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Abstract

The concept of insufficiency, introduced and developed by Le Cam, is a
measure for the loss of information one suffers when considering a sub-
experiment of £ instead of the experiment £ itself. Originally, the in-
sufficiency was defined within a lattice theoretic setting. A main result
of this paper (Theorem 6), tells that the insufficiency may be obtained
from o(M, L)-continuous non-negative linear projections. This makes it
possible to express the insufficiency on a measure theoretic form when
considering traditional measure experiments. We find several expressions
for the insufficiency. In particular, when considering dichotomies we may
express the insufficiency on a very simple form, which in many situations
makes it possible to find insufficiencies by direct computation.

1 Introduction

When working within the framework of a parameterized statistical model, a
statistician is usually concerned with the problem of finding the ”true” param-
eter. In doing so, he considers a random variable Y from which he is able to
construct estimators, confidence intervals etc.

The random variable Y may be laborious, and for this reason the statis-
tician may wish to use a simpler random variable on the form T'(Y). This is
clearly justified whenever T(Y) provides the same amount of information as Y.
That is, when T is sufficient (for the experiment induced by Y'). However, the
requirement that 7" should be sufficient seems too severe. Even when loosing
information, the statistician may prefer T(Y), provided the loss is small. Thus
a natural question arises; how insufficient is T'(Y') compared with Y? A par-
ticular situation of interest is the case where Y = (Xi,...,Xp) is a vector of
random variables and T'(Y) = (Xy,..., Xx) where 1 < k < n. Now, how much
information is contained in the additional observations (Xg41,...,Xn)?
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In order to answer these questions Le Cam (1974, 1986) suggested three
quantities 7, 1y, and 73. It is common to all of them that they are intended
to measure ”loss of information”. Following the terminology from Le Cam
(1974) the quantities 7 and 7; are named the insufficiency and the lack of
sufficiency, respectively. The quantity 1; measures, in a sense, how ”far” T is
from being sufficient with respect to the experiment induced by Y. Meanwhile
the insufficiency 7 is based on ideas of measuring how much the experiment
induced by Y should be modified in order to make T sufficient. Thus, when 7 and
n; are small this also indicates that little information is lost when considering
T(Y) instead of Y. Since these quantities originally were defined within a lattice
theoretic setting, we will postpone the precise definitions until Section 4. Le
Cam (1986, p.64) showed that one always has the inequalities

m < n<ny < 2. (1)

One of our main results tells that 7 = 5. This result enables us to establish a
general measure theoretic definition for the insufficiency. We will also observe
a situation where 77 # 7.

The main references of the paper are Le Cam (1974) and Le Cam (1986).
Section 2 contains definitions and technical results from the formalism of Le
Cam (1964, 1974 and 1986). Section 3 considers Le Cam’s notion of sufficiency
within the lattice theoretic setting. We extend Le Cam’s definition of suffi-
ciency to a larger class of experiments. Section 4 contains our main results:
Theorem 6 and Theorem 9. We give the formal definitions of the lack of suffi-
ciency and the insufficiency. We also prove that 5 (Definition 8(i)) is the same
as 7z (Definition 8(ii)). In Section 5 we list some properties of the insufficiency.
The main reference of Section 6 is Torgersen (1991). Efforts are made to show
the connection between the lattice theoretic and measure theoretic definitions
of insufficiency — no regularity conditions are required. Results from Section 4
are taken into measure theoretic results. In Section 7 we give some results on
binary experiments (dichotomies) and examples.

2 Lattice theoretic framework

An abstract L-space (respectively, an abstract M-space) is a Banach lattice

with a norm | - || such that [[vy + va|| = [Joa]] + |[val| ([l V vl = [lvs]| V [Jv2l])
whenever vy, vz > 0. Following the classical notation for a vector lattice V, we
write v; Vvy = max{vy, v2}, v1 Ava = min{vy, v2}, v+ = vV0, v~ = (—v)V0 and

|[v] = v* +v~. Two vectors vy, vy are called disjoint if |v;| A |uz| = 0. The order
interval [v1, vo] determined by vy, v € V is the set {v:v € V,v; < v < v3}.

A set in V is called order bounded if it is contained in some order interval. A
subset W in V is called order complete if any non-empty order bounded subset
of W has a supremum (infimum) in W. The vector lattice V is called order




complete if it is order complete as a subset of itself. A subset W in V is called
a solid if v € W whenever |v| < |w| and w € W.

A sub-vector lattice of an abstract L-space is called a band if it is an order
complete solid. For any subset A of an abstract L-space, there is a unique
smallest band containing A. This band is called the band generated by A, and
is the intersection of all bands in the abstract L-space that contain the set A.

Throughout L will denote a certain abstract L-space. The order dual ! of L
equipped with the dual ordering and the dual norm defined by ||u|| = sup{u(}) :
A € L,||Al] £ 1} is an abstract M-space and will be noted M. Similarly, the
order dual of M is an abstract L-space and will be noted M*. The evaluation
map is an isometry and lattice isomorphism from L onto a band in the abstract
L-space M*. Thus, when convenient, one may assume that L is contained in
M*. This will be done without any further warnings.

A sub-vector lattice H of M is called a uniform sublattice if H is closed for
the dual norm and the unit 1 of M belongs to H. A uniform sublattice H is
called complete, or a complete sublattice, if it is closed for the weak o(M, L)
topology (the weak L-topology on M). Another interesting topology on M is
the locally convex-solid topology |o|(M, L), i.e. the absolute weak L-topology
on M. This is the topology generated by the seminorms {p» : A € L} where
pa(u) = |A|(Ju|) for all w € M. If H is a complete sublattice of M, then the
following holds:

(i) H is complete relative to |o|(M, L);
(il) H is order complete.

We will only sketch the proof. The reader may consult the sources for details:
The topological dual of (M, |o|(M,L)) is L (see e.g. Aliprantis/Burkinshaw
1978, Theorem 6.6, p.40). From this one gets that |o|(M, L)-closures and
o (M, L)-closures of convex subsets of M are identical (see Schaefer 1966, Corol-
lary 2, p.65). Therefore H is closed for the |o|(M, L) topology. Since M is
|o|(M, L)-complete (Aliprantis/Burkinshaw 1978, Theorem 19.7, p.128), it fol-
lows that also H is |o|(M, L)-complete. This proves part (i). Furthermore,
from (Aliprantis/Burkinshaw 1978, Theorem 19.7, p.128) it also follows that
|o|(M, L) is a Lebesgue topology. From this it is easy to verify that H is order
complete.

For an element P € M*, the value of P at u € M will be noted uP or by the
natural pairing (u, P). We let uv; u,v € M denote the product for the unique
multiplication from M x M into M such that 1u = ul = u; and utvt > 0 (see
Le Cam 1964, Proposition 3). The element of M* which has density u with
respect to P will be noted u- P,i.e. (v,u-P) = (uv, P) when v € M. The same
notation is used for a uniform sublattice H and its order dual H*, e.g. (u, P')
denotes the natural pairing of H and H* when u € H, P’ € H*. The restriction

! As shown in e.g. Torgersen 1991, p.198 the order dual of an abstract L-space (abstract
M-space) coincides with the Banach space dual.



of P € M* to a uniform sublattice H of M will be noted PH¥. If L is a band
in M*, then the set of restrictions of Lo to H will be noted L.

