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Corrections and changes to:

"PROGRAMS ON HP-25 DESK CALCULATOR OF MATHEMATICAL FUNCTIONS
FOR USE IN STATISTICS.'" Statistical Research Report No.7, 1976.

None of the errors affect the programs or instructions for the

use of the program, except perhaps that on page 37.

. : . . — /
Page 5, line 5 f.a. read: FM,V(x) = vZM(k),va

(o8] (@
Page 28, line 12 f.a. In place of ¥ read I
i=0 i=1
Page 28, after last line, add:
g anda G are the gauscian density and gaussian integral

N * . . .
respectively (see page 22) and I is given by

<D

%'1 -Z
* 7\
1,(z) = = (g)J e °/5!
j=o0

Page 37, line 10 f.b. In place of 41 8TO + 3, read 41 STO + 2 .

Page 41: Replace the 5 first lines f.a. by:

STO O bn(j,p) STO 4 1-p,i
(L B 5 b
2 %‘ -1+1, Bn(jip) 6 >\/2
3 fp/v 7 3, Z(1-K)b

For comment on the double use of STO 2, STO 4 and STO 7 , see

the last 1ines eeeee
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PREFACE

Revolutionary as the small desk electronic calculators, like
the Hewlett Paclkard 25, are in the manual calculations, the first
impression the presentv author gotv was that prograumming capacity
was very iimited. The programs presented by Hewlett Packard in
its hanibook seem to support that conclusion. To begin with the
present author, therefore, concentrated on finding computing
routines for important statistical functions which were miztures
of stages of running programs and manual treatments.

It therefore came as a distinct surprise when it was realized

ergeouetric distributicn (pe.i2-13) eccentric

'O

that functions like ths iy

or central; or the eccentric Fisher and Student distributions (p.37,29)

coudid be handled by almost completely automized programs squeczed
into the 49 program lires. Considering the extensive but insuf-

ficient tables and nomograns existing e.g. for the hypergeometric
distribution, this is indeed important.

The running time for most of the programs presented here will
be from seconds to a couple cf minutes for the usual cowmbinations
of parameter vaiucs., When the programe are running the attention
of the computer will usualily not be necded. In scme cases the
running time will be longer For the hypergeometric distxioution
with a popuiation size of N = 800 +{he running time wili be about
15 minutes to obtain one value, the other values will then be run
off guickly. 2 - 8 minutes will usuaily he the running time
for the eccentric Fisher distrivution, but with both degrees of
freedom = 200 and ecceniricity = 120 it will take 2% hours !

A drawback by the progiram for the Figher distribution is thaiv they
assume one of the degrees of freedom to be even. Hence an inter-

puiation is needed if both are odd.



In the hypergeometric distribution, with

(_8.)(1‘]"‘8.) X
n(x) = ERE m(x) = £ h(j) ,
(,,) J=0

h(0) is first found by summing logarithms,keeping characicristic
and mantissa seperated in different stores to obtain high capacity.
Then h(x) is found »y recursion and H(x) by summing. The
eccentric hypergeometric distribution with odds ratio A is found
from

H(x;\) = K(x;M)/K(n,\) , where X(x;\) = n(j) 2 .

J

M

0
Only a slight correction of the program ror the central distribu-
tion is needed.

The program for the eccentric Fisher distribution is based on

the fact that the cumulative probability function can be written

E K}1+2H,\)(f %)

where (g) is the central cumulative distribution of the ratio

K
SR

netwecen chi-squares with o and v degrees of freedom and H is
Poisson distributed with I H = eccentricity/2 .

~

A different method ig used in the caze oI the eccentric Student

3

¢

disgtribtution. Numerical integraticn is used oh the integral
expression invoiving the chi-gguare and the gaussian distripution.
Begildes the above mentioned programs, which the present author
found nen~trivial to construct, other useful programs are presented,
eegs for the normal disvivrioution, the biaomial distribution, the
eccentric chi-square distribution etc.
The program for the normal distribution is different from the

one presented by Hewleitt Packard in its handbook, and has the
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advantage of requiring nc fixed storage in the fegister, leaving
the stores free to be vsed for manual computations. On the other
hand the running time for the handbook program is shorters,
However, no program is really nceded in this case. Even without
the many good tables, the normal distribution is easily found by

a simple routine. as suggested below.

I. NOTATIONS

——— e v - ot - - " 2> e S S G e - — W foew o S T o v ———_—— — L e A R Al A o — o —_—

N S NN X, =X
Pr(X,=x) = b, (x;p) = (()p (1-p)

X

i e 2 -

Pr(xl =x) = b(x;r) = ore A
X X )

B (x;p) = = b (§sp) »  BCA) . = T p(§sn) .
J=0 J

In two independent Bernoulll trial series of n and N-n trials

respectively, iet » pe the provahility of an event A 1in a

1
trial in the first seriec and Py e the probability of H in a
trial in the second series. Then the conditional probapiitity of
A occuring x timeg in the first series given that A occurs

a ‘times among all N trials, is

Ao _ gay -2 T, oo ray N-a J
. a .
= h(x) 2/ ¥ n(g)n’
3=1

where

n(x) = hixz;1) = @2 /7 O



D, 2,
A = odds ratio = ; / = eccentricity.
"IJ1 1-P2

(The first Bernoulli series may be thought of as the sample of
size n from the lot of size N , The bias of the sampling in
favour of A is measured by A.) We also introduce

X
E(z,)= £ h(§;n)

J=0

x .
K(xsr) = z n(iind 3 H(xpA) = K(x;A2)/K(az)) .
j=o

H(x3;\) defines the eccentric hypergeometric distribution, central

when X =1 .

B e h et ik xR R e e o L L N T =TTt T=rrery

If ¥ is normal (0,1), then

Pr(¥<y) = G(y) , g(y) =6'(y) .

Is zp(x) is chi-gquare distributed with p degrees of free-
dom and eccentricity X =FE Z2 - u , then

d

Pr(ZHS,Z) = I‘H(Z;k) ) YH(Z;)\) = 3> I‘“(z;)\) .

It A =0, then we write for the central chi-square distri-
bution,

ZH(O) =7 Tu(Z;O) = TP(Z) ) YH(Z;O) = YH(Z) .

1
If Y is normal (8,1) and independent of Zp , then,
Tp(&) = Wy / VEQ is eccentric Student distributed with p

degrees of freedom and eccentricity © , and

b-l.

Pr(Tp(ﬁ) < t) = G“(t,é) .
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If & =0 we write for the (central) Student distribution
t;0) = G () .
6, (£50) =& (t)

Ir Zp(k) and 2, are chi-square distributed (as explained

above) and independent, then

B, LN =5, (0)/ g

is eccentric Fisher-distributed with p and v degrees of free-

dom and eccentricity A and we write
Pr A) < f) = i .
B,y =) =6 [ (£:2)

If X =0 we have the (central) Fisher-distribution with

M and v degrees of frecdom and we write

' = q‘ ’ = i .
RO =, 6 (50 =6 (1)

sV MV
We shall also need
—_ ! 7
Rp’v(x) = %J(x), .,

which is Yeccentric chi-sguare-ratic-distriouted", and we write

Pr(Rp’v(h) <r) = Kh,v(r;A) '

T
v . 3 1 ey} - T .pE Y T o™
We cbviously have GH v(i,x) =X (f5,)) . The reason forx
3 b
L4
',v("'v’ )

needing both KX and G is that we shall use K

with p' #p .



IT. THE BINCMIAL DISTRIBUTION

The programs are based upon

_ _\2 . . e P_ . 4
o, (0,p) = (1-p)" , b, (3,p) === o 55 b, (3-1,p)

B, (3,2) = £ b (i,p) -
1=0

(o]

A, Program for tabulation of B_ .

e G e G G - S — T - - —— U W . - G - —— o T i

1 STO 3 11 g 1/x 21 RCL C
o 2 12 1 20 STO +7
3  STO 2 13 - 23 RCL 7
4 ty* 14 __ST0 4 24 R/S

5 STO O 15 RCL 2 25 1

6  STC 7 16 X 16 STO +1
7 R/S 17  RCL 1 27  STO -2
8 1 18 T pause 283 RCL 4
9 8§70 1 19 + 29  GTO 15
10 RCL 3 20 S8T0 X

Run the program by setting
n , enter , 1-p , R/S.

