? 180 0.999996 
190 0.99999995 is re1)eatcd, 

~~]2!g;_§.! (Progran: 13. ) ~~·wo Bernoulli sequences I and II 

containing ·: 6 D.nd 80 trials respecti vel3r, are comparecl with res-

pect to the occurance of' e . .n event A in each trial. The result 

l. c. 
0. 

Sequence 

Sequence 

I 

II 

i 
i 

~ 
I 

t 
l 
I 

A l 
I 
l 
I 

x=6 

16 

a = 0''> c...C:.. 

A £;llTI1 of of A Odds 70 
I 

10 1:;.=16 ")" r:; 
-· I • -' 0.6 1 

64 80 20 0.25 

- -· ~~L-

ConfiJ.ence interval ±.'or odds ratio = A. :::_s wanted. (Let p.1 

be the probabilities :~·~:.. A Dy a tr:i.al in sequence I a:r~.~;_ II J·'es-

pective:!..y. 

Then 
p p 

1 ;' 2 ) 
:\ = 1-·p -1-p • 1 --2 

A point est~nate of 

We \'ian t to find an llPf>GI' limit 

and a 10\'/(?.J:' limit t.. such that 

i 1'"'1 
-~J 

A.2 such 

H(x, ),,,) < 
c... 

We use :prograJn B and try out different values of :A. • 

that 

0.05 • 
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A. K(x,A.) K(n,A.) H(x,A.) 

1 9.6271 10.0000 0.96271 

1.1 13~5914- •J4.3391 0.9479 
1 .08 12.7011 13.3550 0.9510 

J.081 13.0068 13.6923 0.94994 
4.0 5821.50 21638.64 0.2690 

7.0 129896. 2391983. 0.0543 

7.5 192287. 0.04-22 

7.2 152429. 0 .. 049•1 

7.18 150039. O.OL~96 

7.17 148855. 0.0498 

7.16 14-7600. 29496G5. 0.05007 

Hence 1.087 < /, < 7.16 • 

V COFQHNAC00RIAL FUNCTIOlTS 

Program A for n! is bs.sed upon 

n! = n(n-1) ••• 2~1 

in that order of the tactors. It can only be used for n < 69 6 

Program B for n! iD hased upon 

n 
t 10 r log(n-j+1) 

n· = ~.._, j=·1 

in that ordel· of the m.uc.1. In orcler not ·t;o exhaust capaci +.y A 

and p in n! = A ·JOP are stoJ.:-ed separately. 

ProgTam c for Y) ' ·'-'-. is basecl upon 

n! = 1.2 ••• n 

in tllat order of the :factors. v..l.1eneveJ: 1 t' 2... i ; i=1 '2' ••• 
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, it is divided by 
Cl8 

10~ 

high degree of accuracy &nd large eapacity. 

F-..cogram A for 

and ca:r1. be used for 

Program :B for 

( 11 ) · 'b d 1s ase upon 
m 

n-1 
o-

II\-1 
0 • • • 0 

up to 300 • 

( 11 ) is based upon 
m 

m-1 
2:: 

i=o 
[ ., (' r· (-, l. ) lr' , .. (··' .; \ l -L.)b 1.,.- ---'c) i.:..t-J...}-

This guarantees 

In orcler not to exhaust capacity, A and p are storecl separately. 

gl __ ~E2g£~-~-:. 

1 STO .., 6 .. ! I 

2 -1 7 I 

3 f x==y 8 STO x·J 

4 GTO 10 9 GTO 02 

5 
,:::.-

10 RCL 1 < 

Assume n < 69. Set 

n ~ IVS • 

n! is displayed. Ex:anple: 10! = 3628800 takes a fevr seconds. 

60! = 8.3209871 o 1081 takes 30 seconds. 

n! l?rogra.rn B. ---- -- ------
"' ... log 6 1 1 1 f int I .l. 

2 g x=O 7 12 STO 1 

3 GTO 09 8 GTO 01 13 

4 STO +0 9 RCL 0 14 g 10x 

5 f last X 10 Enter 

Set 

n 9 nL£ • 
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In n ~ = A o 1 oP , A is diE:played and p obtained by pl,essing 

RCL 1 • 

1.20 is displayed , RCL 1 = 2 • 
,. 

Hence 5! = 1. 20 0 102 -- 120. 10! = 3.6288 " 10b -- 3628800 

100! - 9.332622519 0 10157 after 1 min. and 10 seconds. See 

under program c for more accurate value of 100! 

!2-l __ ~E2SE~!!.l-2-~ 
.., STO 3 7 8 13 RCL 2 19 STO -.1 I 

2 1 8 .p 
)~ <-y 14 STO X1 20 9 _L 

?: STO 1 9 GTO 19 15 f X <y 21 8 ..; 

L} RCL -' 10 1 16 GTO 04 22 STO +0 I 

t::; ~_;xx n STO +2 ·j( RCL 1 23 GTO 10 ./ 

6 9 12 RCL 3 18 GTO oo 

(Instead of 20-23, one coulc:t use: 20 __ ' log , 21 STO +0 , 

22 GTO 10 .) 

Set 

A iC:3 displayed and p obtained by 

RCL 0 • 

~~9'?J2~~.§.! n = 100 , After 1 min. 10 seconds~ 

9.3326216 o 1059 is displayed. RCL 0 = 98. Hence~ 

• 

157 r 6 045+19G 100! = 9.3326216 o10 • Likewise 140. = 1.34 2013 o 1 • 
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(n) Program A. 
m ----------------

1 Entei' 7 r. ~ 13 1 

2 1 8 1 14 

3 STO 0 9 f x=y 15 R.CL 1 

4 R J 10 GTO 19 16 1 

5 STO xO 11 R J 17 

6 STO 1 12 STO -;.0 18 GTO 05 

19 RCL 0 

Canoe used for n < 300. (Let p:referab:ty 2m< n to save time.) 

Set 
m , enter, n , .F./S.. • 

(n) is displayed. m -

§;§;.rq.}?~~~.! ( 1g) Set 3 enter 10 , gives 

(~~) = 6.3501356 o 1011 after a few secon(s 
0(.1 

= 9,3759703 o 10u~ afte~ 2 min. 40 seconds. 

(n) 
m I?ograi:I B. 

