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Abstract

Consider a binary, monotone system of n independent components having abso-
lutely continuous lifetime distributions. In Meilijson (1994) lifemonitoring of some
components and conditional lifemonitoring of some others is considered. In the
present paper the corresponding complete likelihood functions for the parameter
vector, §, of the general lifetime distributions of the components are arrived at, also
covering the situation where the socalled autopsy data are not observed due to cen-
soring. A marked point process framework is applied inspired by Arjas (1989). The
construction of appropriate inspection strategies linked to the conditional lifemoni-
toring is considered in detail. Furthermore, preventive system maintenance is con-
sidered where components are replaced according to a specific strategy. Based on the
likelihood functions a fully Bayesian approach to estimation of @ is possible. For the
case of exponentially distributed component lifetimes it is shown that the weighted
sum of products of generalized gamma distributions, as introduced in Gasemyr &
Natvig (1998), is the natural conjugate prior for 6.
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1. Introduction

Consider a binary, monotone system (E, ¢), where E = {1,...,n} is the set of compo-
nents and ¢ is the structure function describing the state of the system in terms of the
binary states of the components. The system may be a technological one, or a human
being. We assume the components to be independent with absolutely continuous lifetime
distributions. Denote the lifetime of the system by 7' and the lifetime of the ith com-
ponent by T;, with distribution function Fj(t), survival function Fy(t) = 1 — Fi(t), p.d.f.
fi(t) and failure rate \;(t) = fi(t)/Fi(t), i € E. Introduce F(t) = (Fy(t), ..., Fa(t)).



The state of the ith component at time ¢ is denoted X;(t) and we have X;(t)=I(T;>1),
i € E. Let X(t) = (X1(2),...,Xn(t)). We then have ¢(X()) = I(T > t). The reliability
function, h(E(t)), of the system is given by h(E(t)) = E¢(X(t)) = P(T > t). A path set,
P, for the system is a set of components which ensures the functioning of the system if all
components in P are functioning. Hence, ¢(1p,0p.) = 1. The set P is called a minimal
path set if no proper subset of P is a path set.

Furthermore, let

D = the set of failed components = {i € E|T; < T}.
A is a fatal set if and only if P(D = A) > 0. Introduce
A = {fatal sets} = {A C E|P(D = A) >0} ={A;,..., An}

Assume as a start that the system is observed until it fails. At this instant, the set of
failed components, D, and the failure time of the system, 7', are noted. The failure times
of the components are not known. (T, D) are the socalled autopsy data of the system.
Meilijson (1981), Nowik (1990), Antoine et al. (1993) and Gasemyr (1998) discuss the
corresponding identifiability problem; i.e. whether the distributions of T;, ¢ € F can be
determined from the distribution of the autopsy data (T, D).

Following these papers let

Ca = the critical set corresponding to the fatal set A
={i€ A|P(T; =T|D = A) > 0} = {i € AJA°U {3} is a path set}.

This set consists of those components of the fatal set A which may have failed when the
system failed at T" and thus may have caused the failure of the system. The distribution
of the autopsy data (T, D) is given by

Ga(t)=P(T <t, D= A)

with density function p
gA(t) = EZGA(t)

The latter can be considered as a likelihood function on the space Rt x {1,2,...,m} with
respect to the measure

1 = Lebesgue measure X counting measure.

The following result, essentially given in Meilijson (1981), is straightforward

gat)=>Y_ N [ F@) [I Feo. (1.1)

i€Ca teA-{i} LeAcu{i}

In Gasemyr & Natvig (1998) (1.1) is generalized to the case where components are de-
pendent through the possible occurrence of independent common shocks, i.e. shocks that
destroy several components at once.



In the present paper (1.1) is generalized in another direction. Assuming a model where
autopsy data is known to be enough for identifiability, Meilijson (1994) goes beyond the
identifiability question and into maximum likelihood estimation of the parameters of the
component lifetime distributions based on empirical autopsy data from a sample of several
systems. A corresponding Bayesian approach is indicated in Gasemyr & Natvig (1998) for
the mentioned shock model. Meilijson (1994) and Gasemyr (1998) also considers lifemon-
itoring of some components and conditional lifemonitoring of some others. In Section 2 of
the present paper a complete likelihood function for the parameter vector, 8, of the general
lifetime distributions of the components is arrived at in the case where some components
are lifemonitored, also covering the situation where autopsy data are not observed due
to censoring. A marked point process framework is applied inspired by Arjas (1989). In
Section 3 the corresponding likelihood function for the case where in addition some other
components are conditionally lifemonitored, is given. These likelihood functions are gen-
eralizations of (1.1). The construction of appropriate inspection strategies linked to the
conditional lifemonitoring is considered in detail at the end of Section 3.

In Section 4 we consider preventive system maintenance where components are re-
placed according to a specific strategy. Based on the likelihood functions a fully Bayesian
approach to estimation of § is possible. For the case of exponentially distributed com-
ponent lifetimes it is shown in Section 5 that the sum of products of generalized gamma
distributions, as introduced in Gasemyr & Natvig (1998), is the natural conjugate prior
for 8. This section is concluded by considering a specific example.

2. Lifemonitored components

To know the autopsy data (T, D) means to know T and to know which component lifetimes
are at most T and which are above T. The order of failure of the components and the
failure times are indeed unknown. In actual practice, often some of the components are
lifemonitored until system failure. Let

M = the set of lifemonitored components
={1,---,p}CE,1<p<n.

This means that for : € M and T; < T,7T; is known. In this section a complete likelihood
function for this case is arrived at for general lifetime distributions of the components,
also covering the situation where the autopsy data are not observed due to censoring.
Let Z; =0 and
(Z3,---,22) =
the order statistics of the lifetimes of the lifemonitored components.