First stop displays EH(O,p) .
Setting R/S wrepeatedly displays J when pausing and Bn(j,p)

when stopping in turn for  J=1,2,cee:2 o

If bn(j,p) is wanted, pregs RCL 0 after a stop where
has been displayed in the pause. The process can afterwards be

continued by pressing R/S .



Use the program above with the following alterations and
additions:
18 g NOP
23 g NOP
24 GTO 30

30 RCL 5
31 RCL 1
32 T x>y
33  GTO 35
34 GTO 25
35 RCL 7
36  GTO 00

Run the program b setting
x , 8705 , n, enter , 1-p , R/S
BH(O,p) is first dispiayed, pressing R/3 again displays B, (x,p).

Press RCL O +to find bn(x,p) .

Examples. (with "f fix 5"). TFor tabulation of B (x,p) for
n=100 , p=0.2 , use program A above and set 100, enter 0.8 ,
R/S. Repeat R/S.

The following values are displayed. (Not all displays are written

down. )
X Bn(X,P) X BH(X,P)
0 2.0370360.10" 10 15 0,12851
1 5.296293601077 20 0.55946
2 6.8317095:107" 25 0.91252
5  ¢.00002 30 0.99394

10 G.00570 55 0.99985



To Find B1OO(2070‘2) use progresi B above and set
20, STC 5, 100, enter, 0.8, R/S . Repeat §A§ after first stop

to display 0.55946.

The register in the above prograns is used asg follows:
STG © v, (3,p) STO 4 p/(1-p)
STO 1 J STO 5 X
STO 2 n-3-1 ST0 6 not used

STO 3 1-p st0 7 B (3)p) .



ITI. THE POISSCON DISTRIBUTION

The programs are based on

(]

(350 =5 0G-1,0) L b(O0) = eTh, B(N) = B (i) .
i=0

A, Tabulation of B .

G - S . — G ) - G 2 - — -

1 8TO0 2 9  STO + 1
2 CcHs 10 RCL 1

3 g e~ 11 £ pause
4 STO O 12 8T0 : O
5 STO + 7 13 RCL 2
6 ROL 7 14 STO X O
7 R/S ' 15 RCL O
8 1 16 GTO 05

Run  the program by setting

X , R/S .

First stop displays B(O,\). Pressing R/S repeatedly dis-
plays,
J when pausing, and B(j,)) when stopping in turwn for
J=1:250004 &
If b(j,\) 13 wanted, press RCL O after a stop where
hag bpeen displayed in the pause. Coutinue the process afterwards

by pozosing R/S .
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B.__Program_for single values of B ,

e > e e o e D] A — - > S — i Do - " KCD o Gma B STY P o S8 Roe

1 STO 3 8 RCL 3 15 STO + O
2 R 9 RCL 1 16 RCL 2
3 STO 2 10 f x>y 17 STO X 0
4 CHS 11 GTO 20 18 RCL O
5 g et 12 1 19 GTO 07
6 STO O 1% STO  +1 20 RCL 7
7 STO +7 14 RCL 1 21 GTO 00

Run the program by setting

A , enter, x , R/S .

B(x,\) is then aisplayed. Press RCL O +to find h(x,\) .

For tabviation of I(j,A) for X = 4.68 use program A
apove and set 4.63 , R/S . Repeat R/S . The following values

are displayed

G 0.00928 6 0.80732
1 0.05270 7T 0.89785
2 0.15432 8 0.95081
3 0.31284 9 0.U7335
4 0.49831 10 0.59124
5 0.671M 11 C.52672

12 0.99386

To find B(5, 4.68) dircctly use program B and set

4,66 , enter , 5 , R/S .

7 < R 5 s " - T I
B = 0.67191 dis displayed. RCL O

iVaS b = 0017360 .
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The registers in the above programs are used as follows:

STO O b(j,\) STO 3 X
STO 1 J STO 4-6 not used
STO 2 A STO 7 B(J,\)

IV THE (ECCENTRIC) qlPERGEOMEm‘IC DISTRIBUTION

The programs for

H(x) = 5 h(j) , where h(x) = ( ) (N-a) / (N)

j=o n-x
and
X - )
HGh) = 3 (GIH z (NG W
i=0 j=o0 ¢
are based on n-1

(5-a). . . ) 5 ey
He3)es s (N-a-n+1) _ .4 O a
h(O) l\l(N-1 )QQI\TJ“Y]*J}—) EO ’

o a-i)(n-j sl
n(j+1) '('3_+1<)(12*2ar—1n3—3+1) n(j) .

H(x;)) = K(x,)) / K(nzr)
where
K(x,\) = = h(j) A9 .
j=o

(By using the logarithamic form of h(0) , we obtain almost

unlimited" capacity.)
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1 + 13 x=y o5 g 10% 37 +

2 _ST0 5 14 GTO 18 26 STO 6 38 STO X 6
3 + 15 RCL 2 27 STO +7 39 RCL 5
4 CHS 16 2 28 RCL 7 40 f pause
5 1 17 GTC 03 29 f pause 41 1

6 + 18 RCL 2 30 R/S 42 STO -2
7 f log 19 STO -4 %24 RCL 2 43 S8T0 -3
8 STO +0 20 1 %32 RCL 3 44 STQ 45
9 1 21 STO +4 33 X 45 STO +4
10 STO -5 22 STO 5 34 RCL 5 46 RCL 6

11 RCL 4 23 RCL O 35 RCL 4 47 GTO 27
12 RCL 5 24 g frac 36 X 48 GTO 00

1. 3Be sure that N > =a+n . If not, then change notations;
let a - N-a if -a >n and 1 - N-n if n > a .
2. Run the program by setting:
a, sST02 , n, 3T0 3 , N=n , STO 4 , R/S .

I H(0) . 16P  is fivst displayed. Pressing RCL O displays the

intezer nart as -p . Hence H(0) is found.

4. Setting R/S repeatedly displays:
J when pausing, and H(j) o 10p when stopping , in turn
for j=1,2,... + Hence J and H(j) are given for j=0,1,2,¢¢ o

Finally H(j) = 1.00 +ses for large J .

Bxample 1 (with "= fix 47),
N=8,a=%,n=5. Set 3%, 8002, 5, ST03, 3, STO 4 ,
R/S , displays 0.1786 = H(0) o 10P , RCL 0 gives =-p = -1 ,

hence H(C) = 0,01786., Sevting LR/S repeatedly gives :

i H(3)10] 5 H(I)

1 2.8571 0 0.01786

2 8.2143 , hence 1 . 23527

3 10,0000 2 Ce827145
% 100000



B.__Tabuiation of the eccentric_hypergeoumetric_distribution.

Usc the same prograr as above, bhut with the following alter-

ations and additions:

46 RCL 1
47 STO X 6
43 KCL 5

49  GIO 27

(Of course this program could have been used also under A ,

setting X = 1.)

2]

Use the sAme procedure as above 1 - 4 , but under 2 set

», ST0 1, a, STC 2, n, STO 3, N-n, STO 4, R/S .

K(j,A)e10¥ is now displayed (p is not needed). Continue

()]

until K(j,A)e10P iz stabilized. It can then be set equal to

K(n,\)e10¥ . Finally ws find

H(j,A) = X(3,\)e102/K(n,\)-10?

Bxample 2 (with f fix 4). N =28, a =3, n =25, (as above)

al’ld )\ = 2 .
i Ke.10P H
o 0.1786 G.00453

1 5.5257 0.1242
2 2€.9643 0.06537
5 41.2500 1,0000

4 41.2500
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For significance tesising H(x) from program A , where X 18

. . . . € €
the observed valus; 1s used and checked against 1- T B (e=level).

However, for the purpose of finding the power critical values
of the observed x may be needed.

Hence to find the smallest x such that H(x) >a .