----------------
i STO 1 8 ST0-0 15 GTO 01 
2 f log 9 f J.ast X 16 RCL 0 

3 STO +0 10 1 17 J1'nter 

4· R ~ 11 18 f int 

5 f log 12 IWL 1 19 STO 1 

6 g x=O 13 1 20 

7 GTO 16 14 21 g 10x 

Can be used for very high n. (Let preferably 2m;5; n to 

save time.) Set 
m , enter , n , ~~~ • 

A in (n) = A o -10P j . .s clispla2>red. RCL 1 = p • 
m 

Set 13 , enter, 52. Then 6.3501 4 is 

displayed. RCL 1 = 11. Hence 
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VI NORHAL DIS~l'RIBUTION 

lYianuai routines or ~ l.'ogJ·arns are not so much in need for the 

normal distribution, si.nce coDT't-mient tables are easily availa-ble. 

However, if ycu have the small calculator on your tab1e anyho\·!, 

the manual routines with Sir.1pson' s lormula or continuous fraction 

are easy to use (even on the cl,l-fashioned slide ruler), and to 

memorize. 

A complete program is also gi •re:..1 beiC·l'.'. 

It has thF.; advantage ov-er tht~ p:r'--;gr.s!J!l given in the manual fl"'OlTt the 

factory that no coeff.icie1:1ts arc stored pel.'manently in the register. 

·rhe register is at tL.e cLis:posa1 tor rnanual ca.l.culations on the side. 

The program is. oased on the colJtinuous fraction formula 

(line 1-27) and Taylor's formula 

G(x) 

(line 28-43). 



- 22 -

Fo:r 0 < x ::: 1. 5 , Simpson's formula \·vith three terms is used 
X 

on G(x) r 
- 0.5 = J g(v)clv • 

0 

Fo:r x > 1.5 the continuous fraction formula 

1 - G(:~>.) = g(x) 

is used. 

(i) 0 ~X::: 1.5. U"P o ... 

G(x) = (y4+4y+1) _x __ +~ 
6-.J 2r.' 

1 

1 X+_;_ __ 

2 X+ ,....c.;, __ 

X + 

where 

n-1 

n 
X+ 

X 

Compute first y ' then P Lj. 
= y and finally 

register tc store y and terms of P • 

G(x) . 

(ii) x 2: 1. 5. (Nanual.) Use the continuous fraction formuJ..a 

Use 

with n=5. Write down tb.e fl'action and .start from the bottom oy 

dividing 5 by x (store and recall x). This amounts to using the 

recursion 

n Q =-
0 .:::: 

-- n-j Q. Q ; j=1,2~ ••• ,n-1 J X+ . A J- I 

1 - G(x) = Qn o g(x) . 
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Gives 3 correct decimals vdth n = 5 and 4 correct decimals 

with n = 10 • 

[Under (i) five term Sirnp,son formula 

G(x) (y 16+ 4y9+ Ll. 
1 ) X = 2y'+ 4y + 1.)2; + 0.5 

12 2n 

X 
2 

y = 
-32 

e 

would give 4 correct dec.linals for 0 < x < 2.5]. 
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X 
2 v 

~.!--~ES2gE~-f~E __ g.(~1-=' j 61Y2QY_L-~~§E2 __ g.(y2_= ~--· ~ 
-2 

e . -----_ cc 2rr 

1 
2 

3 

4 

5 
6 

7 
8 

9 
10 
"11 

STO •j 12 GTO 15 23 
< 1 3 RCL 0 > 24 

STO 2 14 GTO 04 25 

+ 15 RCL 0 26 

STO 0 16 g 1 /,r , .. ~. 27 
RCL 2 17 R~'L 2 28 
STO +0 18 g 2 29 X 

i •J9 g X 30 e 
STO -1 20 

f "'' 3'1 
RCL 1 21 i 32 
g x=O 22 P' TT 33 0 

There are two types of settings 

I 11 GTO 00, x, enter, n, R/S 

For 0 < x < 0.75 use 

For x ~ 0.75 use 

II 

30 I 

2 34 -t 

X 35 6 
f '\/,.., 36 g 1 /x 

-t 37 
GTO 00 38 X 

STO 0 39 1 
2 

L~O g 1~ + 

Enter 41 RCL 0 

Enter 42 X 

4 43 GTO 22 
0 44- GTO 00 

That gives "almost" 4 correct decimals.(6 correct decimals 

.for x < 0. 25 or > 1. 25 . If 5 correct decimals are wan ted for 

all then proceed as follows~ 

0 < x< 0.5 use II 

0.5 < X:::_ 0.75 use 12oo 
- 1100 0.75 <x< 1.00 use 

x> 1.00 use 130 

Any degree oi accuracy can be obtained for x 2: 0. 25 oy using 

I n w1· t1····1 n f " · · t~ -~ ~ • su IlClen ~y -~rge , e.g. n=800 for x close to 

0.25 gives 6 correct decimals 

Running time = n/ 1 00 EJ.inu t e s. ) 



- 25 -

The register has bee11 used as follows, 

Program lines 1-27: Program lines 28-L~3: 

STO 0 Qj STO 0 X 

STO 1 n-j STO 1-7 not used 

STO 2 X 

STO 3-7 not used 

VII THE CHI-SQUARE DISTRIBUTION (eccentric). 

If 
\) 

(6.,1) then 
l 

Z = "'"' y2 LJ ... (} ... 

1 l 
is distributed as the eccentric chi-square distrioution 

with v degrees of freedom and eccentricity 

The program_ below is b8B ed upon 

2 /..=2:6 .• 
l 

. o--:: A 
Pr(Z > z) = 1- r (z,A) = 2: b(i,-2 )(1-I' 2 .(z)) 

v . v+ l 
l=O 

where b is the Poisson density, 

b(J.,x.) 
x.i -n 

= i! e 

and where v is presumed even. 

Si:nce 

r (z) 
v = r (z,O) 

\) 

where B is the Poisson cumulative distribution function, we have 

1 - r (z,A) 
\) 

v.rhich is the oasis 1'or the progrBlll below. 

For v odd, interpo:J.ation is proposed. 

(We have also for v OQd 

1-r (z,A) 
v 

where p = v-1 
~ 

A prograrn could be worked. out for the sum, re-

lying on tables (or manual procedure) for the last term. This has 

not been done below). 
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(= Pr(Z (;>..) 
\) 

:S z) EZ (;>..) 
\) 

= v+A). Qgg_~2E~-~~2EEigg~ 

1 STO 1 '12 STO +2 23 STO X 0 34 STO -7 
2 CHS 13 RCL 3 24 RCL 0 35 1 

~.r 

3 g 
..:>.. 14 RCL 7 25 GTO 12 36 STO +3 e 

4 STO 5 15 f x?_ y 26 RC.L 2 37 STO +6 

5 R J 16 GTO 26 27 STO -2 38 RCL 6 

6 STO 3 17 1 28 RCL 5 ., a 
).-~ STO -f-5 

7 R ~ 18 STG +7 29 X 40 RCL 1 
8 STO 4 19 RCL 7 30 STO +7 41 STO X5 

9 CHS 20 f int 31 f pause 42 RCL 4 ,, 
10 g e .. :-:. .. 21 STO -tO ~') ,;;:'(..__ f pau3~ 43 GTO 09 
11 STO 0 22 RCL 4 33 RCL 3 

If v is an even number, set 

z v A , 
2 , enter, 2 - 1, enter, 2 ~ BJ:S . 