Ze=Z: AT, k=0,---,p
Zp+1=T



Zk, k=1,---,p+1 are the points of time where either a component or system failure (or
both) is observed. The number, K, of different such time points until system failure is at
most p + 1. We obviously have

K = max{k € {1,2, .o }IZI: # Zk—l}-

Suppose V' > 0 is a censoring time, either fixed in advance or being a random variable,
being independent of T;, i = 1,...,n, and not depending on our parameter vector §. The
number, L, of different time points until system failure or censoring is given by

L=max{k < K|Z, < V}.
Introduce for k =1,---,p+ 1(p)
It (1) =i if the ith lifemonitored component fails at time Z,(Z;) (at which time the
system may fail), 1 € M

I, =0 if the system fails at time Z; due to the failure of a non lifemonitored
component

Je=17] if the system fails at time Z with fatal set A;, j € {1,---,m}

Jk=0 if the system does not fail at time Z;

Jg=J

Roy=M

Ry =M —{I3,- -, I{} = the set of lifemonitored components being at risk just after Z;.

Now let R C M be a set of lifemonitored components at risk and R° = M — R the
corresponding set of failed components. Define

F(R,i) = {j € {1,---,m}|R° C Aj, RC A;, i € C4q; N R} (2.1)
= the set of possible fatal sets, for which we also know that the
lifemonitored component i is a member of the corresponding critical set.

For any 1 such that j € F(R,1), we then introduce

Pj(t>=P[(J=j)m<T=t)’< N (TzSt))ﬂ(ﬂ(Te>t))ﬂ(Ti=t)]

teRe—{i} teR
= [I FE@® II Fe. (2.2)
teA;-M teAS—M
Define
F(R)={j €{l,---,m}|R° C Aj, RC A5, Ca; — M #0}. (2.3)
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For any j € F(R), we then introduce

Py(s,t) = P[(J=j)n(s<T<t)|(ﬂ is)) n(nm>t>)1

£eR¢ LeR
t

= > Ai(w) 11 Fy(u) II Fy(u)du. (2.4)

s 1€Ca;—M te(A;—M)—{i} £e(AS—M)U{i}

For k=0,---,K —1, t > Zg, introduce
Re(t)={T;>t, i€ R} =
the event that all lifemonitored components at risk just after Z;, are still at risk just after
t.
Bo = @
Bk = {Zla Il’ J17 T, Zk’ Iln Jk}
= the available information just after Z;
80 = @
& ={2},13,...,Z;, It}
= the available information just after Z; on the lifemonitored components.

For k=0,...,K — 1 we have
Information in {Bx} = Information in {&x N (T > Z})}. (2.5)

The fundamental theorem in this section is the following.

Theorem 2.1 Let

S=VAT
A¢=I(T;<S), 1€ M,

where M is the set of lifemonitored components. Then the complete likelihood function
for our parameter vector, 8, is given by

L(®) = [I (T FiT A S)
iEM
V> SUL#0©) I F(S) I FuS

teA;—-M LeAS—M

+I(Ir =0 Y XS I FES) II FeS)

i€Cay-M LeA,—~M—{i} 2e(A—M)U{i}
+I(V = S)h(1g,,0rs, E(5))}-
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Note that the product
[T Q(T)¥FT; A S)
ieM
represents the full likelihood function for the lifemonitored components up till just before
system failure or censoring. The factor multiplied by I(V > S)I(IL # 0) is the intuitively
obvious contribution to the likelihood function from a system failure due to the failure
of a lifemonitored component. Similarly, the factor multiplied by I(V > S)I(IL = 0)
is the intuitively obvious contribution from a system failure due to the failure of a non
lifemonitored component. Finally, the factor multiplied by I(V = S) is the intuitively
obvious conditional survival probability of the system up till censoring. By setting M = @,
V = 00, S =t, noting that we then always have I, = 0, L(8) reduces to (1.1).
To prove the theorem we consider the process (Zg, I, Ji) as a marked point process
with (I, Ji) as the mark at Zi, k = 1,2,.... In the following lemma we compute the
intensities associated with this marked point process.

Lemma 2.2 Fork=0,...,K—-1,i€{0,1,...,n}, 5 € {0,1,...,m}, t > Z = Z;
define

pii(t: 21, I, . .., Zx, I)
= lim P[(t < Zes < t+dt) N (Lo = 6) N (Jerr = §)1Be N (Zir > 1))/dt.

We then have
it 2y, Iy 2y, Iy)

pi't;ZaI"":Zk)Ik)- = ;
it 2 h h(Lg,, Ors, E(t))

(2.6)

where
i) fori€ Ry, j € F(Re — {1},1)
’Yij(t; I, ..., Zk,Il:) = ’\i(t)Pj(t)’

i) fori€ Ry
Yiolt; Z1, I, - ., Ziy I) = Ai(t)h(le—{i}aQRzU{i},E(t)),

iii) for j € F(Ry)

d
Y03(ti Z0, Ty, Zi Te) = 2 Py(s,0)

where the Tight hand side is just the integrand of (2.4) with u =t, s being arbitrary,

iv) otherwise
vt Zv, Iy - .o Zgy L) = 0.
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Proof. Fork=0,...,K—-1,i€{0,1,...,n}, 7 €{0,1,...,m}, t > Z, = Z}, we have
using (2.5) and the fact that T > Z;.4, :

pt](t' Zlth ZkyIk)
_ lim P{(t< Zins <t + 4N (Tess =) (ks = )IEN(T > Z)NRe(ON(T > 1)]/de

dt—0

= hm P[(t < Zk+1 <t+ dt) N (Ik+1 = Z) n (Jk+1 = J)ng n Rk(t) n (T > t)]/dt

].lmdt_,o P[(t < Zk+1 <t+ dt) N (Ik+1 = 'L) n (-]k+1 = J)lgk n Rk(t)]/dt
P(T > tlgk N Rk(t))

Hence (2.6) follows by defining

Yii(t; Z1, I, . .oy Zgy It)
= lim P[(t < Zigy1 <t +dt) N (Les1 = 1) N (T = 7)|E N Ri(t))/dt,

and noting that
P(T > t|& N Ri(t)) = Pl¢(Lr,, Ors, X(t)) = 1] = h(1r,,0rs, £(2)).

i) Forie Ry, j € F(Re — {i},i)

