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Introduction 

Let f : N + P be a smooth mapping between smooth manifolds 

and Sk a stratification of the jet space Jk(N,P). Recall 

h f · 1 · sk · f · · · · kf t at 1s mu t1transverse to 1 1ts Jet extens1on J 

is transverse to Sk and the restrictions of f to the strata 

of (jkf)-1 sk form a family in general position ([ 1 ] p.127). 

We call f a multi Boardman mapping if Sk = {EI}I is the 

Boardman stratification of Jk(N,P) and f is multitransverse 

to Sk for each k. The purpose of this paper is to prove 

there is a dense open subset of multi Boardman maps in C~(N,P), 

when N is compact. 

Such a result can be obtained from Mather's method for producing 

a dense open set of topologically stable maps,[ 6 ] . In fact 

Mather in his lectures at the Nordic Summer School in Oslo 1976 

demonstrated how to get a dense open set of topologically stable 

mappings multitransverse to a prescribed invariant jet strati-

fication. The present proof is based on Mather's techniques 

but adapted to our specific purpose, and is accordingly brief. 

§1 Stratifications § s 

In the sequal we will use the terminology of [1 ]. We refer to 

[ 1 ] ch. I for basic results on stratifications in general, and 

to [ 7] for particulars about the Boardman stratifications. 

Let S be a Whitney stratification of a closed subset A of 

a smooth manifold P. It is a well known fact that the set 

{fEC00 (N,P) : f~S} form an open dense subset of C~(N,P). If 

S is Whitney stratification of a closed subset of the~ jet-space 

Jk(N,P) then the set g = {fEC~(N,P) : jkf~S} is likewise 

open and dense. 
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Let Ac mP be a semialgebraic subset. Let T be a finite par-

tition of A into semialgebraic subsets. A slight modification 

of the proof of 2. 7 [ 1 ] chapter I gives us 

Theorem 1.1. There exists a finite Whitney stratification S of A 

refining T where the strata of S are smooth submanifolds and 

semialgebraic subset of mP. 

We want to state the analogue of 2.1 for certain subset of smooth 

manifolds. Let P be a smooth manifold and for each y E P let 

(Oy,<j>y) be a chart at y. A subset Ac P is a locally semi-

algebraic set with respect to {(OY,<j>Y)} 

algebraic for each y. 

if <P (0 nA)cmP is semi
Y y 

Theorem 1 .2. Let A c P be a locally semialgebraic subset, 

and T a locally finite partition of A in locally semialgebraic 

subset all with respect to a given covering of local charts. Then 

we can find a Whitney stratification of A which refines T. 

The proof of 1.1 1s almost identical to the proof of 1 .2. We 

construct S by inductively removing points where Whitney condition 

b) or the condition of being a smooth submanifold are not satisfied. 

(See the proof of 2.7 [ 1 ] page 20.) This is possible, because it 

follows from 2.5 and 2.6 (1] chapter I, that the singular subsets 

are semialgebraic in the given charts, hence locally semialgebraic 

subsets of P. 
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Let Jk(n~p) be the space of k jets of smooth mappings 

n (RP,o). Let I stratification (R ,0) -+ {E }I c· . ) be the 

Jk(n,p) 
= .l1 ' ... 'lk 

of in the Boardman varieties. Let N,P be two smooth 

manifolds of dimension n and p respectively. i·Je get induced 

I a stratification {E (N,P)L_(. . ~from the stratification of the 
'I- l1 ' ... ,lk' 

fiber Jk(n,p). We will call this the Boardman stratification 

k of the jetspace J CN,P). Since the Boardman varieties in the fiber 

Jk(n,p) are semialgebraic, we can use 1.1 to refine 

{EI}I (. . ) to a Hhitney stratification. Since the 
= l1 ' ... 'lk 

Boardman varieties are invariant with respect to the structure 

group Lk(n)xLk(p), the obtained Whitney stratification is also 

invariant. Hence we get a Whitney stratification of JkCN,P) 

which refines the Boardman stratification. Let 
co 

f E C· (N ,P). 