Observe the window display during pause until the figure begins 

decreasing (it may first increase) and becomes insignificantly 

small. Set R/S during pause, 

RCL 7, fractional part = 1 - l (z;;>..) 
\) 

RCL 6 = m = number of tern.tS in S;3ries for I' 

RCL 5 = b = Poisson factcr in last term . 
m 

Inaccuracy 'A/2 < b ---.....,-;.- • m m- ),;2 

(For derivation see page 41). 

If v j_s an odd nurubeT ·then use either linear interpolation 

between v-1 and v+1 or more s.c::::ul~ate i11tel'po..Lation by 11.eans of 

f(v) = 1.125 i (~(v-1) + f(v+1))- 0.125 i(f(v-2)+f(v+2)) • 

In the central case ('A=O), it may be covenient to replace 

31 f pause by 31 GTO 00. Setting as atjove with ).._ = 0 . The 

result is displayed in the window. 
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The program under A is used with the following changes and 

additioiJ.s (for m=30 terms), 

31 GTO 4L~ 

32 g NOP 

44 3 
45 0 

46 RCL 6 

47 f x?_y 

48 GTO 00 

49 GTO 33 

Setting and RCL as under A • 

g~E!~.! (Program under A). z = 18.307 , v = 10, ).. = 3.71. 

The window displays in turn 

0.00782 ' 0.03096 ' 0.05199 ' 0.05097 ' 0.03362 ' 0.01624 ' 

0.00609 ' 0.00185 ' 0.00047 ' 0.00010 ' 0.800021 ' 

3.4 o 10-6 , 5.4 o 10-7 • &!3. was pressed vvhen last figure was in 

display. IWL 7 gives 16.20015 , hence 

1 - r 10 (18.307 ; 3.71) = 0.20015 • 

RCL 6 gives m=12 terms and RCL 5 = 5.1~ o10-'7 

Hence 
Inaccurac:y 5 4 0 -7 3.7 < • o1 -23,...,< 1 - • ( 

3 0 

The register is used as follows, 

STO 0 b(j,z/2) 4 3/2 

1 )../2 5 ·o ( j, )../2) 

2 B(j,z/2) 
,~ i 0 

3 v/2-1+i 7 j ' '5' :..J b c 1-r) 

Not::: the double use of S'l10 7 which is IJOSSilile since -; is u 

an integer whereas 0 < ~ < 1 (Hence RCL 7 has to be followed by 

either f int or g frac in the progru..m.) 
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VIII. THE STUDENT DISTRI:JUTION (eccentric) 

If X , Z are independent, X norraa1 ( 6, 1 ) and Z chi-

square di.stritmted with v degrees of freedom. Then 

is Student distributed with v degrees of freedom 

and eccentricity 6 . 

We hmre :for t > 0 o:?. 

Pr(T>t) = 1- G (t,o) = l r ((2;;t') 2v)g(x-o)dx , 
v " \) 

0 

which may alsn be written 

00 

1 - Gv(t, o) = G(6) - J r·:((~) 2v)g(x-o)dx = G(o) ·- I 

where r * = T' 1 - J. v v 
formula, 

0 

f·or the integra} we have by Simpson 1 s 

I = K [ ~ A.r*(2ci2)g(l -6) + g(6)l_1 i=o l v m 

v1here m is an integer, c = v/2(mt) 2 , K = 1/3m and 

The program oelow is oased on this formula. 
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Pro~ram for Student (eccentric) distribution 1 - G (t,b). --- ---------------------~-------------------------v -----
1 1 13 STO +1 25 RCL 5 37 4 
2 STO +0 14 RCT1 3 26 GTO 13 38 RCL 0 

3 RCL 0 15 RCL 1 27 g frac 39 2 
4 g x2 16 f x> y 28 RCIJ 0 40 -t 

5 RCL 2 17 GTO 27 29 * (m=) 8 41 g frac 
6 X 18 1 30 -: 42 i X 

Y. 
7 STO 6 19 STO +1 31 R.CL 4 43 X 

8 CES 20 RCL 1 32 44 STO +7 

9 X 21 
,, int 33 2 

45 f :pause\g x:;:;O .o· e .!.. f'' X t::> 0 

10 2 22 STO -t5 34 X 46 10 :pause\GTO g e .L 

1 1 ... 23 RCL 6 35 f ,~-r 47 0 

12 STO 5 24 STO X5 }6 .t. 48 STO 1 . 
49 GTO 01 

(*) Line: 29 m=8 me2.ns that equidistance in Simpson's 

f'ormula is 1 =0.125.) m 
If v even, set 

v ( ") s.-no r, ::!. -1 c = 2 e.g. ~=o , ~ ~, 2 , 
2(mt) 

, STO 3, b, STO 4, R/~ • 

Observe the fie:,"Ure displayed in window until insignificant, 

then press R/S • 

RCL 7 = 2:: g* RCL 0 = number of terms. 

We can now compute 

00 

By changing program line 45-46 above to 45 g x=O , 46 GTO 00 , 
we o·otain automatic stopping, sometimes, however, vvi th long running 
time. 

If v odd, then use either linear interpolation oetween 
v-1 and v+1 or more accurate j_nterpolation by means of 

f(v) = 1.125i(f(v-1)+f(v+1)- 0.125i(f(v-2)+f(v+2) • 

If ~£1-igh degree of ae:cu:cacyR is v:antec1, then we may use m=20 
instee"d of m=8. Use p:cog:rarn. lines 29 2, 30 0 ~ followed by the 
program lines 30-44 above shifteG. to 31-45 , then L; G -49 as before. 
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g~E~.§-1.! (m=8), v=6, t = 0.7176 (level = 0.25), 

6 = 0.25, G(o) = 0.59371 has been taken from table. 

5 r o-7 With running ti.."TT.e 1 min. 10 sec. the last term= .1o o1 , 

RCL 7 = ).74151, 1 - G (t,o) = 0.33382. 
\) 

With eccentricity = - 0.25 we get 1 - G (t,&) = 0.17886. 
\) 

Hence 1 - G (t,6) + 1 - G (t,-6) = 0.51268, agreeing precisely \} \) __ ..;;...;:;...;....;;;;;_.._ 

with what can be found from program for the Fisher distribution. 

o = 0 we get 

table value = 0.25 . 