’71](ta Zla Il) RS Zka Ik)

= lm P{(t<Ti<t+ dt)n( N @<T) n ( N> T,-)) e a0/t

teA;—{i} teAs

= lim P[(t<:l}5t+dt)n( T,<T))n (To > T)) | |€ N Ru(2))/dt
di— teA;-M ee(Ac—M)u(R,, ~{ip

~ lim P[(t<T,~§t+dt)n( (Tl<t) n (T, > ) ||€x N Ru(2))/at
dt—0 teA;-M ee(As- M)U(R,, @)

= E%P[(td} <t+dt)N ( N (< t)) N ( N (Te> t)) |8,c N Ri(t)]/dt
teA;—-M LEAS—

:J%'E}O{P[KT,-5t+dt|Ti>t]/dt}P[( N (T,st))n( N (T,>t))]

LeAj—M teAs-M

= Ai(t)F5(t)



ii) Fori € Ry
Yio(t; Z1, Iy . . Ziy Iy)
= lim P[(¢<Ti<t+dt)NR(T) N (T > Zgy) &N Ri(t))/dt
= lim {P[Re(T:) N (T > T))|€ N Re(t) N (¢ < Ti < t + dt)|Plt < T; < t + dt|T; > t]/dt}
= X(t) lim {P[T > Ti|& N Ry(T) N (¢ < T < ¢+ dt)]
x P[Ry(T})|E N Ru(t) N (¢ < T < t+dt)]}
= \i(t) im P[#(Lp, iy Omguqiy, X(T1)) = 1t < T < t + df]

= M(t)h(Lr,—gip Qreugiy £(2))

iii) For j € F(Rx)
Yoi(t; Z1, I, - - oy Zigy I)

U {(t<TiSt+dt)n( ﬂ(’.l}s:n))
U

iGCAJ- -M cA;—{i}

n ( N> T,-)) b n Ruct)

LeAg

= lim P
dt—0

Jdt

= ¥ }31%P[(t<1}§t+dt)n( N (TtSt))ﬂ( ﬂ(T,>t))|T,->t]/dt
£

i€Ca;-M Le(A;—M)—-{i} €AZ-M

d
- zl—tljj(sa t)

iv) This is obvious.
Proof of Theorem 2.1. Introducing A = f: A;, we may write the likelihood, L(8), as
=1

A-1
L(Q) = { H [P(Zk+1 > tlBk)PIkHJkH (ty Zl) Ilv RN Zk, Ik)]t:Zk.H}

k=0

X{P(Zrs1 > t|B)[I(V > S)p1as5(t; 20, In, - .., Za, In) + I(V = S) }emy=(s.a)- (2.7)



By applying (2.5) we have since t > Z;

P(Z41 > t|Bx) = P(R(t) N (T > t)|Bk)
= P(Ru(t)|Be)P(T > t|& N (T > Z) N Ri(t))
= [I Fi(t)/Fi(2x))P(T > t|& N Ri(t))/P(T > Z;|Ek)

i€ERy
= [I (Fi(®)/Fi(Ze))h(Lr,, Org, E(t))/h(Lry, Org, E(Z)).-

i€ERy

Inserting this into (2.7), applying (2.6), we get

A-1
L(g) = [[ 'I}! (Fi(Zk41)[Fi(Zy)) .I}! (Fi(S)/Fi(Za))
A-1
9 { [H enso(Zesss Zn T 2, I::)/h(lﬂk,QR;,E(z;))] /h(lﬂA,chA,Ezz))}
k=0

X{I(V > S)’)’IA_H_](S; Zl, Il, ceey ZA,IA)
IV = S)h(Lry, Or, E(S)}.

We now apply Lemma 2.2, noting that (Zxy1, Ix+1) = (Z¢y1, Ig4q) for k=0,...,A - 1.
Since h(1g,,0re, F(Z§)) = h(1) = 1 and Ry — {I},,} = Ri41, We get

II (Fi(S)/Fi(Za)) H M (Zk1)

i€ERA

1o =11 [H (Fi(Zesr) [FA2)

k=0 |i1€R
{I(V > S)[I(Ia+1 # 0)A1ay, (S)Ps(S) + I(Tas1 = O)EdiPJ(s, t)]e=s]
+I(V = S)h(1g,, Ors, £(5))}- (2.8)

By applying (2.2) and (2.4) our proof is now completed by noting that L = A + 1 when
V > S, whereas L= A when V = S.

3. Lifemonitored and conditionally lifemonitored com-
ponents

In this section we will extend the model of Section 2 and also allow for conditional lifemon-
itoring of some components. Let

C = the set of conditionally lifemonitored components
={p+1,--,p+¢} CE, 1<p<p+g<n

For 1 € C there exists some arbitrary stopping time (inspection time), 7;, such that the
1th component is monitored from 7; onwards until system failure. This means that if
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1€ Cand 1; < T; < T, then T; is known and the ith component is, after 7;, dealt with
as a lifemonitored component. If on the other hand, T; < 7, < T, only this inequality
becomes known. The inspection times are assumed to occur immediately after the failure
of a component that is currently being monitored. Furthermore, the set of components
being inspected each time is chosen according to a specific strategy determined in advance.
The idea behind the model is that lifemonitoring of components is expensive and special
equipment might be needed. Hence for some components this is started only when we
know that the system is in a serious state.

The quantities Z;, Zx, I, Ir and Ry are obvious modifications of the corresponding
ones in Section 2, whereas the definitions of Ji, J, Ri(t), K and L are exactly the same.
The role of R§ is now played by Qx. The new feature is the set Hy of components that are
inspected immediately after Z;. This set splits into Hy o and Hy i, the sets of components
in Hy that are found to have respectively failed or not on inspection.

Formal definitions are given inductively in the following due to the sequential nature

of the set up.
Zy=29=0, Ro=M, Q=190

Assume Ry_; # 0.

Z; = min{Ti|i € Re_1}
Zy=Z;AT
=i fZ2t="T,

I = {I,: if Zy =.Z,:
0 otherwise
Hy= {i € C|r; = Z{} = a subset of conditionally monitored components in
C — Ry_1 U Q-1 being monitored from Z; onwards, determined according
to a specific strategy on the basis of information that is or becomes available
at Z; about components in M U C, provided Z; < T

Hyo = {i € Hy|Xi(Z;) = 0}

Hy, = {i € H|Xi(Z3) = 1}

Ni = lL:JI H,

Nio = l’j Hyo = the set of conditionally lifemonitored components being failed on
gépections, not after Z;

k
Niy1 = U Hg, = the set of conditionally lifemonitored components being function-
=1

ing on inspections, not after Z;

Ry =  (Rk—1—I{)UH = the set of lifemonitored and conditionally lifemonitored
components being at risk just after Z;
Qr = (Qr-1UI;)UHp = the set of lifemonitored and conditionally lifemonitored

components having failed not after Z;
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It should be noted that if R = @, there are no more lifemonitored and conditionally
lifemonitored components at risk just after Z; = Zi, and we define Z;; = T.

The information obtained by the inspections immediately after Z; can be summarized
as a vector Y3 = (Y, q1s-- -5 Yipig) € {—1,0,1}9 defined by

K; = (lHk,l’QHk,O’ _l)‘

Hy, Hy and Hj, can be recovered from Y, by means of the functions g, go and ¢; from
{-1,0,1}7 into C defined by

9(y) = {i € Cly: # -1}
90(y) = {i € Cly; = 0}
a(y) = {i€Cly; = 1}.

Also define . .
Y, if k<K

Y= { -1 if k=K,
reflecting that there is no additional inspection after the failure of the system since by
that time the autopsy data (T, D) are known.

Now let R C M UC be a set of lifemonitored and conditionally lifemonitored compo-
nents known to be at risk and  C M U C a corresponding set of components known to
have failed. We have RN Q = @. However, since we might lack information on some of
the conditionally lifemonitored components, we do not have Q = M UC — R.

We then define F(R, @,1) and F(R, Q) by replacing R° by Q in respectively (2.1) and
(2.3). Similarly, we define PJ-N k(t) and PJN *(s,t) by replacing M by MU N}, in respectively
(2.2) and (2.4).

Furthermore, we introduce

By =10
Bk = {Zh Il)y_l) Jl) ) Zk’ IkaZkr ']k}
80 = (0

& ={2},;,Y3,....Z;, I, Y} =
the available information just after Z; on the lifemonitored and conditionally
lifemonitored components.

With these definitions (2.5) is still valid for k =0,..., K — 1.
Finally, the inspection strategy is defined in such a way that the following condition
is satisfied

}E%P[ﬁ = yl&-1 N (t < Z; < t+dt) N (I = 1))
= [1 R@ Il F), (3.1)

tego(y) €91 (y)

11



for k=0,1,... and for all y € {~1,0,1}9 such that the left hand side is positive. Denote
these sets by Gf 51 k=0,1,... We will return to the construction of inspection strategies

satisfying (3.1).
The generalization of Theorem 2.1 is the following

Theorem 3.1 Let
S=VAT
A =IT;<S), ieM
A,'=I(Ti<T;<S), ’iEC,

where M and C respectively are the sets of lifemonitored and conditionally lifemonitored
components.

Then the complete likelihood function for our parameter vector, 8, is given by

L@= ] x@)™ JI FumiAS) [ Fn)

ieMUC iGMUNAJ i€ENa0

IV > SUIIL#A0S) I RS) II  FulS)

beA;j—M—-Np_; teAj-M—NL_l

+I(I, = 0) Yoo () II Fy(S) II Fy(S)]

i€Ca;—M—Np_; LeAy~M~—Np_1—{i} te(A5—M—Np1)u{i}
+I(V = S)h(1g,,00,,E(9))} .

To prove the theorem we consider the process (Z, Ix, Yy, Ji) as a marked point process
with (I, Y, Ji) as the mark at Zg, k = 1,2,... In the following generalization of Lemma
2.2 we compute the intensities associated with this marked point process.

Lemma 3.2 Fork=0,...,K-1,i€{0,1,...,n}, € {0,1,...,m}, y € {-1,0,1}9,
t > Zy = Z; define

pty_](ty Zl» Ilvzh SRS Zka Ikazk)

= c}ilglo P[(t < Zpp <t+dt)N (Ik+1 = ’L) N (}_,.k+l = g) N (Jk+1 = ])IBk N (Zk+1 > t)]/dt

We then have
71£J(ta Zl7 Il’ Xh KRR Zk’ Ikazk)
h’(le ) QQk ’ E(t)) ’

piyi(t; 20, 1, Yo,y Ziey Iy Yi) = 32

where
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i) fori€ Ry, j € F((Re — {i}), (Qe U{i}), )
72(—1._)](t1 Zl’ IlaXl» ey Zk, Ik: Xk) = At(t)-lDJNk(t) y

ii) fori€ Ry, y € G

71!0(t7 er Il).Kl) ey Zkv Ikv—Y—k)

=X(t) I Fe®) II Fe)(Lir-tpuam@) Quutinumw: EX))
Lego(y) Legi(y)

iii) for j € F(Ry, Qk)

d
70(—l)j(t; leIlyzla oo ,Zk,Ik,XJc) = EZPJN"(S,t),

iv) otherwise
71!J(t; Zl, II,X.],) ey Zk’ij.X.k) - 0.

Proof: Except for ii) the proof is completely parallel to the one of Lemma 2.2. Hence
we only prove ii).

For i € Ry, y € G4
Yigo(ts Z1, 1L, Y, - By T, Yo
= lim P[(t <T; < t +dt) N Re(T3) N (Yoeyr = y) N (T > Z54,)|Ek N Ri(t)]/dt
— i (PIR(T) N (Yars = 9) N(T > TEN RO N (< Ty < ¢ + )
xP(t < T; < t + dt|T; > t)/dt}
= X(8) Im {P[(T > T) N (Yen = YI& N R(T) N (¢ < T; <t +dt)]
X P[Re(T3)|E N Re(t) N (t < T; < t + dt)]}
() im, PIT > T) 1 (Vi = I N R(T) 0 (6 < T < £+ )
(t) }tiElo{P[Yk*H =yl& N (t < Zgy, <t+dt) N (I, =1)]
<P[T > T N Ru(T) 0 (6 < T < 4 dt) 1 (Vo =)}
=) [ F(t) II Fe(®

Lego(y) Legqi(y)
x lim Plo(Lme—(ipuos ) Uouuiinue» X(T3) = 1t < T < t + dt]

=) II Fe(®) TI _F—l(t)h(l(ﬂk—{i})Ugl(y_)’Q(Q;,U{i})Ugo(g),E(t)),
£ego(y) Legi(y)

Ai
Ai
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having applied (3.1).

Proof of Theorem 3.1: Parallelling the proof of Theorem 2.1 all the way we end up with
the following counterpart to (2.8), noting that gi(Yy,;) = Hi41,1 and go(Yi41) = Het10

A-1
2@= 11 I FulZen) JT (FuZusn)/FulZe)) TIFUS)/Fu(Z0)
o o

A-1
x[1 II Fe(Zisr) I Aiyi(Zisa)

k=0 £eHk 41,0 k=0

x{I(V > S)I(Ias1 # 0)A1,, (S)P72(S) (3.3)
(I = 05 P (6, Olis] + 1V = (L, 000 ES))}

Our proof is now completed parallel to the one of Theorem 2.1 by noting that the factor
displayed in the first line of (3.3) can be written as

A-1

I1 [I  Fel2e)/ I Fulze)| T1 Fi(S)/Fi(Za))
k=0 |LeRky1U{lk41} L€R i€ERA
A-1
= [ Frers(Zir) TI Fi(S)= I FuTiAS).
k=0 i€RA i€MUNa 1

We now return to the construction of inspection strategies satisfying (3.1). The sim-
plest way this can be done is to let H be determined by a function Hf ¥=! into the set of
subsets of C — (Rx_1 — {1}) U (Qk-1 U {i}) = C — Re—1 U Qk-1, being piecewise constant
and right continuous in ¢t > Z;_,, and with 1 € Rx_;. We then determine Hy by

Ek-1
Hy = H i ..
k PRy b4

To see that (3.1) is satisfied, note that there exists d¢ > 0 such that H, f %~! is constant
for s € [t,t+dt). To ensure the left hand side of (3.1) to be positive, y € {—1,0,1}? must
be such that g(y) is equal to this constant value. Hence, for such y this left hand side
equals

Lim P N (Xe(T) = yo)lt < Ti <t +dt|
Leg(y)
which again is equal to the right hand side of (3.1).
The assumption of piecewise constancy of Hf ¥! ensures some stability in the inspec-
tion strategy, and hence seems reasonable.

The specification of the inspection strategy requires the specification of the functions
Hf ¥~ for each possible history £_;. When these functions are constant in ¢ and depend
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on the history only through the set of components at risk and the set of components
known to have failed, i.e. Hf,-" is of the form H(R-; — {i}, Qk-1 U {i}), we obtain an
inspection plan of type 1 as defined in Gasemyr (1998). In analogy, we may call the
inspection strategy discussed above a history dependent inspection plan of type 1.

A more flexible strategy can be defined by allowing Hy to depend more extensively
on information that becomes available at Z;. We then let H; be determined through
an iterative procedure involving a function Hf FY(R,Q) into {C — RUQ} U {8}, being
piecewise constant and right continuous in ¢t > Z;_,. Here ¢ € Ry_;, whereas R and Q
are disjoint subsets of C with Rx_; — {i} C R and Q-1 U {i} C Q.

Hy is then the result of repeated applications of H 5’2"}; (R,Q) with (R,Q) =
(Rg-1 — I, Qk—1 U I}) as initial values. For each iteration, a new component is selected
for inspection and afterwards the pair (R, Q) is updated by adding the component to R
if it is functioning and to @ if not. This procedure is stopped when for the first time
H 52’—11:( R,Q) = 0. We assume the procedure takes zero operational time.

To see that (3.1) is satisfied, note that there exists dt > 0 such that the function
Hi’;‘l(R, Q) is constant for s € [t,t + dt) for each of the finitely many possible pairs
(R,Q). Hence, for each iteration, where a single component is selected, (3.1) is true.
Due to the independence of components it follows that (3.1) is satisfied for the whole
inspection.

If Hf Y (R,Q) = H(R,Q) depends on the history only through the pair (R, Q) of
components known to respectively be at risk and to have failed, H is called an inspection
function and the strategy is an inspection plan of type 2 according to the terminology in
Gasemyr (1998). In that paper, the sets H(R, Q) are allowed to contain more than one
component. This generality could be allowed in our history dependent framework as well,
giving rise to a history dependent inspection function and a history dependent inspection
plan of type 2. Again (3.1) will be satisfied.

As a special case let us consider a socalled cause-controlling inspection plan as intro-
duced in Géasemyr (1998). An inspection plan of type 2 is said to be cause-controlling
if for k = 1,2,..., the risk set Ry, arising from the whole inspection immediately after
Zx, is always a path set for the system if possible. This can be achieved by using an
inspection function H satisfying H(R, Q) # 0 if R is not a path set. Suppose in addition
that M UC = E and that Ry = M is a path set. It is then easy to see that the system
failure time 7" must coincide with the failure time of a component that is currently being
monitored. Hence, the identity of the component causing system failure becomes known.

This leads to the following corollary of Theorem 3.1.

Corollary 3.3 For the case of a cause-controlling inspection plan the complete likelihood
function for our parameter vector, 8, reduces to

L= II (@) I F(TAS) [] Fn)

iEMUC I'EMUNAJ iGNAp
{IV>8)a,(8) I F(S) I FeS)+I(V=25)}
' b€Aj—M—-Np_, [GAS—M—NL_l
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Proof: The corollary follows immediately from Theorem 3.1 since for a cause-controlling
inspection plan we always have I}, #0. In addition, the contribution h(1g,,0q,, F(S))=1
since Ry, is here a path set.

4. An application to component replacement

In this section we consider preventive system maintenance where components are replaced
according to a specific strategy. We have to take into account that it is costly to intervene
in system operation. Hence, it is desirable to postpone replacement of failed components
as long as possible in order to replace several components at a time. On the other hand,
it is obviously important to avoid a system failure. As a compromise we assume that
components are replaced as soon as system weakening has reached a certain level; i.e.
when (X (t)) jumps to zero, where ¥ is a binary, monotone structure function such that
(X (t)) < d((X(t)). At this time a total inspection of the components is carried through
and all failed components are replaced, while the others are not affected. We assume this
procedure takes zero operational time. Afterwards, the replaced components are assumed
to have the same lifetime distributions as the initial ones.

It is natural to choose 9 such that when (X (t)) jumps to zero, at least one additional
component must fail for ¢(X(t)) to jump to zero. If for instance ¢ is a k-out-of-n system,
we can choose 9 as a (k + 1)-out-of-n system.

We denote by T;, and S; ¢ respectively the time for the ¢th failure and replacement of
the ith component, i € E, £ = 1,2,... The successive times of preventive system main-
tenance are denoted T?,T?,..., and the interval (T"~!,T7] is called the rth operational
period of the system, r = 1,2,... Here T° = 0. Formally, these variables are related as

follows. Let

X;i1(t) =1(T;; > t), i€EE, t>0

X;(t) = (X11(2),. .-, Xna(t)

T = inf{t > 0|¢(X, (1)) = 0}

Xio(t) =I(Tiy > )+ [(Tin <THI(Tia >t), i€E, t>T!
Xo(t) = (X12(t), . - -, Xn2(t))

T? = inf{t > T"|y(X,(t)) = 0}

Xie@®) = I(Tin > ) + H(Tin ST HI(Tip > t) +- -
+I(Tipy T HI(Tiy >t), i€E, t>T !

ir(t) = (Xl,r(t)’ <o >Xn’r(t))

T™ = inf{t > T" (X, (t)) = 0}

S,'70 = 0

Sig =min{T",r € {1,2,.. }|T;, <T"}, (=1,2,...
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The component states at time ¢ are given by

X(t) = S 1T < t < T7)X,(0)

r=1

Our distributional assumptions can formally be stated by introducing
Vie = Tie — Sig-1, 1€ E, £=1,2,...

Then the variables V;, are independent and V;, has distribution function F;(t).

In order to immediately register the successive times, T, T?,.. ., of preventive system
maintenance, a history independent inspection plan of type 2, which is cause-controlling
with respect to 7, is followed. At the consecutive failure times, Z§, of the currently mon-
itored components, the risk set is updated by Hj,, the set of conditionally lifemonitored
components being functioning on inspection, k = 1,2,... If Z; =T for somer = 1,2,...,
first all failed components are replaced, while the others are not affected. The risk set,
Ry, can then be constructed by for instance starting out with the inspection function
H(Ry_1,0) or simply start all over again with Ry = Ry = M.

The inspection strategy leads to inspection times 7;, defined as follows. Introduce

Tifl = mm{Z,:l(Z,: Z Si,t—-l) N ('L € Hk)}, 1€ E, {= 1,2, e

The possibilities 7 = S;¢-1 and 7, = +00 are not excluded. Let
Tie =min{7}y, Siy}, 1€E, £=1,2,...

Hence, we define exactly one inspection time 7;, for the ith component in its £th renewal
cycle [Sie-1,Sie)-

We want to calculate the likelihood function, L(8), based on data from observing the
system components according to the scheme described above on the interal [0, o], where
to is either a fixed time point or the result of random censoring. Define

t

0=0

-,

t

¢ = max{7; s, Ti¢} = the time when the ¢th failure of the ith component is
known

L; = max{f € {0,1,.. . }|Tis < to}

= the number of known failures for the ith component before ¢,
Dip=I(1ig < Ty)
R,y =max{r € {1,2,.. }T" < Sis}

= the number of operational periods of the system before the one that ends
with the ¢th replacement of the ith component

R =max{r € {1,2,.. }T" < to}
= the number of operational periods of the system completed before tg

R(ty) = the risk set at t,.

bl
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For r =0,..., R define k. by

Z =T
Note that since Z§ = T° = 0, we have ko = 0. Finally, let
G(R)=FE - U (HkoU{IZ}) — R(to)

{k>kp+1|Z; <to}
= the set of components for which no information is acquired in the interval

(TR, to).

We can now prove the following theorem.

Theorem 4.1 The complete likelthood function for our parameter vector, 6, in the com-
ponent replacement model, where all failed components are replaced, is given by

L;
L(Q) = H H[’\t(Tt,l - Si,l—l)Fi(ﬂ,l - S,;,[_l)]A""

icE (=1
X[Fi(Tig — Si-1) — F}(TR"" — Si,t—l)ll—A"‘

x I Fito—Si.) [I Fi(T®-SiL.).
i€R(to) i€G(R)

Proof: The likelihood is found by linking contributions from the consecutive operational
periods of the system. With obvious notation we then have
R-1
L(8) = L(81(0, %)) = [ [L@I(T", TTH]ILEOIT", to)). (4.1)
r=0
The available information at the beginning of the (r + 1)th operational period is By,.
Introduce the corresponding conditional distributions (r =0,1,...,R —1)

Gr(t) = P(X,;,:H.l(t) = OIka), t> TT,

with corresponding p.d.f. g7 (t) and failure rate 4} (t) = g7 (t)/G, (t), i € E.
Furthermore, introduce

N = U  Hipo ,
kr+1<k<kr 41 ,
= the set of components being failed on inspections in the (r + 1)th opera-

tional period
Ngt = U Hyp
{k>kp+1|Zg <to}
= the set of components being failed on inspections in (T, t,).

Q= U (R}

kr+1<k<kr41
= the set of components observed to fail in the (r + 1)th operational period
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QF = U {&}
{k>kr+1|Z; <to}
= the set of components observed to fail in (T'%,t,)
AJr+l = {’l, S ElX,"r+1(TT+1) = O}
= the fatal set corresponding to the (r + 1)th jump of ¥/(X(t)) to zero
LT =min{f € {1,2,...}|Si¢ > T"}

= the number of renewal cycles for the ith component needed to just exceed
T

By applying Corollary 3.3 for the case V > S with respect to ¢ we get

L@T, 7)) = I % (Tir) I1 Gi(Tizr)
i€qQr ieQr

x [ Gi(rir) I G [ Ga. (4.2)

€N i€A ;41 —QTUN €A
Now we have
G| (t) = Fi(t - Sir—1)/Fi(T" = Sizr-1), t>T"
Furthermore,
Ti LT =T, 1€ Ay —QTUNMN].
Sirr-1=15; L+ -1 i € A5
Hence, we get from (4.2), noting that for i € A, S;rr1 =T,
LT, 77 = [ [Fo(T" = Sir;-1)]™}

i€AS,
x [I M(Tirr = Sizr-1) I Fi(TiL; - SiLr-1)
1€QT i€QT
X H [Fi(Ti,L;' - i,Lg—l) - F;(Tr - Si,L;—l)]
i€A;r41—-Q"
x [[ FoT =58 p+_y). (4.3)
ieA‘C]r-i-l

Correspondingly, by applying Corollary 3.3 for the case V = S we get
L(Q|(TR, to]) = H [_Fi(TR - i,L{‘—l)]_l

i€A°,
x [T M(Tizr = Sizroa) 11 Fi(Tizr — Siproy)
i€EQR iEQR
X H [E(”]’,Lf - Si,L?—l) - Fi(TR - Si,L,E—l)]
ieNE
x [I Fi(to— Sirr-1) II Fy(T? - SiLr-1) - (4.4)
i€R(to) i€E-QRUNFUR(to)
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Inserting (4.3) and (4.4) into (4.1), changing the order of multiplication, we get

R
L) =11 { T (Tizr = Sizr—1)Fi(Tior — Sizp-1))70€9")
i€E *r=0
Rt I(i€A ;r41-Q")
X [F.'(Ti,L; — Sipr-1) - FB(T" - Si,L;—1)]
r=0
i R
X [Fi(rigp = Sizpor) = F(TF = Sizp )] '}

X Fi(to — S; Lr_1) I1 Fy(T" - Si1p1)
(to) i€E—QRUNLUR(to)

h —_—
= [1{ I M(Ti — Sia-)FilTie = Sia-)
i€E

=1

~
&

] I(ieQ™it)

. ) I(i€A Rg. —QR'l',l)I(Rir‘<R)+I(ieNR)I(R,',l=R)
<[ Samt) = BTt = 0] 50 ortem)

x [] Filto—S; Lf‘—l) IT Fi(T® - Si,Lf-1) )
i€R(to) i€E—-QRUNFUR(to)

having used the fact that L;** = £ and that L; = L for i € QR U NE. By noting that
I(i € Q) = Aygand I(5 € A on —QR4)I(RH < R)+1(i € NE)I(R = R) = 1Ay,
and finally that L; = LF — 1 for i € E — QR U N§, our proof is completed.

An alternative component replacement model is obtained if no total inspection of
the components is carried through and hence only components known to have failed are

replaced. We now define inductively

S,',o =0
Tig = mm{Z,II(Z,: > S(,(_l) ﬂ-g’i (S Hk)}
S,"t = min{TT, T E {1, 2, . .}Iﬂ,( < TT} .

Parallel to Theorem 4.1 we now get

Theorem 4.2 The complete likelihood function for our parameter vector, 8, in the com-
ponent replacement model, where only components known to have failed are replaced, is

given by _

L; _
L@ = II TIN(Tie— Sie-1)Fi(Tie — Sig—1)]*

1IEMUC =1

X[Fi(Tig — Sig1)] 2% II Fi(to— SiL.)-
i€R(to)
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Proof: The proof is very similar to the one of Theorem 4.1. We now have

) = Fi(t— Sir;-1)/Fi(T" — Sizr-1), i€ Ry, t>T7
t - F',-(t—Si,L;_l), tEMUC—-Ry, t>TT

Hence, we get, noting that Nf C MU C — Ry,

LT, ) = II [FoT" = Si;-))™" II M(Tirr = Sizr1) I1 FilTir; — Sizr-1)

icRy, ieQr i€Qr
x [ FB(rier — Sipr—) [I Fo(T™ - SLro1)
iEN] iGRg‘_+l
LT to]) = [ [Fa(T® = Sizr)™ [I X(Tizr = Sizroa) T1 FilTizr — Sizro)
i€Rk icQR i€QR
x [I F(ripr = Sigroa) I Filto—Sizr_1)
iENF i€R(to)

leading to the completion of the proof.

5. Bayesian estimation of component parameters

Having complete likelihood functions for our parameter vector, 8, a Bayesian approach
to estimation of @ is possible for our models. Taking prior knowledge into account this
approach is especially suitable in reliability where data often are scarce and asymptotic
properties of estimators are of less help. Let the prior distribution of 8 be 7(8). Then the
posterior distribution given the data D is by Bayes theorem

©(@|D) o L(6)7(8). (5.1)

The posterior distribution of § gives through (5.1) the basis for Bayesian inference on com-
ponent lifetimes. A specific parameter may for instance be estimated by the expectation
in its posterior marginal distribution. When exact methods for calculating the expec-
tation are not available, one may use Markov Chain Monte Carlo simulation to obtain
approximate values. See for instance Smith & Roberts (1993).

Now assume that the lifetime of the ith component, T;, is exponentially distributed
with failure rate 6;, 1 € E. We have § = (6,,...,6,).

The following definition of the generalized gamma distribution is given in Gasemyr &

Natvig (1998).
Definition 5.1 For positive real numbers a,b,ty,...,t, define the functions

£(8:a,b,2) = 82 1e=® [[(1 - e~%), >0
i=1
f(6;a,b) =0°"te® 4>0,

(5.2)
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where t = (t1,...,t.). Define the normalizing constant v(a, b,t) by
[ o] o0 r
(@b, ) = [fGa b= Y (<1)® [ fBia,b+ 3 In()ti)ao
0 0 =1

= ) (—1)'4'7f(e;a,b+c_i-z)d9=r(a) > (-D90b+d-t)  (5.3)

de{0,1}r de{0,1}7

where |B| denotes the number of elements in B, d; = Ig(i) and |d| denotes dy + -- - + d,.
The generalized gamma distribution with parameters a,b and t is then defined as the
probability distribution on [0,00) with density function given by

g9(6;a,b,t) = v(a,b,t)f(6;a,b,8), 620 (5.4)
The ordinary gamma distribution, g(0;a,b), is a special case corresponding to r = 0.

Note that conditionally on 8, the reliability function of the system can be written as

hE®) = ¢(£)f[(e'”"t)"’(1—e""’t)"", (5-5)

ze{0,1} i=1

by total state enumeration. This method is computationally inefficient, but will serve
the purpose to prove Theorem 5.3 to follow. In applications more efficient approaches
are needed such as for instance the technique of recursive disjoint products, see Abraham
(1979), Ball & Provan (1988) and Locks (1980, 1982). For network systems the factoring
algorithm can be very efficient, see Satyanarayana & Chang (1983).

The following lemma is obtained immediately from Theorem 3.1 using (5.5).

Lemma 5.2 For the case of exponentially distributed component lifetimes the likelihoood
function in Theorem 3.1 can be written in the form

K
L@) = > [I F(6::1,0,tk) T[] £(0s51,tks) [T F(6i52,ts), (5.6)
k=11i€B; 1€Cy 1€D;

where By, Ck, Dy are disjoint subsets of E for eachk=1,..., K.

Our main result in our Bayesian approach is the following theorem being completely
parallel to Theorem 2.2 in Gasemyr & Natvig (1998).

Theorem 5.3 a) Suppose that the failure rates 6;, i € E for the components of a
binary, monotone system (E, ¢) have a joint prior distribution of the form

n J n
() Z H f(0;;a54,b54,t5;) = Z H y¥(aji, bji Ej,i)-lg(ei; 5,054, 155)- (5.7)

j=li=1 j=li=1
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Then the posterior distribution of 8 associated with the likelthood function given by (5.6)
is of the form

J K
"(@D) x 33 [ TT 76545 ,,,_J,,tk.)]

j=1lk=1 “i€B;
[Hf J‘Hb]t+tk1)._7;] er‘l’a]1+1b]l+tkt7t]1)
€Ck i€D;
[ f(i; 054, b5 .t.j,i)J . (5.8)
tEE—Bk Cx—Dy

b) The class of distributions of the form (5.7) is a natural conjugate class of priors for
our exponential model.

c) Suppose the prior distribution,
F(Q) = H 9(9” ai, bi)) (59)
i=1

for 8 is updated with data from r independent systems with likelihood functions of the form
gwen by Theorem 8.1. Then the posterior distribution is of the form (5.7).

Proof: a) is a straightforward application of Bayes theorem. b) follows since (5.8) is of
the same general form as (5.7). c) follows by repeated use of a).

Theorem 5.3 states that the weighted sum of products of generalized gamma distri-
butions is the natural conjugate prior for § with respect to our exponential model. This
seems to be a completely new generalization of the fact that the gamma distribution is the
natural conjugate prior for the failure rate in an exponential model parallel to the gener-
alization given in Gasemyr & Natvig (1998). For further comments we refer to that paper
and to Gasemyr & Natvig (1996) where simulation procedures for parameter estimation
and prediction in the model of Gasemyr & Natvig (1998) are suggested.

By considering the likelihood functions given in Theorems 4.1 and 4.2 instead of the
one given in Theorem 3.1, Theorem 5.3 is still valid. This follows since for the case of
exponentially distributed component lifetimes we have

Fi(ig — Sig—1) — Fi(THt = Si ) =
exp(—6;(T™* — S 4-1))[1 — exp(—i(ie — T™4)))].

We conclude this section by considering, for general lifetime distributions of the com-
ponents, an example of a history dependent inspection plan of type 2. The example is
motivated by a situation where due to scarcity of financial resources, technical equipment
or personell, it is only possible to monitor a fixed number of components at a time. When-
ever a currently monitored component fails, exactly one new component is added to the
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risk set. To decide which component to start monitoring at Z;, we order the components
in C — Ri_1 U Q-1 according to the size of the quantity

Mi(k) = E[T|B, N (Xi(2}) = 1)) - E[T|Be 0 (Xi(Z5) = 0). (5.10)

The components are inspected in decreasing order of M;(k) until a functioning one is
found. This component is then included in the risk set. The motivation is that a com-
ponent with larger M;(k) carries more information about the expected system lifetime.
This quantity is very much linked to the Natvig measure of importance of components,
see Natvig (1985).

For 6 = 0,1 we have

P[T > t|By N (X:(2}) = 6)] (5.11)
= [ PIT > tBn (X(22) = 6),8)n(81B N (Xu(Z) = 6))dg

[0,00]

[ PIT> BN (X:(Z) = 8).O)L@IB: N (Xu(Z0) = O))m(8)d,

(0,00]™

where 7(8|Bx N (Xi(Zf) = §)) is the posterior distribution of 8. M;(k) is determined by
(5.11) since

Mi(k) = / {(PIT > t|Be N (Xi(Z2) = 1)] — P[T > t|B N (Xi(Z2) = 0)]}dt .

Hence we see that the current updating of the information on @ is not just a consequence of
our monitoring scheme, but is in fact an integrated part of the scheme. The computation
of M;(k) must in most cases be carried through by simulation. One starts by generating
a sample from the posterior distribution of 8 by for instance rejection sampling, and then
simulates the process X (t) for given 6.
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