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Consider a binary system of n independent components having absolutely continuous life-
time distributions. The system is observed until it fails. At this instant, the set of failed
components and the failure time of the system are noted. The failure times of the compo-
nents are not known. These are the socalled autopsy data of the system. Meilijson (1981),
Nowik (1990) and Antoine et al. (1993) discuss the corresponding identifiability problem;
i.e. whether the component life distributions can be determined from the distribution of
the observed data. Assuming a model where autopsy data is known to be enough for
identifiability, Meilijson (1992) goes beyond the identifiability question and into maximum
likelihood estimation of the parameters of the component lifetime distributions based on
empirical autopsy data from a sample of several systems. He also considers lifemonitoring
of some components and conditional lifemonitoring of some other. In the present paper a
corresponding Bayesian approach is presented. Due to prior information one advantage is
that the identifiability problem represents no obstacle.
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distributions; lifemonitoring of components.

1. Introduction

Consider a binary system of n independent, binary components having absolutely contin-
uous lifetime distributions. Denote the lifetime of the system by T" and the lifetime of the
ith component by T;, with distribution function F;(t), survival function F;(t) = 1 — F;(t)
and p.d.f. fi(t),icE ={1,---,n}. Let

D = the fatal set = {ieE|T; < T}

A = {possible fatal sets} = {4 C E|P(D = A) > 0}

= (A, An)

The system is observed until it fails. At this instant, the fatal set, D, and the failure time
of the system, T', are noted. The failure times of the components are not known. (T, D) are
the socalled autopsy data of the system. Meilijson (1981), Nowik (1990) and Antoine et
al. (1993) discuss the corresponding identifiability problem; i.e. whether the distributions
of T;, icE can be determined from the distribution of the autopsy data (T, D). For a very
readable presentation of these efforts we recommend to start with the latter paper.

Following these papers let
C4 = the critical set corresponding to the fatal set A
= {icA|P(T; =T|D = A) > 0}
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This set consists of those components of the fatal set A which may have failed when the
system failed at T" and thus may have caused the failure of the system. The distribution

of the autopsy data (T, D) is given by
Git)=P(T <t,D=A)
with density function p
9i(t) = 7 Gi(¥)

The latter can be considered as a likelihood function on the space R* x {1,2,---,m} with
respect to the measure

u = Lebesgue measure X counting measure.

This follows since
gi(s)du(s, ) = [ 9i(s)ds = Gutt)
[0,t]x{i} 0,t]
Because the system fails when the last component of the critical set corresponding to the
fatal set fails, we have

s = T B2 I 56 IFE

leA;—Cy, leCy; leA?
=2 £ 1l BE@ILF«)
JeCa; leA;—{j} leA§

Introduce the failure rate Ai(t) and the cumulative failure rate
t
Ai(t) = | Ai(s)ds
/

corresponding to F;(t),ieE. We then get
g®) =2 M) I @—e™®) [ e™®

]ECA‘ l&Ai—{j} IEA:U{]} 1 1
— Z Aj(t) Z (_1)|B|—|Af|—l He—-A[(t) ( . )
jeCa Asu{j}cB leB

The \;’s depend on a parameter vector 8; i.e.
Ai(t) = Ai(t; 0)

Assuming a model where autopsy data is known to be enough for identifiability, Meilijson
(1992) goes beyond the identifiability question and into maximum likelihood estimation
of the parameter vector 8 based on empirical autopsy data from a sample of several sys-
tems. In the present paper a corresponding Bayesian approach is presented. Let the prior
distribution of § be w(8). Then the posterior distribution of 8 given the autopsy data
(T =t,D = 4;) is obviously

(0T =t,D = A;) o gi(t)m(8) (1.2)



By the Bayesian approach one avoids the asymptotics of Meilijson (1992), which is of less
help in reliability where data often are scarce.

In Section 2 we consider, as Meilijson (1992), a model where the T}’s are exponentially
distributed. Due to prior information a further advantage of the Bayesian approach is that
the identifiability problem represents no obstacle. To illustrate this in detail we treat in
Section 3 a parallel system of two components. Meilijson (1992) also considers lifemoni-
toring of some components and conditional lifemonitoring of some other components. In
Sections 4 and 5 the complete likelihood function for these cases are arrived at for general
lifetime distributions of the components making a fully Bayesian approach possible. Our
present work is an attempt to get as much information as possible from a failing system.
This parallels and should be combined with Gasemyr and Natvig (1994) which is con-
cerned with the combination of expert opinions about the lifetimes of components having
a multivariate exponential distribution of the Marshall-Olkin type. Finally, it should be
stated that the general idea of Sections 4 and 5 is much inspired by Arjas (1989) although
we have found it inconvenient to use his framework of marked point processes.