1 - G (t,O) = 0.249988 agreeing well with 
\) 

~~~lJ2~.§_g.! (m=20). v=1 00, t = 1. 9840 (level = 0. 025), 

6=4. From tables G(b) = 0.9999683. With 45 minutes running 

time the last tern1 is 0 and ECL 7 = 0.851464576 ~ 

1 - G (t,o) = 0.9773203t3S. il\fe also find 1 - G (t,-6)=0.000000030. 
\) \) 

Adrlin.s the two results gives 0. 977320418, whereas the program for 

the Fisher distribution gives 0.9773204-30. 

The !'~61:-§!~E in the program above has neen used as follows: 

STO 0 i s~eo L1 .- 6 

1 B _, 
' J 5 b 

2 c 6 .2 
CJ. 

3 
\' 
..=:.. -1 
2 7 lli* 2:: \) 

b and B is the density ;;;,nd cumulative Poi;:;son function, 

respectively. 

§9~~-22~~~g~§-2g_!g~_EE28!~E.! 
For the double use of one STO see corament on the last lines of p.27. 

By means of 11 14 RCL 3, 15 RCL 1, 16 f x? y, 17 GTO 27, 

2 7 f I, B ( v 1 . 2 ' . " t . .. - . B ( . . 2 ) g :rae · ; 2 - , Cl J lS c,e ermlnea oy J + J? Cl 

smallest possible, but ' \) 1 ::>r)-. 
- c. 

This gives \) 
j = - -1 2 if 

0 < B < 1 Hov·Jever, due to inacc"Llracy in the 9-th decimal 

B may "be = 1 instead of < 1 • The:r.L 'v'le would get . v 2 J = - -2 

E = frac (RCL 1) = 0 1 \vhich is seriously wrong and may lead to 

gross e3:>rors. 

and 
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To avoj_d. this calar.Ji ty B has been divided by 2, see pl~ogram 

lines 10, '11 ~ 1 3. 

~'he Simpson coeffL.ients A1 = 4-, A2 = 2 etc. had to be 

reproduced v1i th as few program lines as possible. This is done by 

prograrn lines 37-42 based on 

fraction of i -fif= 2 if i odd 1 2 r 
2Ai = 4 = "l 40 = 1 if i even 

which requires the 6 program lj_nes we can afford to use. 

1 1 i 4Ai = 2 + fraction of 2. 

would require 7 lines. A third possioility RCL 0, 2, -t , g frac, 

* g x=O, 2, 4 ,x requires 8 :Lines and wipes out I' g stored in the 

stock. 
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IX. THE cnNTHAL FISHER DISTRIBUTION 

A specJ.al program .for the central Fisher distribution is 

strictly not needed, since in the next chapter we shall give a 

program :Cor the eccentric Fj_sher distribution whj_ch can be used 

also when the eccentricity is zero. However, the present program 

has a very convenient input and may -be useful in case one has to 

work extensively with the central Fisher distribution. 

If ]' is Fisher distributed with \.l and \J degrees of free-

dom, then if \.l is even, 

where 

X . 
1 - G (f) = .~ (nJ.)px(1-p)n-J = Bn(x; p) 

!J.,V J=O 

n = e.:tY. 2 - 1 }:_ ~ -- l2;' - "i' -P = t ~ I (1+f ~) 
\) \) 

\J need not be even. Thus this relatj_on is also true when n is 

not an integer and B notapropeT cumulative dj_stribution function. 
:n 

The pi·ogram uelow is based on the above equation and has the 

same structure as that f'ol' the binomial distribution in chapter II. 
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1 STO 2 12 RCL 2 23 RCL 3 34 RCL 3 
2 R ~ 13 RCL 3 24 g x=O 35 RCL 1 

3 STO 3 1 'i- + 25 GTO 42 36 f x> y 

4 X 15 1 26 RCL 4 37 GTO 42 

5 RCL 2 16 27 RCL 2 38 1 
6 of 17 STO 2 28 X 39 STO +1 

7 s~io 4 18 1' yx 29 RCL 1 40 STO -2 
8 1 19 STO 0 30 i- 4-1 GTO 26 

9 STO 1 20 STO 7 
~.., 

)I STO XO 42 RCL 7 
10 + 21 1 32 nCL 0 43 GTO 00 

11 g 1/x 22 s~ro -3 33 STO +7 

fl must be even. Set 

+' enter, ~ enter, \) RIS 
.l. ' 2 ' n- ' . 

c. 

1 - Gf-1 , '~-' ( f ) is displayed in the winciow. 

Since 1 is Fisher distributed with F 
\) and \-l degrees of free-

dom, the aoove program can be used directly if one of the degr·ees 

of freedom is even. 

If both degrees of freedom are odd, then one can interpolate 

linearly between f_l-1 and IJ-+1 or more accurately by means of 

f(~J.)::: 1.125i(f(~-1)+f(f_l+1))- 0.125i(f(~J.-2)+f(f_l+2)) • 

The central Student distribution can also be treated by means of 

the above program. If is Student distributed with fl degree,s 

of freedom the 1 /T2 is Fisher distributed with \J. and ·J degrees 
f-l 

of freedom, hence 

G (t) = Pr(T < t) 
IJ. f_l- = ~ + ~(1-Gf-1,1(~2)) 

v 

Hence the input is 

t, g x 2 , g 1/x , f-l , enter 0.5 , R/S 
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(We can not utilize tJ~at is Fisher distributed with 1 

~ degrees of freedom, since this would require interpolation 

between 0 and 2 .) 

and 

If the above progra111 is in the machine anyhow, we may also use 

it on the central chi-sguare distribution of a variable Z • Let 

z have ~ degrees of freedom. Then Z/~ is Fisher distributed 

with ~ and (X) degrees of freedom or, approximately with IJ and 

\.J = 20 o 10 5 degrees of freedom (a. higher value of v would lead 

to excessive accumulation of errors). Hence the setting sLould be 

Z , enter, j..l, -t , ~/2 , enter, EEX, 5, R/S • 

~~§JEE1§_.1.~ tJ.=24, \)=25, f=1. 964"33 • 

Set 1.96433, enter, 12, enter, 12.5, R/S. 

1 - G = 0.049997 . 

~~~E1~Lg.:. Student distribution with IJ-=20, t=2 .0860 • Set 

2.0860, g x 2 , g 1/:x, 10, enter 0.57 R[§ • 

We get 1 - G~, 1 = 0. 950004 and 

G~ = 0. 975002 

~~1?1~_2.:. Student d.is·cribu tio~ with ~J-=19, t=2. 0930. 