Use the program A above with the following alterations anc

changes:

24 g NOP 40 g NOP
29 RCL 1 48 £ x>y
30 GTO 48 49 GTO 31

Use the same procedurc as above 1 - 3, but under 2 set
o STO 1, a, STO 2, n, STC 3, N-m, STO 4, R/S .

When the machine stops, o ig displayed. Then press RCL & and

Example 3. N =26, a =14, n =10, a = 0.95 .
Set 0.95, STO 1, 14, ST0 2, 10, ST0 3, 16, STO 4, R/S.
Then RCL 5 = &8, Hence x = T.
If o =0.05 in ST0 1 we get RCL 5 = 4, hence x = %. This
means that the critical values with level 0.90 are those < 2 or

> T 4

The register in thie above program is used as follows:

STO0 0 log h(D) ST0 4 N-n , N-n-a+j+1
STO 1 S STO 5 N,

STO 2 a - ST0 &  h(j)

STO 3 n o~ j sT0 7 H(J)
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Example 4. (Program A.) N = 400, a =50, n = 100, A = 1 ,

Srn s e Sne Tl e . e B

~

The machine ran for 2 minutes tc obtain
H(0)«10P = 0.182716045 , -p = -6 (RCL 0) .

Repeatedly pressing R/S gives:

] H(j)-10P H(3)
0 0.18272

1 3.82248 C.000004
2 38.8551¢ 0.00003%9
3 255.97485 0.0C0256
4 12%0.23547 C.001230
5 A604.6156% 0.004605
6 13%3996.20 0.013%996
7 35587.97 0.035588
8 T7422.0% 0.077422
9 146768.58 0.146769
10 246230.87 0.246281
15 852302.02 0,852302
20 996%82.20 0.99€3%82
25 999890.55 0995991
30 1000000.00 1 .000C00
31 Rep.

After H(10) had been displayed 30 R/S was changed to

30 f pauge (by setting PRGM, BST, BST, f pause, SST, RUN), in

order Lo save time. Then running was stopped at first pause

after 10, 15, etc., had been displared,.

Exampie 5. N = 800, a = 300, u = 400, PFirst display, atter

S minutes, was:
H(O)o1OP = 0.10858 , ~p = -131 ,

. z
I order not to evhausl exponential capacity K(0)-10 121 mnust

. - - 1 -~ 3 o . A n}
now pe divided by some power of 10 , say 109 and then stored

[@)]

in 870 6 and 7 . (Set EEX, 80, CHS, X, S5TO 6, STC 7.)

) ) o PR ) ! -
Hence we now tapulate F(1)<10C 12 viLce  pto= =90 = 41,
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(Unless thic is done the machinc will be OF with H(72)¢10?
99
= 7.7501077.)

Repeatedly pressing R/S we get:

j B(3) ; 5(3)
0 1.0858 « 107192 141 0.10719
1 1.2911 « 40129 142 0.13665
2 7.5570 « 107127 145 0.25552
123 5.2706 « 107° 156 0.52910
124 9.5400 o 1077 155 0.78910
125 1.6914 « 1074 160 0.93747
130 2.1802 « 107° 165 0.98825
154 0.011752 170 0.99864
140 0.082602 180 0.999996
190 0.99999995 is repeatod,

Example 6. (Program B.) Twc Bermoulli sequences I and II

containing 16 and 80 trials respectively, are compared with res-

pect to the occurance of an event A in each trial. The result

is:
A A { " Sum % of & | Odads
5 1
{ {
Sequence I X=6 10 | =n=16 § 375 | 0.6
) | |
Sequence II 16 64 % 80 , 20 0.25
|
; j i
a = 22

Confilence interval for cdds ratic = N is wanted. (Let py and D,

be the probabilities ¢f A oy a trial in sequence 1 anc II res-
pectively.

Py . Py

Then N = g=—— [/ ==
1 Py 1 Po

.) A point estimate of A ig

0.6/0.25 = 2.4 . We want to find an upper limit A, such that
H(x, ;) 2 0.95 and a lover limiy A such that H(x,2,) £ 0.05 .

We use program B and try out different values of X .



_']‘7_

A K(x,\) K(n,\) H(x,\)
1 9.6271 10.0000 0.96271
Te1 13,5914 1403391 0.9479
1.08 12.7011 1343550 0.9510
1.087 13.0068 13.6923 0.94994
4,0 5821.50 21633.64 0.,2690
7.0 129896. 2391983, 0.0543
Teb 192287 0.0422
T2 152429, 0.0491
7.18 150039, 0.0496
7.17 148855, 0.0498
Zng 147680. 2949605, 0.05007

Hence 1.087 < X < T7.16 .

V COMEINARORIAL FUNCTIONS

Program A for nl

in that order of the i

is pased upon

n: = 11(11'1)-.0 2n1

Program B for n! is based upon
n
¢ _ o4~ ¥ log(n-i+1)
ns = 10 4=
oJ 1
in that order of the sum. In order not vo sxhaust capacity A

and P in =nl! = A 10P  are stored separately.

Program B for nl! is recommended as all round useful for

almogt all practical purnoses..

Program C for n! is based upon

in thatv order of the factors. Whenevel 1,2¢ee¢ 1 ;5 1i=1,2;440



surpacses 10783 , it is divided by 1078 . Tnis guarantees
high degree of accuracy and large capacity.

- ny ..
Program A for (m) is based upon

(n _n o=l , Dmm
m m m-1 o i

and cen be used for n up to 300 .
T ny . ,
Program B for (w) is based upon
i

m~1
v [Log(n-i)-log(m-1i)

(7)) = 10 i=o0

!

In order not to exhaust capacity, A and p are storecd separately.

o hed s - - — -

1 STO 1 6 1
2 1 7 -
3 =] 8 ST0 X1
4 GTO 10 g GT0 02
5 Z 10 RCL 1

Assume n < 69. Set

n, R/S .

is displayed. IExanmple: 10! = 3628800 takes a few seconds.

60! = 8.3209871 « 10°7  takes 30 seconds.

1 f log 6 1 11 £ int
2 g x= 7 - 12 STC 1
3 GTO 09 8 GTO 01 13 -

4 STO +0 9 RCL O 14 g 10%
5 f last x 10 Enter

w2
]
ot



In ni = A o 10° , A is displayed and p obtained by pressing

Examples: n =5 . 1.20 is displayed , RCL 1 =2 ,
Hence 5! = 1.20 o 102 = 120. 10! = 3.6288 » 10° = 3628800 .
100! = 9.332622519 o 10121 arfter 1 min. and 10 seconds. See

under program C for more accurate value of 100!

—— - — - v~ — -

1 STOC 3 7 8 15 RCL 2 19 STO 1
2 1 8 f x <y 14 STO X1 20 9

3 STO 1 9 GT0 19 15 f x <y 21 8

4 RCL 1 10 1 16  GTO 04 22 B8T0 +0
5 EXX 11 STO +2 17 RCL 1 2% GTO 10
6 9 12 RCL 3 18 GTO OC

(Instead of 20-23, one could use: 20 ¥ log , 21 STO +0 ,
22 GTO 10 .)

Set

In n! =4 o 10F » A 1is displayed and p obtained by
RCL O .

Txemples: n = 100 , After 1 min. 10 seconds,
=z 59 : R q ReYal O r

9.%%26216 « 10 is displayed. RCL C = 98. IHence

£5+196

10177 . Tikewise 140! = 1.3462013 o 10



- 20 -

e

1 Inter T L 13 1

2 1 8 1 14 -

3 5T0 O 9 f x=y 15 ERCL 1

4 R\ 10 GTOC 19 16 1

5 S8T0 X0 i1 R J 17 -

6 STO 1 12 STC =0 18 GTO 05
19 RCL O

Can be used for n < %00. (Let preferably 2m <n to save time.)
Set
m , enter, n , R/S .
(g) is displayed.
Examples: (12) ¢ Set 3 enter 10 , gives 120.

(?%) = 6.3501356 « 1011 after a few seconts (300) _

150
jola]

= 9,37597C03 - 0°° after 2 min. 40 seconds.