We will let non-negative linear projections II from M onto a complete sub-
lattice H act on the left; the image of u € M will be denoted uIl. The adjoint of
IT is an isometric lattice homomorphism from H* into M* and will be denoted
by the same letter, now acting on its right. Thus (uIl, P¥), (u,TIPH), and
uIIPH denote the same number for u € M, P € M*. Let Ly be a band in M*
such that L¥ = L¥. From Kelley/Namioka 1963 (21.1, p.199) we have that a
non-negative linear projection II from M onto H is (M, Lg)-continuous if and
only if the adjoint of II maps L into L.

Let H be a complete sublattice of M and let u € M* such that g > 0 and
pH € LH. Then there is a smallest idempotent J,, in H such that (J,, p) = [|yl|-
If v is another positive element in M*, v¥ € LH  such that y and v are disjoint
when restricted to H, then J, and J, are likewise disjoint. Let H, denote the
vector lattice given by H, = {vJ, : v € H}. From Le Cam 1986, Lemma 3,
p-60, one easily verifies that there exists a unique non-negative linear projection
IT from M onto H, such that:

(i1) (ull, p) = (u, p) for all u € M.

This projection will be called the minimal conditional expectation operator as-
sociated with p and H.

Le Cam (1986, Lemma 4, p.61) also has shown the existence of o(M, L)-
continuous non-negative linear projections from M onto complete sublattices.
The next lemma is a variant of this result and the proof follows Le Cam’s
argument.

LEMMA 1 Let H be a complete sublattice of M. If Lo is a band in M*
such that L¥ = LH, then there is a o(M, Lo)-continuous non-negative linear
progection II from M onto H.

Proof: Let {P, : « € A} be a family of elements P, > 0, ||Pa|| = 1, in the band
Ly satisfying the following two requirements: (i) the restrictions P¥ : o € A
are pairwise disjoint; (i) the band generated by {P¥ : o € A} is L¥. Zorn’s
lemma yields the existence of a family having these properties.

For each o there is a smallest idempotent u, € H such that (u,, PH) = 1.
Let II, be the minimal expectation operator associated with P, and H. One
easily verifies that 1II, = u, and that II = 3" II, is a non-negative linear
projection from M onto H. It remains to show that II is o(M, Ly)-continuous.
Put B = {PH: PH ¢ L TIPH € Ly}. It is readily checked that B is a band in
LE. Since IPH = P, € L, it follows that B contains the family {PH : o € A}.
The band generated by {PH : o € A} is L¥ itself. Thus the adjoint of IT maps
L into Lo. mi



The next lemma may appear a bit clumsy. However, for later use we find it
convenient to express it on this form.

LEMMA 2 Let P,Qe M* andu e M, 0 < u < 1. Thenu-P = Pt and
v-Q=Q%" ifand only ifu- (P+Q) = (P+ Q)" and (P+ Q)" = P* + Q.

Proof: Assume that u-(P+Q) = (P+Q)t and (P+ Q)" = Pt + Q™. Clearly
u-P < Pt andw-@ < QF. Thus Pt = w-(P+Q)-Q% = v-P+(u-Q-Q%) < u-P
and, for the same reason, we have that Q1 < u - Q. This proves the if-part.
Now, assume that 4-P = Pt and u-Q = Q%. Then u-P+u-Q = PT4+Qt >
(P+Q)* > u-(P+Q). Since the left and right side are the same, equality
holds throughout. Thus u- (P+ Q) = (P + @)% and P* +Q* = (P+Q)*. O

LEMMA 3 Let H be a complete sublattice of M and let I be a non-negative
linear projection from M onto H. If P € M* and u € H satisfies u - P2 =
(PH)*, then w - IPH = [IIPH]t.

Proof: Let v € M and let u € H such that u- P# = (PH)*. Then completeness
of H ensures that (uv)II = (vII)u (see Le Cam 1986, p.59, Lemma 2). From this
one obtains that (v,u - [IPH) = (vu,IPH) = ((uwv)II, PH) = ((vII)u, PH) =
(vIL,u - PHY = (oII, (PE)+) = (v, II(PH)*) = (v, [IPH]t). The latter equa-
tion follows since the adjoint of II is a lattice homomorphism. It follows that
u- [IPH = [IIPH]*T. ]

3 Sufficiency

In this section we consider Le Cam’s notion of sufficiency for complete sublat-
tices. An experiment £ = (P : § € ©) is a map 6 — Py from a non-empty set
© to an abstract L-space, say L, such that P; > 0 and ||Py]| = 1. We will say
that £ is an experiment in L when £ maps © into L.

DEFINITION 4 Let £ = (Py : 0 € O©) be an experiment in M* and let H be
a complete sublattice of M. We call H sufficient for £ if there is a non-negative
linear projection II from M onto H such that (ull, Pf) = (u, Py) whenever
ueM,feo.

If H is sufficient we may obtain the original experiment £ = (Py : § € ©) from
the sub-experiment £¥ = (Pf : 6 € ©) by a projection II that does not depend
on @, i.e. £ =TIEH. The statistical interpretation of sufficiency is that there is
no loss of information (on the parameter) when passing from the experiment £
to the experiment £ .

A small distinction from earlier definitions of sufficiency is that H is defined
to be sufficient for experiments in M* and not only for experiments contained
in L (Of course, the above definition does not exclude the possibility that £ may



be contained in L). The present definition seems to represent more adequately
the statistical notion of sufficiency. In order to see this, consider an experiment
on the form £ = (IIPF : § € ©) where Py € L for each § € ©. It is easily
seen that £ can be obtained from its own restriction to H by the projection II,
that is, II(HP,H )# =4 TIPH. Thus, one should expect H to be sufficient for
£. However, due to the fact that IIP‘,H is not necessarily contained in L one
encountered technical difficulties with the earlier definitions. These difficulties
are avoided by the above definition. Another interesting way to deal with these
problems was suggested by Le Cam (1986) who introduced the notion completion
sufficiency.

LEMMA 5 Let £ = (Py : 0 € ©) be an ezperiment in M* and let H be a
complete sublattice of M. Suppose EH is an experiment in L. Then H is
sufficient for £ if and only if for each finite sum p =3 a;Ps;, a; real, there is
au€ H,0<u<1, such that u-p =p*t.

Proof: Let M denote the dual of M*. Then M can be identified with a
o(M, M*)-dense subset of M. Let H be the o(M, M*)-closure of H in M.
The ’only if’ follows upon Lemma 3. Now, assume that the latter condition
holds. Then from Le Cam (1986), Property (CI), p.63, Theorem 1, p.65, and
Proposition 2, p.36, it follows that there is a non-negative linear projection II
from M onto H such that (ull, Ps) = (u,Ps) whenever u € M, § € ©. Let
u € M. Since the |o|(M, M*)-closure of H coincides with H (Schaefer 1966,
Corollary 2, p. 65) it follows that there is a net (uq) in H such that uq — ull
with respect to |o|(M, M*). This implies that (uy) is a Cauchy net for the
|o|(M, L)-topology. Since H is complete relative to the |o|(M, L)-topology there
is a unique uT" € H such that u, — uT for |o|(M, L). Thus uq — uT for the
(M, L)-topology. It is readily checked that the map u — uT is a non-negative
linear projection from M onto H. Since PoH € L for each 0 € O it follows that
(uT, Pg) = limg(ua, Ps) = (ull, Ps) = (u, Ps) whenever u € M, § € ©. Thus H
is sufficient for £. ]

4 Insufficiency

We start this section by establishing one main result.