Using the program on 1-1=16, 18, 20, 22 we get 

It 1 - G !'""" 1-l 
16 0.9736804 
18 46092 
20 53487 
22 59512 

Linea1.· interpolation gives 0. 974 979 , four point interpolation 

gives 0.974993. (Linear interpolation on the inverse of the 

degr-ees of freedom 1/18 and 1/20 gives 0.974998.) 
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~!.§J:E.E~~--1.! The chi· squ.are distribution with 10 degrees of freedom~ 

z = 18.307 • Set 

1.8307, enter, 5, enter, EEX, 5, R/S 

We get 1 - r = 0.050008447 • 

The re{;;iste_E in the above program has been used as .:follows, 

S~'O 0 bn 4 f 1-1/v 

1 j 5 not used 

2 /I"") d l;l+\l . 6 not used I-ll c.. an -J 2 
3 v/2 and v/2-1 7 B =1-r n 

X THZ FISF..ER DISTRIBUTION (eccentric) 

Program A and pro gran~ B below, which are identical except 

for one program lfne, are based respe•:::tively on the formula 
co 

1 - GIJ.,v(f;A) = _t b(i;A/2)(1-~ 1 +2 i v(f ~/v)) 
l=O r ' 

(A) 

CQ 

G (.c-·A) t-J.,V .L, = i~0b(i;:>-./2)(1-KV,lJ+2 i (V/f IJ.)) (B) 

where 

tt+v n = 2 -1 • 

Both programs contain two loops, iike thiss 

01 
manual· 

45-

(the 
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Ln program A p+2i rounds are run in the small loop between 

one round at the time i 11 the large loop. In program B v rounds 

in the small loop are run. 

Thus the running time for each term in 1 - G is increasing in 

case of program A , out kept constant in case of program B • 

Eence if 1J. is much less than v , the running time for program 

A is shorter -than foY' program B. If j..l is not much smaller than 

v ar1d in particular if A is large, the opposite is the case. 

If high accuracy is wanted B has a relative advantage. 

Program A assumes that j..l is an even number whereas program 

B assurnes that v is even. Hence only program B can be used 

on the equal tailed Student test. 
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!"£2B!'~_!.: 

1 CHS 13 f int 25 ... 37 RCL 2 
2 g e X 14 RCL 7 26 STO xo 38 STO - 7 
3 STO 5 15 fX2:Y 27 RCL 0 39 STO + 1 
4 RCL 4 16 GTO 29 28 GTO 11 40 1 

5 g frac 17 1 29 RCL 2 41*)STO + 2 
6 RCL 1 18 STO +7 30 g frac 42 STO + 1 

7 1 19 STO -1 31 STO -2 43 STO + 4 
8 20 RCL 3 32 RCL 5 44 RCL 4 
9 f X 21 RCL 1 33 X 45 f int y 
10 STO 0 22 X 34 STO +7 46 STO -t 5 
1 1 STO +2 23 RCL 7 35 f ;pause 47 RCL 6 
12 RCL 2 24 f int 36 f pause 48 STO X 5 

49 GTO 04 

!!2g!'~_!.: 1-J. must be an even number. Set 

.1.:.. 
}.l+V STO 1 ' l:± .. STO 2 2 2 - I 1 ' 

2. f }.l; 
' STO 3, 

\) 1 ' +, g 1/x, STO 4, 

2:. 
A STO 6, R/S 2 ' . 

The window display in the pause is observed until it starts de

creasing (it may first increase) and became insignificantly small. 

Then press R/S and 

m=num·ber of terms 

Inaccuracy < 

1 - G, (f, A.) = fractional part of RCL 7 • 
).:c 1 '\) 

= integer part of RCL 4 • Last b = RCL 5 

last ·b A./2 
m-t.../2 • 

~2gf~_E.: As program A but 41 STO + 3 is replaced by 

41 g NOP • v must be an even number. Set 

.1.!. IJ.+v STO 1 ' 
\) 

-1 ' STO 2 2 2 ' 
2. 1 \) STO 3, 1 s +, g 1/x, STO 4 f~ ' ' 
.2.:. A./2 ' STO 6, R/S • 

Ubserve window display as by program A, but be sure to press R/S 
during display. Write down the window display = last term j_n 1-G • 
G (f;X) = fractional part of RCL 7 9 m=no. of terms = integer IJ.,v 
part of RCL 4 • A./2 

Inaccuracy < last term iii=172' • 
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If T is Student distributed with \J degrees of freedom and 

eccentricity 6 , then T2 is Fisher distributed with (1,\J) 

degrees of freedom and eccentricity o2 .. Thus program B can be 

used to find Pr( \TI > t) • 

Set 
1 • \J+1 1 \) 
~2-, STO 1, 2 -1, STO 2 , 

2. v/t 2 ~ STO 3, 1, +~ g 1/x, STO 4, 

3. 62/2 , STO 6, BJS . 
RCL 7 gives Pr(JTI < t). 

~~~E~~-1~ (Program A), ~ = 4, \J = 6, f = 4.5337 , A = 4 . 

The window displays are as follows (f fix 5) , 

0.00677 ' 0.02762 ' 0.04526 ' 0.04343 ' 0.02869 ' 0.01427 ' 

0.00566 ' 0.00186-, 0.00052 ' 0.00013 ' 0.00003 ' 0.0000'1 ' 

9.25 o 10-7 = last term. 

RCL 7 = 13,17424 , hence 1 - G = 0.17424 • 

RCL 4 = 12.24850 , hence -6 -m = 12 , RCL 5 = 1.16 o 10 =last b • 

Hence inaccuracy < 1.16 o 10- 6 o 2/(12-2) = 1.2 o 10-7 

~!§@El§_g~ (Progrmn A). ~ = 2, v = 6, f = 5.1433, A = 4 • 

The window displays are as follows, 

0.00677 ' 0.03918 ' 0.07157 ' 0.07044 ' 0.04599 ' 0.02220 ' 

0.00847 ' 0.00267 ' 0.00072 ' 0.00017 ' 0.00003 ' 0.00001 ' 

1.10 o 10- 6 = last term. \!fe get 1 - G = 0.26821 

Inaccuracy < -6 2 
1.16 o ·10 12_c~ C) ~ 10-7 = t;_ • ..,.I 0 • 

Note that the progrEUTl works differently when ~/2 - 1 = 0 

and !J./2 - 1 > 0 • Hence t1oth examples 1 and 2 should be_used to 

test correct setting of the .,ErogTa.1I. 

~~§:g:l2~~L.2.=. Student's di.s t:ribu tion with 6 degrees of freedom, 

t = 2.4469 , eccentricity 0 = 2 . Last term -7 = 5.58 0 10 • 

Pr ( IT\ < t) = 0. 60894, r,l = 10, inaccuracy -7 < 1 .4 0 10 • 
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If t is the 1-€ fractile for 6= 0 , 

then 

is the power of the Student equal tailed test vri th level 2 e • 

Let !3 8 (o) be the power of upper tailed test with level e • Then 

we have 

where 

for any z . Hence we choose z to make A small. 

Sometimes z =co, b. = G(-6) is good enough. 

(Derivation : We have 028 (6) = Pr(T <-t) + p-_c(T >t) 
r7 

o:;; . '-' co 
Write j. - j! + j' ) 

. () - 0 z . 

Thus in the above example t = 2. ~.!J-69 corresponds to 

2€ = 0.05 • 

We get 
0.3886 < ~€(6) < 0.3911 • 

Hence program B is useful also for the one tailed Student test. 

Since pF is approxjJi1ately chi-square distributed when v is 

large, program A can also ·be used on the chi-square distribution. 

Choose v = 105 Then z/105 is set instead of :F)..l/v • 