(?) Program B.
1 STO 1 IS ST0-0 15  GTO 01
2 T log 9 f last x 16 RCL O
32  STO +0 10 1 17 Enter
4 R 11 - 18 f int
5 £ log 12 RCL 1 19 STO 1
6 g x=0 13 i 20 -
7 GTO 16 14 - 21 g 10%

Can be used for very high n . (Let preferably 2m < n %o
save time.) Set
m , enter , n , R/S .

A in (g) = A o 0P g aisplayed. RCL 1 =p .

Bxample: (?g) : Set 13 , cnter, 52. Then 6.35014 is

displayed. RCL 1 = 11. EHence

(2%) = 6.35014 o 1011,
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VI NORMAL DISTRIBUTICN

Manuai routines or ;rograms are not so much in need for the
normal distribution, since convenient tables are easily available.
However, if yocu have the small calculator on your table anyhow,
the manual routines with Simpscon's formula or continuous fraction
are easy tc use (even on the cld-tashioned slide ruler), and to
memorize.
A complete program is aiso giveil below.
It has the advantage over the program given in the manual from the
factory that no coefficienis are stored permanently in the register.
The register is at the disposal for manual calculations on the side.
The program is . based on the continuous fraction formula
(line 1-27) and Taylor's fermula

1 1 (-
G(X) = 3z + @?(A" g—' + Z-o-)

(1ine 28-43).
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For 0 <x < 1.5, Simpscn's formula with three terms is used

I
e

on G(x) - 0.5 g(v)av .
0

For x > 1.5 the ccntinuous fraction formula

1 - G(x) = g(x) !
X+ 1
2
X+
X +
° n-1
n
X+ -}-(.
is used.
(i) 0<=x<1.5. Use
____________ oo e _.EE
G(x) = (y4+4y+1) ’;f;_ + % where y = e & .

eNon
) ‘ 4 , . ) i
Compute first y , then P =y + 4y + 1 and finally G(x) . TUse
register tc store y and terms of P .

Gives alwest 4 ceorroct deciusla.

(ii) x > 1.5, (Manual.) Use the continuous fraction formula

o

with n=b. Write down the fraction and start from the bottom oy

dividing 5 by =z (store and recall x). This amounts to using the

recursion
n n-ij X
QO =E ? Qj =-)Z::%3?i- ; J=1)291009I1"1

1 - G(x) = Q, ° g(x) .
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Gives 3 correct decimals with n =5 and 4 correct decimals
with n = 10 .

[Under (i) five term Simpson formula

. 6 29, 5.4 X
G(x) = (y1 + 4y + 2y '+ 4y + 1) + 0.5 .
1232ﬂ

N

el
52

y=e

would give 4 correct decimals for O < x < 2.5].
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e -, _ 2
B.__Program for G(x) = | g(v)dv_, where g(v) =-——e_Z_.
- C Non
1 ST0 1 12 G670 15 23 2 34 . 1
2 3 13 ROL O 24 35 6
3 8TO 2 14 GTO 04 25 f A 36 g 1/x
4 $ 15 RCL O 26 0 37 -
5 STO O 16 g 1%& 27 GTO 00 38 X
6 RCL 2 17 RCL 2 28 STO O 39 1
7 STO +0 18 g x° 29 g x° 20+
8 1 19 g &F 30 Enter 41 RCL O
9 STO -1 20 £ N7 31 Enter 42 P
10 RCL 1 21 ¥ : 32 4 43 GTO 22
11 g x=0 22 g ™ 33 0 44 GTO OO
There are two types of settings
™ : GTO 00, x, enter, n, R/S .
IT : GT0 28, x, R/S .
For 0 <x<0.75 use 1II
For = > 0.75 use IBO
That gives "almost" 4 correct decimals. (6 correct decimals
for x<0.25 or >1.25 . If 5 correct decimals are wanted for

all x then proceed as follows,

x < 0.5 uee II

0 <

0.5 < x £0.75 wuse 1200

0.75 < x < 1.00 use 1I'%°
x > 1.00 wuse 0 .

Any degree of accuracy can be obtained for x > 0.25 by using
™ with n sufficiently large ; e.g. n=800 for x close to
0.25 gives 6 correct decimals

Running time = n/100 minutes.)
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The register has bpeen used as follows,

Program lines 1-27: Program lines 28-43:
STC O Qj STO O b'e
STO 1 n-j STO 1-7 not used
STO 2 X

ST0 3-7 not used

VII THE CHI-SQUARE DISTRIBUTION (eccentric).

If X,.X ,X,, are independent normal (6i,1) then

2’00.

Z =3 Xi is distributed as the eccentric chi-square distripution
1

with v degrees of freedom and eccentricity X =2 &

[l AY

The program below is based upon
o

Pr(% >32) =1 - rv(z,x) = i‘b(i,%)(1—rv+2i(z)>

i=c
where b 1is the Poisson density,
i

b(i,n) = ¢ e, r,(z) =T (5,0)

and where Vv 1s presumed even.

Since
= B(Y _4 2
1 - Tv(z) 3(2 1,2)

where B 1is the Poisson cumulative distribution function, we have

1-T (z,0) = 2b(i,5) = (37 e/5!
i=0 J=0
which is the vasis for the program below.
For v o0dd, interpolation is proposed.
(We have alsoc for v o0dd
Z

o B-=1+i _ B+i-j-% T2
- I S ' 7y ¢ e 5(1-c(NT

vhere § X%l . A program couid be worked out for the sum, re-

lying on tables (or manual procedure) for the last term. This has

not been done below).
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(= Pr(z,(N\) < 2z) , EZ (X) = v+)). Con_Amore stopping.

p A/ = VEAJ. Lon smore S10
1 STO 1 12 STO +2 23 STO X O 34 STO -7
2 CHS 13 RCL 3 24 RCL 0 35 1

3 g e 14 RCL 7 25 GTC 12 36 STO +3
4 STO 5 15 £ x>y 26 RCL 2 37 STO +6
5 R 16 __GTO 26 27 STO -2 38 RCL 6
6 STO 3 17 1 28 RCL 5 39 STO 25
7 R ¢ 18 STU +7 29 X 40 RCL

8 STO 4 19 RCL 7 30  STO +7 41  STC X5
9 CHS 20 f int 31 f pause 42 RCL 4
10 g && 21 STO %0 32 £ pause 4% GTO 09
11 STO O 22 RCL 4 3% RCL 3

If v 1is an evea number, set

7 ’
7'2" el’lter, _2\')"' 1’ el’ltel‘, % ° B‘[é .

Observe the window display during pause until the figure begins

decreasing (it may first increase) and becomes insigniticantly

small. Set R/S during pause,

RCL 7, fractional part = 1 - lv(z;k)
RCL 5 = m = number of terms in series for T
R 5

RCL = bm = Poisson factcr in last term .
A2
Inaccuracy < .
¢ v bm M~ A/ 2

(Por derivation see page 41),

If v is an o0dd numter then use either linear interpolation

between v-1 and v+1 o1 more accurate interpoiation by weans of

1.125 & (£(v=-1) + £(v+1)) - 0.125 (£ (v=-2)+t(v+2)) .

£(v)

In the central case (A=0), it may be covenient to replace

31 f pause by 31 GTO OC. Setting as abvove with X =0 . The

result is displayed in the window.
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he program under A 1s used with the following changes and

additions (for m=3%0 terus),

31 GTO 44
32 g NOP
44 3

45 0

46 RCL 6
47 £ x>y
48 GTO 0O
49 GTO 33

Setting and RCL as under A .

Example. (Program under A). 2z = 18.307 , v = 10, A = 3.71.
The window displays in turn
0.00782 , 0.03096 , 0.05199 , C.GC5097 , 0.03362 , 0.01624 ,

0.00609 , 0.00185 , 0.00047 , 0.00010 , 0,000021 ,

344 o 107° s D4 o 10-7 . R/S was pressed when last figure was in

display. RCL 7 gives 16.20015 , hence
1 - 1,0(18.307 5 3.71) = 0.20015 .

RCL 6 gives m=12 terms and RCL 5 = 5.4 010-7 .