Call f a Boardman mapping if the jet extension Jkf : N-+ Jk(N ,P) 

lS transverse to the Boardman stratification for all k. 

It follows from the codimension formula for the Boardman varieties 

that f is a Boardman mapping provided Jn+1f: N-+ Jn+1 CN,P) is 

transverse to the Boardman stratification. Since this stratifi-

cation can be refined to a Whitney stratification, the Boardman 

mappings contain an open dense subset of c""CN,P). 

If f E C00 (N,P) is a 

I 
{E (f)}I (" . ) = l1 ' ... 'lk 

Boardman mapping we can define 

by EI(f) = (Jkf)-1 Cti(N,P)). This gives 

the repeted rank stratification as defined by Thorn (see [7] page 

I 246). The stratifications {E (f)}I c· . ) for different 
= l1 ' ... 'lk 

k will refine each other, but one can prove that we get the 

I finest stratification when k = n. We call {E (f)}I c· . ) 
= l1 ' ... 'ln 
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the Thorn-Boardman stratification of N associated to f and 

the strata in the stratification Thorn-Boardman strata. Note 

that 1. f ,... I ( f) I ( I ( . . ) ) . Th B d ~ = 11 , ••• ,1n 1s a om- oar man stratum, 

then f!EI(f) is either a submersion or an immersion. If 

E(f) = {x EN: df(x) is not surjectivl,then E(f) is a ~nion of 

Thorn-Boardman strata. 

§2 Properties about stable unfoldings 

Assume N is compact. Mather defines in [6] a certain open dense 

subset of C00 (N,P) consisting of mappings of finite singularity 

type. If f is a mapping of finite singularity type then there 

exists a stable unfolding of f. To be precise there is a com

mutative diagram 

1 
N --~ N' 

p _...p' 
j 

where i, j are closed embeddings, F a proper and infini tesi·-

mally stable mapping transverse to j(P), and 

codim (i(N),N') = codim (j(P),P' ). (In this definition we will 

drop the claim i(N) = r- 1 j(P) since we only need to know that 

i(N) 1s a union of components of F- 1 (j(P)) ). In fact Mather 

gives an explicit construction of the unfolding of the followins; 

type 

i 
N ~-~~ N X u 

t f_, 
I 1 F 

where U is an open neighbourhqod of the origin 1n JR k, F is 

of the form (x,t) + (F (x,t),t) where (x,t) € N xU, 

(F (x,t),t) E P xU and i?j are the embeddings x + (x,O),y + (y,O). 
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Proposition 2.1. Let f 

type. Let 

N ~ P be a mapping of finite singularity 

i· 
N' N ·-+--. 

1f Jr 
p -4'--11> p' 

J 

be a stable unfolding of f. Then there is a neighbourhood W 

of f in C00 (N,P) and continuousmaEEin~s 

H : w ~ Coo ( N, N1 ) , K : W + C00 (P,P') with H(f) = i,K(f) = j such 

that 

N Ii~gJ N' 

!g 1r 
p i((g) p' 

is a stable unfolding of g, for every g e: w 

Proof. Let k : p' + ~l be a closed embedding and let (U,n) be a 

tubular neighbourhood of k(P' ). Using i we will consider 

N as a submanifold of N' and using j and k we will con

sider P as a submanifold of~ 1 . Since N c N' is compact 

there is a finite number of charts 
m 

<u.,w.>j = 
J J 

1 5 ••• ,m in N' 

with N c U U. such that in the chart {U,wj) 
j =1 J 

(x,t) where 

we have coordi-

nates (x,O) 

will choose u. compact. 
J m v c u u. 

J 
and N c v. Let 

open covering of N' • Let 

ordinate to {U.}. Let g 
J 

are coordinates in Further we 

Let V be an open set in N' with 

u 1 = m+ 
{ <!> .} m+l 

J j = 1 
E C~N ,P) 

N'-v. 

be a 

Then { {U .} m+l is an 
Jj=1 

partition of unity sub~ 

and define 

1 G.(g):U. ~JR j=1,1 •• ,m by GJ.{g)(x 5 t) 
J J 

Since supp ~. cU. we can extend GJ.(g) 
J J 

to N' setting 
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J 

g + 'G.Cg), 
J 
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outside U .. Hence we get a mapping 
J 

C00 (N,P) + C00 (N' ,~). Since the partial derivatives 

of cp . are bounded on the compact supp cpj and cp . vanish out ... 
J J 

side supp ¢ . it is clear that the mapping g + ~.(g) is conti-
J J 

nuous in the Whitney 
00 

C topology. Define ~(g) .2 ~.(g) F by = + 
J =1 J 

3. 6 and 3. 8 of t 2] chapter II, g +~(g) i·s a continuous mapping. 

00 00 ' 1) C (N ,P) + C (N , JR. ·From the definition of 'GCg) follows that 

~(g) IN :: g By continuity CS(g)(N') c: U for g sufficiently close 

to f. Hence in a neighbourhood of f we can define G(g) = fioG(g). 

By 3. 5 [ 2 ] chapter II , this is a continuous mapping 

G : C00(N,P) + C00(N' ,P'). Notice that G(g) IN= g and that G(f) = F. 

Hence if g is sufficiently close to f, G(g) ~ j(P), since j(P) 

is a closed submanifold of P' , and since F is stable, G(g) is 

smoothly equivalent to F. Then by [ 3 ] it is possible to find 

H(g) E Diff N ', !<(g) € Diff P' continuously dependent of g such 

that G(g) = l<(g)FH'(g) where ii'(f) = idN'' }((f) = ~dpt. Define 

H(g) = R(g)oi and K(g) = rCg)-1oj. H(g), K(g) are continuously 

dependent of g and by construction H(f) = i and K(f) = j. 

Since G(g)oi = jog and G(g) = }((g) F ti(g) the diagram 

N H(g) 
--·7 N' 

I 
1F gt 

p -~ p' 
K(g) 

will Since G(g) ~ j (P) and F ""' -1 "' -1 commute. = K(g) G(g)H(g) , 

F • i<g)-1 j(P) = K(g)(P). It is clear that H(g} and K(g) are 

closed embeddings hence 

H(g) 
N ----·7' N' 

~g JF 
p _ .. _, p' 

K(g) 

is a stable unfolding of g which varies continuously with g. 
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§ 3. A stratification associated to a proper infinitesimally 

stable mapping. 

3.1. The property of the stratification. 

Let f : N-+ P be a proper and infinitesimally stable mapping. Since 

the Boardman strata of the jet spaces Jk(N,P) are unions of orbits 

under the group action of Diff N x Diff P, it follows that f is a 

Boardman mapping and even a multi Boardman mapping,[5]. Let 

{EI(f)}I be the Thorn-Boardman stratification of N as explained 

in § 1. 

We want to construct a Whitney stratification S of P with 

the following property: Let y E P and 

EI(f) be Thorn-Boardman stratum through 

-1 
{x1 , ... ,xk}cf (y). Let 

x., i=1 , ... ,k and U the 
1. 

S stratum through y. Then locally at y we will have 

k I 
Uc() f(I:(f)). 

1 =1 

3.2. A locally semialgebraic partition of P. 

Let E(f) = {xENjdf(x) is not surjective}. As mentioned in §1, E(f) 

is a union of Thorn-Boardman strata. We will define an equivalence 

Y"'Y' relation on P by setting 

for all EI(f)ci:(f). Let T 

equivalence classes. Let y E P 

Define ni(y) = # f- 1 (y) n EI(f) 

be the induced partition of P in 

and EI(f) be a Thorn-Boardman stratum. 

and Then it 

is clear, that y belongs to the element of T given by the expres-

sion n N , where the intersection is taken over indexes I 
I ni(y) ,I 

with EI(f)cE(f). 

3.3. Pro2osition. The elements of T are locally semialgebraic 

subsets of P in the sense of § 1 . 

Proof: Let yEP and assume y¢fCE(f)). Since E(f) is closed 

and f is proper, f(E(f)) is closed. It is clear that we can 

find chart CV,n) around y with \rnf(E(f) = ¢ and 
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n(V) c:ffiP semialgebraic. Since y' € V implies y' ..... y it 

follows that at every y t f(r(f)) we car. find charts which 

intersect T in semialgebraic sets. Now we have to treat the 

case yeP, -1 f (y) n E(f) ~ 0. Let us first make one remark. 

Remark. Assume f : U ~ V is a polynomial mapping between 

open semialgebraic sets U c:ffi n, V c:ffi P. Let E c: U be semi

algebraic. Let y € V and n(y) = # f- 1 (y) n E. Let Nk c V 

be given as Nk = {yln(y) = k} where k is a non negative 

integer. Then Nk is semialgebraic. The proof here is an 

application of the Tarski-Seidenbergs theorem and can be found 

in [ 6] page 137. 

Now assume that y € P and f- 1 (y) n E(f) = fx1 , ••• ,xm} 

(Since f is stable f has regular intersections and m 2 p). 

From [ 4 ]it follows that we can find chart 

chart at y with 

(U.,i/J.) 
l l 

at x., 
l 

a polynomial and 

~i(Ui),n(V) semialgebraic subsets of euclidean spaces. Since 

f is proper, we can find V' c V such that 

f- 1 <v') n !:(f) c ~u. and n(V') semialgebraic. Since f 1s 
i=1 l 

a polynomial in local charts and the Boardman stratification 

is loc~lly semialgebraic, ~.(U. n EI(f)) is semialgebraic for 
l l 

each Thorn-Boardman stratum EI(f) c E(f). Define 

-1 I 
Nk,I. = {y E VI '** f (y) n E (f) n ui = k}. 

l 

From the remark 

follows that n<Nk,I.> is semialgebraic. 
m l 

E (f) c U U. will imply that V' 
i=1 l 

where the union is taken over the sets of 

The fact that 

n Nk I= (U( f)Nk ) ) n V' 
' l . I l' . 

m tupples Ck1 ,; •• ,km) 

with Ek. = k. 
l 

Everything in the expression above is semialgebraic 

in the chart ( V, 11 ) , hence n ( V' n Nk, I) is semialgebraic. Since 

the elements in T are intersections of such sets, we have showed 

that the elements in T are semialgebraic in the chart ( V! n). 
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3.4 A stratification of P. From §1 follows that T can be 

refined to a Whitney stratification S. We will show that S 

has the property mentioned above. From §1 follows that if 

EI(f) c E(f) is a Thorn-Boardman stratum, then fiEI(f) is an 

immersion. Let y E p and Let 
I· 

E 1 (f) be the Thorn-Boardman stratum through x .. 
. l. 

At each x. 
l 

I. 
choose a neighbourhood U. with flU. n r 1 (f) a one to one 

l l 

immersion. Let y' ~ y. Since f is pr0per, 

f- 1 (y') n E(f) c ~u. for Now 
i=1l. 

y' sufficiently e·lose to y. 

s1nce y' ~ y, fir 1 (f) n u. is one to one, 
l I. 1 I· 

# f- (y) n E 1 (f) = 1, we This have *" f-1 (y') n r 1 (f) = 1 . 
m I· 

yields Y' E ~n f(f 1 (f) n U.). Since S is a refinem<c·nt of 
1=1 l 

T , the S stratum through y is locally contained 
m I· 

in n f < r 1 (f)) n u . ) • 
. 1 l l= 

§ 4. Proof of the main theorem. 

4.1. Stable unfoldings and Thorn-Boardman stratifications. 

Since the set of mappings of finite singularity type as well 

as the set of Boardman mappings contains an open dense subset 

of C00 (N,P), we can find an open dense set of mappings with 

both properties. Let f N + P be such a mapping and let 

i ' N ~N 

p ~p ' 
J 

be a stable unfolding. Since F is stable, F is also a 

Boardman mapping. Since F ~ j(P) ~ F will be of the form 

F(x,t) = (yof(x,t),t) locally at points in i(N). Here (x,t) 

is local chart in N' v1here (x,O) is chart in i(N) and 

(y,t) is local chart in P' where (y,O) is chart in j(P). 
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Since F locally is a mapping preserving the t coordinate 

and the Thorn-Boardman stratification is given by repeted rank 

stratification~ it is clear that EI(F) n N = ~I(f) for each 

index I= (~, .•. ,~ ). (Here we think of N as a submanifold 

of N' through i). 

Proposition 4.2. Let N be compact f : N + P a Boardman 

mapping of finite singularity type. Let 

i 
N + N' 

p j p' 

~e a stable unfolding of f. Let S be the Whitney stratifi

cation of P' associated to F as defined in §3. Then j ~ S 

implies that f is a multi-Boardman mapping. 

Proof. Lt::t din tr'= n + k, din P'= p + k where 

p = dim P. Let y E P and 
-1 

{ x1 , •.• , xm} c f ( y) • 

n = dim N, 
I. 

Let E 1 (f) 

be the Thorn-Boardman stratum through x .. We have to show that 
I· 1. 

{f(E 1 (f))}m intersect in general position. Since f is a 
.:.=1 

submersion outside ~(f) we can assume x. E t(f)i=1, ••• ,m. 
1. 

as submanifolde. Let Through i, j we have N r:.: N' , P c P' 
Ii I 

U be the S stratum through y, H. = df(x. )T E (f) ,H. = 
1. l x. 1. 

I· 
dF(x. )T I: 1 (F). 

1. x. 

Then H . , H' . , T U, T P 
1. 1. y y 

j ~ S, T P intersects 

l 

are all subspaces of TyP' • Since 

T U y 
transversally,but locally at 

m 

1. 

y 
m Y Ii 

u c n f(z (f)), hence 
i=1 

T p 
y 

intersects n tf'. 
. 1 1. 
1.= 

transversally. 

This fact combined with the fact that f is stable and hence 

a multi Boardman mapping gives us 

m m 
codim (n H'. n T P,T P') = E codim (H'. T P') + codim (T P,T P') 

i=1 l y y i=1 1.' y y y 

m 
= h + E codim(H!~T P') *) 

i=1 1. y 

Now 
m 
n H! n TYP = 

. 1 l 1.= 

m 
n H .• 

. 1 1. 1.= 

I. I . 
Since codim(E 1 (f),N) = codim(I: 1 (F),N') 
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I. I. 
and fiE 1 (f),FjE 1 (F) both are immersions, we get 

codim(H',T P') = codim(H.,T P). Furthermore we have i y l y 

m m 
codim( n H. ,T P') = k + codim( n H. ,T P). Substituting this in *) 

i=1 l y i=1 l y 

we get 
m 

co dim ( n H . , T P' ) = 
i=1 l y 

m 
k + co dim ( n H . , T P) = 

i=1 l y 
m m 

m 
k + L co dim (H. , T P) 

i=1 l y 

which yields codim( n H. ,T P) = l codim(H. ,T P), and hence 
i=1 l y i=1 l y 

{H.}m intersect in general position. This shows that f is a 
l . 1 l= 

multi Boardman mapping. 

4. 3. Theorem. Let N be compact and 
00 

C (N,P) the space of smooth 

mappings f : N-+ P. The set of multi Boardman mappings contains an 

open dense set of 
00 

C (N,P). 

Proof: As we have pointed out earlier, the set of Boardman mappings 

of finite singularity type contains an open dense subset of C00 (N,P). 

Let f : N-+ P be in this set. It suffices to shovJ that f can be 

approximated by a mapping which is an interior point in the set of 

multi Boardman mappings. Let 

i 
N-+NxU=N' 

f + + F 

PjPxU=P' 

be a stable unfolding of f as described in §2. Let S be the 

Whitney stratification of F described in §3. By §1 j can be 

approximated by j' transverse to S. If j' is sufficiently close 

to j , j 1 will be a closed embedding. ~IJe will show that F ~ j 1 ( P) . 

Letting N1 = F-1 ( j 1 ( P)) we -vvill construct a diffeomorphism 

i'; N-+ N1 close to i as a mapping N-+ N1 • Let f' = (j')~1 Foi 1 • 

We will prove that f 1 will be close to f, if j' is sufficiently 

close to j. Hence it follows that f' is an interior point in the 

set of Boardman mappings of finite singularity type. 
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• y 

N~N' 

f 1 J JF 
p ..__. p' 

j' 

is a stable unfolding of f ' with j' ~ S, hence proposition 4. 2 

gives that f is a multi Boardman mapping. If f'' is sufficiently 

close to f 1 there is by proposition 2.1 an unfolding 

., i 

N .2:-.;N I 

f' I I IF 
\. ~ 

where • ' i J is close to • I 
J • Since the set of mapp1ngs transverse 

to S is open, we can assume j'' rh S hence, f'' will be a multi 

Boardman mapping. This shows that f' is an interior point in 

the set of multi Boardman mappings. 

Finally we will prove that F ~ j '(P), construct a diffeomorphism 

. ' 1 : N -+ N1 , close to i and shov,7 that f' is arbitrary close 

to f if .:_ i 1S chosen sufficiently close to j . First, since "..) 

J : p -+ p' is a closed embedding, j is stable hence if j' is 

close to j ' 
. ' closed embedding of the form j I 

. -1 
J 1S a = hO]Ok 

where hE Diff P', k E Diff P are close to the identity mappings 

id ,, id. Let G = h-1oF. We have F ~ j'(P) N G ~ j(P). If p p 

j ' is close to J, G will be close to F, and since the set 

of mappings transverse to j(P) is ope~ we can assume that 

G ~ j(P) and consequently that F ~ j!(P). 

Now we want to construct i' : h-+ N1 • Note that F is of the 

form F(x,t) = (F1 (x,t), t) as a mapping N x U -+ P x U where 

U . . JR k 1s open 1n and G is of the form 

G(x,t) = CG1 Cx,t), G2Cx,t)). For each x eN define Gx u -+ u 
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by G (t) = G2(x,t). If G is sufficiently close to F, G 
X X 

will be arbitrarily close to the identity map id : u u + u for 

all X E N. This yields that Gx can be chosen as a diffeo-

morphism for all x. In particular we will have Gx one to one, 

surjective, and 

Note that N1 = 

[~2 (x~t)] is non singular for all x and t. 

-1 G2 (o), and let n : N xU+ N be the pro-

jection. Consider the restriction rr 

one to one surjective and dG 
[dt2 (x,t)] 

N1 + N. Since Gx is 

is non singular, it will 

follow that rr I N1 is one to one surjective and a local diffeo

morphism. Hence rr!N1 is a diffeomorphism. Now we define i 1 

to be ( rr I N1 ) - 1 oi. We have to show that i' is close to i as 

a mapping N + N' = N x U. i' : N + N x U is by construction 

of the form x + (x,¢(x)). We have to show that ¢ is close to 

the zero mapping. Note that G2oi' = 0. Since N is compact, 

the mapping C<lD(N' ,U) +C00(N,U) given by H +Hoi' is continuous 

( [ 2 ] prop. 3 • 9 ' chapter II). Let F2 : N' + u be defined by 

F2<x,t) = t. Since F lS close to G, F2 is close to G2 and 

F2oi• = ¢ is close to the zero mapping. 

Finally f' = ( j' ) - 1 oFoi' will be close to f = j - 1 Foi because 

. ' . ' 
l ' J lS close to i, j and N is compact. Hence all the 

claims are proved. 
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