2. Exponentially distributed component lifetimes

Assume now
/\,‘(t) = 0{, iEE;

i.e. the component lifetimes are exponentially distributed. Assume furthermore the prior
distributions of 6;, to be independent and gamma with shape parameter a; and scale
parameter b;,ieE. Denote the corresponding p.d.f. g(6;; ai,b;). Then from (1.1) and (1.2)
we get the following posterior distribution of § given the autopsy data (T' =t,D = A;)

@ T=t,D=A)x > 6; >, (—1)BI-1451-1

jeCa,  AU{j}cB

H b _ga~ —1g=0i(bi+1(IeB)t)
F( z)

=2 3 (nFrAn 1b +tH(b +7)

JjeCa, ASU{j}cB leB

(2.1)

X Hg(B,; a;+ 5]'1, b+ I(lEB)t)

=1

This is a mixture of products of gamma distributions. Concerning the number of addends
in (2.1) we see that the minimum of 1 is obtained for a series system whereas the maximum
of n2"! is obtained for a parallel system.

To deal with autopsy data from a sample of several systems we show how the updating
works when autopsy data from a single system arrives. Assume the prior distribution of §
to be given as a mixture of products of gamma distributions; i.e.

m(@) = Zwkng(f)z, axt, b)), (2.2)
k=
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where some of the wi’s may be negative. Then parallel to (2.1) we get the following
posterior distribution of 8 given the autopsy data (T' =t, D = A;)

r@T =t,D = A;) f: we Y Y (—1)B-4

k=1  jeCa; ASU{j}cB (2.3)
Qk; ax
b + t H(bk + t) ;l_{g(el) an + 6_11, bu + I(lEB)t)

This is again a mixture of products of gamma distributions. Hence this distribution is the
natural conjugate prior for § with respect to our exponential autopsy model. This seems to
be a completely new generalization of the fact that the gamma distribution is the natural
conjugate prior for the failure rate in an exponential model.

3. A parallel system of two components

Note that with the Bayesian approach the identifiability problem represents no obstacle.
To illustrate this in detail we now consider a parallel system of two components. From
the references given in Section 1 it is well known that the lifetime distributions of the two
components are unidentifiable. This is obvious since, under the autopsy model, one in
effect observes only the system failure time, which has the distribution function F;(t) F2(t),
from which it is impossible to single out Fi(t) and Fy(t).

Assume as in Section 2 that component lifetimes are exponentially distributed, but with,
as a start, a general prior distribution 7 (6, 6;). Obviously T' = max(T3,T;) and the only
fatal set is A; = {1,2}. Introduce

Bi(t) ={T;=t,T; <t} i=1,2j#1
pi(t) = P(B;(t)IT=t) i=1,2

Then

{T =t} = Bi1(t) U By(2),
where the events B;(t) and Bs(t) are a.s. disjoint. The posterior distribution of (61, 62)
given the autopsy data, T = ¢, can now be written as

2
(01,02 = t) = 3 pi(t) (61, 62| Bi(t)) (3.1)
i=1
Assuming 6; and 6, to be prior independent we will show that they are posterior negatively
correlated. From (3.1) we have

Cov(6r, BT =1) = 3 (0 / / (6: — BT = 1)][62 — E@T = 1))
7 |

X 7r(0,|T. = t)ﬂ'(ojl'l} < t)d91d02

= > BWIEGIT = 1) - B@OIT = )[BOIT; < 1) — BT =)

i=1
Fiad



By noting that (i = 1,2;7 # 1)
E(6:|T = t) = pi(t) E(Gi|T; = t) + p; (1) E(6:|T: < 1),
we get since pi(t) + po(t) =1
Cov(0y, 62| = t) = —pa(t)pa(t)

x [E(01|Ty = t) — E(61|T1 < 1)|[E(62]T2 = t) — E(6:|T3 < t)]
From Barlow and Proschan (1985) we have “under mild regularity conditions” that E(6;|T;)
is nonincreasing in T;,7 = 1,2. Hence Cov(6;,0,|T =t) < 0.
Assume furthermore the prior distribution of 6; and 6, to be gamma. Then from (2.1) and
(3.1) (i =1,2;5 # 1)
(01, 05|T = t) o [fre (1 — e7%!) + e~ (1 — e701)]
x g(015 ax,b1) - g(62; as, bo)

3.2
7 (0, 0 Bi(t)) = 9(6505 + 1, b1 + ) (3:2)

o 9005:a5,b5) — (bi/(b; +))9(9;a5, b +1)
1—(bj/(bj +1)v

pi(t) = 4(t)/(a1(t) + aa(t)), where

- a; bz o bj %
() =725 (b,- +t> (1 (bj +t> )
p1(t)/p2(t) = aa(t)/ cn(t)
Now by L’Hopital’s rule

. al/bl . az(b2/b2 + t))az_lbg (b2 + t)_z
1 t t) = | =
tl_l')l(}Pl( )/pa(t) as/bs v a1(by /by + t))1by (by + 1)~2

Hence p1(0) = p2(0) = 1/2; i.e. equal weight is allocated to the two components when
system lifetime approaches zero, irrespective of prior assessments.