Hence
~ -7 w3-7 = —7
Inaccuracy < 5.4 o 10 TEoE L <3 o 10 .
The register is used as follows,
ST0 0 b(j,z/2) 4 3/2
1 A2 5 p(i,A/2)
2 3(395/2) 6 i
5 v/2-1+1 7 3, £ o(1-T)

Nots +the double use of 870 7 , which is possible since J 1is
an integer whereas 0 < Z < 1 . (Hence RCL 7 has to be followed by

either f int or g frac in the program.)
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VIII. THE STUDENT DISTRISUTION (eccentric)

If X, 2 are independent, X normal (&,1) and 2 chi-
square distriputed witih v degrees of freedom. Then
T =X JC/VE“ is Student distributed with v degrees of freedom
and eccentricity o

We have ror t >0 _,

Pr(T>t) = 1- Gv(t,b) = J Tv((%)gv)g(x-b)dx ,

o]

which may also be written

o
1= G (t,8) = 6(6) - | TX(E)%)e(x-0)ax = ¢(s) - I
0
where Tj =1 -7 For the integral we have by Simpson's
formula,
cc % . 3 1
= ™ PR A 8 . .
I=K [ iEOAiLv(dbl )g(m ) + g(b)J

where m is an integer, c = v/2(mt)2 , K= 1/3m and

A1 = 4, A2 =2 , AB =4 etc.

The program pelow 1is pased on this fermula.
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Program for_ Student (eccentric) distribution 1 - G (%,8).

________________________ ntric) distribution 1 - G (t,8).

1 1 1% S70 +1 25 RCL 5 37 4

2 STO +0 14 RCT 3 26 GTO 1% 38 RCL O

3 RCL O 15 RCL 1 27 g frac 39 2

4 g x° 16 £ x>y 28 RCL O 40 1

5 RCL 2 17 GTO 27 29" (m=) 8 41 g frac

6 X 18 1 30 + 42 f v

7 STO 6 19 STO +1 31 RCL 4 43 X

8 CHS 20 RCL 1 32 - 44 STO +7

9 g e 21 & int 33 g %° 45 f pause|g x=0
10 2 22 STO 45 34 g et 46 £ pause|GTO 0O
11 2 23 RCL 6 35 £ A7 47 0
12 ST0 5 24 STO %5 36 1 - 48 STO 1

49 GTO 01

(*) Line 29 m=8 me2ns that equidistance in Simpson's
formula is % = 0.125.)
If v even, set

c = ———Y-——é-(e-é;- ;ﬂ_—_—Q)? ST0 2, %"1 , STO 3, 5, STO 4s -B-Z—S- *
2(mt)

Observe the figure displiayed in window until insignificant,
then press R/S .

RCL 7 = £ ATY , RCL O = number of terms.

We can now compute 2

nojor

4(RCL 7)+e”

1 -G (tyé) = G(5) - -
v 3m¢2ﬂ]

By changing program line 45-46 above to 45 g x=0 , 4¢& GTO 00 ,
we opbtain automatic stopping, sometimes, however, with long running
time.,

If v odd, then use either linear interpolation between

v=1 and wv+1 or more accurate interpolation by means of
flv) = 1.1253(£(v=1)+L(v+1) = C.1258(x(v=-2)+f(v+2) .

If£ high degree of accuracy is wanted, then we may use m=20

ingtead of m=8. Use program lines 29 2, 30 0, followed by the
program lines 30-44 above shiftecd to 31-45 , then 46 -49 as before.
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Example 1. (u=8), v=6, t = 0.7176 (level = 0.25),

& = 0.25, G(8) = 0.59871 has been taken from table.

0}

With running time 1 min. 10 sec. the last term = 5.10¢ 010—7 ,

RCL 7 = 3.74151, 1 - Gv(tsb) = 0.33%382.

C.17886.

i

With eccentricity = - 0.25 we get 1 - Gv(t,é)

Hence 1 - Gv(t,é) +1 - G (t,-8) = 0.51268, agreeing precisely
with what can be found from program for the Fisher distribution.
& =0 we get 1 - Gv(t,O) = 0.249988 agreeing well with

table value = 0.25 .

Example 2. (m=20). v=100, t = 1.9840 (level = 0.025),

8=4. From tables G(8) = 0.9999683., With 45 minutes runnin

time the last term is O and RCL 7 = 0.851464576 ,

1 = Gv(t,é) = 0.977320388. We aisc find 1 = Gv(t,-6)=0.0000000BO.
Adding the two results gives 0.9773%20418, whereas the program for

the Fisher distributior gives G.977320430.

The register in the program above has been used as follows:

P e g

STO O i STO 4 5
1 B,J 5 b
. o]
2 c 6 ci©
\ ¥
3 5 -1 7 ZATv

b and B is the density and cumulative Poisson function,

respectively.

- —— O S S GO T I W e e VDO SIN e e 0 R W O S e T .- -

For the double use of one STO see comment on the last lines c¢f p.27.
By means of "14 RCL 3, 15 RCL 1, 16 £ x >y, 17 GIO 27,

27 g frach ; B(% —1,ci2)A is determined by J + B(j,ciz) being

smallest possiple, but > % -1 « This gives Jj = % -1 if

0 < B< 1. However, due to inaccuracy in the 9-th decimal

B may be =1 instead of < 1 . Then we would get J = % -2 and

R = frac (RCL 1) = 0 , which is seriously wrong and may lead to

gross ¢IITCrs.
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Te avoid this calamity B has been divided by 2, sese program
lines 10, 11, 13.

The Simpson coeffi.ients A1 =4, A, =2 etc. had to be

N

reproduced with as few program lines ag possible. This is done by

program lines 37-42 based on

o

1 fraction of (NT =2 if i odd
_.A.. = 4 = -;

271 l .0 AP
47 =1 if i even

which requires the 5 program lines we can afford to use.

+ fraction of

PO

A, =2

4771 2

would require 7 lines. A third possipiiity RCL 0, 2, + , g frac,
- . s 3 * 3

g x=0,2,4,X requires 8 lines and wipes out T g stored in the

stock.



IX. THE CENTRAL FISHER DISTRIBUTION

A special program for the central Fisher distribution is
strictliy not needed, since in the next chapter we shall give a
program for the eccentric Fisher distribution which can be used
also when the eccentricity is zero. However, the present program
has a very convenient input and may be useful in case one has to
work extensively with the central Fisher distribution.

If P is Fisher distrituted with u and v degrees of free-

dom, then if pu 1is even,

X .
- G = 2 I} >4 -7 n—J = re
1-¢6, ) 1;0(3)p (1-p) B, (x; p)
where

v need not be even. Thus this relation is also true when n 1is
not an integer and Bn not aproper cumulative distribution function.
The program celow is based on the above equation and has the

same structure as that for the binomial distriopution in chapter II.



Program for the central Fisher distribution G

frefniidl 6 ot it N i b= dfpeaeg i) iy en e ocipeifoassdiich i Y

1 8TO 2 12 RCL 2
2 R | 13 RCL 3
3 STO0 3 14 +

4 X 15 1

5 RCL 2 16 -

6 3 17 8T0 2
7 STO 4 18 try%

8 1 19 ST0 O
9 STO 1 20 STC 7
10 + 21 1

11 g 1/x 2z S8T0 -

i must be even.

2

I, enter, £ , enter,

Set

v

2

23 RCL 3
24 g x=0
25 GTO 42
26 RCL 4
27 RCL 2
28 X

29 RCL 1
30 $

31 STO XO
52 RCL O
33  STO +7

1 -G _(f) is displayed in the window.

Eay
oG \T
HoV
1

Since T is Fisher distributed with

(e

34
35
36
37
38
39
40
41
42
43

RCL 3
RCL 1
x>y
GTO 42
1
STO +1
STO ~2
GTIO 26
RCL 7
GTO 00

v and u degrees of free-

dom, the above program can pbe used directly if one of the degrees

of freedom is even.

If both degrees of freedom are odd, then one can interpolate

linearly between (-1

flp) = 1.1255(£(p=1)+£(u+1)) - 0.1255(f (u-2)+L(p+2))

and p+1

or more accurately by means of

The central Student distripuvion can also be treated by means of

the above program. If

of freedom the 1/T§

of freedom, hence

Gp(t) = Pr(Tpg

Hence the input is
2

is

t)

T
M

is Student distributed with p degrees

=%—+

31-6,

1(-;1-5))

t, g X 9 g 1/X 5 H 9 ellter 005 9 R/S .