THEOREM 6 Let H be a complete sublattice of M. Let Lo be a band in M*
such that L = L¥. If1I is a non-negative linear projection from M onto H,

then there is a o(M, Lo)_-continuous non-negative linear projection II from M
onto H such that ||Q — IIPH|| < ||Q — IPH|| whenever P,Q € Lo.

Proof: Let Lg denote the set of vectors in M* which are disjoint from Lg. For
each P € Ly decompose ITPH into IIPH = pup + vp such that up € Ly and
vp € L. Put © = {P € Lo : ||P|| = 1, P > 0}. Clearly H is sufficient for the




experiment (IIPH : P € ©). It is easy to see that 1/{,’ € L{¥ and hence from

Lemma 1 there is a non-negative linear projection il from M onto H such that
HI/P € Lo for all P € ©. Define the experiment (P P € 0) by P=up +H1/P
Let p = Y a;(IIPf), p = Y a;jPj, p = Yajup, and v = Y ajvp, be finite
sums with a; real. Then p = p+vand p = p+ fivH and by sufficiency and
Lemma 5 there is a u € H, 0 < u < 1, such that u-p = pt. Since y and v
are disjoint, it follows that (u + »)* = p* + v+ and hence from Lemma 2 and
Lemma 3 we obtain u - p = pt. It is readily checked that PH = PH_ Thus
Lemma 5 yields that H is sufficient for (P : P € ©). From the definition of
sufficiency there is a non-negative linear projection II from M onto H such that
P =TIPH = TIP¥ whenever P € ©, and it follows that the adjoint of IT maps
L¥ into Lo. Therefore II is o(M, Lo)-continuous. Finally, if P,@Q € Lo, then

1Q-TIPH|| = [IQ—pp—TIE||
< 11Q - |l + ITVE)
< 11Q — el + llvell (2)
= |Q - up —vpl| (3)
= |lQ-1mPH|.

Equation (2) holds since the adjoints of non-negative linear projections are iso-
metric, and so |[IIvH|| = ||[vH|| < ||ve||. Equation (3) holds since (@ — pp) and
vp are disjoint. [m]

COROLLARY 7 Let & = (Py : 0 € ©) be an experiment in L and let H be a
complete sublattice of M. IfII is a non-negative linear projection from M onto
H, then there is a (M, L)-continuous non-negative linear projection II from M
onto H such that ||Py — IIPF|| < ||Py — IIPH|| for each 6 € O.

Proof: Follows from Theorem 6 upon taking Lo = L. a

The concept of insufficiency, introduced and developed by Le Cam, is a measure
for loss of information. It tells, in a sense, how much one must modify the
experiment in order to make H sufficient. We give two alternative definitions
for the insufficiency. Le Cam (1986, p.69) put forward the problem of showing
that these quantities were the same (i.e. 7 = 7;). Corollary 7 yields a solution
to this problem.

DEFINITION 8 Let & = (Py : 6 € ©) be an experiment in L and let H be a
complete sublattice of M. The insufficiency of H for £ is the quantity

n(H,€) = infsup [Py — 1P|
6
obtained by allowing Il to range over the set of (i) all non-negative linear pro-

Jections from M onto H; or alternatively, (ii) the set of all o(M, L)-continuous
non-negative linear projections from M onto H.




The sets of projections given in the above definition possess different topological
properties. In particular, the set P of all non-negative linear projections from
M onto a complete sublattice H is compact for the topology of pointwise con-
vergence on M x LH. That is, the weakest topology such that uII\, regarded
as a function of II, is continuous for each u € M, \ € L¥.

The lack of sufficiency 7, of a complete sublattice H for an experiment
E=(Ps:6€0)in L, is the number

m(H, €)= ir;fsgp [|Pe — Qel|

where infimum ranges over all experiments F = (Qg : § € ©) in L such that H
is sufficient for F.

The lack of sufficiency is in general much more difficult to deal with than
the insufficiency. In Section 7 we will observe a situation where the lack of
sufficiency does not behave well as a measure for loss of information. For this
reason we will not pay much attention to this quantity.

In order to proceed we will need a result from game theory. A two-person
zero-sum game is a triple G = (A, B,I') where A and B are arbitrary sets and
I' is a function from A x B to [—00, 00]. The game involves two players, player
I and player II, say. For player I (player II) the set of available strategies is A
(B). When player I uses the strategy a € A and player II uses the strategy
b € B, then player II pays player I the amount I'(a, ). The next theorem is well
known, and is often referred to as the fundamental theorem of game theory.

The Fundamental Theorem in Game Theory: Let G = (A,B,T) be a
game where A and B are conver subsets of linear spaces and where T' is a real-
valued function that is concave on A and conver on B. If A and B are both
compact topological spaces such that I is upper semicontinuous on A and lower
semicontinuous on B, then

supinf I'(a, b) = inf sup I'(a, b).
a b b 4
For a proof the reader may consult e.g. Torgersen 1991, p.127 or general works
on the subject. We will now establish the second main result of this section:

THEOREM 9 Let £ = (P : 6 € O) be an experiment in L and let H be a
complete sublattice in M. Let P, = ), k(0)Py for prior probabilities k on ©
with countable support. Then the following quantities are the same:

(1) infrsup, || Py — IIPH||;

(i) infrsup,, || P — TIPH|;

(i) infrysup, Y-, £(0)|| Py — IPE||;
(iv) sup, infr; Y-, &(6)|| Py — IIPJ|).




Here infimum is taken over the set of all non-negative linear projections from M
onto H and in (i1)-(iv) supremum is taken over all prior probability distributions
K over © with a countable support.

Remark: From Corollary 7 the same quantities are obtained when restricting II
to range over the set of all (M, L)-continuous linear projections from M onto
H.

Proof: Let P be the set of all non-negative linear projections from M onto H
and let K be the set of all prior probability distributions over © with countable

support.
Since supy ||Ps — IIPE|| > 5, k(6)||Ps — IPH|| when I1 € P and & € K, we

have

. H : H
- > -
1%fs1;p||Po opy| > 1rﬁfsgp29:m(9)||Pg Py ||
> infsup||Ps — IIP||
o
> infsup||Py — IIPF|.
o g

The latter inequality follows since K contains the Dirac measures (i.e. one-point
probabilities) on ©. Thus (i), (ii), and (iii) are the same number.

Consider the two-person zero-sum game (K, P, ') where the pay-off function
T is defined by T'(x,II) = Y, x(6)||Ps — 1P || when « € K and II € P. Equip
K and P with the topology of pointwise convergence on, respectively, © and
M x LH . Then both K and P are convex and compact subsets of linear spaces. It
is readily checked that I is affine-convex in (, IT). Furthermore, I' is continuous
in k and the topology on P is chosen so that uIIP¥ is continuous in II for each
w € M and P € L. From this ||Py — IIPf|| = supy,<; |uPs — ullPf| is lower
semicontinuous in II for each # € ©, and hence I'(k, II) is lower semicontinuous
in II for each k¥ € K. The fundamental theorem in game theory yields

inf sup I'(k, IT) = supinf I'(«, II),
o, o I

and so (iii) and (iv) coincide. O

The restriction of £ to a subset F' of © will be denoted £ = (Py: 0 € F). Let
H be a complete sublattice of M. By an argument related to the proof above,
Le Cam (see e.g. 1974 or 1986) proved that

n(H, &) = s%pn(H,sp),

where supremum is taken to range over all finite subsets F' of ©. It is easy to
verify that this result also follows as a direct consequence of Theorem 9(iv).




5 Properties

Suppose £ is an experiment in L and that H is a complete sublattice of M.
If n(H,&) = 0 then it follows from Definition 8(i) that there is a net (IIy) in
P such that |[uPy — ullo Pff| — 0 for each u € M and each § € ©. Since
P is compact for the topology of pointwise convergence on M x L | it follows
that there is a non-negative linear projection IT from M onto H such that
|Ps — IIPH|| = SUP|y|<1 [uPs — uIllIPf| = 0 for each § € ©. Therefore H is
sufficient for £. Next to follow is a list on properties of the insufficiency. Note
that the properties (i), (v), and (vi) are known from earlier works of Le Cam.

THEOREM 10 Let £ be an experiment in L and let H and H' be a com-
plete sublattices of M where H' C H. The insufficiency satisfies the following
properties:

(i) n(H,E) =0 if and only if H is sufficient for &,
(1) n(H',E5) < n(H',E);

(ii) 9(H, &) < n(H',E¥) +n(H',E);

(iv) n(H', &) < n(H',E¥) +9(H, £);

(v) n(H', &) = n(H,E) if H' is sufficient for EH;
(vi) n(H', &) = n(H',EX) if H is sufficient for £.

Remark: By n(H',E¥) we mean the insufficiency of H’ for £# where £¥ is
regarded as an experiment in the abstract L-space L say.

Proof: Property (i) follows from the argument above. Let P}, P¥, and PE,
be families of projections where e.g. P¥ denotes the set of all non-negative
linear projections from M onto H, and so on. Note that H’ is closed for the
o(H, L¥) topology on H. Property (ii): We have that

H',E) = _inf Py — 1P

n(H',€) Hé“H,S‘;P” % il

> inf PH — (mpf)H
EHH,,ISI;pll o — (P )7 ]

> inf sup||PH — II,PE
= mep, 9P|| ] 0P ||

= p(H' EH).

Thus (ii) holds. Property (vi): Assume that H is sufficient for £. Choose
IIe ’P}‘f such that Py = HPGH for each § € ©. Then

0

n(H',EF) = inf sup||Pf —TIoPy"

H

10




=  inf (P — Mo P 4
noléng,Sl;p” (Py 0Py )l (4)

= inf sup||Py — II(IT PH/
o€PH, 0P|| ( 0lg )||
> inf supl|Py —1II PHI

2 epM GP“ 6 159 ||

= n(Hl,g)

Equation (4) holds since the adjoint of II is an isometric map from H* into M*.
Hence, from property (ii) it follows that (vi) holds. Property (iv): Using the
triangle inequality we get

inf sup||Py — IPH'
i opll s Al

< inf Py — TI,PE inf ,PH — TIPH'|)).
oo M(Slalpll s — o Py ||+nér71,z,lsgpll 0Py s 1)

- 0€Py
Thus there is a o(M, L)-continuous IIy € PY¥ such that
W(HI, g) < U(Ha 8) + n(le HOSH)

Since H is sufficient for I[,E¥ it follows from property (vi) that n(H’,I,EX) =
n(H',EX). Thus (iv) holds. The proof of (iii) is similar. Property (v) is an
immediate consequence of (i), (iii), and (iv). O

It might be the case that Property (iii) may be replaced by the stronger Property
(i)’ n(H, &) < n(H',€). However, we do not have any formal argument for
this. It should be noted that the converse statements of (v) and (vi) do not
hold. That is, n(H’,£) = n(H, &) does not imply that H' is sufficient for £7;
and n(H',€) = n(H', ) does not imply that H is sufficient for £. Thus, when
the insufficiency assigns H’ and H the same value, we cannot from this alone
conclude that H’ is just as informative as H.

6 Insufficiency and measure theory

Traditionally a statistical experiment is defined as a pair ((X,.A), (P : 6 € ©))
where (X, .A) is a measurable space and (Py : § € ©) is a family of probability
measures over (X, A) indexed by some non-empty set ©, the parameter space.

A measure experiment £ = (X, A; Py : § € O) is called dominated if there
is a non-negative o-finite measure p such that Py is absolutely continuous with
respect to p for each § € ©. An experiment £ is called coherent if for each
uniformly bounded net (J,) of real variables there corresponds a subnet (d,/)
and a real variable § such that [ &,k dPy — [ 6hdPs when [ |h|dPs < oo and
6 €0.

11




The ’L-space of the experiment £’ is the space of finite (signed) measures p
over (X, A) such that u is absolutely continuous with respect to a measure on
the form ) o, 21 Py, where 0;,0,,...is a countable sequence in ©. The ’L-
space of £’ will be noted L(£). Equipped with the norm of total variation and
the setwise ’>’-ordering L(£) is indeed an abstract L-space. The topological
dual of L(£) is called the M-space of £ and will be noted M (£).

Let £ = (X,A; Py : § € O) be an experiment. A family of real valued
variables (vg : @ € ©) is called coherent in £ if there is a real-valued variable
v such that Pylvs # v] = 0 whenever 6 € ©. It is called consistent in & if
to each two-point subset F' of © there corresponds a variable vg such that
Py[vg # vr] = 0 whenever 8 € F. Two families (vg : § € ©) and (wy : 6 € O) of
real variables are said to be £-equivalent if Py[vg # wg] = 0 for each 8 € ©.

Torgersen (1991) has shown that to each uniformly bounded and consistent
family (vg : 8 € O) of real variables there is a unique linear functional v in M (&)

such that
vm:/wu (5)

whenever C = {61,0,,...} C O, A € Y;27'P, and vy = vc a.s. Py when
§ € C. Furthermore, any linear functional v in M (€) may be obtained from
consistent and uniformly bounded families of real variables determined by v up
to equivalence.

Suppose B is a sub-o-algebra of .A. We call the sub-o-algebra B sufficient for
E=(X,A;Py:0 € 0O)iffor each A € A there is a common B-measurable version
of the conditional probabilities Py[A|B] : § € ©. We call B pairwise sufficient for
£ if the family (Ej[vg|B] : 6 € ©) is consistent in (£|B) = (X, B; (Py|B) : 0 € ©)
whenever the family (v : 8§ € ©) is uniformly bounded and consistent in £.

Another useful result from Torgersen (1991, p. 14) is that an experiment £
is coherent if and only if consistent families of real variables in £ are coherent.
Thus the well-known implications:

(€]B) coherent & pairwise sufficiency
4

sufficiency

4

pairwise sufficiency.

Suppose that B is a sub-o-algebra of A. Then the M-space M (&|B) of the
experiment (X, B; (Ps|B) : 6§ € ©) may be identified as the uniform sublattice
M (€|B) of M(E) consisting of all linear functionals v in M(€) that may be
represented by a uniformly bounded family of B-measurable variables which are
consistent in (£|B). The following example shows that families of B-measurable
variables which are consistent in £ are not necessarily consistent in (&|B).
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EXAMPLE 1 Put X ={1,2,...,5} and equip X with the o-algebra A con-
sisting of all subsets of X. Consider the subsets By = {1,2,3} and B; = {3,4,5}
and let B be the sub-o-algebra generated by By and By. Let £ = (X, A; Py :
6 = 0,1) be the experiment where Py, Py are given by the point probabilities:

1 2 3 4 5
PRIl 0 1/3 1/3 0 1/3
P|1/3 0 1/3 1/3 0
Put A = {2,3,4}. Then Py[Ip, # I4] = 0 when § = 0,1, and so (Ig, : § = 0,1)
is consistent (coherent) in £. However, the reader may easily verify that the
family is not consistent (coherent) in (£|B).

The next lemma is a slight extension of a result by Torgersen 1991, Theorem
7.3.8(iv). When proving ’only if” we follow Torgersen’s argument.

LEMMA 11 Let £ = (X, A; Py : 6 € O©) be an experiment and suppose that
F =(X,A4;Qq : 0 € O) is an experiment in L(E). Let B be a sub-c-algebra in
A. Then B is pairwise sufficient for F and F|B = £|B if and only if there is a
non-negative linear projection I1 from M (€) onto M(E|B) such that (vII, Py) =4
(v, Qg) for each v € M(E).

Proof: We will first prove ’only if’. Without loss of generality it may be assumed
that @y is absolutely continuous with respect to Py for each 6 in ©. If this is
not the case, replace Py with 3(Ps + Q). Clearly this replacement leaves M (€)
and (£|B) invariant. Let v be an element in M (£). Then v may be represented
by a family (vs : § € ©) of real variables which is uniformly bounded and &-
consistent (i.e. consistent in £). Since Qy <« Py for each § € O, (vg : 6 € O)
is also F-consistent. Put %9 = Egq,[v¢|B]. Then, by pairwise sufficiency the
family (s : 6 € ©) is consistent in (£|B) and thus represents a functional vII in
M (€|B). Clearly vII does not depend neither on the choice of variables vy nor
on the specification of the conditional expectations. Thus the map v — vIl is a
well defined map from M (&) into M(&|B). It is easily seen that this map is a
projection from M (£) onto M (€|B). Furthermore, since Ps|B = Qq|B, it follows
that (vH,Pa) = f’ﬁg dPy = fﬁg d(PolB) = fﬁo d(leB) = fvo dQg = (U,Qg).
As for the proof of ’if’, let Iz denote the functional in M (€) that may
be represented by the real variable Ip , B € B. Then Py(B) = f IgdPy =
(Ipll, P) = (Ip,Qe) = [ Ip dQs = Q4(B) and thus £|B = F|B. Of the same
reason as above we may, without loss of generality, assume that Qy <« Py.
Let (vg : @ € ©) be a family of uniformly bounded real variables which is F-
consistent. Then (vg : § € ©) represents a linear functional v on L(F). Since
L(F) is a band in L(£), there is a linear and bounded extension w € M (£) of
v to the abstract L-space L(£). Therefore there is a uniformly bounded and
E-consistent family (wy : @ € ©) representing the linear functional w. The pro-

Jjection IT maps M (€) onto M (F|B) and thus wII may be represented as a family
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(We : 6 € ©) of uniformly bounded and (F|B)-consistent B-measurable vari-
ables. It follows that [ Wy dQs = [ Welp dQs = [ Welp dPs = ((wlp)Il, Py) =
(wip,Qe) = [welp dQs = [ wsdQs = [5 ve dQy for each B € B. The latter
equality follows from Equation (5) since @y < Py. Therefore Wy is a version
of Eg,[vg|B] and hence (Eq,[vs|B] : § € O) is consistent in (F|B). Thus B is
pairwise sufficient for F. m]

Next comes a measure theoretic version of Le Cam’s Lemma 1. In the proof we
make use of almost randomizations. A formal definition of this notion is given
prior to Corollary 17.

LEMMA 12 Let £ = (X, A; Py : § € ©) be an ezperiment and B a sub-o-
algebra of A. Then there exists an experiment F = (X, A;Qq : 6 € O) in L(E)
such that F|B = £|B and B is pairwise sufficient for F.

Proof: By Zorn’s lemma there is a family {m, : s € S} C L(€) of probability
measures such that the restrictions (m,|B) : s € S have pairwise disjoint supports
B, : s € S in B and such that the band generated by (m,|B) : s € S is L(€|B).
For each # € O let Sy be a countable subset of S such that U,es, Bs supports
(Ps|B). Define the almost randomization T'y by T'¢(A|-) = >, .5, 7s[A|BlIB,
for each A € A and put F = (X, 4;Qs : 6 € O) where Qp =¢ (Py|B)Ty. It is
readily checked that F is an experiment in L(£) such that F|B = £|B. Thus
it remains to show that B is pairwise sufficient for F. Let (vg : § € O) be a
family of uniformly bounded and F-consistent variables. Let F' be a two-point
subset of © and choose vp such that Qy[vs # vr] = 0 when 8 € F. Define
Tr by Tp(Alz) = Vyep Do(Alz) for each A € A and z € X. Let ¢p be the
B-measurable function given by ¢r(z) = [ vr(y) [r(dy|z). Then

[ FaluiBld@ils) = [ wdq

B B
/de(Png)Pg
B

/B vp d(Py|B)Tp

- / ér d(Ps|B)
B

/ br d(Qs|B),

B

whenever § € F and B € B. Thus (Eg,[vs|B] : 6 € O) is consistent in (F|B).
This yields the result. m]

In order to show that M (€|B) is a complete sublattice of M(£), let F =
(X¥,A;Q4 : 0 € O) be any experiment in L = L(€) such that F|B = £|B
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and B is pairwise sufficient for 7. Then from Lemma 11 there exists a non-
negative linear projection II from M (€) onto M (€]B) such that (UH Py) =
(v,Q¢) whenever v € M = M(E) and § € ©. Let (uq) be a net in M(£|B)
which converges to an element u in M for the weak o(M, L) topology. Then
[(uoIl — ull, Py)| = [(uq — —u ,@6)] — 0. Thus Ug = uqll converges to u as well
as ull, hence u = ull € M (8 |B). It follows that M (8 |B) is closed for the weak
o(M, L) topology.

We will now define the insufficiency of a sub-o-algebra B. Similar to the
previous sections the idea is to measure how much the experiment £ must be
modified in order to make B pairwise sufficient.

DEFINITION 13 Let £ = (X, A; Py : 6 € O) be an ezperiment and let B be
a sub-c-algebra of A. The insufficiency of B for £ is the quantity

n(B,€) = infsup[|Qs — Pyl
[

where infimum is taken over all experiments F = (X, A; Qg : 0 € O) such that
(i) B is pairwise sufficient for F;
(i1) (Q¢|B) = (Ps|B) for each 8 € ©.

From Lemma 12 we see that the insufficiency is well-defined. In the above defi-
nition we take infimum to range over a possible very large class of experiments.
For instance, suppose £ is dominated by a o-finite measure pu. Then, from the
definition it is clear that the experiment F does not need to meet the same
requirement. However, the next theorem tells us that nothing will be changed
if we restrict infimum to range over experiments F that are dominated by p.
It should also be noted that the next result is a measure theoretic version of
Theorem 6.

THEOREM 14 Let £ = (X, A; Py : § € O) be an experiment and let B be a
sub-c-algebra of A. Let F = (X, A;Qg : 0 € O) be an exzperiment satisfying
the conditions (i) and (i) in Definition 13. Then there is another ezperiment
F=(X,A;Q,:0 € 0) in L(E) with the same properties such that

[1Ps — Qoll < |1 P — Qo

for all 6 € O.

Proof: Define the experiment F = (X,.4;Qp : 6 € ©) by Q5 = 3(Ps + Qo).
Put M = M(F) and H = M(F|B). From Lemma 11 there is a non-negative
linear projection II from M onto H such that HQo =4 Qy. Theorem 6 implies
that there is a non-negative linear projection II from M onto H such that
HQH € L(€) and

[1Pe — TIQF'(| < ||Po — TIQF||
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for each § € ©. Define the experiment F by Q, = ﬁ@f . Then Lemma 11
yields F|B = £|B and further that B is pairwise sufficient for F. O

Under certain regularity conditions Le Cam (1974) established, by means of
Markov kernels, a connection between the lattice theoretic and measure theoretic
definitions of insufficiency. Next comes a generalization of this result.

THEOREM 15 Let £ = (X, A; Py : 0 € O) be an ezperiment and let B be
a sub-o-algebra in A. Then the insufficiency of B for £ coincides with the
insufficiency of the complete sublattice M (E|B) for the corresponding abstract

ezperiment £ = (Py : 0 € ©) in the abstract L-space L(E). That is,
1(B,€) = n(M(£]B), ).
Proof: Follows from Lemma 11, Theorem 14, and Definition 8(ii). =

Thus the results on the insufficiency from Section 4 also holds in the measure
theoretic setting:

COROLLARY 16 Let £ = (X, A; Py : 6 € ©) be an experiment and let B be
a sub-o-algebra of A. Then the following quantities coincide:

(a) in supy [1Qs — Poll
(b) inf sup, 3, x(6)/|Qs - Pull;
(c) sup, inf Ty (0)]|Qs - Pill

where supremum in (b) and (c) is taken over all prior probabilities k over ©
with countable support. In all the three expressions infimum is taken to range
over all ezperiments F = (X, A;Qq : 0 € O) such that

(i) B is pairwise sufficient for F;
(i) (Q4|B) = (Ps|B) for each § € ©.

The quantities (a),(b), and (c) will remain unchanged if we take infimum over
all experiments F which in addition to (i) and (i1) satisfy

(11) Qo € L(E) for each 6 € O.

Proof: Due to Theorem 9 the result is immediate. ]

Now, consider the experiment £ = (X, A4;P; : 6 € ©) and let B be a sub-
o-algebra of A. Let ba(X,.A) denote the set of all bounded and additive set
functions over (X,A). A function T' : A x X > [—00,00] is called an almost
randomization from L(£|B) into ba(X,.A) if I'(A|-) is B-measurable for each
A € A and satisfies:
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(i) '@-)=0,T(X|-)=1 ; (Ps|B)-a.s. when 6 € O;
(i) 0 <T(A]-)<1 ;(Pg|B)-a.s. when A€ Aand f €0;

(iii) T(A; UAU---|-) = T(A}]-) + T(Az|- )+ --- ; (Ps|B)-a.s. whenever
0 € © and A,, A,, ... is a sequence of disjoint events in A.

It is readily checked that B is sufficient for £ if and only if there is an almost
randomization I' from L(£|B) into ba(X,.A) such that

/B T'(A|-)d(Ps|B) = Ps(AN B)

whenever A € A, B € B, and § € ©. Thus, when B is sufficient, then the
original experiment £ may be reconstructed from the sub-experiment (£|B) by
a ’random mechanism’ (i.e. almost randomization) that does not depend on the
parameter, that is, Ps =¢ (Py|B)T where [(P3|B)I](A) = [T'(A|-) d(Ps|B) for
each A€ A4 and § € ©.

It is also easy to see that if an almost randomization I' satisfies the additional
property

(iv) T(ANB|-) = IgT(A|-) ; (Ps|B)-a.s. when A€ A, B€ B, and § € ©;
then (X, A; (Py|B)T : 6 € O) is an experiment for which B is sufficient.

COROLLARY 17 Let £ = (X, A; Py : 0 € O) be an ezperiment and suppose
that B is a sub-o-algebra of A such that (£|B) is coherent. Then the insufficiency
n(B, &) coincides with the following quantities:

(a) infrsupy ||(Ps|B)T — P||;
(b) infrsup, 3, k(0)||(Ps|B)T — Ps||;
(c) sup, infr ), k(0)[|(Ps|B)T — Pyl

where supremum in (b) and (c) is taken over all prior probabilities k over ©
with countable support. In (a), (b), and (c) infimum is taken over all almost
randomizations T’ from L(E|B) into ba(X,.A) that satisfy the requirement

(i) T(ANB|-)=IgT'(A|-) ;(Ps|B)-a.s. when A€ A, BE B, and 6 € O.

The quantities remain unchanged if we take infimum over all almost random-
izations which in addition to (i) satisfy

(i) T(A]-) =0 ;(Ps|B)-a.s. for each § € © whenever Py(A) =4 0.

Proof: Due to Corollary 16 and the previous discussions on almost randomiza-
tions and sufficiency, the result is immediate. Note that (Pg|B)I' € L(€) if and
only if I' satisfies condition (ii). 0
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If £ is a sub-experiment of £ in the sense that &£’ is on the form (£|B), we
will sometimes find it convenient to write 7(&’,&) instead of 7(B,£). Let
X1, Xa, ... be asequence of random variables. Suppose £’ and £ are the exper-
iments induced by (X3i,...,Xk) and (Xi,..., Xk, Xk+1,- - ., Xn), respectively.
Then &’ can be identified with a sub-experiment of £. We will call n(&’, &)
for the insufficiency of (X1, ..., Xk) associated with the additional observation
(Xr41y - Xn)-

Suppose X1, X3, ... are iid copies of a random variable X. In order to find an
upper bound for the insufficiency of (X3, ..., X,) with respect to the additional
observation X,11, we may construct a suitable almost randomization — for in-
stance, by means of an estimator #,. This idea is related to the constructions
of Helgeland (1982) and Mammen (1986).

EXAMPLE 2 Let £ = (R,R; Py : —00 < f < 00), where R is the family of
Borel sets on the real line ® and Py = N(6,1). Put B, = R™ x {0, R}. Now,
for each rectangle A = A; X -+ x Apq1 in R™H! define

D(Alx) = L4, (1) - 14, (Tn) Py, () (Ans1)

where x = (z1,...,2n41) € ®*t! and 0, (x) = Ly L zi. Using m-) system
arguments one easily verifies that I' extends to a unique almost randomization
from L(£"*1|B,) to ba(R"*1, R"*1). We denote the extension of I' by the same
letter. Let Z ~ N(0,1). Then we have that

n(gn’ gn+1)

IN

sup (P B,)T — PRt

(P +1Ba)T — Po 4|

1 <« n
/Prob{|Z| < %|;m,~|}PO (d(z1,...,2zn))

= /Prob{IZl < ;L\/—ln}Po(dy)
2

= —tan~
T

1(5%» (6)

This upper bound is interesting in view of the lower bound

1 1
Py

which was found by Le Cam (1974). Note that the upper bound in (6) always
is less than ﬁ; Clearly these bounds are very sharp.

COROLLARY 18 Let £ = (X, A; Py : 6 € O) be an ezperiment dominated by
a o-finite measure p and let B be a sub-c-algebra of A. Put fy =¢ dPs/dp. Let
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ho € L'(u) be a function that does not depend on 6 and let (go : 6 € ©) be a
family of B-measurable functions such that hogg is a p.d.f. with respect to p for
each 6 € © and fB hoge du =¢ Py(B) whenever B € B. Then the insufficiency
n(B, &) is the same as the following quantities:

(a) infy supy [ |hge — fo| du;
(b) infpsup, 3, k(0) [ |hge — fol dps;
(¢c) sup, infy 3", £(0) [ |hgs — fol dp,

where supremum in (b) and (c) is taken over all prior probabilities k over ©
with countable support. In all the quantities infimum is taken over functions h
in L' () such that

(i) h does not depend on 6;
(i1) hge is a p.d.f. for all § € ©;
(ii) [g hge dp = Ps(B) whenever B € B.

Remark: The existence of a function ho and a family (g¢ : 6 € ©) satisfying
the requirements in the text follows by the factorization criterion and Lemma 12.

Proof: Let ho,g¢ : 6 € ©, and p be as specified above. Let F = (X, A;Qy :
6 € ©) be an experiment in L(€) such that F|B = £|B and B is sufficient for
F. We need only to show that the Radon-Nikodym derivatives d@Qy/dp may be
specified to be on the form hgy where h € L' (1) does not depend on 6. From the
factorization criterion we may specify dQg/dp as the product h'g;, when 6 € ©
where g} : 6 € © are B-measurable and k' € L!(y) does not depend on 0. Let
be a probability measure such that 7 < p and p <« 7. Put ¢ = Er[ho(du/dr)|B]
and ¢’ = Er[h'(dp/dr)|B]. Then F|B = £|B implies that

Erlgoho(du/dr)|B] = Ex[ggh’(du/dr)|B]

m-almost surely. Put

Go = 96(9/8") [19>0)
and let .

h=h(¢/¢") 145 0)-

It is readily checked that h € L!(u). Furthermore we have that dQg/du =
h'gy = h'§g = hgy p-a.e. The desired result now follows by Corollary 16. o
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7 Dichotomies

Dichotomies are experiments with a two-point parameter space. In this section
we will see that the insufficiency can be expressed on a very simple form when
considering dichotomies. When proving our next result we will make use of the
fact that

min{ao, a1 }{|vo — v1|| = uflg,[adlw —vo|| + ax||w — v1l] (7)

when V is a normed real linear space and vg,v1 € V, ag,a; > 0. The proof is
simple: ’<’ follows from the triangle inequality and ">’ follows by taking w = v
orw = v1.

THEOREM 19 Let £ = (X, A; Py : 6 = 0,1) be a dichotomy and let B be
a sub-c-algebra of A. Let p be a o-finite measure that dominates £ and let
fo = dPy/dp : 8 = 0,1. Suppose the product hogs is a p.d.f. with respect
to p such that [g hoge dp =¢ Ps(B) whenever B € B, where gg : § = 0,1 are
B-measurable and hy € L () does not depend on 6. Then

n(B, £) = sup nf / MNAL — folIs + (1= Mok — fillanp du,
A B 9 90

where supremum is taken over all A € [0, 1] and infimum is taken over all events
B in B.

Proof: Tt follows from Corollary 18 that (£, B) may be written
0(8,) = supint [ Mhgo = ol + (1= lhas — il du, (8)

where A € [0, 1] and infimum is taken over all h € L () that do not depend on
¢ such that the product hgy is a p.d.f. with respect to p and [ hge dpu = Py(B)
for each B € B and 6 =0, 1.

Let us first assume that B is finite, i.e. generated by a finite disjoint partition
By, By, ...,B, € A. Then for fixed A € [0,1], the h minimizing the integral in
Equation (8) also minimizes

/B/\|hgo—fo|+(1—/\)|h91—f1|dﬂ

for each i = 1,2,...,n. Let ap,a; denote the values of, respectively, Ago and
(1=X)g1 on B;. Without loss of generality we may assume that both go and g;
are greater than 0 on B;. From Equation (7) we get

ir,:f/B AMhgo — fol + (1 = A)|hgy — fil dp
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= inf/ a0|h—ﬁl+a1|h—ﬁ|d,u
B; 91
= mm{ao,al}/ |————
91
IR foldu/\/(l—/\)l—fo—flldu‘
B; B; go

This gives the result when B is finite.
Suppose B is infinite. We may without loss of generality assume that g > 0,
6 =0, 1. For each natural number n define the finite o-algebra B, generated by

the sets on the form
[(k—1)27" < go < k277],

where § = 0,1 and k = 1,2,...,n2". Let5>0andchooseh€L1( ) to be a
function that does not depend on 6 such that the product hgo is a p.d.f. and
[ hge dp =9 Py(B) whenever B € B and

[ hgs = foldu < n(B, ) + ¢
when 6§ = 0,1. Let v = hdp and define gy, = d(Py|B,)/d(v|By,), 6§ = 0,1.

Clearly f g h96,ndi =9 Py(B) whenever B € B, and it is readily checked that
the product hgg » is a p.d.f. when 6§ = 0,1. Note that

tiza [ hgo s = foldie <tim [ Ihgo,n — holdu-+ n(B,€) + ¢,
and hence from Lebesgue’s dominated convergence theorem we have
i [ lhgan — ol ds < n(8,€) + ¢

Since € > 0 is arbitrary it follows that liminfn(B,,&) < n(B,£). For each n,
choose B, € B, such that B = B,, minimizes the expression

/)‘lgm — folls + (1= }) gl—n o — fillx\p du
when allowing B to range over all events in B,,. Put
rn = AT = follp, + (1= NIE2fo - fillz,
Jin go,n
Let C be an event in B such that liminf B, C C C limsup B,, and define

¢ = /\|g—0f1 = follc + (1 - /\)|g}‘fo - fillx\c -
1 Jo
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It is easy to verify that ¢ n converges pointwise p-a.e. to ¢5. Thus, by Fatou’s
lemma we get

n(B,€) > liminfn(Bn, &)
= liminf(sup/qﬁ,\'n du)
A

> sup(liminf/ G dp)
A

> sup/(liminfq&,\,n)du
A

- [t
A

zmmM/M@ﬁ—mw+a~m2n—muww.
A B g1 Jo

In the latter expression infimum is taken over all events B in B. The converse
inequality follows from Corollary 18. This finishes the proof. ]

An experiment £ = (X, A; Py : 8 € O) is called totally non-informative if
Py =4 P for some probability measure P over (X,.A). Similarly, we say a
sub-o-algebra B of A is totally non-informative for the experiment £ if the
sub-experiment (£|B) is totally non-informative.

COROLLARY 20 If the sub-c-algebra B is totally non-informative for the
dichotomy & = (X, A; Py : 0 = 0,1), then n(B, &) = || Py — Pi||.

Proof: Put fy = dPs/dr and go = d(Ps|B)/d(n|B) where © = +(Py+ P;). Then
from Theorem 19 we have that

15,6 = swinf [ MAL ~ folla + (1= Io% ~ filleys dr
x B g1 9o
= Slipl%f/()\IB + (I_A)IX\B)lfO —flldﬂ'

= sup/()\/\(l_)‘))lfo—flldﬂ'
A
= %/|fo—f1|d7f-

This yields the result. a
Let £ = (X, A;Py : 6 € O) be an experiment and suppose Y is a random

variable (i.e. a measurable map from (X, A) into some other measurable space
(¥,C), say). Then Y induces a new experiment Y~ = (¥,C; PB,Y ™1 : 6 € ©).

22




Here P;Y ~! denotes the distribution of Y when the parameter 6 prevails. Two
random variables X, Y are said to be independent with respect to the underlying
experiment £ if X, Y are independent with respect to the underlying probability
space (X, A, Py), for each 6 € ©. Note that £X~! may be regarded as an sub-
experiment of £(X,Y)~! when X,Y are independent random variables with
respect to the underlying experiment &£.

THEOREM 21 Suppose X, Y are independent random variables with respect
to some underlying dichotomy € = (X, A; Py : 0 =0,1). Let Z = (X,Y). Then
the insufficiency n(EX~1,£Z71) is the number

Sl)l‘P ”/\(PoX‘l) Al - ,\)(Plx-l)” ||(P0Y_1) _ (PlY'"l)”

where A € [0,1]. Furthermore, an upper bound for the insufficiency is given by

the number
I(PoX~ 1) A (PLX™ Y| [(PoY ™) = (ALY 7).

Proof: Let p = (Pp X'+ PiX" ') and v = (BY ™! + P,Y~!). Define f, =
dPyZ~t/d(u x v), g¢ = dPsX~1/dp and hy = dPyY~!/dv when 6 = 0,1.
Note that fg(z,y) = ge(z)hs(y) almost everywhere [ x v]. Thus [fo% - fil=
lho — hi1]g1 and |f1§% — fo|l = |ho — hi|go- Then from Theorem 19 and the

Tonelli-Fubini theorem the insufficiency n(€X~!,£Z~1) may be written
sup [ 1ho = hal(hgo A (1 = X)g1) d(u x )
= sup( [ g0 A (1= Ngr du)( [ Iho = bl o).
Writing this out we obtain the first expression. As for the upper bound we note
that ||A(PoX~1) A (1 — A)(P1X™1)|| is the minimum Bayes risk for the prior
probability A of the event ’§ = 0’ and the experiment £X~!. The minimum
Bayes risk ||A(PoX 1) A (1 — X)(PyX~1)|| regarded as a function (- |EX 1) of

), is known as the dual Neyman-Pearson (N-P) function of £X~!. The dual
(N-P) function satisfies the inequality

1
2b(§|£X‘1) >b(A\EXY)
for all A € [0, 1], see Torgersen 1991, p.46. This gives the upper bound. m
EXAMPLE 3 Let X;1,X5,... be a sequence of independent copies of X ~

N(6,1), where the expectation 8 € {6, 6;} is unknown. Let £ = (R,R; Py : 0 =
6o,81), where R is the family of Borel sets on the real line # and Py = N(6,1).
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Let £ denote the n-th order product of £. Clearly £" is the experiment induced
by (Xi,...,Xn). Simple calculus yields

1 00— 6
2 1Pay — ol = Prob{lz < 201

e b= 01
15, A P, || = Prob{|z] > Y= 01l

where Z ~ N(0,1). It is also easy to verify that sup, [|AP§ A (1 — AP || =
1Py A P3| Thus, from Theorem 21 we have

o€, £7+) = Prob|2] < 0= ilyprop(iz) > YR ZOily - ()

From Feller (1968, Lemma 2, p.175) it follows that the latter probability in (9)
converges exponentially to 0 when 6y # 6;.

We remind the reader that the insufficiency n(£",£"*!) may be interpreted
as the loss of information one suffers by not taking the additional X, 4; when
already observing Xji, ..., X,. In other words; the information contained in the
additional observation X, 41.

EXAMPLE 4 Let X;,Xs,,... be asequence of independent copies of a uni-
formly distributed X ~ U[0, 8] where 6 € {60,061}, 0 < 8y < 6. For each natural
number n, let £” denote the experiment realized by Xi,...,X,. Then simple
calculus yields

sgp/ l/\(%)"f[o,olln(X) A1— ’\)(%)NI[O,BD]"(X)l dx = (01_0)%—;)@)—" ,

and furthermore

1 1 00
ally; _ L —9(1_20
/ 190 [0,00](1') 0, 1[0,‘91]( )I dz = 2(1 o

Thus we have
0o, ,00., 1

n(E, EM =2(1- E)(E) m_—?)—n

which converges exponentially to 0 when 6y < 6;.

We will now return to the problems of the inequality (1). We proved in Section
4 that one always have that 7 = n2. The next example shows a situation where

n# .
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EXAMPLE 5 Let X = {1,2,3,4} and let A be the family of all subsets of
X. For each a € [0, 1] define the experiment &, by

& 1 2 3 4
Py 0 a/2 (2-a)/4 (2-0)/4
P | (2-0)/4 (2-@)/4 «/2 0

Consider the sub-o-algebra By = {@}, X} and let B; be the o-algebra generated
by the subset {1,2}. From Theorem 19 and Corollary 20 we get
1(Bo,&a) = max{e/2,(1-a)};
77(31 ) ga) 0/2 ;
n(Bo, (€«|B1)) 1 e

In particular, when a = 2/3 we have that
1(Bo, £a) = 1(B1, £x) = n(Bo, («|B1)) = 1/3.

Note that By is not sufficient for (£4|B1) and that B; is not sufficient for &,.
Thus we see that the converse statements of Theorem 10(v) & (vi) do not hold
(See the discussion in the end of Section 5).

Now, consider the case where @ = 1. Then both By and B; are totally
non-informative for the experiment £;. According to Corollary 20 we have that

77(31,51) =

However, the lack of sufficiency behaves differently. In order to see this, define
the experiment F by

= 77(80:81)'

N =

Fl 1 2 3 4
Qo | 1/6 1/2 1/4 1/12
Q1| 1/12 1/4 1/2 1/6
It is readily seen that B; is sufficient for . Thus we have

1

1
m(Bi, &1) < Sl;PllQe - Pyl = 3<3= M1 (Bo, £1).

We see that the lack of sufficiency fails to satisfy the property that corresponds
to Theorem 10(v). Thus we have a situation where 7 # 7.

By using the properties of the insufficiency we may obtain an interesting bound
for the statistical distance of direct products.

COROLLARY 22 Let P, be probability measures over the same measurable
space (X, A). Then

n-1
IP* = Q"I < IP = QII(1+2 ) sup [P A (1= M)Q|)
k=1 "k
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where A € [0,1], k =1,2,---,n—1 and where ||-|| denotes the respective norms
of total variation.

Proof: Put By = {0, X"} and let By :k = 1,2,...,n be the sub-o-algebras of
A™ where By is the o-algebra generated by the sets on the form

Al X - X Ag X X x---x X
where A; € A, 1 = 1,2,...,k. Let £ be the direct product of order n of the
binary experiment (X, A; (P, Q)). From Theorem 10(iv) we have

n(Bo, €) Z (Bk, (£1Bk+1))-

Writing this out, using Corollary 20 and Theorem 21 we get the desired result.
m]
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