Now again by L’Hopital’s rule (i = 1,2;5 # 1)
lim (61, 6,1 Bi(8)) = (05 + 1,b)(~b/a;)
< lim < g(65a5,b5 +1) — (a5/b;)(05505,b,)
= g(61;a1 +1,b1)g(02;a2 + 1,b2)
From (3.1) we now have
%i_{%w(el,ﬁng =1t) = g(b1;a1 +1,b1)g(62; a2 + 1,b2)
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This is intuitively obvious since the shape parameters are each added by 1 corresponding
to failures of both components whereas the scale parameters are unchanged due to zero
time at test.

Now assume ay > a;. Then

, _a1b' (by +1)=*!
1 i t)=1 =
tlglopl( )/pa(t) S a2b2 (by + t)u+1

Hence p;(00) = 1 and py(o0) = 0; i.e. all weight is allocated to the component with the
smallest shape parameter when system lifetime approaches infinity. Now by (3.1) and the
expression for (61, 62| B;(t)) in (3.2) the probability measure corresponding to

7(61, 02| = t) converges weakly when ¢ — oo to the product measure of the Dirac measure
at 0,60(01), and the measure corresponding to g(fs; az, by). For the second component this
is intuitively obvious since we just know that its lifetime is less than infinity and hence our
prior assessment is unchanged. '

Now let ay > a1,by < b;. Here the prior mean, a;/b;, of 6; is less than the prior mean,
az /by, of 6. Consider a vector, T, of system lifetimes. We shall show that

, (01 > 0|T) < (02 > 6o|T);
i.e. 6, is posterior stochastically larger than 6,. Hence the first component is still the
better one.

Denote the likelihood function by L(61,6,;T). This is obviously symmetric in 6; and 6,.
Define (i =1, 2)
I1(6;) = 1(6; > 6,)
We now have
(61 > 6p|T) — (0 > 6o|T) x
L(Hl, 02; I) [I(01) - I(ez)]ﬂ'(el, 02)d91d02

0<by<b1<00

+ / L(6y, 05 TY[I(8,) — I(0,)]7(6:,05)d0: 05
0<6,<62<00 ’
By interchanging 6; and 6, in the last integral using the symmetry of L(6;,6;T) this
equals
- / L(6y, 0; T)[I(6y) — 1(8:)][ (61, 85) — 7(Bs, 6:)]d6:d65

0<02<01 <00

X / L(el, 92; I) [I(6’1) — I(02)] (0102)a1—16—(0l+02)b2
0<fy<b1<00
x (g ettt _ gr=ere=(ib)e) 4, 4, < 0

Finally, we have in Figure 3.1 tabulated 7 (6;,0:) and in Figures 3.2, 3.3, 3.4 tabulated
(601, 60:|T =t) for t =1, 5, 50, for the more complex case a; =4, by =1; a; =6, by = 3.
Here the prior mean of 6, is less than the one of 6;. Note that m(0y, 6T = 1) is not that
far from 7 (64, 62). w(0y1,05|T = 5) indicates that the second component is still the better
one, whereas m(6;,0;|T = 50) reveals, as in the case above where ¢ — oo, that the first
component is the better one.
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Figure 3.3 7(8,,6,|T = 5) for a; = 4,5, = L;a; =6,b, = 3.
Note the scale on the Z-axis.

Figure 3.4 n(61,6,|T = 50) for a; = 4, b, = l;a; =6,b, = 3.
Note the scale on the Z-axis.
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4. Lifemonitored components

To know the autopsy data (T, D) means to know T" and to know which component lifetimes
are at most 7' and which are above T. The order of failure of the components and the
failure times are indeed unknown. In actual practice, often some of the components are
lifemonitored until system failure. Let

M = the set of lifemonitored components
={177p} CE, 1SPSn

This means that for ieM and T; < T,T; is known. In this section a complete likelihood
function for this case is arrived at for general lifetime distributions of the components
making a fully Bayesian approach possible.

We are now back at the notation of Section 1. Let furthermore Z; = 0 and
(Z21,-+,25) =
the order statistics of the lifetimes of the lifemonitored components

Zi=Z'AT,i=0,---,p
Zpp1=T

Ziy, i=1,---,p+ 1 are the points of time where either a component or system failure (or
both) is observed. The number, K, of different such time points (until system failure) is
at most p+ 1. We obviously have

K =min{k|Zy,1 = Zx} Ap+1

Introduce (k=1,---, K)

I(Iy) =i if the ith lifemonitored component fails at time Zx(Z}) (at which time the
system may fail), ieM
I, = 0 if the system fails at time Z; due to the failure of a non lifemonitored

component
Jr =1 if the system fails at time Zj with fatal set A;, ie{1,---,m}
Jr = 0 if the system does not fail at time Zj
Jx=J
Ry=M

Ry =M — {L,---, I} = the set of lifemonitored components being at risk just
after Z



R; is defined correspondingly by replacing Iy,---, Iy by It,- - -, If and Z by Z;.

By=10
By ={Zy, i, J1,- -+, Zk, I, Ji}
= the available information just after Z; -

Our likelihood function will be a density function on the space
Q=(R*x{0,1,---,p} x {0,1,---,m})P"!
with respect to the measure
p = (Lebesgue measure X counting measure x counting measure)?”