Fisher distributed with u and

1 degrees
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me
1

i

(We can not utilize that is Fisher distributed with 1 and

M degrees of freedom, since this would require interpolation
between 0O and 2 .)
If the above program is in the machine anyhow, we may also use

it on the central chi-square distripution of a variable Z . Let

7 have W degrees of freedom. Then Z/u is Fisher distributed
with p and o degrees of freedom or, approximately with p and
v = 20 o 105 degrees of freedom (a2 higher value of v would lead
to excessive accumulation of errors). Hence the setting should be

Z , enter, u, t , u/2 , enter, EEX, 5, R/S .

Example 1. w=24, v=25, £=1.96433 .
Set 1.96433, enter, 12, enter, 12.5, R/S .
1 - G = 0.049997 .

Bxample 2. Student distribution with p=20, t=2.0860 . Set

e i ooe e -

2.0860, g X2 , & 1/x, 10, enter 0.5, R/S .

We get 1 - G = 0.9500C4 and

Moyl

G = 0.975002 .
" 975
Example 3. Student disvribution with w=19, t=2.0930.

Using the program on pu=16, 18, 20, 22 we get

w1 - G,

16  0.9736804
18 46092
20 53487
22 59512

Linear interpolation gives 0.974979 , four point interpolation
gives 0.974993. (Linear interpolation on the inverse of the

Gegress of freedom 1/18 and 1/20 gives 0.974998.)



z = 18,307 . BSet
1.8307, enter, 5, enter, EEX, 5, R/S .
We get 1 - T = 0.050008447 .

The register in the above program has been used as follows,

ST0 0 by 4 £ u/v
1 J 5 mnot used
2 u/2 and E%X-j 6 mnot used
5 v/2 and v/2-1 7 B =1-T

X THE FISHER DISTRIBUTION (eccentric)

Program A and prograiw B below, which are identical except
for one program line, are based respectively on the formula
co
1= Gy (530 = T b (M2) (=K oy (E R/V)) (4)

1=0

(==
G (£3)2) = = b(i;n/2)(1-K

e
Ly =z a7 1) (8)
where y
B/ 2-1
- = o (e o s = BV
1 Kpsv(g) jzo un(J9€/O+b)) s 5 1 .

Both programs contain two loops, 1ike this,

\__ PR
—————— .

— BUNPCSREIRRS. St

(the figures are the numper of program lines)



In program A p+2i rounds are run in the small loop between
one round at the time in the large loop. In program B v rounds
in the small loop are run.

Thus the running time for each term in 1 - G is increasing in
case of program A , put kept constant in case of program B .

Hence if p is much less than Vv , the running time for program
A is shorter +than for program B. If p 1is not much smaller than
v and in particular if A 1s large, the opposite is the case.
If high accuracy is wanted B has a relative advantage.

Program A assumes that u is an even number whereas program
B assumes that v 1is even. Hence only program B can be used

on the equal tailed Student test.
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Program_(eccentric) Fisher distribution G, | (£3}) .
’

Program A.
1 GHS 13 f int 25 1 37 RCL 2
2 g &F 14 RCL 7 26 STO X0 38 STO - 7
3 ST0 5 15 £ x>y 27 RCL O 39 STO + 1
4 RCL 4 16 GTO 29 28  GTO 11 40 1
5 g frac 17 1 29 RCL 2 41810 + 2
6 RCL 1 18 STO +7 30 g frac 42 STO + 1
7 1 19 STO -1 31 STO -2 4% STO + 4
8 - 20 RCL 3 %22 RCL 5 44 RCL 4
9 £ y*¥ 21 RCL 1 33 X 45 f int
10 ST0 O 22 X 34 STO +7 46 STO + 5
11 STO +2 23 RCL 7 35 £ pause 47 RCL 6
12 RCL 2 24 f int 36 f pause 48 STO X 5
49 GTO 04

Program A, p must be an even number. Set

1, B gm0 1, % -1, STO 2 ,

L %3
2. tk, 8103, 1, +, g 1/x, ST0 4,
5. %, 106, B/S .

The window display in the pause is observed until it starts de-

creasing (it may first increase) and became insignificantly small.

Then press R/S and 1 - prv(f,k) = fractional part of RCL 7 .
m=number of terms = integer part of RCL 4 . Last b = RCL 5 .

b 1 M2
Inaccuracy < last b SoNT t

Program B. As program A but 41 STO + 3 is replaced by

41 g NOP . v must be an even number. Set

1. B, 8101, 3 -1, S10 2,

, STO 3, 1, +, g 1/x, ST0 4 ,

Tic

1
2. "f

3. A2, 8T0 6, R/S .

Observe window display as by program A, but be sure to press R/S
during display. Write down the window display = last term in 1-G .
G V(f;k) = fractional part of RCL 7 , m=no. of terms = integer

M
part of RCL 4 .
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If T 1is Student distributed with v degrees of freedom and

eccentricity ©& , then T2 is Fisher distributed with (1,v)

degrees of freedom and eccentricity 82 « Thus program B can be

used to find Pr(|T| > t) .

Set
2%1 , ST0 1, § -1, ST0 2 ,

1.

2

V/t ; STO 3, 1, +, g 1/Xs STO 4 ,

no

3. 8%/2 , ST0 6, R/S .
RCL 7 gives Pr(]|T] < %),
Example 1. (Program A), p =4, v =6, £ = 4.5337 , A

]
I~

The window displays are as follows (f fix 5) ,
0.00677 , 0.02762 , 0.04526 , 0.043%4% , 0.02869 , 0.01427 ,
0.00566 , 0.00186 ., 0.00052 , 0.00013 , 0.,00003% , 0.00001 ,

9.25 » 10"7 = last term.

RCL 7 = 13,17424 , hence 1 - G = 0.17424 .

RCL 4 = 12.24850 , hence m =12 , RCL 5 = 1.16 « 10" ° = last b .

6

Hence inaccuracy < 1.16 o 107~ o 2/(12-2) = 1.2 1077 .

Bxample 2. (Program A). u =2, v =6, f =5.1433, A =4 .
The window displays are as follows,

0.00677 , 0.0%3918 , 0.07157 , 0.07044 , 0.04599 , 0.02220 ,
0.00847 , 0.00267 , 0.C0O072 , 0.00017 , 0.0000% , 0.00001 ,
1.10 » 107% = 1ast term. We get 1 - G = 0.26821 .

Tneccuracy < 1.16 o 107° s = 2.3 . 1077 .

Note that the program works differently when p/2 -~ 1 =0

and u/2 - 1 >0 . Hence toth examples 1 and 2 should be used to

test correct setting of the program.

Exemple_ 3. Student's distripbution with 6 degrees of freedom,

t = 2.4469 , eccentricity & = 2 . Tast term = 5.58 » 107 /.

Pr(|T| < t) = 0.60894, w = 10, inaccuracy < 1.4 o 107,
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If + is the 1-¢ fractile for 6= 0 ,
then

E2€(6) =1 = G’v(t°6)

is the power of the Student equal tailed test with level 2 € .
Let Be(b) be the power of upper tailed test with level € . Then

we have

5pe(8) - € < B (8) < By (®)

Boe(8) - & < B (8) B, (8)
where

A =T (2) 6(-8) + G(-0-£/2)(1-T,,(2))

for any z . Hence we choose 2z to make A small.
Sometimes z = , A = G(-8) is good enocugh.

(Derivation : We have B?e(é) = Pr(T <~-t) + Pr(T >t)

= [, e-o-5fD) ar (v) -~ B, (8) . Write lo=1o+ [,

Thus in the above examplie T = 2.4469 corresponds to
2e = 0.05 .
We get
0.3886 < Be(é) < 0.3911 .
Hence program B is useful also for the one tailed Student test.
Since WP 1is approximately chi-square distributed when Vv is

large, program A can also be used on the chi-square distribution.

Choose v = 10° . Then z/10° is set instead of Fu/v .

Example. 2z = 18.307 , p =10 , A = 3.71 .