~~~~~~~ z = 18.307 , p = 10 , A = 3-71 • 

Set 10+105 5 
2 , STO 1 , 4 , STO 2 , 18.307 o 10- , STO 3 , 1 , + , 

g 1/x , STO 4 , 3.71/2 1 STO 6 • 

1 - r6(18.307 ; 3.71) = 0.20017 (correct value- 0.20015). 
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~~~E!§.:. ~ = v = 21~, i, = 16, f = 1.9838 (level= 0.05). 

1 - G = 0.3351019 after 6 minutes on program B. On program A 

the running time is 13 minutes. (Since ~=v , the running time 

for the first term would be the same with both programs. Since 

the running time for the terms is constant on program B, the first 

term would take 6/24 = t min. on both programs, whereas the 

i-th term would have ruru1ing time of the term J + a i on program 

A. 

Hence 13 = 
24 .. 
I: (J.+ai ) = 6 + 300 a , 
0 4 

a = 0.0233. Hence the running 

time per term on program A increases from 15 seconds to 

1 + a o 24 = 49 seconds). 
4 

II" ' . 1" 11. lS arg_e the first terms in 1 - G would be very small 

because b(i;A./2) is small. To shorten running time one could 

then choose an i 0 such that b is negligable for i < i 0 and 

then set 

U+\1 ll ( ) 1. ~ + i 0 - 1 , STO 1 , ~ + i 0 - 1 program A or 

~ - 1 (progr~~ B) , STO 2. 

2. As above. 
i 'A 

b o = ( ~) o e -2 / 

GTO 04 , R/S • 

. ' l • 
0 

, STO 5 , ~ , STO 6 , i 0 , STO +4 , 

~~~~~!~.:. ~ = v = 8 ~ A. = 80 , f = 3-43813 • Without the 

above method of shor·tening, the running time will be 10 minutes 

and gives 1 - G = 0.99397 on program B. To shorten run11ing 

time choose i 0 = 15. Then b0 = 3.4.883575 a 10-6 and after 

5 minutes running time v:e get 0. 99396 • 

The E_egister in the above program A has been used as follows, 
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STO 0 bn ( j ,p) 4 1-p,i 

1 ~\) . 
2- + J 5 "b 

2 ~ -1+i 6 1)2 2 

3 -f' 1-1/v 7 j and 2:(1-K)b -'-

For comment on the double use of STO 4- and STO 7 see the last lines 
on page 27. We shall evaluate the accuracy by programs A and B. 

The remainder term after ra terms in the series used, is 

R 
m = L: 

i=ill -1 
b. (1-K.) 

l l 

where the meaning of b. 
l 

and K. 
l 

is clear from the equations 

on page 35. . By program A H 
m 

is added to , by program B 

subtracted from the final result in STO 7 • By program A, 

1 T~ 

- .!.\.. 
l 

is an increasing function of i and goes to 1 • By 

program B, 1 - K. is a decreasing .function which goes to 0 • 
l 

We have also 

bm ( 1-Km) = last term = window display when stopping. 

bm = RCL 5 

ill = integer part of RCL 4. 

We obviously have 

Rill < 1 - B (m ;~) 
ex:; ( 1) i-m 

= b (m;-2}-.) 2:: '-:-""1"2-....,...--.-... 
1 (ill+1) .•• (m+i) • m+ 

Since m + j > ill we have if ill > f./2 

Rm < b(m•f./ 0 ) f./ 2 = RCL 
' c... m-f./2 

h A./2 
/ ill-A./2 

which is true both for program A and progra.L:l B. (vfe could also 

have made use of m + j > j and ootain 

Rm < RCL 5 o e 'A/2 

which is true also if m < A./2 .) 

In the case of program B we also have 

R ( 1 TT ) - A/ 2 . ~ A./ 2 
ill < -.L:..ID bill m-A72 = WlnCLOW ill-'A/2 • 
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November 1976 

PROGRAM FOR THE NORY~L DISTRIBUTION 
=================================== 

by 

Erling Sverdrup 

Pref'B.ce -------
It appears that the prcg:::·am and procedure for the Norn:al 

Distribution in my papel' 11 Progrc:w.ns Oil HP-25 Desk CaJ.culator of 

Mathematical Functions i'o:-c Use i[j_ Statistics"~ (Statistical 

Re.ses.rch Report No. 7, 1976), a:.:. tl:1cut_:)1 usaful and adequate, could 

be replc.;ced. by consi:.'Lc::ce:~,nly better progJ:-Etns and procedures. Th,us 

the manual ap:t;llice-tion of 

where ""P( 21 '72) y = e~ -x ,) , is almost universaly useful and very 

convenient. It is easy to remember, or could be mentally recon-

structed from the Simps JJ.1' s formula, and one almost never slips up 

during the operation. Pa~)Cl' and pencil al'e !10t needed. 

The program based on Simpson's formula with an arbi tral~.Y choice 

of the number 2m+'l of terms is also superioJ:' to the progr&!l 

given 'before. It gives almost 8 decimalt-> accuracy up to ) • 5-6 

times the standard deviation from the mean and the ::t'u~miug 

ti1'Ue is short. 

Thus the text presented below could replace Chapter VI in the 

above cited publication. 
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NOill1AL DISTRIBUTION 

Introduction 

Ne.nual routines or programs are not so much in need for the 

norr.11a1 distribution since cor.V•?:Client tables e.re easily available. 

Hov,;evc:r, if you have the small calou12.to:r· on your desk anyhow, 

the manual. :;:outine ·.,fith a 5 term Simpson's fcrnrllla in A below 

is easy to perform and gives almost f.L correct decimals, for argu-

ments, up to 3 times the standar6 deviation from the mean. 

TV'W complete progJ::·ams are .'::t:lso given ·bslovr. The f.i_rst one is 

based on Simpson's formula 8.:n:l aJ.lows an arbitrary number 2m+1 

of terms to be set. It is reco:rnmended for a.ll practical purposes 

with 2m+1 = 5 or 9 , or ocoasior.caJ..ly 2m+·J == 21 and gives 

high accuracy even in ext::·er;:e cases. 

The explicit formula is 

X 

G(x) 1 J' =~. e 
..j 2rr~· co 

--
2 dv 

where y = and 

A1 =A-= ••• A, 1 = t:~ ) c.m-

Ai is reproduced. in the progro.l.Tl by Iiie8.11S of 

Ai = 3 - cos Tii = 3 - cos(2m-i)TI . ,. i=1 , 2, ••• , 2m-1 • 
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A program based on the continuous fraction formula 

1 - G (x) = G-' (x) o 
1 -----

:X+ 

_., 
I 

z+ • 

+ n-1 
n 

X+ -: 
}'_ 

is also given. It has the:: advan.tage of giving an absolute control 

of the accuracy. 

Si.::we G(-x) = 1 - G(x) it is assumed below that x > 0 • 
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.X 

! .. > .-.J· ( ··:r ) ,.;• ' •. ~.! __ r:r§-g~~~-E9~}_i.g.§Q_f2~_fi· .. L~~l-= J ~~.::_:::~_.._ 

•j 
•,,rhere g t x} = ·~ 
-----~-- ~- -- I~ •. 2ii 

e • ------

-CO 

T'nis proc·?dure is stro12gJ.,y rec:o.:rrrnended for all practical 

purposes because it is easy to ::'e:':!c;.r:abe:r.· and easy to use. Paper 

and pencil are not neecled during the oper·a ticn. 

Ass1..m1e x > 0 and. uce 

G(x) + 1) 
)1'~ _;;.___ + 0.5 

I 1 
12~1 2n 

vvhere 

Store x , then compute y and utore it. Then compute the 

polynomial in y and finalJ.y G(x). Thus for x :;;; 1 • 96 v1e get 

G(x) = 0.974961. It gives almost 4 correct declinals for x up to 

3. For x > 3 it will usually be enough to know that 

1- G(x) < 1 - G(3) = 1.3o10-3. Howe7or, 

1 - G(x) 

may also be used for x > 3 • 
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x v2 

!3!--~~§E~-~-i§1:-!!!I:~~~1-f~E--§-.L!~1-~ J ~iYl~Y-.z.-~h!:E!:_~iy]_:; . ~;-~--T 
- 00 "'J 211 

1 STO 2 13 g v2 .... 25 ROL 1 37 g rr 
> v-

2 < 14 f :r·,__ 26 g TT 38 2 
3 STO 1 J .. L§..T..Q_I 27 X 39 X 

4 ;. 16 •J 28 f cos 40 f {' 

5 STO 3 17 S:i:O -1 29 41 ;. 

6 g x2 16 RCI, 0 30 v 
''· 42 HCL 7 

7 2 19 ECL 1 3"1 STO +7 43 X 

8 ..;. 20 g ~{ 
2 )2 GTO 16 44 

,, 
r::.. 

9 CHS 21 f ',X .:; 33 STC +7 45 g 1/x 
10 " 

X 22 £' ·;;:: ,, B.OL 3 46 6 c x=y /"t + 
1 1 STO '"' 23 GTO 33 35 3 v 

12 RCL 1 24 3 36 ;. 

Sot once for all (after shifting from PRGH to RUN) 

g rad. 

For each x > 0 set 

2m (e.g.==4 or 8), enter, x, R/S. 

G(x) is shown in the window. 

X -
0.25 
1.5 
1. 96 
2.5 
3.0 
3.5 
4.0 
4.5 
5.0 
5.5 
5.75 
6.0 

Rm.:.n.ing t.ime is 3+2 (~+1) seconds. 

Exc:wrolcs: ____ ........, ____ 

Tal,le values 

0.5987063 
0 • ~) 3 :. 1 9 2 2 

0. 975002"1 
0.9937903 
0.9986501 
0.9997674 
0.9999683 
0.9999966 
0.9999997133 
0.9999999810 
0.9999999955 
0~9999999990 

2m+1 = 3 
0.5987067 
0.9332524 

2m+·J = 5 2m+1 == 9 2m+1 = 21 

0.9332077 
0.9749609 
0.9936579 

0.9331938 
0.9750000 
0.9937816 0.9937901 

C.9984794 0.9986415 Oo99S6499 
0.9991835 0.9997623 0.9997672 

0.9999665 0.9999683 
0.9999961 0.9999966 

0.999999710 
0.999999981 
0.999999996 
0.999999999 

Thus 2m = ~~ ol~ 8 a::ce good enough for all practical purposes .. 
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The register in program I a·bove has been used as follows: 

STO (J y 

STO ., 2m-i ' i=0,1,2, ••• 
STO ..... 

.:::: X 

STO 3 ~~I ·).,..1 A ,_.._~ 

STO 7 E A. y(2m-i) 2 
l 

1 STO 1 8 1 15 RCL 0 22 g iT 

2 ~ 9 STO -1 16 ~ 1/x 23 2 
3 STO 2 10 HCL 1 17 I RCL 2 24 X 

4· i 11 g x=O 18 a x2 
I;~ 25 f ..;-r 

5 STO 0 12 GTO 15 19 g e X 26 ... 
6 RCL 2 13 RCL 0 20 f ,r---
7 STO +0 14 GTO 04 21 .. 
Assume x > 0 • 

Set x, enter n, R/S. 

1 - G (x) is shovm in the window. 

The progra.rJ works well when x is large, then only a small 

n is needed. For x ~ 1 , set n=30. For 0.5 < x < 1.0 set 

n=200 • 

HovreYer, any degree of accuracy can be obtained for x > 0 by 

using n sufficiently large; e.g. n=800 for x=0.25 gives 

6 correct decimals. ·J - G(x) = 0. 401294. 

The running time is n/100 minutes. 

n odd gives a lower bound n even an upp'3r bound for 1-G(x). 
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X= 1.96 n = 4 and n = 5 give respectively 

· ... 

X = 1 • 96 , th.:~ same 

9 decimals 1-G (x) = 0. 02t:; S9?895 • 

X = 1 n = 30 a.ad rl = 31 give respectively 

0.158668 > 1-G(x) > 0.158664. 

Of course program B s:i:wuld prei'el'aoly be used for large x w 

X = 3 , n = 4 and 5 give respectively 

0.001350205 > 1-G(x) > 0.001349802. 

(The following examples show how the program works when 

x is small. 

x = 0.25 , n = 800 and n = 801 give respectively 

0.401294386 > 1-G(x) > 0.401292968. 

x = 0.25 , n = 2000 and 2001 give the same 

9 figures , 1-G(x) = 0.401293674. 

x = 0.10 , n = 800 and n = 801 give respectively 

0.463659288 > 1-G(x) > 0.456721353, 

whereas n = 2000 and n = 2001 give respectively 

0.460302225 > 1-G(x) > 0.46004248. 

The true value is 0.4601722.) 
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1. The Binomial distribution 

In Statistical Research Report No. 7, 1976, "Programs on 

HP-25 desk calculatQr etc." the present author treated the 

binomial distribution cursory. 

Below program A gives 
X 

Bn(x;p) ~.L bn(j;p) 
J=O 

, where 

for single values of x in a compact form. 

However, this program is only useful for (1-p)n > 10-99, i.e. 

n < 99/log10 1 ~p = K(p) 

which means that for p = i the program can only be used for 

n < 329 • (The accuracy is very good up to this value. For n = 327 , 

p = i x = (n-1)/2 we get Bn = 0.500000023, whereas the true 

value is of course 0.5 .) 

Thus a program B is given below which is useful for larger 

vf,Uues of n • If n 2: K(p) then in the beg L""l!ling ( 1-p)n is 

11 inflated 11 by multiplying by 1099 • In the end the outcome is 

deflated by multiplying by 10-99 • This goes automatically 

without the operator having to be concerned with the value of n • 
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l?rogram B is useful for 

n < 2 K(p) • 

The upper limits to n in the two programs are then as follows: 

Upper limits for n 

p 

0.5 
0.25 
0.10 

Program A Program B 

328 
792 

2163 

657 
1584 
4327 

Thus on program B we got B4327 (432, 0.1) = 0.498652933 (and 

b4327 (432 , 0.1) = 0.020213882) after seven minutes of running time. 

Note that if n is large one should always arrange that 

p < i, by using Bn(x;p) = 1 - Bn(n-x-1;1-p) • 

2. The Poisson distribution 

The program for the Poisson distribution given in the above 

cited Research Report is only useful for e-A. > 10- 99 , i.e. 

for A.< 227.9 • The program for 
X 

B(x;X) = ~ b(j;X) 
j=o 

• , 'Ax -A. 
b(x;A.) = ~ x. 

given below, where the same principle for tlinflation" and 11deflation 11 

as above has been used, is applicable for 

A. ::;_ 455.9 • 

The inflation factor is 227 
e • 
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3. Programs for the Binomial distribution 

1 STO 5 9 RCL 3 17 RCL 5 25 RCL 2 
2 R J 10 g 1/x 18 RCL 1 26 X 

3 STO 3 1 1 1 19 f X?:! 27 RCL 1 
4 ;; 12 STO +2 20 GTO 33 28 of 

5 STO 2 13 21 1 29 STO xO 
6 f yx 14 STO 4 22 STO +1 30 RCL 0 

7 STO 0 15 0 23 STO -2 31 STO +7 
8 STO 7 16 STO 1 24 RCL 4 32 GTO 17 

33 RCL 7 

Set 
n, enter, 1-p, enter, x, R/S • 

Bn(x,p) is shown in the window. RCL 0 gives bn (x,p). The program 

works if n < 99/log ~ • -p 

¥~~1?!~.! B100 (20,0.2) = 0.55946 • 
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1 STO 5 13 ~ 25 RCL 5 37 
2 R J 14 g 10x 26 RCL 1 38 

3 STO 3 15 STO 0 27. f~ 39 

4 f log 16. STO 7 28 GTO 41 40 
..... 

5 .::: 17 RCL 3 29 1 41 
6 STO 2 18 g 1/x 30 STO +1 42 
7 X 19 1 31 STO -2 43 
8 9 20 STO +2 32 RCL 4 44 
9 9 21 33 RCL 2 45 
10 CHS 22 STO 4 34 X 46 
11 f X?;f 23. 0 35 RCL 1 47 
12 GTO 47 24 STO 1 36 .. 48 

49 

Set 
n, enter, 1-p, enter, x, R/S. 

Bn(x;p) is shown in the window. 

If n < 99/log10 12p then RCL 0 = bn(x,p) 

If n ~ 99/log10 12p Then RCL 0 X 10-99 = bn(x,p) • 

The program works if n < 198 log 12p • 

~!~E~~-1~ B101 (50;!) = 0.50000 

~~E~~-g~ B401 (200;!) = 0.50000. 

STO xO 
RCL 0 
STO +7 
GTO 25 
RCL 7 
RCL 6 
STO -6 
g 10x 

X 

GTO 00 
STO 6 

GTO 14 

~ examples should be run to check correct setting. 

Running time is roughly x seconds. Hence 3 minutes and 20 

seconds in example 2. 

The register in the above progrruns has been used as follows: 

STO 0 bn (j 'P) STO ' p/(1-p) £t 

STO 1 j STO 5 X 

STO 2 n-j+1 STO 6 99(in program B) 
STO 3 1-p STO 7 Bn ( j ,p) • 
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4. Program for the cumulative Poisson distribution for lar~e A • 

1 STO 3 

2 R J 
3 STO 2 

4 2 

5 2 
6 7 
7 f:JC2:Y 
8 GTO 11 

9 STO 4 
10 GTO 12 

Set 

11 ?E 
12 CHS 
13 g ex 

14 STO 0 

15 STO +7 
16 RCL 3 

17 RCL 1 
18 f X2: y 
19 GTO 28 
20 1 

A , enter , x , R/S. 

B(x;t..) is shown in the window. 

21 STO +1 

22 RCL 1 

23 STO -tO 
24 RCL 2 
25 STO xO 
26 RCL 0 

27 GTO 15 
28 RCL 4 

29 g X~ 0 

30 GTO 32 

31 GTO 37 
32 RCL 4 

33 RCL 2 

34 
35 g ex 

36 STO X7 
37 0 

38 STO 1 

39 STO 4 
40 RCL 7 
41 STO -7 

If /.. > 227 • Set 227 , RCL 2 , - , g ex , RCL 0 , X gives b(x;A) 

if A ~ 227 , RCL 0 gives b(x,A) • 

~~~E1§_1~ B(5;4.68) = 0.67191 • 

~~!§_g~ B(450;450) = 0.51253 • 

~ examples should be run to check correct setting of the programo 

The register in this program has been used as follows: 

STO 0 b(j,A) STO 4 227 

STO 1 j STO 5-6 not used 

STO 2 A STO 7 B(j,l..) 

STO 3 X • 