Now let R C M be a set of lifemonitored components at risk and R° = M — R the
corresponding set of failed components. Introduce

PtiR) = I R@) II Fu@) (4.1)

leA;—Re leA;-R

= the probability that the system has failed at time ¢ with fatal set A;, given
the set R of lifemonitored components at risk just after ¢.

The associated set of possible fatal sets, for which we also know that component I is a
member of the corresponding critical set, is given by

F(R,I) = {ie{l,--- ,m}|R° C A;, R C A§, IeCy4} (4.2)

G(s,t,i|R)

—[ 1 A@wa( I Aw) I Fd ()
5 leAi—Cy,—Re leCy,—Re leAs-R

= the probability that the system fails in (s, t] with fatal set A; given the set
R of lifemonitored components at risk in this time interval.

The associated set of possible fatal sets is given by

F(R) = {ie{1,--,m}|R° C A, R C A%, Cy, — R° # 0} (4.4)

For k=0,---,K — 1, t > Z, introduce
Rk(t) = {'E >t, iSRk} =

the event that all lifemonitored components at risk just after Z, are still at risk just after
t.

+(t) is defined correspondingly by replacing Ry by R}.

E0=0
Ep = {ZI*aIfa”'aZ;: ;}

10



For k=0,---,K — 1 we have
By = ExN {T> Zk} (45)

We will start by proving two lemmas.

Lemma 4.1

For k=0,---,K — 1 and t > Z;, we have

P(T > t|Ek n Rk(t))

=1-) >, P(Z;ilRy)

J=1ieF(R;,I;)
k

—Z Z G(Zj_1,Zj,’i|Rj_1) — Z G(Zk,t,ﬂRk)

J=1ieF(Rj_1) 1eF(Ry)

Proof. Introduce the events
A@)={J=inT <t} ,ie{l,---,m}
Then obviously for k =0,---,K — 1,t > Z; we have
P(T > t|Ex N Ri (1))
= P((U Ai(®)°| B N Ri(1))

=1

= 1- 3" P4 B N Ry(1)

i=1

k
—1-% 3 P(Z,iR)

j=1ieF(R},I?)
k
_Z Z G(Z;—laz;a ZIR;—I) - Z G(Zzat""lR;)
j=1ieF(R_,) ieF(R})

The first double sum is the contribution from the lifemonitored components causing system
failure. The second double sum is the contribution from non lifemonitored components
causing system failure before Z; and the last sum the corresponding contribution after Z;.
Note that the lifetime distributions of the non lifemonitored components are unaffected
by Er N RL(t) since this just contains independent information on the lifemonitored com-
ponents. Since k < K, (Z}, R;) can be replaced by (Zj, R;), 5 =0,---,k and the proof is
completed.

Lemma 4.2
For k=0,---,K —1, t > Z and i€{1,---,m} define
p,'(tIEk N Rk(t) nT _>_ t)
= }tin%P[(J =1)NEL<T<t+dt)|ExNR(t)NT > t]/dt
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Then
,Oi(tlEk n Rk(t) nT > t)

=[ > @& II E® II F@

jeCa;— RS leAi—Rg—{5} le(4§—Re)U{s}
/P(T > t|E; N Re(t)),

where the denominator is given by Lemma, 4.1.

Proof. By introducing the events A;(t), ie{l,---,m} as in Lemma 4.1 we have (since
t> Zk)
pi(t|Ex N Re(t)NT > t)

= lim P[A;(t +dt) — Ai(t) B 0 Bi(t) N T > 1]/ dt

P[As(t + dt) — Ai(t)| By N Re(t)]/dt
) P(T > t|E, N Ry(t))

— Bm G(t,t+ dt,i|Rg)/dt

T @0 P(T > tIEk N Rk(t))

The proof is completed by using (4.3) and noting that P(T > t|Ex N Ri(t)) =
P(T > t|Ex N Ry(t)) since t > Z.

Theorem 4.3

Let

The complete likelihood function of our parameter vector @ is, for the case where M is the
set of lifemonitored components, given by

L(9) = [TO(T))*Fi(T: A T)

K-1 )
X H P(T > Zk+1|Ek N Rk(Z]C_H))/P(T > Zk|Ek)
k=0

X T (1— > P(Zpq,ilRen))

=0 1€ F (Re41,0k41)

[ V]

Bl

x [I(Ix # 0)P(Zxk, J|Rk)

+ I(IK = O)pJ(ZKlEK_] N RK—I(ZK) N T Z ZK)]
12



An explicit expression is arrived by applying (4.1)-(4.4) and Lemmas 4.1 and 4.2. Se also
our subsequent (4.12).

Proof. With obvious notation we can write L(#) in the following form

K-1
L(Q) = H L(8; Zy1|Be) L(8; Ix41| B, Zk11)

k=0
X L(8; Jes1|Bky Zki1, Irs1)

(4.6)

We start by establishing L(8; Zx,1|Bk). Assume t > Z;. Then for k =0,---, K — 1 using
(4.5) we have

P(Zgyy > t|Bx) = P(((Ti > t) N'T > t|By)

1Ry
= P(Rk(t) nNT > tlBk)
= P(Rx(8)|Be) P(T > t|By N Ry (t))

= [[ F:t)/Fi(Z)) P(T > t|E« N T > Zx N Ri(t))

iRy

[1 (Fi(®)/Fi(Zx)) P(T > t|Ex 0 Re(t))/ P(T > Zx|Ey),

&R

since
P(T > Zi|Ex N Ri(t)) = P(T > Zk| Ex N Ri(Zk)) = P(T > Zx|Ek)

Hence d d
— EP(ZIC‘H > tlBk) = [__CEP(T > t|Ek N Rk(t))

+ > NPT > t|Ep N Re(t))] [[ (Fi(t)/Fi(Z))

jeRy iRy
/P(T > Zi|Ex)

= [P(T > t|EBx N Re(t))/P(T > Zi|Ex)] [] Fi(t)/Fu(Zk)

ieRx

X [D A+ D piEEN Re(t) N T > 1)),

jeRy jeF(Ry)

having applied the definition of p;(t|Ex N Rix(t) N T > t) given in Lemma 4.2 and the fact
that ¢ > Zx, and also (4.4). By inserting t = Zx;; in the expression above we get for

13



k=0, ,K—1
L(8; Zk+1|Br) = [P(T > Zi11| B N Ri(Zi11)) / P(T > Zy| Ey))

(4.7)

X [1Fi(Ze) /Fi(Z)[D- 2i(Zen) + 32 pi(Zen|Ex N Rie(Zki1) N T > Ziya)]
iRy jeRy jeF(Ry)

By a competing risk argument we get for k =0,---, K — 2 by using (4.5)
L(0; Ix+1|Bk, Zk+1) = L(0; Ixs1|Exy Re(Zk41), T > Ziy1)

(4.8)

=M (Zen) /1D Ai(Zhi) + D2 pi(Zena| Bk N Re(Zkin) N T 2 Zjya)]
jeRy jeF(Ry)

whereas
L(6; Ix|Bk-1,Zk) =

P (Ze)I(Ix #0)+ > pi(Zk|Ex-1 N Rr—1(Zx) N T > Zg)I(Ix = 0)]
jeF(Rk-1)
(4.9)

/1Y N(Zr)+ D, pi(Zk|Ex-1 N Rg1(Zk) NT > Zk)]

JjeRK—1 JjeF(Rk-1)
For k =0,---,K — 2, we get by applying (4.2)
L(0; Jk+1|Bky Zi+1, Ix+1) = L(8;0|Bk, Zis1, Tit1)
=1~ 3 P(ZuilRen) (4.10)
1eF(Rei1,Ixy1)
Finally, we get by using (4.5)
L(8; Jk|Bk-1, Zx, Ik)
= I(Ix # 0)P(Zxk, J|RKk)

+ I(Ix = 0)p;(Zk|Ex-1 N Rx_1(Zx) N T > Zx) (4.11)
/I > pi(Zk|Ex-1 N Rx_1(Zk) NT > Zk))
jeF(Rk-1)

By inserting (4.7)-(4.11) into (4.6) our proof is completed.

Note that the product .
[T(T)F(T AT)
ieM
represents the full likelihood function for the lifemonitored components. Secondly, note
that by applying Lemma 4.1 we have
P(T > Zk+1|Ek n Rk(Z]H.l))/P(T > ZkIEk)
k

=1- Z G(Zk’ Zk+1’i|Rk)/[1 - Z Z P(Z],"'IRJ)
ieF(Ry) =1 ieF(R;,I;) (4.12)

k
->. > G(Zj.,2;iR4)]

j=1 i'EF(Rj_l)

14




5. Lifemonitored and conditionally lifemonitored components

In this section we will extend the model of Section 4 and also allow for conditional lifemon-
itoring of some components. Let

C = the set of conditionally lifemonitored components
={p+1,---,p+q} CE,1<p<p+q<n.

For ieC there exists some arbitrary stopping time (inspection time), 7;, in terms of the
monitored components such that the ith component is monitored from 7; onwards until
system failure. This means that if eC and 7; < T; < T, then T; is known and the ith
component is, after 7;, dealt with as a lifemonitored component. If on the other hand,
T; < 1; < T, only this inequality becomes known. The idea behind the model is that
lifemonitoring of components is expensive and special equipment might be needed. Hence
for some components this is started only when we know that the system is in a serious
state. Note that the system may well be a human being at a hospital.

Introduce
Xi(t) = I(T; > t), i = Xi(n), ieC

For each ; < T, ieC, we assume that ; = Zx for some k =1, ---, K, where now
K= min{kleH = Zk} /\p+ q+ 1,

implying that inspections take zero (operational) time.
Let for k=1,---,K
Hy= 0
H = {ieC|r; = Z;} = the set of conditionally lifemonitored components being mon-
itored from Z; onwards
Hpo = {ieHi|Y; =0}
Hp, = {ieH|Y; =1}

)

k
Nro= U Hjp = the set of conditionally lifemonitored components being failed on
j=1 ,

inspections, not after Zy

k
Nii1 = U Hj, = the set of conditionally lifemonitored components being functioning
: :

j:
on inspections, not after Zx

Ry=M
Ry = MUN,—{L1, -+, Ix} = the set of lifemonitored and conditionally lifemonitored
components being at risk just after Zx

)

Qo
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Qg: Nio U {I,---, Iy} = the set of lifemonitored and conditionally lifemonitored

components having failed not after Zj
By =0
By, = {Z,, I, J1,Y,,ieHy, - -, Zy, Iy, Ji, Yi, e Hy }
Our likelihood function will be a density function on the space
Q=(R"x{0,1,---,p+¢} x {0,1,---,m})P***! x {0,1}4
with respect to the measure

u = (Lebesgue measure X counting measure X counting measure)

X (counting measure)?

p+gq+1

Now let Ny be a set of conditionally lifemonitored components being failed on inspections.
Compared with the deductions in Section 4 we have for leNy and 0 < t < 77 to replace

Fi(t) by Fi(t)/Fi(r) and hence F(t) by (F;(t) — Fy(n))/Fi(r;). Introduce
bin(t) = Fi(t) — I(leNo)Fi(m)) 0<t<m

(5.1)

Let furthermore R C M U C be a set of lifemonitored and conditionally lifemonitored
components known to be at risk and @ C M UC a corresponding set of components known
to be failed. We have RN Q = (). However, since we might lack information on some of

the conditionally lifemonitored components, we do not have @ = M UC — R.

Parallel to (4.1)-(4.4) we now introduce

P(t,ilQ,R,No) = [I E@®) II éum(t)/ I1 Fi(m)

led;—Q leA{-R le[(Ai—Q)U(AS—R)NNy

F(Q,R,I) = {ie{l, -, m}|Q C A;, R C AS,1eC,,}

G(S, t, ZlQ, R, No)

t

[ T B I Aw) I éwwd/ I Fw)

s leAi—Ca,—Q 16C4,—Q leA—R le[(Ai-Q)U(AS—R)|NNo

F(Q,R) = {ie{l,---,m}|Q C A;, R C A;,Cy4, — Q # 0}

Introduce
Ey=0

Ek = {Zla Il,}/h iEHl) e )Zk—-la Ik—l) Y;,ier—l) Zky-[k}
For k=0, ---,K — 1 we have
By, = {Ek,Y;,iEHk} N {T > Z]c}.
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(5.6)



Let (0 < j <k)

R}“ = M UNy_11—{l1, -, I;} = the set of lifemonitored and conditionally lifemoni-
tored components being at risk just after Z; according to E.

Note that Rf ; = Rg_;. The R¥’s are determined recursively from the relations.

R=M ,Hy,=0
RE=RE'WH, ,;, ,1<k

RE=Rh, -1, ,1<j<k

For k=0,---,K — 1,t > Zj, define Ry(t) from Ry as in Section 4. The proofs of the two
following lemmas are very parallel to the ones of Lemmas 4.1 and 4.2 and are left to the
reader.

Lemma 5.1

For k=0, ---,K — 1 we have

P(T > Zi|Ey)
k-1

=1-Y Y P(Z;ilQ), R}, Nx_10) — > P(Z,4|Qk-1 U Iy, RE, Ni_10)
J=1icF(Q;,Rb,I;) ieF(Qr-1UIx, RE Ii)

k
- Z Z G(Zj—la Zj’ ile—l) R_Ig?—h Nk—l,O)

3=14eF(Qj-1,RE )

(5.7)
Here " .
[(Ai — Q;) U (A7 — R})| N Ni_10 = Np-10 — Njo, j =0,-++,k—1
[(Ai — Qe U L) U (A5 — R)IN Ng_yo =10
For k=0,---,K — 1 and t > Zj, we have
P(T > tI{Ek, Y;, i&Hk} N Rk(t))
k v
=1- Z Z P(Zj7i|Qj>R?+l>Nk,0)
3=1ieF(Q;,RA*L.I;) (5.8)
k
> > G(Zj-1,Z,ilQj1, BRI, Nig) — > G(Zk, 1,i|Qk, R, Nio)
Jj=1 iEF(Qj_l,R;?i'll) 1eF(Qr,Ry)

Here, in addition '
[(Ai — Qr) U (Af — Rp)]| N Nip =0
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Lemma 5.2

For k=0,---,K — 1,t > Zj and ie{1,---,m} define
p,'(tl{Ek,Y,', ’iSHk} N Rk(t) NnT > t)

= Im P[(J = i) N (t < T < t+ dt){ By, Vi, ieHi} N Re(t) N T > ¢)/dt

Then
pi(tl{Ex, Y:,ieHp} N Re(t) N'T > t)

=[ > xN@®O Il FE® I éum®)]

jeCa;—Qx leAi—Qr—{3} le(A;—Ry)u{j}

/P(T > tl{Ek) Y;,iEHk} N Rk(t)):

where the denominator is given by Lemma 5.1.

Theorem 5.3

Let
A=IT:<T) ,ieM

A; =I(T,' <T; ST), 1eC
The complete likelihood function of our parameter vector 8 is, for the case where M is the

set of lifemonitored components and C the set of conditionally lifemonitored components,

given by .
LO)= [ W@)SF(LAT)x [[ Fn)

'I'EMUNK_],I iENK_l'o

K-1

X H P(T > Zk+1|{Ek, Y;, iEHk} N Rk(Zk+1))/P(T > ZkIEk)
k=0
K-2

x [[(1- > P(Zi41,3Qk U Tis1, RELS, Nico)
k=0 ieF(QrUIk41,RET Tk 1)

x [I(Ix # 0)P(Zk, J|Qx-1V Ix, RK, Nx_10)

+ I(Ix = 0)ps(Zx|{Ex-1,Ys,ieHk 1} N Rxk1(Zk) N T > Zk)]
An explicit expression is arrived at by applying (5.2)-(5.5) and Lemmas 5.1 and 5.2.

18




Proof.

With obvious notation we can write L(€) in the following form
K-1

L9 = [ L(8; Zk+1|Bk) L(8; Ix+1|Br, Zi+1)
k=0 (5.9)

X L(8; Ji+1|Bky Zi+1, Ter1) L(6; Y, i€ Hiy1 | Bry Zisr, Tkin, Jit1)

By an argument parallel to the one leading to (4.7) replacing (4.5) by (5.6) we get for
k=0,---,K—1

L(8; Zi11|Bx) = [P(T > Zx1{ Ex, Yi, i€ Hk} N Ri(Zg41))

/P(T > Zi|{Ek, Y, i€ Hy})]
_ _ (5.10)
X [ Fi(Zis)[Fi(Z) D Ai(Zer) + DY pi(Ziral{Ex, Y:, ieHy}

icRy jeRy jeF(Qx,Rk)

NRe(Zg1) NT > Zgya))

Parallel to (4.8) we get for k=0,---,K — 2

L(8; Ix11|Bk, Zx+1) = L(8; Irt1|{ Ex, Ys, i€eHi }, Ri(Zk41), T 2> Zgta)

= Moo (Zks) /D X (Zr) + Y. pj(Zka|{Ex, Ys,ieHr} N Ri(Zkp1) N T > Zgyr)),
JjeRy JeF(Qk,Ry)
(5.11)

whereas

L(6; Ix|Bk-1,Zk) =

P (Ze)I(Ixk #0)+ > pi(Zxl{Ex-1,Yi,ieHxk1} N Rx-1(Zx) N T > Zx)
jeF(Qk-1,Rk-1)

Ik =0)/[ > X@Zx)+ 3 pi(Zkl{Ex-1,Ys,i€Hk-1} N Rx-1(Zx)N

jeRk-1 JjeF(Qx-1,Rk-1)

T > Zx)]
(5.12)
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For k =0,---, K — 2, we get by applying (5.3)

L(6; Jk+1|Bk, Zk+1, k1) = L(8; 0|Bx, Zks1, Trs1)

_ . (5.13)
=1- > P(Zy41,4|Qk U Tgy1, R(y, Nio)
ieF(QrUlkt1,RN Jkt1)
By using (5.6) we get
L0, Jk|Bk-1, Zk, Ix)
= I(Ix # 0)P(Zk, J|Qk-1 U Ik, R, Nk_10)
(5.14)

+ I(IK = O)pJ(ZKI{EK_l, Y.',’L'EHK_l} N RK_I(ZK) nT > ZK)

/I > pi(Zxk{Ek-1,Yi,ieHxk 1} N Rxk_1(Zk) N T > Zk)]
JjeF(Qx-1,Rk-1)

Finally, by using (5.6) the new contribution is for k =0,---, K — 2 given by
L(8;Y:, i€ Hx41|Bk, Zk+1; Tet1, Jkt1) |
= L(8;Y;, ieHe1[{ Bk, Yi, i€ Hi}, Zkyr, Ier1, T > Zgya)
= P(Y;,ieHy1 N T > Zgy1|Exy1)/P(T > Zyy1|Err)

= P(T > Zyy1|Ext1, Yi, i€ Hgy1) P(Y:, i€ Hy 1| Exy1) / P(T > Zgi1|Eg11)

= [P(T > Zis1|Exs1, s 1€Hk1)/P(T > Zgsa|Er1)] [ Fi(Zk1) [] Fi(Zk1),
ieHy 10 teHpy1 1
(5.15)

whereas
L(Q;K,iEHKIBK_l,ZK,IK,J) = 1, (516)

since at Zk the system fails and we know which components (A;) that have failed and
which (A5) that have survived.

We now insert (5.10)-(5.16) into (5.9). Note that

P(T > Zy|{Ey,Y;,ieHy}) = P(T > Zo|Ey) = P(T > 0) = 1.
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Furthermore, we have by letting 7; = 0,ie M

I:I Il Fi(Z) x I:I 11 Fi(Zk1) /Fi(Z)

k=1 icHy k=0 ieRy,

= [I Fim)x I Il FiZen)/Fi(2y)) =50
i€NK_1,1 i&MUNK_l,l k=0

= [I Fim)x ][I F(TAT)/Fi(n)
iEMUNK_l,l iEMUNK_l,l

= I F(TiAT)
i&MUNK_I'I

Hence our proof is completed.

Let R C M UC still be a set of lifemonitored and conditionally lifemonitored components
known to be at risk and Q C M UC a corresponding set of components known to be failed.
Assume that at each inspection time point, a set of conditionally lifemonitored components
is chosen iteratively according to the set function H(Q, R). This is done to improve the
control of the inspection procedure. Obviously

H(Q,R)CcC—-(QUR)

In general, at each Z;,k =1,---, K — 1, inspection is stopped when H(Qy, Rx) = 0. By a
slightly generalized argument it is seen that Theorem 5.3 is valid also in this case.

Assume now that one is allowed and can afford always to inspect components such that
all the time at least one of the lifemonitored and conditionally lifemonitored components
known to be at risk, must fail for the system to fail. Then the likelihood function of
Theorem 5.3 becomes especially simple as is seen from the following intuitive obvious
corollary.

Corollary 5.4
Let H(Q, R) be chosen such that
(HQ,R)UR)NA; #0 for all ie{1,---,m},
implying that at Z,,k=1,---,K —1
RyNA; #0 forallie{l,---,m}.
Then
Le)= I G@PFEGAT)x ] R

i€MUNg_1,1 €eNg_10

x I1 F(T) x II Fy(T)

ie{E—M—Ng_1,1—Ngk-1,0[Yi(T)=0} ie{E—M—Ng_1,1-Ng-10|¥:(T)=1}
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Proof.
By assumption

Rpeg A; k=1,---,K—1 forallie{l,---,m}
Hence from (5.3) and (5.5) we have

F(Qk, Rk, Ix) = F(Qr,Re) =0 k=1,---,K -1
Furthermore, this implies

F(Q;, R}, I;)=F(Q;,R))=0 j<k=1,---,K

Hence, all the double sums in (5.7) and all sums in (5.8) disappear and we get for k =
0,--, K —1

P(T > Zx|Ey) =1 — > P(Z,i|Qx-1U Iy, RE, Ni._1 0)

ieF(Qk_1UIk;R£:Ik) (5 17)

P(T > Zk+1|{Ek, Y,',’L'EH];} N Rk(Zk+l)) =1

Since F(Qk-1,Rk-1) = 0, it follows from (5.12) that I(Ix = 0) = 0. Finally from (5.1)
and (5.2), noting that [(A; — Qk-1U Ix) U (A5 — RE)| N Nk_10 = 0, we have

P(Zk, J|Qk-1U Ik, R, Nk_1)

= H F (ZK) H ¢1,NK-1,0 (ZK)

leA;—Qx-1UIx leAS—RX (5.18)

- I F(T) I1 Fy(T)

ie{E—M—NK_lll —NK_l.()lY.'(T)=0} ie{E—M—Ng_1,,—Nk_10|Yi(T)=1}

By inserting (5.17) and (5.18) into the likelihood function of Theorem 5.3, remembering
that I(Ix = 0) = 0, our proof is completed.

Since inspections are costly and should be reduced to a minimum it is reasonable to stop
inspection at Zx,k =1,---, K — 1 when for the first time R, N A; # 0 for all ie{1,---, m}.

Note that the likelihood function of Corollary 5.4 is of the same simple form as the one
given by (1.1). Hence by assuming exponentially distributed component lifetimes, the
posterior distribution of @ is arrived at as in Section 2. Remember that the maximum
number of addends in (2.1) was obtained for a parallel system and the minimum for a
series system. In contrast, in the set up of Corollary 5.4 one just has to monitor one
component at a time for the parallel system whereas for the series system all components
have to be monitored. For a k-out-of n system, where at least k components must function
for the system to function, obviously a minimum of k£ components must be monitored at
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a time. Note also that the fatal sets Aj,---, A,, in Corollary 5.4 can be replaced by the
minimal cut sets of the system.

It should also be stressed that the inspection procedure of Corollary 5.4, in spite of giving
simple mathematics and a simple likelihood function, does not need to be a realistic one
in a specific application. Hence, the general result of Theorem 5.3 is indeed of importance.

Although this paper is concerned with autopsy data, it is finally worth noting that if these
data are not observed, due to interrupted operation of the system, our results can easily
be adapted to cover this case as well. Suppose V' > 0 is a censoring time, either fixed
in advance or being a random variable, with an absolutely continuous distribution, being
independent of T;,7 = 1,---,n. The corresponding intensity is assumed not to depend on
6. We now just have to replace T' by min (7, V). Then the likelihood functions for § given
in Theorems 4.3 and 5.3 are just modified by replacing the last factor [- - -], corresponding
to a system failure at Zg, by [---]I(J # 0) + I(J = 0). Here J = 0 corresponds to a
censoring at Zx.
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