5 3
set 1310° 570 1, 4, 870 2, 16,307 « 10 >, 8103, 1, +,

g 1/x , ST0 4 , 3.71/2 , S0 6 .
1 = T (18.307 3 3.71) = 0.20017 (correct value = 0.20015).
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Example. M =v =24 , A =16 , £ = 1.9838 (level = 0.05).

1 - G = 0.3351019 after 6 minutes on program B. On program A
the running time is 13 minutes. (Since p=v , the running time
for the first term would be the same with both programs. Since

the running time for the terms is constant on program B, the first

term would take 6/24 = % min. on both programs, whereas the

i-th term woculd have running time of the term % + ai on program

A.
24 .

Hence 1% = % (Z+ai) =6 + 300 a , a = 0.0233. Hence the running
0

time per term on program A increases ifrom 15 seconds to

1+ a .24 =49 seconds).

4
If A is large the first terms in 1 - G would be very small

pecause b(ijr/2) is small. To shorten running time one could
then choose an iO such that b 1is negligable for 1i < io and

then set

1. = +i -1, 8001, %5+ i -1 (program 4) or

- 1 (program B) , STO 2.

nof<

2. As above,
A

i -—
3. by = (%) © e /i1, 8005 ,2, 8706, i, STO +4

GTO 04 , R/S .

Example. u =v =8 ; A =80 , f = 3.43813 . Without the

e o e T s — —

above method of shortening, the running time will be 10 minutes

and gives 1 - G = 0.99397 on program B. To shorten running

6

time choose i = 15. Then b, = 3.4883575 o 1077 and after

5 minutes running time we get 0.993%96¢ .

The register in the above program A has been used as follows,
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S0 0 v, (3,p) 4 1-p,i
1B 5 b
2 % -1+i 6 A2
3 f /v 7 j and T(1-K)b

For comment on the double use of STO 4 and STO 7 see the last lines
on page 27. We shall evaluate the accuracy by programs A and B.

The remainder term after m terms in the series used, 1is

oC
R = 5 b.(1-X.)
T oi=mq 7t *

where the meaning of bi and Ki is clear from the equations
on page 35. . By program A Rm is added to , by program B
subtracted from the final result in STO 7 . By program A,

1 - Ki is an increasing function of i and goes to 1 . By
program B, 1 - Ki is a decreasing function which goes to O .

We have also

bm(1—Km) = last term = window display when stopping.

b

n = RCL 5

integer part of RCL 4.

fi

i}

We cbviously have i
)\ )\ o (%)l-ln
Rm < 1 = B(m;E) = b(m;E) mi1 (m+1)eeo(m+i) °*

Since m + j >m we have if m > )\/2 ,

ey /o) N2 _ A/2
Rm < D(m,}\/c) m = RCL 5 TSV

which is true both for program A and program B. (We could also
have made use of m + J > j and obtain

R < RCL 5 « e A2

which is true also if m < A/2 .)
In the case of program 3B we also have

b M2 o /2
Rm < (1-Km)bm mon/s < window m-x/?
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PROGRAM FCR THE NORMAL DISTRIBUTION

R N e N e e e e e e e e e e e e e e e e

Erling Sverdrup

Preface

It appears that the prcgram and procedure for the Normal
Distribution in nmy paper "Pfograms on HP-25 Desk Caiculator of
Mathematical Functions ior Use in Statistics", (Statistical
Research Report Ne. 7, 1976), aitncugh useful and adequate, could
be replaced by considerably better prograams and procedures. Thus
the manual application of |

9,04

+4y+1) 3_,‘+ 0.5 ,

G(x) = (3" %44y
12N 2T

+2y

where y = exp(—x2/32) , is almost universaly useful and very
convenient. It is easy to remember, or could be mentally recon-
structed from the Simpson's formula, and one aimcst never slips up
during the operation. Paner and pencil are not uneeded.

The program based on Simpson's formula with an arbitrary choice
4

of the number 2m+} of terms is also superior to tihe program

given before. It giVes aimost 8 decimals accuracy up o 5.5-6
times the standard deviation frowm +the mean and the running
time is short.

Thus the text presented below could replace Chapter VI in the

apove cited publication.



NORMAL DISTRIBUTION

Mfenual rocutines or prcgrams are not so much in need for the
normal distribution since convenient Tables 2re easily available.

Hoviever, if you have thie small calculator on your desk anyhow,

¢

the manual routine with a2 5 term Simpson's foxmula in A  below
is easy to perform and gives almost & correct decimals, for argu-
ments, up to % times the standard deviaticn from the mean.

Two complete programs sre alsoe given below. The first one is
based on Simpson's formula and allows an arbitrary number 2m+1
of terms to be set. It is recommended for all practical purposes
with 2m+1 =5 or 9 , or occagionaily 2m+1 = 21 and gives
high accuracy even in exireme cases.

The explicit formula is

X e
S = 2m _iV2 .
6(x) = 2= [ ¢ Tay =Lz a, yB_2_
'\/ 2“._’ co 1=0 6IIT\] 217
2 2
where y = e =~ /8m°  ona
A‘] = A2m = 1 9 A1=A3=...A2Dl'1 = L";' 9 A2=A4=000=A2n1_2 = 2 .

Ai is reproduced in the progrem by rieans of

A, =3 -cosmi=3- cos(Zm-i)m 3 i=1,2,eee,2m=1 .



A program based on the continuous fraction formula

-

X+

it

\S3|

2 N

s
!
Y

b
+
Ml

is also given. It has the advantage of giving an absolute control

of the accuracy.

Since G(-x) =1 - G(x) it is assumed below that x > 0 .



X
A.__Menual routines for_ G(x) = | g(vdiv ,
- CO
x2
-
where,__g(x) = — & .
TEREAER ey T

This proc=dure is stronglyv recommended for all practical

purposes because it is easy tc rexcmber and easy to use. Paper
and pencil are not needed during the opersticn.

Assume x > 0O and ucs

G(x) = (y16+ 4y9+ 2y4+ Ay + 1) ——%:; + 0.5
120 2
where ' <2
vy =e e,

Store x , then compute y and store it. Then compute the
polynomial in y and finally G(x). Thus for x = 1.96 we get
G(x) = 0.974961. It gives almost 4 correct decimals for x up to
3. For x >3 it will usually be enough to know that

=5

1 - G(x) <1 -36(3) = 1.3.1077 , However,

may also be used for x> 3 .



- 5 =

x 3t
B.__Program I (Simpson) for G(x) = | g(v)av_, where g(v) = —ie °

e TTTTTTETTTERA o T

1 STO 2 13 g = 25 RCL 1 37 g

P Z 14 1 y*© 26 gm 38 2

3 STO 1 15 __8T0 7 27 X 3 X

4 + 16 1 28 f cos 40 £ AN’

5 STO 3 17 ST0 -1 2 - 41 +

6 g x° 16 RCL O 30 x 42 ECL 7

7 2 19 RCL 1 31 STO +7 43 X

8 4 20 g %° 32 GIO16 44 2

9  CHS 21 1 y* 3% STC +7 45 g 1/x

10 g & 22 f x=y 34 RIL 3 46 +

11 STO O 23 GTG 33 35 3

12 RCL 1 24 3 36 2

Set once for all (after shifting from PRGM to RUN)
g rad.
For each x > 0 set
2m (e.g.=4 or 8) , enter, x , R/S.

G(x) 4is shown in the window.
Running time is 3+2(fu+1) seconds.

E""cvﬂfﬂ“ les:

o -y B - o —

X Taple values 2m+1 = 3 em+l = 5 2m+1 = 9 2m+1 = 21
0.25 0.5387063 0.5987067

1.5 0,82x1222 0.9332524 0.,9332077 0.9331938

1.96 0.9750021 0.9749609 0,9750000

2.5 Ce9937903 C.9936579 0.9937216 0.9937501
2.0 0. 5986501 Ce9984794 0.9986415 0,.9936499
3¢5 0.9997674 0.9991835 0.9997623 0.,9997672
4,0 0.9999683 0.9999665 0.9999683
4.5 0.9999966 0.9999961 0,9999966
5.0 0.9999997133 0.999999710
5.5 0.9999999810 0.999999981
5.75 049999999955 0.999999996
6.0 (G,9999999990 0,999999999

Thus 2m = 4 or 8 are good enough for all practical purposes.



The register in program I above has bheen used as follows:

STO ©
STO
STO
STC

= W) -

STO

7

2131"'1 3

DA

i=0,1,2,...

——— S . 5SS - S S e S s S G e G W G G S e s o Sen e G . . oo W o -

STO O
RCL 2
STO +0

U & N O B S
ol

10
11
12
13
14

Assume x >0 .

Set x, enter
1 - G(x)

The program

n is needed.

n=200 ,

works well when

For x >1

Iy

X

i 15 RCL O 22 g
STO -1 16 g 1/x 23 2
RCL 1 17 LCL 2 24 X
g x=0 18 g %2 25 £ A7
GTO 15 19 g &* 26 %
RCL O 20 £ A4
GTO 04 21 4
R/S.

is shown in the window.

is large, then only a small

s set n=30, For 0.5 <x<1,0 sget

However, any degree of accuracy can be obtained for x > 0 by

using n sufficiently large; e.g.

6 correct decimals.

The running time is

n odd gives a lower bound , n

n=300 for x=0.25 gives
1 - G(X) = 0,401294,
n/100 minutes.

even an upp=r bound for 1-G(x).




¥ =1.96 n=4 2nl a =5 give respectively

0.02507582 > 1-G(x) > 0.024362441 .

X = 1.96 , n = 30 and " 31 give the same

9 decimals 1-G(x) = 0.0249978S5 .

30 and n = 31 give respectively

Il

X =1 ,

0.158668 > 1-G(x) > C,158664.
Of course program B snould preferanly be used for large

x =3 ,y n =4 and 5 give respectively

0.0013%50205 > 1-G(x) > 0.001349802.

(The following examples show how the program works when

X 1s small.

x =0.25 , n =800 &and n = 801 give respectively
0.401294386 > 1-G(x) > 0.401292968.

x =0.25 , n = 2000 and 2001 give the same

9 figures , 1-G(x) = 0.401293674.

x =0,170 , n = 80C and n = 801 give respectively
0.463659288 > 1-G(x) > 0.456721353,

whereas n = 2000 and n = 2001 give respectively

0.460302225 > 1-G(x) > 0.46004248,

The true value is 0.4601722.)

L 2
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PROGRAMS ON HP-25 DESK CALCULATOR

o e oo e e s e e sy e~

FOR THE BINOMIAL AND THE POISSON DISTRIBUTION

by

Erling Sverdrup

1. The Binomial distribution

In Statistical Research Report No. 7, 1976, "Programs on
HP-25 desk calculator etc." +the present author treated the
binomial distribution cursory.

Below program A gives

X
B (x3p) = £ b, (§;p) , where b (x3p) = ()p*(1-p)"™*
J=0

for single values of x in a compact form.

However, this program is only useful for (1-p)® > 10—99, iees

n<99/log,, 7%5 = K(p)

% the prbgram can only be used for

]

which means that for p
n < 329 . (The accuracy is very good up to this value. For n = 327 ,
p=%,x=(n-1)/2 we get B, = 0.500000023, whereas the true
value is of course 0.5 .)

Thus a program B is given below which is useful for larger
values of n . If n > K(p) then in the beginning (1-p)* is
"inflated" by multiplying by 10°° . In the end the outcome is
deflated by multiplying by 10727 . This goes automatically

without the operator having to be concerned with the value of n .

T



Program B is useful for

The upper limits to n in the two programs are then as follows:

Upper limits for n

P Program A Program B
0.5 328 657
0.25 792 1584
.10 2163 4327

Thus on program B we got 334327(432 s 0.1) = 0.498652933 (and
b4327(452 , 0.1) = 0.020213882) after seven minutes of running time.,

Note that if n is large one should always arrange that

P < 3, by using Bn(x;p) =1 - Bn(n-X-1;1-p) .

2. _The Poisson distribution

The program‘for the Poisson distribution given in the above
cited Research Report is only useful for e-x > 10-99 sy le€s
for A £ 227.9 + The program for

X AX -
B(x;A) =% b(§sd) 5 b(x;)) = 2ye
J=0

given below, where the same principle for "inflation" and "deflation"

as above has been used, is applicable for
A < 455.9 .

The inflation factor is e227 .
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%. Programs for the Binomial distribution

e e S0 e - e G - T . V. W G P G e I R D € ST SED SN SED SN SRS TS NS S S T Tt B G Gme S S e S S S o S e St

RCL 3
g 1/x
1
STO +2
STO 4
0
STO 1

1 STO 5 9
2 R J 10

3 STO 3 1"

4 S 12

5 STO 2 13

6 f y* 14
7 STO O 15
8 STO 7 16
Set

17
18
19
20
21
22
23
24

RCL 5
RCL 1
f x>y
GTO 33

STO +1
STO -2
RCL 4

n, enter, 1-p, enter, x, R/S .

B (x,p) is shown in the window. RCL O gives b (x,p).

works if n < 99/log ==

1-p

Example: B1OO(20,O.2) = 0.55946 .

RCL 2

RCL 1

STO X0
RCL O
STO +7
GTO 17
RCL 7

The program
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4 8TO 5 13 2 55 R0L 5 37  STO XO
2 R | 14 g 10% 26 RCL 1 38 RCL O
3 STO 3 15 STO O 27. f x>y 39  STO +7
4. f log 16. STO 7 28  GTO 41 40  GTO 25
5 z 17 RCL 3 29 1 41 RCL 7
6 STO 2 18 g 1/x 30  STO +1 42 RCL 6
7 X 19 1 31 STO -2 43  STO -6
8 9 20  STO +2 32 RCL 4 44 g 10%
9 9 21. - 3% RCL 2 45 X
10 CHS 22 STO 4 34 X 46  GTO 00
11 £ x>y 23, 0 35 RCL 1 47 STO 6
12 GTO 47 24  STO 1 36 4 48 -

49  GTO 14

Set
n, enter, 1-p, enter, x, R/S.

Bn(x;p) is shown in the window.

If n< 99/log10 7%5 , then RCL 0 = bn(x,p)

If n > 99/1log,, 7}5 , Then RCL 0 x 10727 = b, (%,p) .

The program works if n < 198 log — .

1-p
Example 1. B1O1(50;%) = 0,50000

o) =
_________ Byo4(2003%) = 0.50000 .

Both examples should be run to check correct setting.
Running time is roughly x seconds. Hence 3 minutes and 20
seconds in example 2.

The register in the above programs has been used as follows:

sT0 0 b (J3,p) ST0 4 p/(1-p)
STO 1 J STO 5 X
STO 2 n=j+1 STO 6 99(in program B)

ST0 3 1-p STO 7 Bn(j,p) .



4. Program for the cumulative Poisson distribution for large A .

1 ST0 3 11 z 21 STO +1 31 GTO 37
2 R\ 12 CHS 22 RCL 1 32 RCL 4
3  STO 2 13 g & 2% STO 40 3% RCL 2
4 2 14 STO O 24 RCL 2 34 -
5 2 15 STO +7 25  STO %O 35 g et
6 7 16 RCL 3 26 RCL O 36  STO X7
7 fx>y 17  RCL 1 27 GTO 15 37 0
8 GTO 11 18 f x>y 28 RCL 4 38  STO 1
9 STO 4 19  GTO 28 29 gx%0 39 STO 4
10  GTO 12 20 1 30  GTO 32 40 RCL 7
41  STO -7
Set
A , enter , x , R/S.
B(x3A) is shown in the window.
X

If A>227 . Set 227 , RCL2, - , g e~ , RCL O , x gives b(x;\)

if A <227, RCL O gives b(x,\) .
Example 1. B(534.68) = 0.67191 .

B(4503450) = 0.51253 .

Both examples should be run to check correct setting of the program.

The register in this program has been used as follows:

STO 0 b(j,A) STO 4 227
STO 1 | STO 5~6 not used
STO 2 A STO 7 B(j,2)

STO 3% b:




