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Abstract

In this thesis, we investigate statistical properties of the redshift zero matter distribu-
tion in disformal gravity through N -body simulations. The disformal model studied
here is a conformally coupled field in a symmetron potential, but with an additional ex-
ponential disformal term. First, important concepts about general relativity, modified
gravity, and simulations are presented. The equation of motion for the disformal scalar
field is found, along with the modified geodesics of dark matter particles in this model.
We implement the resulting differential equations into the N -body code Isis/Ramses.
The results of tests, which compare results from the disformal code to simulations done
with earlier symmetron-only codes, are shown; and the code reproduces the symmetron
results fairly well. Finally, we perform cosmological simulations with 2563 particles,
for five different parameter sets, for which the matter power spectrum and the halo
mass function are shown. We also present the average field profile, the field oscillation
amplitude, and the magnitude of the fifth forces around a massive halo. The con-
formally coupled symmetron increases both the power spectrum and the mass function
noticeably, compared to ΛCDM. The main result of this study is that adding a strong
disformal term can mask some of the increase in clustering, thereby bringing both the
power spectrum and the mass function closer to general relativity. Furthermore, we
found that the disformal term gives rise to oscillations of the scalar field in high density
regions. Such oscillations can lead to increased magnitudes of the fifth forces, compared
to the symmetron alone.
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Chapter 1

Introduction

1.1 Motivation

The Einstein field equations were first introduced by Albert Einstein in 1915 [1]. These
equations are used to calculate how matter curves space, and in turn how the curved
space affects matter. In other words, these equations tell exactly how gravity works, and
how stars and galaxies should move in the universe. The solutions to these equations
implied either an expanding or a collapsing universe. However, at the time the field
equations were introduced, the universe was believed to be static, neither collapsing nor
expanding. Einstein knew the equations allowed for an additional constant term, so he
introduced the cosmological constant – simply called Λ – two years later. This was done
to achieve a static universe solution to the field equations [2]. Not many years after the
introduction of Λ, Edwin Hubble discovered that the universe was in fact expanding [3],
and the cosmological constant was largely forgotten.

Knowing that distant galaxies were expanding away from each other, it was logical
to assume they had been closer together in the past. Lemaître came to this conclusion
already in 1931 [4], but it was not until after the discovery of the cosmic microwave
background radiation (CMB) in 1964 [5], that the Big Bang model was universally
accepted as the theory for the early universe. In this model, the universe started out in
an extremely hot and dense state. Adiabatic expansion cooled the universe, and allowed
stars and galaxies to form under gravitational collapse.

In 1998 two separate groups studied distant type Ia supernovae and found the first
observational evidence indicating that the universe not only expands, but expands at
an accelerating rate. This is consistent with the existence of a cosmological constant
Λ [6, 7]. The extra constant term was quickly reintroduced into the Einstein field
equations, where it was taken to represent the density of the unknown dark energy that
is pushing distant galaxies apart from each other.

Cold dark matter is an invisible, pressureless and frictionless form of matter that
gives galaxies most of their mass. Dark matter was indirectly postulated in 1933 by
Zwicky – he found from galaxy movements that the Coma cluster had a mass around
500 times larger than expected, compared to the amount of visible light it emitted
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[8]. Recent measurements suggest that the universe in total contains over five times
as much dark matter as normal baryonic matter [9]. The cosmological constant and
cold dark matter are the main ingredients in the standard model for cosmology, called
ΛCDM. The ΛCDM model seems to fit most modern precision observations of large
scale structures and of the cosmic microwave background radiation [10, 11]. However
successful in predicting observations, the model does not explain what the source of the
dark energy Λ is. Attempts to calculate the energy density from the so-called vacuum
energy in particle physics, yields answers of 60 or more orders of magnitude greater
than the measured cosmological value of Λ. A cancellation of that many terms by
whatever process is very improbable and would require an extreme fine-tuning. This is
the cosmological constant problem, which is considered a severe issue in modern physics
[12].

A viable solution to this problem might be that the particle physics vacuum energy
is completely concealed on gravitational scales – for example due to the breaking of
supersymmetry [13] – while other mechanisms than the vacuum energy are responsible
for the measured cosmic expansion. One way to search for such mechanisms is by
slightly modifying the equations for gravity in general relativity in such a way that the
equations give rise to dark energy and expansion on large scales. There are innumerable
models for modified gravity [14], some of which will be presented in this thesis.

An important property for viable modifications to gravity is that the equations
should reduce to standard general relativity on solar system scales. This is needed
because general relativity is experimentally tested in the solar system to extremely high
precision. Consequently, any modifications to gravitational physics must give similar
results within very tight constraints on these scales [15]. Recovery of general relativity
in environments similar to the solar system is achieved through so-called screening
mechanisms. Screening mechanisms usually work by making mathematical terms that
are different from standard general relativity insignificant in high density regions, like
inside a galaxy [16].

In the last decades, N -body simulations have become increasingly popular tools in
cosmology. These are very computationally demanding applications, usually designed
to run on supercomputers for several hours, or even days. The purpose of N -body
codes is to trace the motion of millions of particles as they interact with each other,
mainly through gravity, but any other forces – like friction and radiation pressure –
can in theory be implemented. The simulated particles are not necessarily individual
particles like atoms, quarks or electrons; In cosmological simulations, the mass of each
"particle" is often several millions or billions times the mass of the sun. One example of
a well-known cosmological N -body simulation is the Millennium run, which simulated
the evolution of over 10 billion particles – each with a mass of a little over a billion suns
– in a cube with sides spanning over 2 billion light years [17]. Such simulations generally
retrieve large scale structures like galaxy clusters and filaments similar to the ones we
observe in large scale surveys, like the Sloan Digital Sky Survey [18]. See figure 1.1 for a
visual comparison of the Millennium simulation and the observed galaxy distribution on
scales of some billion light years. Even though these simulations give impressive results
on large scales, some evidence exists that they fail on sub-galaxy scales, for instance
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in the prediction of dwarf galaxies orbiting the Milky Way [19, 20]. A common factor
for some of these simulations is that they only include Λ and cold dark matter, but no
baryons, neutrinos, or alternative dark energy theories. However, as computing power
increases, more and more advanced simulations can be done.

Evidence suggests that one has to investigate and simulate physics beyond ΛCDM to
understand the whole picture. Of course, including interacting baryons and other known
physics might alleviate some of the problems with ΛCDM simulations [21], but the most
daunting question still remains: What is the nature of the two main components of our
universe, namely dark energy or dark matter? We will leave to the particle physicists
to answer what dark matter is, allowing us to focus on investigating theories for dark
energy. This thesis will focus on simply one model of modified gravity that has shown
some promise, namely the disformal model. The disformal model has been studied
extensively in the linear regime with applications to inflation, dark energy, and dark
matter [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38]. Still, this model
has not been studied well on non-linear scales, which means on the scale of galaxy
clusters and smaller. This study aims to begin filling this gap.

This thesis will first introduce the basic astrophysics and numeric computation back-
ground needed to understand the rest of the text. Calculations will be carried out to
find equations that describe the disformal theory of gravity. Using these equations, we
perform N -body simulations by altering the already existing non-static N -body code
Isis [39, 40], which in itself is a modification of Ramses [41, 42], extended to simulate
scalar field theories. The goal of this thesis is to investigate statistical properties of the
simulated matter distribution on galaxy and galaxy cluster scales at redshift zero. In
particular, the matter power spectrum and the halo mass function of particles affected
by disformal gravity will be presented. These will be compared to the ones from stand-
ard ΛCDM simulations. These kinds of simulations have never been carried out for this
model before. The results found in this study can be used to predict observational evid-
ence for disformally coupled fields, and perhaps to inspire further theoretical research
on the disformal screening mechanisms present in this theory.
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Figure 1.1: The distribution of galaxies on large scales.
The left panel is a slice of the observed galaxy distribution in our universe, gathered
from the Sloan Digital Sky Survey [43]. Each dot represents a galaxy, and the slices are
2.5 degrees thick. The earth is at the centre, and a redshift of 0.15 is approximately
a distance of 2 billion light years. The sectors to the left and right are excluded from
the survey because dust in our own galaxy is obstructing much of the view. The right
panel is a slice from the Millennium Simulation, which shows the computed galaxy
distribution on large scales, assuming ΛCDM [44]. The width of the right image is a
little under 2 billion light years, so the scales of the two images are comparable∗. In
both images one can clearly see galactic structures, which are often called the cosmic
web due to the filaments resembling a spider’s web.

∗The concerned reader might notice that the observations have redshift as the distance scale, while
the simulations use actual distances. For small redshifts (z < 1), the linear Hubble law is quite accurate.
This means that there is approximately a one-to-one ratio between the redshift z and the distance in
Mpc for the scales that are relevant here.
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Symbol Explanation Numerical value

G Newton’s gravitational constant 6.673 · 10−11 N·m2kg−1

G�
Newton’s gravitational constant in units of pc/M�
(when c = 1)

4.780 · 10−14 pc/M�

Gµν The Einstein tensor
gµν The metric tensor in the Einstein frame, or in GR
Γλµν Christoffel symbols, see section 1.4
R The Ricci scalar, see section 1.4
Λ The cosmological constant
M� The mass of the sun, a useful mass unit in cosmology 1.989 · 1030 kg

MPl The Planck mass 2.177 · 10−8 kg

ρ The density at some point
ρ0 The average density in the universe
Ψ The Newtonian gravitational potential
φ A real-valued scalar field in scalar-tensor theories
φ0 The vacuum expectation value of a scalar field
χ= φ

φ0
A dimensionless scalar field, normalized to φ0

S The action of a physical system
L The Lagrangian density
a Expansion factor of the universe, a = 1 today
z Redshift, a measure of time/distance, z = 0 today
H = ȧ

a The Hubble parameter at a given time
H0 The Hubble parameter today 67.11 km/s/Mpc [9]

h The dimensionless Hubble parameter today 0.6711 [9]

τ Supercomoving time, useful in simulations
~ reduced Planck constant, used in quantum physics
c Speed of light
cs Speed of waves in a wave equation
P (k) Matter power spectrum
k Wavenumber, inversely proportional to distance

Table 1.1: Symbols used in this thesis, with a short explanation and the numerical value.
Not all values given here are used in calculations, but are included for completeness.
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1.2 Conventions

In this thesis, index notation is used for vectors and tensors, where Greek indices
means any spacetime index 0, 1, 2 or 3, while latin indices means only some spatial
index 1, 2 or 3. Upper indices are contravariant, while lower are covariant. Standard
Einstein summation is assumed, which means that repeated indices – with one up-
per and one lower index – indicates a summation over all possible indices, specifically
xµy

µ ≡
(
x0y

0 + x1y
1 + x2y

2 + x3y
3
)
.

The comma notation for partial derivatives will be used throughout this thesis, where
φ,µ ≡ ∂µφ = ∂φ

∂xµ . Notice that physical vectors are contravariant, while derivatives with
respect to vectors are covariant. A dot over a quantity is always a partial derivative
with respect to cosmic time, φ̇ = ∂φ

∂t = φ,0 (we will sometimes use the comma notation
φ,0 in intermediate calculations, often to emphasize the origin of the time derivative).
A prime denotes a partial derivative with respect to supercomoving time x′ ≡ ∂x

∂τ .
The notation for the covariant derivative is nabla notation (e.g. ∇νφ). A nabla

without indices simply means the three-dimensional gradient, a vector which is in flat
space defined as ∇φ = φ,xx̂+φ,yŷ+φ,zẑ. Here x̂ is a unit vector in the direction of the
x-coordinate, and so on. All three-dimensional vectors in this thesis are denoted with
boldface.

For simplicity, natural units where c = ~ = 1 are used in the thesis, but in the code
the units of c will be reintroduced because Ramses has its own length and time unit
system with c 6= 1. The metric signature (−,+,+,+) is assumed.

Table 1.1 on the preceding page shows a key to most symbols that will be used.

1.3 Statistics in cosmology

When proposing or testing models in cosmology, it is imperative to have some way
to statistically compare results from the model with the observed universe. When
comparing the results, it is important to remember that we only have one observable
universe, which may or may not be statistically close to the theoretical average universe
with the exact same parameters and laws of physics.

The cosmological principle can be stated as follows: “At large enough scales, the
universe is homogeneous and isotropic.”. This principle implies that the universe follows
strict mechanical rules, and that our position in the universe is not statistically different
from any other vantage point. Without accepting the cosmological principle, there is
no convincing way to compare models with observations, since what we observe around
us could in some sense be specially tailored instead of evolved from physical laws.

The mapping of large scale structure in the local universe is done through redshift
surveys, which are both time consuming and might have problems measuring distances
accurately due to the peculiar motion of galaxies. The measurements can however be
corrected quite well. After applying these corrections, one can find the observed power
spectrum of overdensities P (k) and the halo mass function n (> M). Both of these
quantities can also be found theoretically for a given model, hence the power spectrum
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and mass function are good tests for cosmological models [45].
For many cosmological models, estimates for P (k) and n (> M) can be found ana-

lytically through linear perturbation theory. However, these results are only valid for
large scales, and tell little or nothing about the formation of structures. To find P (k)
and n (> M) that are valid for non-linear scales, one must extract them from simulated
data.

1.3.1 The Fourier transform and the wavenumber

Fourier transformation is a method to extract wave information from a function f (x).
The Fourier transform f̃ (k) will contain the prevalence of repeated patterns with fre-
quency k in the original function f (x). The wavenumbers k are inversely proportional
to the corresponding length in real space, k ∝ 1/L. A large k therefore symbolizes high
frequencies and small length scales, while a small k means large scales. It follows that
f̃ (k) is a measure of the strength of waves with wavelength L = 2π/k found in the
function f (x). In cosmology this is useful, for instance if we have the average density
field in real space. By first Fourier transforming the density field, we can read out the
presence of structures at specific length scales given by k. More on this in the next
subsection about the power spectrum.

The definition of the three-dimensional Fourier transform and its inverse is [45]:

f̃ (k) =

∫
e−ik·xf (x) d3x, (1.1)

f (x) =
1

(2π)3

∫
eik·xf̃ (k) d3k. (1.2)

Note that the conventions for where to have the factors of 2π vary, for example some
books use the symmetric definition with 1/ (2π)3/2 in front of both the Fourier and the
inverse Fourier transform. The wavenumber k is the absolute value of the wave vector
k. In cosmology, the units of k are usually h/Mpc.

1.3.2 The power spectrum

After finding the mass density ρ (x), and the mean mass density ρ̄, the overdensity at
some coordinate x is found from the definition δ (x) = (ρ (x)− ρ̄) /ρ̄. The power spec-
trum P (k) is defined from the self correlation of the Fourier transform of the overdensity
[45], specifically 〈

δ̃ (k) δ̃
(
k′
)〉

= (2π)3 P (k) δ3
(
k− k′

)
. (1.3)

The power spectrum is a good measure of how prevalent lumps of size approximately
1/k are in the data set.

Transforming the power spectrum P (k) back into real space with the inverse Fourier
transform gives the two-point correlation function ξ (r). The two-point correlation func-
tion is defined as the increase in probability of finding two overdense lumps (e.g. two
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galaxies) at a distance r apart, over a completely random distribution. In other words
ξ (r) = 0 for all r means that the matter is completely randomly distributed. ξ (r) > 0
for a specific r indicates that, because of some mechanism, the probability is larger for
finding two overdensities separated by a distance r than it would be if the matter was
randomly distributed. Similarly, a negative ξ (r) for some r implies that at a distance
r from an overdensity, there is an increased probability of finding an underdensity.

1.3.3 Cumulative halo mass function

Dark matter tends to gather in gravitationally stable lumps. These dark matter haloes
are the seeds for the formation of galaxies and galaxy clusters.

The cumulative halo mass function

n (> M) , (1.4)

is a measure for how many dark matter haloes, with mass larger than M , that exist per
cubic megaparsec.

Some times the mass function is presented not as the cumulative mass function, but
as the number density of haloes with mass M within a logarithmic interval,

dn (> M)

d lnM
. (1.5)

This definition is not used in this thesis.

1.4 Curvature in general relativity

In general relativity, gravity is considered to be a result of the curvature of spacetime.
To calculate how particles interact through gravity, one must first calculate how space
curves and then find the shortest possible paths – called geodesics – for the particles
in this curved spacetime. In this section, quantities used in general relativity to de-
scribe curved spacetime will be presented briefly. This field of study is called Riemann
geometry [46].

The basic quantity used to describe the geometry of space is the metric tensor gµν .
In a curved spacetime, one needs a Christoffel connection Γλµν , to describe covariant
derivatives, which basically are directional derivatives that are independent of the choice
of coordinates∗. The definition of the covariant derivative is ∇µxν = xν,µ + Γνµλx

λ for
the contravariant xν , and ∇µων = ων,µ − Γλµνωλ for the covariant ων . Note that for
scalar quantities, the covariant derivative is equal to the partial derivative ∇µφ = φ,µ.

∗Recall for example, that to find the gradient in flat three-dimensional space, one simply has
that ∇ = x̂ ∂

∂x
+ ŷ ∂

∂y
+ ẑ ∂

∂z
in cartesian coordinates, while in spherical coordinates one has ∇ =

r̂ ∂
∂r

+ 1
r
φ̂ ∂
∂φ

+ 1
r sinφ

θ̂ ∂
∂θ

. Here the factors 1/r and 1/r sinφ appear because of choice of coordinates,
and can be “hidden” inside the Christoffel symbols to create expressions independent of coordinate
system. To regain the numerical values one has to extract the Christoffel symbols from the specific
metric (coordinate system) that is used, for instance grr = 1, gθθ = r2 sin2 φ, gφφ = r2 for spherical
coordinates and simply gxx = 1, gyy = 1, gzz = 1 for Cartesian coordinates.
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The Christoffel symbols can be found from the definition

Γλµν =
1

2
gσρ (gνρ,µ + gρµ,ν − gµν,ρ) . (1.6)

The Riemann tensor quantifies the curvature, and can be found from the Christoffel
symbols via the formula

Rρσµν = Γρνσ,µ − Γρµσ,ν + ΓρµλΓλνσ − ΓρνλΓλµσ. (1.7)

A contraction of the Riemann tensor gives the Ricci tensor Rµν = Rλµλν , and a
further contraction of this (after raising an index) gives the Ricci scalar, R = gµνRµν .
In general relativity one often sees the Einstein tensorGµν = Rµν−1

2Rgµν , the usefulness
of which will be clear in the next section about Einstein’s field equations.

To find how individual point particles move in the curved spacetime described by
the metric gµν , one uses the geodesic equation (which can be found from the action
principle, but is defined geometrically through the curve along which the tangent vector
is parallel-transported [46]). The geodesic equation in general relativity reads

ẍµ + Γµαβẋ
αẋβ = 0. (1.8)

This equation follows from stating that gravity is not a force in the common sense, but
rather just a result of the curvature of space; particles that are not affected by external
forces, will move in a locally straight line relative to the curved space. The geodesic
equation therefore is the equation of motion for a particle affected only by gravity.

1.5 The action principle and Einstein’s field equations

A very important principle in all branches of physics is the principle of least action [47].
For any system, there exists an action which is the time integral of the Lagrangian.
Mathematically, this action can be written S =

∫
Ldt. In classical mechanics, the

Lagrangian is equal to the difference between the kinetic and the potential energy of a
system L = K − V . If the system contains continuous matter or fields, it can be useful
to write the action as the four-dimensional spacetime integral of a Lagrangian density
L, such that S =

∫
Ldx4 in Minkowski space. The Lagrangian density L will often

simply be referred to as the Lagrangian in this thesis, when there can be no confusion.
The action principle states that, during any spacetime interval, the action should

stay the same, δS = 0. In classical mechanics, consequences of the action principle
include the Euler-Lagrange equation (which can be used to find the equations of motion
for mechanical systems), and conservation of mechanical energy. A modified version of
the action principle is important in quantum mechanics and quantum field theory.

Here follows an example of how to apply the action principle, which doubles as an
introduction to Einstein’s field equations. We will perform a variation of the Einstein-
Hilbert action, and use the action principle to derive Einstein’s field equations in general
relativity. The Einstein-Hilbert action is given by [46]:

SEH =

∫ √
−gR d4x, (1.9)
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where g = det (gµν) is the determinant of the metric gµν , and R is the Ricci scalar.
This action is the integral of the simplest scalar invariant Lagrangian density that can
be constructed from the metric, namely L = R. The factor of

√
−g is a geometric

volume factor (the Jacobian) that is needed when taking the integral over the non-flat
four-dimensional spacetime.

Adding the Einstein-Hilbert action and the matter action together, one finds the
total “action of the universe”:

S =

∫ √
−g
(

R

16πG

)
d4x+

∫ √
−gLM d4x. (1.10)

Here, the constant factor of 1/16πG is included so that the resulting equation reduces
to the usual Newtonean gravity in the nonrelativistic limit (this is common in e.g. [46]).
This action should now be varied with respect to the inverse metric gµν , meaning that
one has to do a linear perturbation gµν → gµν +δgµν , such that S → S+δS. This gives

δS =

∫ [(
1

16πG

)
δ
(√
−gR

)
+ δ

(√
−gLM

)]
d4x. (1.11)

Here the notation δ (x) means a variation of some variable x. Using that δ
√
−g =

−1
2

√
−ggµνδgµν , and the definition of the Ricci scalar (see section 1.4), one eventually

finds that

δS =

∫ √
−g
[(

1

16πG

)(
Rµν −

1

2
Rgµν

)
+
δLM
δgµν

− 1

2
gµνLM

]
δgµν d4x. (1.12)

Now, the action principle states that the action should stay unchanged no matter
how the metric changes, meaning δS = 0 for any δgµν . This can only be achieved
if everything inside the square brackets of equation (1.12) is equal to zero. Which easily
results in the equation

Rµν −
1

2
Rgµν = 8πG

(
−2

δLM
δgµν

+ gµνLM
)
. (1.13)

Here everything inside the parenthesis on the right hand side is defined to be the energy-
momentum tensor Tµν . Using the definition of the Einstein tensor, Gµν ≡ Rµν− 1

2Rgµν ,
we now have the simplest form for Einstein’s field equations, namely the tensor equation

Gµν = 8πGTµν . (1.14)

The field equations∗ tell all there is to know about how all the contents of the universe
– on the right hand side of equation (1.14) – interact with the curvature of space – on

∗The reason for the plural equations, is that the tensor equation (1.14) actually consists of 4× 4 =
16 separate equations, when inserting all possibilities for µ and ν. Not all of these equations are
independent, however.
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the left hand side. This equation can be used to find the evolution of matter, radiation,
and scalar fields in the universe.

There are many scalar invariant terms that are technically allowed to be added to
the Lagrangian in addition to R. For example, simply adding a constant scalar term Λ
such that

S =

∫ √
−g 1

16πG
(R− 2Λ) d4x+

∫ √
−gLM d4x, (1.15)

will give rise to the Einstein field equations with a cosmological constant,

Gµν + Λgµν = 8πGTµν . (1.16)

This tensor equation allows for an exponentially expanding universe, and is the corner-
stone of the standard model of cosmology, ΛCDM. The expressions general relativity
(GR), standard gravity, and ΛCDM all refer to unmodified gravity in this thesis.

1.6 Modified gravity

Modifications to Einstein’s general relativity were considered already a few years after
his theory was first published. This was done by realizing that it is completely possible
to include higher order invariant terms in the action (1.10), for example R2 and so on
[48]. Such higher order theories became more popular in the 1960s. When trying to
quantize the classical theory of gravity, it was found that higher order counterterms
in the action were necessary to make the quantized theory normalizable [49]. These
theories were mostly interesting in high-energy physics.

The first generally popular modification of gravity to be applied on galaxy scales
was modified Newtonian dynamics (MOND). MOND was introduced in 1983 to explain
galaxy rotation curves and hence greatly reduce the amount of dark matter needed in
the calculations [50]. The original idea in MOND is to modify Newtons second law
such that the equation reads FN ∝ a2 for low accelerations, but reduces to FN ∝ a in
the solar system and on earth. This theory is still studied, but has multiple problems,
especially in systems that are not spherically symmetric [51, 52].

Today there exist a multitude of theories for modified gravity [14]. The starting
point of most of these theories is to begin with another form for the Lagrangian than
simply L = R, or L = R + 2Λ. For example one can take some scalar function of R
instead of simply R, such that L = f (R). These kinds of theories are called f (R)-
theories. One example that can lead to early cosmic inflation is f (R) = R + αR2 [53].
There are many other more or less justified terms that can possibly be constructed and
inserted into L, especially if one in addition to the tensor field gµν , also allows for the
existence of a scalar field φ. The general Lagrangian in these scalar-tensor theories
is called the Horndeski Lagrangian [54], but writing down this complete Lagrangian
requires multiple pages, and it is not very relevant for the rest of the thesis. The most
important addition to the Lagrangian for our purposes is that of a canonical scalar field
φ, namely

Lφ = −1

2
φ,µφ,µ − V (φ) . (1.17)
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The first and second term on the right hand side represent the kinetic energy density
of the scalar field and the potential energy density respectively. These terms are known
from classical field theory, and are therefore well motivated. Even more so after the
confirmed existence of the Higgs boson, whose field obeys this very Lagrangian [55, 56].

The idea of a scalar field as the source of dark energy emerges because the potential
energy of the scalar field can under certain conditions emulate a cosmological constant in
the resulting field equations. Just adding the Lagrangian of a scalar field that rolls slowly
down a potential can therefore give an accelerating expansion on large scales. Such
models are called quintessence models [57]. However, quintessence models lack screening
mechanisms and a coupling to matter. They have theoretical results that diverge from
ΛCDM, which one should be able to measure in observations. Such divergences are not
measured to this date.

As stated earlier, all valid theories of modified gravity must contain some screening
mechanism for the theory to recover general relativity on solar-system scales. One large
class of scalar-tensor theories are the ones that are screened in regions of high Newtonian
gravitational potential Ψ – which usually happens in areas inside or close to high density
galaxies and galaxy clusters. In these theories there needs to be a coupling between the
scalar field φ, and the matter. This coupling is introduced through the Jordan frame
metric ḡµν , which in general is some function of the field, the standard Einstein frame
metric gµν , and their derivatives. The Jordan frame metric enters in the matter section
of the action, meaning that it must be used instead of the Einstein frame metric for
calculating the matter Lagrangian, and the Jacobian

√
−g factor. The general action

for all of these density screened theories with a canonical field then reads

S =

∫ [√
−g
(

R

16πG
− 1

2
φ,µφ,µ − V (φ)

)
+
√
−ḡL̄m

]
d4x. (1.18)

Now, L̄m is the Lagrangian density of matter computed using the Jordan frame metric
ḡµν instead of gµν , whenever applicable.

In section 1.5, we varied the Einstein-Hilbert action with respect to the metric to
find how particles should behave in general relativity. Doing the same thing to the
new scalar-tensor action (1.18), would result in a modified version of Einstein’s field
equations. One can now also vary the action with respect to the scalar field φ, which
yields the equation of motion for the field value. Assuming Minkowski space, this
equation of motion in the simplest case is a second order differential equation on the
form

φ̈ = ∇2φ− Veff,φ, (1.19)

where Veff is the effective potential felt by the scalar field, and is usually a function of
φ and the matter density ρ [16]. This equation of motion is comparable to the Klein-
Gordon equation in quantum field theory, which describes how the quantum field of a
spin zero particle (e.g. the Higgs field) evolves.

To find out how point particles∗ move in the modified theory, we assume that the
particles follow straight lines in the Jordan frame, thus we must calculate the geodesics

∗In cosmology point particles often means galaxies.



1.6 Modified gravity 13

using the Jordan frame Christoffel symbols Γ̄µαβ found from the Jordan frame metric
ḡµν . The geodesic equation – at least in the models shown here – now takes a similar
form to that in general relativity [58],

ẍµ + Γ̄µαβẋ
αẋβ = 0. (1.20)

However, the Jordan frame Christoffel symbols are usually more difficult to calculate
than the Einstein frame Christoffel symbols from general relativity. The acceleration of
particles in the Jordan frame can be decomposed into the few terms originating from
general relativity – which will always be present – and all the extra terms, arising from
the modification to gravity. These extra terms in the acceleration of particles are called
fifth forces, and are present in many alternative theories of gravity. The fifth forces
should vanish in screened areas.

Two specific matter coupled scalar-tensor theories will be presented in the following
subsections. First, the relatively simple and well-studied symmetron model with just a
conformal coupling. Secondly, the disformally coupled model will be introduced.

1.6.1 The conformally coupled symmetron model

In conformally coupled theories, a scalar field φ interacts with matter and changes the
Jordan frame metric ḡ that matter recognizes. The relation between the Jordan frame
metric and the Einstein frame metric is given by

ḡµν = A (φ) · gµν , (1.21)

where A (φ) is some function of the value of the scalar field, and is called the conformal
coupling term.

The symmetron model is a specific conformally coupled theory which has been well
studied, both in the background linear regime [59, 60], and in the non-linear regime
through simulations [61, 62, 40, 63, 39]. The modified Einstein-Hilbert action for the
symmetron model is given by equation (1.18). The Jordan frame metric ḡ is related to
the Einstein frame metric gµν according to

ḡµν = [Asym (φ)]2 · gµν , (1.22)

where the conformal coupling term Asym is responsible for how the field interacts with
the matter/energy content of the universe∗. Note that if Asym = 1, the Jordan and
Einstein frame metrics are identical, and the field will not couple to matter. The
symmetron screening mechanism – which will be explained soon – is designed to make
Asym → 1 in high density areas. Particles in screened locations will behave like in
general relativity.

∗The definition of the conformal term in the Symmetron theory, where A (φ) → [Asym (φ)]2, is
purely practical.
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In the symmetron model, one specifies the symmetron potential and the conformal
coupling as

V (φ) = −1

2
µ2φ2 +

1

4
λφ4 + V0, (1.23)

Asym (φ) = 1 +
1

2M2
φ2, (1.24)

where µ, λ, V0, and M are free parameters of the model. It should be noted that the
mass-scaleM is always large compared to the scalar field value φ, so one often takes the

approximation A2
sym = 1 +

(
φ
M

)2
, ignoring terms to forth order of

(
φ
M

)
. This specific

choice of Asym and V , after applying the action principle dS = 0 to equation (1.18),
leads to an equation of motion for the scalar field where the field behaves as if it rolls
on an effective potential of the form

Veff (φ, ρ) =
1

2

( ρ

M2
− µ2

)
φ2 +

1

4
λφ4. (1.25)

Figure 1.2 shows the effective symmetron potential for two different densities, spe-
cifically ρ = 0 (vacuum, comparable to the void between galaxy clusters) and ρ = 4µ2M2

(a high density, comparable to the inside of a galaxy cluster). In high densities, the
effective potential is parabola-like and has a single minimum at φ = 0, V = 0. In low
densities, the effective potential achieves the characteristic “Mexican hat” form with
two minima that lie at a lower potential than V = 0. The specific density at which
the potential switches from one to two minima is ρSSB = M2µ2, where SSB is short for
spontaneous symmetry breaking.

The early universe is dense, such that ρ � ρSSB, and the scalar field starts out at
rest close to φ = 0. As long as the field sits in the bottom of the high density potential,
there is no coupling to matter, because when φ → 0, one finds that A2

sym → 1, and
therefore ḡµν → gµν . This means that the theory is completely screened in the early
universe. However, as the universe evolves and expands, the areas of lowest density
– often called voids – will experience spontaneous symmetry breaking when ρ < ρSSB.
The name symmetry breaking comes from the fact that the φ→ −φ symmetry is broken
when there no longer is an oscillation around φ = 0, but rather around either φ = +φ0

or φ = −φ0. The quantity φ0 ≡ µ/
√
λ is called the vacuum expectation value of the

field, and is the minimum of the effective potential, when we assume complete vacuum,
specifically ρ = 0. In the voids where the symmetry is broken, the screening is no longer
efficient and fifth forces will appear [64]. In galaxy clusters, the overdensities grow fast
enough that the density has never dropped below ρSSB, and the model is still screened.

Whether the field falls to +φ0 or −φ0 after the symmetry breaking is a complex
matter, and small differences in parameters or initial conditions could change the res-
ulting sign of the scalar field. In the symmetron model, the physics are the same for a
field that has fallen to a negative value and a field that has fallen to a positive value,
but interesting features and physics appear in the domain walls between areas that have
opposite signs of the scalar field [65, 66].
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The geodesic equation in the symmetron model is given by [61]:

ẍµ + Γµαβẋ
αẋβ = −∂logAsym (φ)

∂φ

(
∇µφ+ φ̇ẋµ

)
, (1.26)

which for Asym = 1 reduces to general relativity, as expected. This means that for a
stationary particle (i.e. all ẋµ = 0), one expects a fifth force proportional to both the
value and the gradient of the scalar field. Specifically

F5 ∝ (logAsym),φ∇φ ∝∼ φ∇φ, (1.27)

where in the last approximation, it was assumed that 1/A ≈ 1∗. The relation (1.27)
confirms that the fifth force should be screened in areas where φ → 0, but also shows
that there should be little of the fifth force when the gradient of the field is low (e.g. in
large areas of relatively uniform matter density, far from massive haloes).
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Figure 1.2: The figure shows the effective potential of the symmetron field in areas of
low density (black line) and in areas of high density (red, dashed line).

∗This approximation is valid when we have decided on a value of the parameter M such that
M � φ.
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1.6.2 Disformally coupled models

In disformally coupled theories of gravity, the action is again given by equation (1.18).
However, the expression for the Jordan frame metric ḡ has an extra disformal term,
which links the time and space derivatives of the field to matter,

ḡµν = A (φ) gµν +B (φ)φ,µφ,ν . (1.28)

On the most general form, the conformal term A (φ), the disformal term B (φ), and
the potential V (φ) are free functions. They are in some papers taken to be either
constant or exponential functions of φ, which simplifies some analytic calculations [36].
In this thesis the symmetron form for the potential V and the conformal term A will
be used, in addition to a simple exponential for the disformal term B (as will be seen
in section 2.1). Now the variation of the action with respect to φ becomes much more
complicated than in the symmetron case, because of cross terms from the two terms
in the Jordan frame metric (1.28). The details on the calculation of the equation of
motion will be given in section 2.3.

Matter particles will move in geodesics determined by the Jordan frame metric.
Generally, the modified geodesic equation reads

ẍµ + Γ̄µαβẋ
αẋβ = 0, (1.29)

where Γ̄µαβ are the Christoffel symbols for matter found from the relation [58]

Γ̄µαβ = Γµαβ +
1

2
ḡµν [∇αḡβν +∇β ḡαν −∇ν ḡαβ] . (1.30)

The detailed calculation of particle movements for the disformal model will be carried
out in section 2.5.

In the case of a constant disformal coupling, B = const, and no conformal coupling,
A = 1, the disformal fifth force is expected to be proportional to the second derivative
of the field with respect to time, as well as the gradient of the field [25]. Specifically

F5 ∝ φ̈∇φ. (1.31)

From this, one would expect that oscillations of the field in areas with some field gradi-
ent will give rise to fifth forces. To screen these forces, the field needs to be at rest,
or oscillate uniformly over large areas. In the general case where there is some con-
formal coupling, one can expect more terms in the fifth force. This possibility will be
investigated further in this thesis.

1.7 N-body simulations

A computer simulation is a program that is made to behave like some physical system,
so that one can study the result of the program instead of the actual physical system it
imitates. In cosmology this is especially helpful, because doing a real-world experiment
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on how stars and galaxies evolve would be unpractical, or indeed impossible. We only
have access to one visible universe, so without simulations we would have no way to
examine how the universe would behave if we rewinded it and allowed it to evolve with
slightly different parameters or initial conditions.

With simulations, complex nonlinear systems of many particles – that are com-
pletely uncomputable by pen-and-paper methods – can be studied. For example, even
finding the exact motion of three particles interacting through gravity is not possible
analytically, but a good approximate solution can be found quite easily with a simple
simulation. Any number N of particles can be simulated using such methods, hence the
name N -body simulation.

When doing numerical simulations it is important to normalize the variables one
uses, such that the values do not exceed unity by far. This is because numerical errors
are more likely to occur when performing floating-point operations on two numbers of
different orders of magnitude.

1.7.1 Newtons second law, algorithm

As a simplified example, it will be shown how to numerically compute the motion of
particles affected by gravity, using Newton’s gravity and Newton’s second law [67]. New-
ton’s second law states that the acceleration a = ẍ of a massive object i is proportional
to the vector sum of all forces Fi,j acting on the object from all other objects j 6= i,
and inversely proportional to the mass mi of the object. Specifically

ai =
∑
j 6=i

Fi,j
mi

. (1.32)

Assuming that the objects are point masses, and that Newtonian gravity is the only
force acting between them, the magnitude of the gravitational force on a single object
from another is given by Newton’s law of universal gravitation,

|Fi,j| = G
mimj

r2
. (1.33)

G is Newton’s gravitational constant, and r is the distance between object i and j. The
direction of the force is along the line connecting the two objects. The inertial mass of
an object is incidentally equal to the gravitational mass of the object. From this follows
that, when finding the total acceleration due to gravity, the mass of the object studied
can be cancelled.

|ai| =
∑
j 6=i

G

��mi

��mimj

r2
. (1.34)

To implement this equation into a code and track the positions and velocities of the
particles, one has to make a system of first order differential equations; One equation
for the position, and one for the velocity og each particle. The equations in this case
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are:

ẋi = vi, (1.35)

v̇i = ai = G
∑
j 6=i

mj

|xj − xi|3
(xj − xi) .

These equations must be discretized in time to be solved by a computer. The simplest
way to do this is with the forward Euler integration, simply by letting the infinitesimals
become finite, dt→ ∆t. We now find that the change in position, ∆xi, at a given time
t is given by vi (t) ·∆t. Similarly, the change in velocity during the same time interval,
is given by ∆vi = ai (t) ·∆t. Taking one time step forward, one gets the forward Euler
algorithm for integration:

xi (t+ ∆t) = xi (t) + vi (t) ·∆t, (1.36)
vi (t+ ∆t) = vi (t) + ai (t) ·∆t.

In a three-dimensional implementation, the calculation will probably be split up into
a separate set of equations for each of the three spatial components of x and v. The
calculation must be done for each particle i, summing over the forces from each other
particle j 6= i. This iteration is then repeated for each new time step of size ∆t, from a
pre-decided initial state, at t = t0, until some time t = tend.

In theory, one can include as many particles as desired in this method, classifying it
as an N -body simulation. However, this simple, brute-force algorithm quickly becomes
computationally demanding when increasing the number of particles. When using for-
ward Euler, the time step ∆t must be chosen sufficiently small for the particles to not
jump too far in each step. This is because in practice, the particles follow straight lines
between each discrete calculation. If, for instance, two particles are supposed to orbit
each other in stable, elliptical orbits, a too large time step will actually result in the
particles spiralling outwards in the simulation. Consequently, forward Euler does not
conserve mechanical energy.

Ways to improve the implementation is to use smarter schemes for the time in-
tegration – for example the leapfrog scheme, which conserves energy – and to collect
particles in groups. Using these groups when calculating the gravity force on a distant
particle, instead of summing over each particle individually, will drastically reduce the
time needed for the computations.

1.7.2 The leapfrog scheme

The leapfrog method is a second order method for solving coupled differential equations,
unlike forward Euler, which is only a first order method∗. Nevertheless, the leapfrog
algorithm uses the same amount of calculations per time step, and has the added benefit
of conserving energy in a mechanical system.

∗A second order method has an absolute error ε that goes as ε ∝ (∆t)2, whereas a first order
method has an error that goes as ε ∝ ∆t. Forward Euler requires a power of two the amount of time
steps in the same interval, to reach the same accuracy as the leapfrog scheme.
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The scheme is some times called velocity Verlet, these schemes essentially consist of
the same calculations. The principle is that the velocity is evaluated at each integer-
and-a-half time step, while the acceleration and position are evaluated at each integer
time step. Thus the velocity and the position evaluations will “leapfrog” over each other.
One time step of the leapfrog method (for one particle with position x, velocity v = ẋ
and acceleration a = ẍ) can be written as

v

(
t+

1

2
∆t

)
= v (t) + a (t) · 1

2
∆t

x (t+ ∆t) = x (t) + v

(
t+

1

2
∆t

)
·∆t (1.37)

v (t+ ∆t) = v

(
t+

1

2
∆t

)
+ a (t+ ∆t) ·∆t.

Here, the acceleration at time t+ ∆t that is evaluated at the end of a time step is saved
and re-used at the start of the next time step (where t→ t+ ∆t). In this way there is
only one evaluation of the acceleration in each time step [68].

1.7.3 Cosmological simulations

There are many cosmological N -body codes that apply different methods to efficiently
simulate the evolution of point particles in the universe. Examples of cosmological
N -body codes are the particle mesh code Ramses [41] and the hierarchical tree code
Gadget-2 [69]. This subsection will be focused on particle mesh codes, on which Isis
is based.

The code has an initial, coarse particle mesh grid, on which particles are distributed
from some given initial conditions. The initial random distribution of the particles must
fulfil certain criteria, often constrained by observations of the cosmic microwave back-
ground. The initial distribution is usually computed in an external program through
linear perturbation theory.

A common feature in particle mesh N -body codes is adaptive mesh refinement
(AMR). First, the best approximation of the gravitational potential Ψ at the centre
of each cell is calculated from the densities of particles in the other cells of the grid.
The acceleration of a single particle is then found from the gradient of this estimated
gravitational potential. In this way, the code saves a lot of computing power by treating
all other particles as a density field instead of as point particles. As time passes, the
particles start to gather in lumps due to gravity. When many particles are clustered in
a few cells, the value of the estimated Ψ at the centre of each of these cells becomes
unprecise. Furthermore, the large gravitational acceleration close to a dense lump of
particles gives rise to numerical errors when the time step is too large. Both these
problems are solved by refining the mesh structure – for grid cells where the particle
density is high, the three-dimensional cell is divided into eight cells with half the width
and half the time step of their parent cell. Such refinements can, if needed, be applied
to already refined cells to further increase both the temporal and spatial resolution in
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important areas. This recursive subdivision into octants results in a so-called octree
grid structure.

The gravitational potential Ψ is found from the density field using the Poisson
equation,

∇2Ψ = 4πGρ. (1.38)

This equation can be solved numerically by doing a given amount of Gauss-Seidel it-
erations. In Gauss-Seidel iteration number n + 1, the potential Ψn+1

i at each cell i is
estimated from the density in the current cell ρi, and the potential of the surrounding
cells at the previous iteration n. The simplified formula for such an iteration reads

Ψn+1
i =

1

6

 ∑
six adjacent

Ψn
j

−Aρi, (1.39)

where A is some constant including 4πG and the width of the grid cell. This method
converges very slowly, but the equation (1.38) is in Ramses solved quite efficiently
on a level-by-level basis with a multigrid scheme [42]. This scheme uses Gauss-Seidel
iterations on each grid, but with added corrections from the coarser grids.

The absolute size of the simulation box is limited. The length of each of the edges
of the box is often 64, 128, or 256 Mpc/h∗. To ensure that the simulation behaves as if
there was infinite space, and not just a box of particles with nothing outside, one usually
applies periodic boundary conditions. In this way, particles on the far left side of the
simulation are gravitationally affected by particles on the far right side, and particles
that disappear out of the box will warp over and reappear on the other side. In short,
the simulation behaves as if the simulation box was copied and placed on each side of
the original box.

1.7.4 Scalar fields in simulations

When simulating conformally coupled scalar fields, it is normal practice to assume the
field is quasistatic, which means one takes φ̈ = φ̇ = 0. This is usually justified by the
fact that the fifth force is F5

∝∼ φ∇φ, and therefore the motion of the particles is not
affected by temporal oscillations of the field. The resulting equation of motion for the
scalar field, when removing all time derivatives, is a Poisson equation on the form

∇2φ = Veff,φ (ρ, φ) . (1.40)

This equation can be solved numerically by setting up a grid of scalar field values, and
doing a sufficient amount of Gauss-Seidel iterations, or multigrid iterations for each
time step of the particles [70]. The result is a field value at each grid point depending
on the mass density in that grid cell. The field achieves the value it would have had if
it did not oscillate, specifically φ = ±φ0 in vacuum far from galaxy clusters, and φ = 0

∗The variable h is used as a normalization during calculations, so that the results are valid even if
the actual value of h turns out to be slightly different.
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in high density areas. This approach for simulating scalar fields is used in for example
[61] and [40].

To include the oscillating nature of the scalar field, one sets up a time-stepping
scheme similar to the one used for solving the equation of motion for particles. One can
then discretize the full equation of motion for the scalar field. Defining a new variable
q = φ̇, and applying the leapfrog scheme, one obtains these difference equations, that
can be solved step by step numerically:

q

(
t+

1

2
∆t

)
= q (t) + φ̈ (t) · 1

2
∆t,

φ (t+ ∆t) = φ (t) + q

(
t+

1

2
∆t

)
·∆t, (1.41)

q (t+ ∆t) = q

(
t+

1

2
∆t

)
+ φ̈ (t+ ∆t) ·∆t.

The acceleration of the field is calculated by isolating φ̈ in the specific equation of motion
for the field that is simulated.

This non-static approach is used by Llinares et al. in the paper [39], where they
describe the method outlined above in detail, including how to choose initial conditions
for the field values. A point worth mentioning is that the symmetron field is expected
to oscillate faster than the average motion of dark matter particles. This is allowed in
the code by letting the field evolve with multiple smaller time steps for each coarse time
step of the particles. A problem with current non-static codes is that they don’t allow
for adaptive mesh refinement of the N -body grid.

The resulting non-static Isis code from the paper [39] is used to implement the
disformal equations presented in this thesis.
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Chapter 2

The disformal equations

After specifying the disformally coupled model, we will in this chapter calculate both
the field equation of motion – describing how the field will evolve when coupling to
matter – and the geodesic equation – describing how dark matter particles will move in
this model. Before implementing these equations, we normalize the field and introduce
supercomoving variables to make the implementation easier. For more specific details
on the implementation, see Appendix D.

2.1 Specifying the disformally coupled model

The action in disformal gravity is in general given by

S =

∫ [√
−g
(

R

16πG
− 1

2
φ,µφ,µ − V (φ)

)
+
√
−ḡL̄m

]
d4x, (2.1)

with
ḡµν = A (φ) gµν +B (φ)φ,µφ,ν . (2.2)

The field potential V (φ) can have many different forms, but we choose the symmet-
ron “Mexican hat” potential given by

V (φ) = −1

2
µ2φ2 +

1

4
λφ4 + V0, (2.3)

with the three free parameters µ, λ, and V0. The specific forms of the conformal term
A (φ) and the disformal term B (φ) studied in this thesis are as follows:

A (φ) = 1 +

(
φ

M

)2

, (2.4)

B (φ) = B0 exp

(
β
φ

φ0

)
. (2.5)

B0 and β are free parameters for the disformal coupling. φ0 is a normalization constant
chosen to be the vacuum expectation value of the field φ0 ≡ µ√

λ
. The symmetron mass

scaleM is a free parameter, deciding the interaction strength of the conformal coupling.



24 The disformal equations

This specific choice of A, B, and V essentially gives a symmetron model with an
additional non-symmetric disformal term described by the exponential B (φ), meaning
that the model should reduce to the already well studied symmetron model when setting
B0 = 0. Hopefully the conformally coupled symmetron part of the equations will be
dominating, and turning up the disformal part step by step will show how these parts
interact.

Both the existence of a conformal term A and a disformal term B can lead to
screening effects, see [64] and [25] respectively.

2.2 Assumptions

The main assumptions that will be used in this thesis are:

1. φ is a canonical massless field with Lagrangian density Lφ = −1
2∂

µφ∂µφ− V (φ).

2. All matter is nonrelativistic shearless and pressureless matter, namely cold dark
matter. This means that the energy-momentum tensor simply is given by
Tµνm = diag (ρ, 0, 0, 0) . Most observations indicate that dark matter is cold, and
that it has multiple times more mass than baryonic matter. This should not be a
too bad assumption for a first study.

3. We are working on large scales, and with nonrelativistic, shearless, and pressureless
matter. The metric can therefore be set to the linearly perturbed flat FLRW
metric, also called the conformal Newtonian gauge [71]. The line element is given
by ds2 = − (1 + 2Ψ) dt2 + a2 (t) (1− 2Ψ)

(
dx2 + dy2 + dz2

)
. Note that the time

and space perturbations are assumed equal, and in the nonrelativistic limit the
perturbation Ψ is equal to the Newtonian gravitational potential.

4. The Newtonian gravitational potential is negligible on the scales we are interested
in, |Ψ| � 1. This means the approximation (1 +O (Ψ)) = 1 is safe in the last
step of derivations∗.

5. Assuming matter moves slowly, it follows from assumption 4 that the gravitational
field varies very slowly in time, namely

∣∣∣Ψ̇∣∣∣ ≈ 0. This is called the quasistatic
approximation.

Notice that we do not assume the quasistatic approximation for the scalar field φ. This
is because the symmetron field oscillates in a potential, and the non-static terms might

∗This is true as long as the main volume of the scalar field is not too close to a neutron star or a
black hole, where the zeroth order assumption that 1+O (Ψ) = 1 – and even the first order perturbation
of the metric – will break down. As an example, let us look at the supermassive black hole at the centre
of the Milky Way, with Mbh = 4.1 · 106M� [72]. The dimensionless Newtonian potential is given by
Ψ = −G�M/r, meaning that in the extreme case – to have (1 + Ψ) = 1 within 1 % accuracy – one
needs a distance of at least r > G�M/0.01 ≈ 2 · 10−5 pc, which is just over 4 astronomical units.
Anything smaller than solar system scale is completely irrelevant for cosmological purposes, but might
of course be important to consider when doing solar system tests of modified gravity. This assumption
will in addition be checked numerically in section 4.5.
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contribute even in the symmetron case [39]. Moreover, the time derivatives of the field
are especially important in disformal theory, where the fifth force is expected to be
proportional to the double time derivative of φ (see equation 1.31).

2.3 The equation of motion for the scalar field

The resulting equation of motion for the field after varying the action (2.1) with respect
to φ is in general given by

Mµν∇µ∇νφ+
A

A− 2BX
QµνTµν + V = 0, (2.6)

where

Mµν = Lφ,Xgµν + Lφ,XXφ,µφ,ν −
B

A− 2BX
Tµνm , (2.7)

Qµν =
A,φ
2A

gµν +

(
A,φB

A2
−
B,φ
2A

)
φ,µφ,ν , (2.8)

X ≡ −1

2
(∇µφ) (∇µφ) = −1

2
gµνφ,µφ,ν , (2.9)

V = Lφ,φ + 2XLφ,Xφ. (2.10)

This formula is taken from the paper [25], and will be the starting point for finding a
more tangible equation of motion for the specific model given here.

The assumed canonical field with Lφ = X − V (φ) , means that Lφ,X = 1, Lφ,XX =
Lφ,Xφ = 0. This simplifies the following symbols:

Mµν = gµν − B

A− 2BX
Tµνm (2.11)

V = −V,φ. (2.12)

The insertion and calculation of the specific equation of motion is done in appendix B.
The resulting equation of motion for φ is given by

(
−1 + 2Ψ− B

A− 2BX
ρ

)
φ̈+

1

a2
(1 + 2Ψ)

∑
i=1,2,3

φ,ii +
B

A− 2BX

ρ

a2

∑
i=1,2,3

Ψ,iφ,i

−3H (1− 2Ψ) φ̇+
A

A− 2BX

(
− (1 + 2Ψ)

A,φ
2A

+

(
A,φB

A2
−
B,φ
2A

)
φ̇2

)
ρ− V,φ = 0.

(2.13)

One can now further simplify the expression in equation (2.13) by assuming that
(1 + Ψ) = 1. This should drastically reduce the amount of computational operations
needed in the code while still keeping enough accuracy for the purpose of this thesis. It
will be useful to introduce the shorthand notation

γ2 =
B

A− 2BX
. (2.14)
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Now the equation of motion for any A, B, and V in the conformal Newtonian gauge is
given by

(
1 + γ2ρ

)
φ̈+ 3Hφ̇− 1

a2
∇2φ = (2.15)

γ2ρ

A,φ (φ)

A (φ)
φ̇2 −

B,φ (φ)

2B (φ)
φ̇2 −

A,φ (φ)

2B (φ)
+

1

a2

∑
i=1,2,3

Ψ,iφ,i

− V,φ (φ) .

2.3.1 Inserting A, B, and V

We can already now insert the expressions for A, B, and V that will be used, namely

A (φ) = 1 +

(
φ

M

)2

, (2.16)

A,φ (φ) = 2
φ

M2
, (2.17)

B (φ) = B0 exp

(
β
φ

φ0

)
, (2.18)

B,φ (φ) =
β

φ0
B (φ) , (2.19)

V (φ) = −1

2
µ2φ2 +

1

4
λφ4 + V0, (2.20)

V,φ (φ) = −µ2φ+ λφ3. (2.21)

This means that the specific equation of motion is(
1 + γ2ρ

)
φ̈+ 3Hφ̇− 1

a2
∇2φ = γ2ρ

(
2φ

M2 + φ2
− β

2φ0

)
φ̇2 (2.22)

− ρφ

M2

 γ2

B0 exp
(
β φ
φ0

)
+ µ2φ− λφ3,

where, fully written out, γ2 is given by

γ2 =
B0 exp

(
β φ
φ0

)
1 +

(
φ
M

)2
+B0 exp

(
β φ
φ0

)
gµνφ,µφ,ν

. (2.23)

The term 1
a2

∑
i=1,2,3 Ψ,iφ,i from equation (2.15) is omitted for now, because this gradi-

ent is difficult to interpret analytically. The term will be kept when doing the numerical
analysis later.

On this form, the equation of motion (2.22) is not very useful; it simply has too
many terms to understand intuitively, and it is not optimized for insertion into the
N -body code. However, one can make some predictions about the behaviour of the
disformal field in three special cases.
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2.3.2 Analytical considerations in three special cases

The symmetron limit

The symmetron limit is equivalent to taking β = B0 = 0. In the term with γ2/B0 one
must first cancel B0 in the numerator and denominator, then insert B0 = 0 everywhere
else. This results in the symmetron equation of motion

φ̈+ 3Hφ̇− 1

a2
∇2φ = − ρφ

M2

 1

1 +
(
φ
M

)2

+ µ2φ− λφ3. (2.24)

When assuming 1+(φ/M)2 = 1∗, the equation above reduces to exactly the equation of
motion that is used in the paper [39], where the symmetron model is simulated without
assuming the quasistatic approximation φ̈ = φ̇ = 0.

The low density limit

There are two predictions that can be made about the behaviour of the scalar field in
the disformal case, with B0 6= 0. First and simplest is the low density limit, which is
equivalent to setting ρ = 0 in equation (2.22). In this case the equation becomes exactly
the vacuum symmetron equation of motion

φ̈+ 3Hφ̇− 1

a2
∇2φ = µ2φ− λφ3. (2.25)

From this one can expect that in the void far from dense galaxy cluster, the disformal
field will behave like the symmetron field. The differences between these models should
be more important on small scales.

A simple way to find the vacuum expectation value φ0, is to see where the field has
no acceleration when assuming no velocity and no gradient. φ̈ = φ̇ = ∇2φ = 0 gives
the following equation for the stationary points φSP of the effective potential:

µ2φSP − λφ3
SP = 0. (2.26)

One solution is φSP = 0, but this solution is unstable since the potential has a local
maximum there. The other two solutions are the stable minima of the potential, given
by φSP = ±µ/

√
λ. This is the reason for defining the “vacuum expectation value” of

the field φ0 ≡ µ/
√
λ.

The high density limit

The last special case is the high density limit, where one can assume that ρ→∞, and
therefore ignore all terms without ρ in equation (2.22). After dividing by γ2ρ on both
sides one finds

φ̈ =

(
2φ

M2 + φ2
− β

2φ0

)
φ̇2 − φ

B0 exp
(
β φ
φ0

)
M2

(2.27)

∗This is actually a good approximation in the symmetron case, see section 4.5.
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In this case, assuming φ̇ is small enough that one safely can take φ̇2 ≈ 0, one finds a
stable attractor at φ = 0. Unlike in the symmetron case, however, this attractor will
not behave exactly like a symmetric harmonic oscillator. The terms with β makes the
effective potential asymmetric.

Consider the exponential factor in the denominator of the last term of equation
(2.27). For positive φ, the exponential will be larger than one, and the acceleration
term φ̈ will become smaller than if φ was negative. This means that at a negative
displacement φ = −ε, there will be a stronger acceleration towards φ = 0 than at a
positive displacement of the same magnitude φ = +ε. This effect gives a net positive
acceleration for the disformal field in high density areas. However, the term −βφ̇2/ (2φ0)
gives a net negative acceleration when the time derivative of the field is not negligible.
Telling which of these effects – if any – that will dominate, is difficult at this point.

2.4 The equation of motion, arranged for the computer

2.4.1 Dimensionless definition of the field

For computational convenience, the field is normalized to the vacuum expectation value
of the field,

φ0 ≡
µ√
λ
. (2.28)

The new dimensionless field χ = φ/φ0 should keep in the range O (±1), at least for a
symmetron-dominated case when B0 is small. We introduce the parameter aSSB, de-
fining the expansion factor at spontaneous symmetry breaking, assuming a conformally
coupled field and a uniform matter distribution [39]. Furthermore, we define the density
of spontaneous symmetry breaking

ρSSB ≡M2µ2 =
ρ0(z=0)

a3
SSB

, (2.29)

a dimensionless symmetron coupling constant

θ ≡ φ0MPl

M2
, (2.30)

the symmetron range

λ0 ≡
1√
2µ
, (2.31)

and finally, the dimensionless disformal coupling constant

b0 = B0H
2
0M

2
Pl. (2.32)

MPl = 1/
√

8πG is the Planck mass in natural units. The average matter density ρ0 at
redshift zero for a flat universe, found from the Friedmann equations [73], is

ρ0(z=0) = Ω0ρc = 3Ω0H
2
0M

2
Pl. (2.33)
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These definitions will yield practical parameters, where θ and aSSB are dimensionless
and have values around 1; and λ0 has units of length, usually around 1 Mpc [40]. All
relevant parameters will be summarized and explained in subsection 3.1.

Realizing that V,φ (φ) =
(
∂χ
∂φ

)
V,χ (χ) = 1

φ0
V,χ (χ), then inserting φ = χφ0 and

dividing by φ0 in the equation of motion (2.15), gives the general disformal equation of
motion for the dimensionless field χ,

(
1 + γ2ρ

)
χ̈+ 3Hχ̇− 1

a2
∇2χ = γ2ρ

(
A,χ (χ)

A (χ)
χ̇2 − B,χ (χ)

2B (χ)
χ̇2 − A,χ (χ)

2φ2
0B (χ)

)
− V,χ (χ)

φ2
0

.

(2.34)

Using the dimensionless system introduced here, some useful relations can be found
from simple algebra, namely

M2 =
ρ0(z=0)

µ2a3
SSB

, (2.35)

M2 =
6Ω0H

2
0M

2
Plλ

2
0

a3
SSB

, (2.36)

λ =
µ2

φ2
0

, (2.37)

φ0 = θ
M2

MPl
=

6θΩ0H
2
0MPlλ

2
0

a3
SSB

. (2.38)

It already seems convenient to use a constant

ζ ≡ 3Ω0H
2
0λ

2
0

a3
SSB

, (2.39)

to shorten equations. Notice specifically that this means

M2 = 2M2
Plζ. (2.40)

With these new definitions for the dimensionless field χ, one gets the following
expressions for A, B, V , and their derivatives :

A (χ) = 1 + 2θ2ζχ2, (2.41)

A,χ (χ) = 4θ2ζχ, (2.42)

B (χ) =
b0

H2
0M

2
Pl

exp (βχ) , (2.43)

B,χ (χ) = βB (χ) , (2.44)

V (χ) = −1

2
µ2φ2

0χ
2 +

1

4
λφ4

0χ
4 + V0, (2.45)

V,χ (χ) = − φ2
0

2λ2
0

χ+
φ2

0

2λ2
0

χ3. (2.46)
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Notice how because of the definition of µ and λ, one has in the expression for V that

λφ4
0 = µ2φ2

0 =
φ2

0

2λ2
0

. (2.47)

The equation of motion for the dimensionless field, equation (2.34), with these ex-
pressions inserted, now becomes

(
1 + γ2ρ

)
χ̈+ 3Hχ̇− 1

a2
∇2χ =

γ2ρ

 4θ2ζ

A (φ)
χχ̇2 − β

2
χ̇2 − 1

2ζB (φ)M2
Pl

χ+
1

a2

∑
i=1,2,3

Ψ,iχ,i

+
(
χ− χ3

) 1

2λ2
0

. (2.48)

2.4.2 Supercomoving time

What remains before we can insert equation (2.48) into Isis/Ramses is a switch to
supercomoving time – the time variable used by Ramses, defined by [74] – and to
split this second order differential equation of motion into a set of two coupled first
order differential equations. Supercomoving time τ is related to the cosmic time t by
dτ = 1

a2 dt. All primes in this thesis denote derivatives with respect to supercomoving
time ′ ≡ ∂x

∂τ . The transformation of time derivatives is done through the relations

d

dt
=

1

a2

d

dτ
, (2.49)

d2

dt2
=

1

a4

(
d2

dτ2
− 2H̃

d

dτ

)
. (2.50)

Supercomoving variables (marked with tilde) are defined by

H̃ ≡ a′

a
= a2H, (2.51)

Ψ̃ ≡ a2Ψ. (2.52)

Just substituting these relations into the equation (2.48) gives

(
1 + γ2ρ

) 1

a4

(
d2

dτ2
χ− 2H̃

d

dτ
χ

)
+ 3H

1

a2

d

dτ
χ− 1

a2
∇2χ =

γ2ρ

[4θ2ζ

A
χ− β

2

](
1

a2

d

dτ
χ

)2

− 1

2ζBM2
Pl

χ+
1

a4

∑
i=1,2,3

Ψ̃,iχ,i

+
(
χ− χ3

) 1

2λ2
0

.

(2.53)
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Multiplying this by a4 and isolating χ′′ on the left hand side gives

χ′′ =
1

1 + γ2ρ
×

− 3H̃χ′ +
(
1 + γ2ρ

)
2H̃χ′ + a2∇2χ

+γ2ρ

[4θ2ζ

A
χ− β

2

] (
χ′
)2 − a4

2ζBM2
Pl

χ+
∑

i=1,2,3

Ψ̃,iχ,i

+
(
χ− χ3

) a4

2λ2
0

 .

(2.54)

The variable q is now introduced to represent the time derivative of the field by
defining q = aχ′, which results in q′ = a′χ′ + aχ′′. This choice of q gives a cancellation
of H̃q in the equation for q′. We end up with this set of two first order differential
equations in q and χ:

χ′ =
q

a
(2.55)

q′ =
1

1 + γ2ρ
×

a3∇2χ+ γ2ρ

3H̃q +

[
4θ2ζ

A
χ− β

2

]
q2

a
+ a

∑
i=1,2,3

Ψ̃,iχ,i

 (2.56)

− 1

A− 2BX

a5

2ζM2
Pl

ρχ+
(
1− χ2

) a5

2λ2
0

χ

 .

Here one term has been extracted from the γ2ρ-bracket to cancel factors of B in the
numerator and denominator. This system of differential equations can readily be solved
by the leapfrog scheme, which is already implemented in the non-static version of
Isis/Ramses [39], as shown in the subsection 1.7.4.

2.5 The geodesic equation

As already stated in section 1.6, the disformal geodesics are given by the general equation

ẍµ + Γ̄µαβẋ
αẋβ = 0. (2.57)

Since we are studying nonrelativistic dark matter with v � c, the proper time for a
particle goes as cosmic time ds = dt, and therefore ẋ0 = 1. Neglecting quadratic terms
in the velocity, the geodesic equation can be simplified to

ẍi + Γ̄i00 + 2Γ̄ij0ẋ
j = 0. (2.58)

The calculations of the necessary Jordan frame Christoffel symbols Γ̄i00 and Γ̄ij0 are
done in Appendix C.
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2.5.1 The resulting geodesic equation

The full nonrelativistic equation of motion (2.58) to first order in Ψ with both Jordan
frame Christoffel symbols inserted becomes

ẍi +
Ψ,i

a2
− 2

Aa2

φφ,iφ̇
2

M2
γ2 (1 + 2Ψ) +

1

a2
(1 + 4Ψ)

φφ,i
M2

1

A− 2BX

+
(1 + 2Ψ)φ,i

a2

φ̈− 1

a2

∑
j=1,2,3

Ψ,jφ,j

 γ2 +
1

2

(1 + 2Ψ)

a2

β

φ0
γ2φ̇2φ,i

+2

[
Hδij − γ2 1

a2

φ

AM2
φ,iφ,jφ̇ (1 + 2Ψ) +

1

a2
(1 + 2Ψ)φ,i

(
φ,j0 −Hφ,j −Ψ,jφ̇

)
γ2

+
1

2a2
(1 + 2Ψ)

β

φ0
φ̇φ,iφ,jγ

2 +
φφ̇

AM2

(
δij −

1

a2
γ2φ,iφ,j (1 + 2Ψ)

)]
ẋj = 0.

(2.59)

Taking the approximation (1 + 2Ψ) = 1, this results in the more compact disformal
geodesic equation

ẍi +
Ψ,i

a2
− 2

AM2a2
γ2φφ,iφ̇

2 + 2

(
H +

φφ̇

AM2

)
ẋi

+
1

a2
γ2

φ̈− 1

a2

∑
k=1,2,3

Ψ,kφ,k +
1

2

β

φ0
φ̇2

φ,i

+2
1

a2
γ2

(
φ̇,j −Hφ,j −Ψ,jφ̇+

β

2φ0
φ̇φ,j

)
φ,iẋ

j

+
1

M2a2

1

A− 2BX
φφ,i − 4γ2 φ

a2AM2
φ,iφ,jφ̇ẋ

j = 0. (2.60)

This equation fully describes how nonrelativistic particles move through curved space-
time in disformal symmetron gravity∗. However, just like for the equation of motion,
it is difficult to say anything about the expression intuitively, and it is not yet ready
for implementation into the code; it still needs a switch to the dimensionless field and
supercomoving time variables. One can at this stage recognize the acceleration terms
associated with perturbed FLRW geodesics in standard gravity, namely

ẍi +
Ψ,i

a2
+ 2Hẋi = 0, (2.61)

where the second term is the standard acceleration due to Newtonian gravity, and the
third term is the Hubble friction. All the other terms in equation (2.60) are due to the
disformal theory of gravity.

∗As long as they are not close to a black hole or a neutron star, of course.
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2.5.2 Changing to supercomoving time and the dimensionless field
definition

Switching to supercomoving time dτ = 1
a2 dt, the geodesic equation becomes,

1

a4

(
d2

dτ2
− 2H̃

d

dτ

)
xi +

Ψ̃,i

a4
− 2

AM2a6
γ2φφ,i

(
dφ

dτ

)2

+
2

a4

(
H̃ +

φ

AM2

dφ

dτ

)
dxi

dτ

+
1

a6
γ2

( d2

dτ2
− 2H̃

d

dτ

)
φ−

∑
k=1,2,3

Ψ̃,kφ,k +
1

2

β

φ0

(
dφ

dτ

)2
φ,i

+
2

a6
γ2

(
dφ,j
dτ
− H̃φ,j −

1

a2
Ψ̃,j

dφ

dτ
+

β

2φ0

dφ

dτ
φ,j

)
φ,i

dxj

dτ

+
1

M2a2

1

A− 2BX
φφ,i − 4γ2 φ

a6AM2
φ,iφ,j

dφ

dτ

dxj

dτ
= 0.

(2.62)

Simplifying this equation and grouping together similar terms, one finds

xi′′ + Ψ̃,i +
2φ

AM2
φ′xi′ +

a2

M2

1

A− 2BX
φφ,i

+

γ2

a2

φ′′ − 2H̃φ′ −
∑

k=1,2,3

Ψ̃,kφ,k −
2

AM2
φ
(
φ′
)2

+
β

2φ0

(
φ′
)2φ,i

+
2

a2
γ2

(
φ′,j − H̃φ,j −

1

a2
Ψ̃,jφ

′ +
β

2φ0
φ′φ,j −

2φ

AM2
φ,jφ

′
)
φ,ix

j′ = 0. (2.63)

Notice that the supercomoving coordinates automatically incorporate the Hubble fric-
tion; in general relativity the supercomoving version of equation (2.61) would simply
read xi′′ = −Ψ̃,i.

Using the definition for the dimensionless field χ = φ/φ0, χ′′ = 1
a

(
q′ − H̃q

)
and

χ′ = q/a, leads to the following equation for particle motion:

xi′′ + Ψ̃,i +
4ζθ2

1 + 2ζθ2χ2

1

a
χqxi′ + 2θ2ζ

a2

A− 2BX
χχ,i

+2θ2ζ

2ζγ2M2
Pl

a4

a
q′ − 3H̃q − a

∑
k=1,2,3

Ψ̃,kχ,k

+

(
β − 4

A
θ2χ

)
ζq2

χ,i

+
8θ2ζ2

a3

(
γ2M2

Pl

)(
q,j − aH̃χ,j +

[
β

2
χ,j −

1

a2
Ψ̃,j −

4

A
θ2ζχχ,j

]
q

)
χ,ix

j′ = 0.

(2.64)
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2.5.3 Fifth force for a stationary cold dark matter particle

It would be possible to implement the full equation (2.64) into an N -body code. How-
ever, this would both use a lot of computing power, and the results would be difficult to
interpret due to the vast amount of terms that could give different effects. As a starting
point for exploring disformal gravity we therefore choose to only study the disformal
effects when ignoring all damping terms proportional to x′. This is equivalent to assum-
ing that the massive cold dark matter particles move very slowly through the cosmic
grid∗.

To isolate the effect of the fifth force on a particle, the standard gravity term can
be separated from the fifth force terms,

xi′′ = −Ψ̃,i +x′′ififth. (2.65)

The resulting acceleration in supercomoving time, due to the fifth force of disformal
gravity, is given by

x′′ififth = − 2θ2ζ

A+B · (∂φ)2×a2χ+
2ζ

a4

b0 exp (βχ)

H2
0

a
q′ − 3H̃q − a

∑
k=1,2,3

Ψ̃,kχ,k

+

[
β − 4θ2χ

A

]
ζq2

χ,i.

(2.66)

Where the relation
γ2M2

Pl =
b0 exp (βχ)

H2
0 (A− 2BX)

(2.67)

has been inserted. This expression for the fifth force is relatively simple to implement
numerically, and if the particle velocities are small, this should be very close to the true
fifth force due to the disformally coupled scalar field.

∗This might not be a too bad approximation, as will be shown in section 5.4



Chapter 3

Parameters and algorithms used

In addition to implementing the disformal equations into Isis/Ramses, one must use a
couple of other programs and scripts both for creating the initial particle distribution,
and for analysing the final data. Here follows a short description of all parameters,
software, and algorithms used in this study of disformal gravity.

3.1 Parameters

In all data preparations, simulations, and analyses, certain cosmological parameters are
needed. All cosmological parameters used in this work are extracted from the Planck
2013 data best fit [9], and can be found in table 3.1.

The free model parameters are given and explained in table 3.2 on the following
page. All model parameters except λ0 are dimensionless. λ0 and aSSB are equivalent to
the same parameters in symmetron papers like [39], and θ in this thesis is equivalent to
what is often called β in these papers.

Cosmological Parameter Value used
Matter density parameter Ωm 0.3175
Dark energy density parameter ΩΛ 0.6825
Hubble expansion factor H0 67.11 km/s/Mpc
Hubble coefficient h 0.6711
Spectral index ns 0.9624
Cluster abundance normalization σ8 0.8344

Table 3.1: Cosmological parameters used in the simulations.
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Symbol Interpretation Values used
θ Strength factor for the fifth force 1
b0 Disformal coupling strength 0, 1, 2
β Disformal exponential factor 0, 1, 2
λ0 Symmetron potential range 1 Mpc

aSSB
Expansion factor of spontaneous symmetry
breaking, assuming a uniform universe 0.5

Table 3.2: Model specific parameters for the disformal equations.

3.2 Initial particle and field distribution

The software Grafic1 from the package Grafic-2 is used to generate initial particle
distribution from Gaussian random fields. The procedure is described in [75]. Note
that all parameters used here are found by assuming standard gravity and ΛCDM when
they are extracted from Planck data, and the same assumptions are used when Grafic
computes the initial particle distributions. This is not a big problem because the early
universe is screened, and should follow the evolution of ΛCDM closely. Consequently,
the resulting particle distribution at early redshifts should stay unchanged. Grafic1
finds the transfer function T (k) from an approximate analytical fit to the parameters
chosen, and normalizes the power spectrum to σ8. The random seed number 123456789
was used for Grafic to find the specific particle distributions used in this thesis.

The mass of each particle is simply M = ρ0 · Vbox/Nparticles, where ρ0 is the average
matter density at redshift zero, Vbox is the volume of the simulation box, and Nparticles is
the amount of particles in the simulated volume. We let the measure for the box length
LMpc/h (which is actually given in Mpc/h) be dimensionless. The particle number is
typically given as a cubed number, Nparticles = (N1d)3. The average matter density in
a flat universe is ρ0 = Ωmρc, which leads to a particle mass given by

Mparticle = Ωm
3H2

0

8πG

(
LMpc/h

h ·N1d
Mpc

)3

. (3.1)

Inserting all parameters and constants here gives the numerical value

Mparticle = 8.812 · 1010 ·
(
LMpc/h

N1d

)3

M�/h, (3.2)

for the mass of each particle in the simulation. In practice this means that every point
particle is comparable to a small galaxy in a typical simulation, with one particle per
Mpc/h of the grid.
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The initial value of the dimensionless scalar field χ at the early time a ≈ 4 · 10−2,
was set to some small value drawn from a uniform random distribution with χ0 ∈
[−10−13, 10−13]. The scalar field was assigned a random, independent value from this
distribution at each separate grid point. This procedure is tested in section 4.1 and
found to be acceptable.

3.3 Finding the time average of the field

At any given point in space, the symmetron field oscillates noticeably over time [39].
It is therefore necessary to do a time smoothing of the scalar field χ over multiple
oscillations to achieve a mean field value at any point∗. We choose the start of the
time smoothing to be at expansion factor a = 0.995. The time average of χ2 was also
calculated, so that the standard deviation of the field value at any point could be found
by using the formula

σχ =

√
〈χ2〉 − 〈χ〉2. (3.3)

The lookback time to a = 0.995 is about 108 years, and it might be argued that this
is a too long time for smoothing. Matter moving at peculiar velocities of 104 km/s could
have moved a whole Mpc during this time. This is enough to move a particle from one
grid box to another. We wanted to capture enough oscillations of the scalar field for
a statistically significant average, and in section 5.4 we will show that the velocity of
most particles are below 103 km/s. Haloes should therefore not be able to move more
than a fraction of the grid resolution during this time.

3.4 Field profile and fifth force at redshift zero

The Rockstar halo finder – described in [76] – is used to find the most massive dark
matter halo in the redshift zero output from Ramses/Isis. A script plots the radial
profile of the scalar field, where r is the distance from the centre of this halo. The
script divides the distance from 0 to 20 Mpc/h into evenly spaced bins, and places each
grid box in one of those bins according to its distance to the centre of the halo. For
each bin i, the average of all ni time averaged field values 〈χ〉 at the same distance ri
from the halo centre is computed. The average of the standard deviation σχ of all the
boxes in the bin is also found. This results in an average field value and an average field
dispersion around the massive halo, as a function of distance from the halo centre.

Similarly, another script plots the absolute value of the acceleration due to the fifth
force around the most massive halo at redshift zero, see equation (2.66).

∗Otherwise, one could not have compared the redshift zero fields of two simulations, since the scalar
field could have been in different phases of the oscillation in the two simulations.
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The distances r are normalized to the virial radius of the halo. The virial radius
is found in Rockstar, and is defined by the radius from the halo centre within which
the average density is 200 times the background density ρ0. In mathematical terms, the
definition of the virial radius rvir is ∑

M
4
3πr

3
vir

= 200ρ0.

3.5 Halo mass function and power spectrum

The cumulative mass function is found by first sorting all haloes from the Rockstar
output by their virial mass, then numerize them from highest to lowest mass. The halo
number is then plotted against the mass of that halo. This results in a graph with
mass M on the x-axis, where the y-axis indicates how many haloes that exist with
Mhalo ≥M .

In this study, a C code is used for finding the power spectrum of the final density
distribution. The code takes the Fourier transform of the density field to find P (k), and
corrects it for discreteness errors with the method described in [77].
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Cosmological tests

4.1 The importance of the initial field values

We were concerned that the amplitude of the initial field would have an impact on the
final evolution of the scalar field. To check whether this was the case, the simulation
was run without the fifth force geodesics, only including the equations of motion for
the field. The simulation had 643 particles in a 64 Mpc/h box. The most massive halo
was found to have a virial mass of 1.2 · 1014M�/h. The scalar field around this halo
was compared for the cases where the field had initial values from the random uniform
distribution χ0 ∈ [−ε, ε], with ε = 10−5, 10−7, 10−10, 10−13, 10−15, and 10−17. As
seen from figure 4.1, the field value at redshift zero does not significantly depend on
the initial values of the field. For this reason it is safe to keep ε = 10−13, and to use a
uniform distribution (and not for instance a Gaussian distribution).
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Figure 4.1: The figure shows the time averaged field profiles around a massive halo.
The initial field values are drawn from a uniform distribution, χ0 ∈ [−ε, ε].
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4.2 Comparing the field evolution in the symmetron limit
to the evolution in the symmetron code

Setting the disformal parameters such that b0 = β = 0, θ = 1, λ0 = 1 Mpc, and
aSSB = 0.5 turns off the disformal coupling, so that the model is equivalent to the
symmetron model. The intent is to compare the simulation to a symmetron simulation
with the code used in the paper [39], using the same parameters. Both codes are given
the same initial particle distribution.

The comparison simulation consists of 1283 particles in a box with side lengths of 64
Mpc/h. The field profiles for the two codes around the same massive halo (with virial
mass M = 2.5 · 1014M�/h) are very similar, with about 0.5 % difference in the centre
of the halo, and less than 0.1 % difference outside one virial radius. See figure 4.2.
This indicates that the symmetron part of the implemented field equation of motion is
correct, and there should be no bugs related to this part.
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Figure 4.2: The figure shows the average field profile around a massive halo, for the
symmetron code from [39] (red, dashed) and the disformal code with the disformal part
turned off (black, solid). The lower panel of the graph shows the relative difference
between the curves, which is less than 0.6 %.
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4.3 Comparing the power spectrum in the symmetron limit
to the symmetron code

After turning on the fifth forces, the power spectrum of the disformal code should be
compared to the results from the symmetron code. The power spectra for the two
different codes with the same parameters overlap very well. The relative difference
between them is well below 0.35 % in all the simulated scales, as shown in figure 4.3.
The simulations consisted of 1283 particles in a box with side lengths of 64 Mpc/h. The
initial conditions were identical.

A detail worth mentioning at this point is that the code from this study uses about
three times more computing time than the symmetron code for a similarly sized simu-
lation. This is of course both due to the fact that the disformal model is more complex∗

and due to the conservative use of simplifications. This leads to much more involved
expressions for the equation of motion for the field and the fifth force geodesics – equa-
tions (2.55) and (2.66) respectively – than the corresponding equations used in the
symmetron code [39].
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Figure 4.3: The figure shows the relative difference between the matter power spectra
P (k) for the disformal code, and from the symmetron code [39].

∗When b0 = β = 0, the disformal code still calculates all the terms with these factors included,
even though the result is zero.



42 Cosmological tests

4.4 Errors in the power spectrum due to the lack of AMR

The disformal code presented here, and the non-static symmetron code from [39], both
do not have refinements in their particle grids during a simulation. The great advant-
age of an N -body code like Ramses is that it supports adaptive mesh refinement.
However, grid refinement has proven to be very difficult to implement when including
the time derivatives of the scalar fields. For the moment we unfortunately have to
run simulations without refinements∗. This of course leads to incorrect particle move-
ments on small scales, which can be seen in the power specra from general relativity,
shown in figure 4.4. In this plot, Ramses was run assuming ΛCDM; once with, and
once without grid refinements. It is evident that the refinements are important already
around k > 1hMpc−1, at smaller scales than this the error rises to above 10 %. This
is for a grid of 1283 cells in a 64 Mpc/h box, so one can expect that a grid of 2563 cells
with the same box size will give a valid power spectrum up to k ≈ 2hMpc−1.
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Figure 4.4: The figure shows the resulting matter power spectrum for ΛCDM. The
black line, P (k)no−ref results from a grid without refinements, and the red dashed line,
P (k)ref results from using AMR. The relative difference between P (k)ref and P (k)no−ref

is plotted in the bottom panel.
∗Implementing AMR in non-static simulations of scalar fields could be a nice mission for a PhD...
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4.5 Testing some assumptions

At the end of a simulation with 1283 particles and 64 Mpc/h box length, the code was
set to output the maximum absolute value that the Newtonian potential Ψ has had in
any of the grid cells, at any time; and also the value of |Ψ| averaged over all values in
the grid and all time steps. On average, the dimensionless Ψ had a value of around
10−6, while the maximum value was about 5 ·10−5, both of which are much less than 1.
This means that the assumption that (1 + Ψ) = 1 is sufficiently accurate for this thesis,
where an error of less than 1 % is considered good.

Dark matter haloes do not move very fast, and are the only things that could
significantly change Ψ over time. This indicates that

∣∣∣Ψ̇∣∣∣ is also small, but we did not

measure this explicitly, because Ramses does not track the value of Ψ̇.
The relative size of the term

∑
i=1,2,3 Ψ,iχ,i is interesting. This term appears both

in the equation of motion for the scalar field (2.54), and in the expression for the fifth
force (2.66). At first the plan was to not include this term in the equations, but with
no rigorous reason to neglect it, a test had to be performed. The result was that the
term is on average small – a factor of 10−4 compared to the other terms in the equation
of motion – but it does in some cases become dominant in the equation and should
therefore not be omitted.

Additionally, we found that 1/A = 1 is a good assumption in the symmetron case.
To find this, we used the disformal code with symmetron parameters (i.e. b0 = β = 0),
using 1283 particles in a box with side lengths 64 Mpc/h. We ran the code twice, but

the second time we modified the equation of motion such that 1 +
(
φ
M

)2
→ 1 in the

denominator of the symmetron equation of motion (2.24). This approximation is used
in the symmetron code to which we are comparing [39], but it is not used in the final
version of the disformal code. The field profile changes less than 10−4 % with this
approximation, as seen in figure 4.5 on the next page. The effect is too small to account
for the 0.5 % difference in the field profiles presented in section 4.2.
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Figure 4.5: The figure shows the field profile around a massive halo, with the approx-
imation 1

A = 1 (red, dashed) and without the approximation 1
A = 1 (black, solid). The

field profiles overlap almost completely. The bottom panel shows the relative difference.
CD is short for the conformal-only disformal code.



Chapter 5

Results of the cosmological
simulations

5.1 Description of the different simulations

In this chapter, the largest simulations with this code are presented, specifically 2563

particles in a box with side lengths 64 Mpc/h. The same initial particle distribution
will always be used. Five different runs are to be compared. Table 5.1 shows the model
parameters used in these simulations.

b0 β

Standard gravity - -
Symmetron-like 0 0
Disformal A 1 1
Disformal B 2 2
Disformal C 1 0

Table 5.1: Parameters for the five simulations.

Disformal A has what we consider to be standard parameters. Disformal B has an
amplified disformal part due to increased b0 and β. Disformal C has β = 0, effectively
setting B (φ) = constant. Both Disformal A and Disformal B have an asymmetric B (φ)
when φ→ −φ (see the discussion about the high density limit in subsection 2.3.2). The
Symmetron-like simulation is a simulation done with the disformal code, but with the
disformal part of the equations turned off by setting b0 = β = 0.

Of course, the parameter space for this disformal model must be more thoroughly
explored in future papers. However, results from these simulations should serve as an
indication of the effects of the disformal term on the formation of structure.

All simulations in this study have a flat ΛCDM background cosmology with
Ωm = 0.3175, ΩΛ = 0.6825, and H0 = 67.11 km/s/Mpc, the parameters presented in
section 3.1. All results shown in this section are for redshift zero (a = 1).
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5.2 Power spectrum

Figure 5.1 shows the relative difference of the power spectra compared to standard
ΛCDM. The most relevant scales are k ∈ [0.1, 2] hMpc−1 because larger scales than
about k = 0.1hMpc−1 can’t be measured well in a box of only 64 Mpc/h, and smaller
scales than k = 2hMpc−1 become unprecise due to the grid resolution (as explained
in subsection 4.4). Disformal B – the simulation with the strongest disformal part –
results in the power spectrum which is on average closest to GR on all scales, but the
decrease in power is especially visible on smaller scales (i.e. large k in figure 5.1).

All four models for modified gravity increase the power spectrum by 0.5 to 5 percent
relative to the one expected from ΛCDM for the safe scales k ∈ [0.1, 2] hMpc−1. At
large scales, the power spectrum of all the four modified gravity simulations approach
ΛCDM. From these data, the increase in power compared to ΛCDM is approximately
proportional to k for small scales k > 2hMpc−1. This statement should be investigated
further when grid refinements are implemented in the non-static Isis code.
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Figure 5.1: The figure shows the relative difference to GR of the matter power spectra
P (k) resulting from the four models of modified gravity. The difference is computed
relative to the power spectrum resulting from the ΛCDM simulation (P (k)GR).



5.3 Halo mass function 47

5.3 Halo mass function

Figure 5.2 shows the halo mass functions found for each of the five simulations. All
modified models investigated here have an increase in the number of haloes compared
to GR, but especially haloes smaller than 1012M�/h are about 20 to 35 percent more
frequent, depending on model and halo mass. The change in the halo mass function and
the power spectrum are observable ways to distinguish between the models presented
here, and to constrain parameters.

It is interesting to notice that an increase in the strength of the disformal term
(as in Disformal B) reduces the number of smaller haloes slightly. In other words, the
disformal term can mask some of the increase in both the mass function and the power
spectrum introduced by the symmetron field.
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Figure 5.2: The top plot shows the total amount of haloes with virial mass larger than
M , for each of the five simulations. The relative difference of the four modified models
compared to GR is shown in the bottom plot.
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5.4 Velocity histograms

The decrease in the power spectrum and mass function on small scales could be a
result of warm dark matter∗. To check if the disformal coupling actually increases
the temperature of the dark matter particles, we plotted the velocity histogram of the
particles, which is shown in figure 5.3.

It is evident from the plot that the strong disformal terms do not heat the dark
matter significantly compared to the symmetron terms alone, hence the reduction in
power and mass function must be a result of another mechanism.

As a side note, since ẋ� c, it is now more plausible to state that x′ ≈ 0 is a decent
approximation for the geodesic equation, which we applied in subsection 2.5.3.
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Figure 5.3: The figure shows the velocity histograms for the simulations general relativ-
ity (black), Symmetron (red), and Disformal B (green). Like Disformal B, all of the
disformal models had a velocity histogram almost identical to the symmetron model.
This is why Disformal A and Disformal C are not plotted.

∗D. F. Mota, personal communication.
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5.5 Halo choice for the field profiles

In each of the simulations, the position of the most massive halo (sorted by the virial
mass found by Rockstar) was identified in the redshift zero matter distribution. The
most massive halo was found to have the same coordinates in all of the simulations, and
had a mass of about 3.45 · 1014M�/h ≈ 5.1 · 1014M� (equivalent to 1045 kg). To put
this into perspective, the mass of this halo is about 100 times the estimated virial mass
of the Local Group [78]. The variance in the halo mass was not more than 2 % between
the different simulations, with the lowest virial mass of 3.42 · 1014M�/h in Disformal B
and the highest virial mass of 3.47 · 1014M�/h in Disformal A. Because the simulations
used identical initial conditions, we are certain that these haloes are actually the same
halo, forming under different models for gravity.

Figure 5.4 shows the density profile in the dark matter distribution centered around
this halo. The density plotted here is taken from the simulation Disformal A, but the
density profile from the other simulations overlapped this one almost perfectly. The
dark matter density in the core of the halo is very high, and at one virial radius the
density has dropped to about 100 times the background density. The density falls to
the background value at about three virial radii, or 5 Mpc/h.
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Figure 5.4: The average dark matter density at a radius r from the centre of the
most massive dark matter halo in the simulations. Real distances are given in Mpc/h
along the bottom x-axis, while distances normalized to the virial radius of the halo are
given along the top x-axis. This density profile did not change visibly for the different
simulated models.
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5.6 Field profiles

All field profiles here are measured around the halo with virial mass of 3.45 · 1014M�/h
described in the previous section.

In all simulations except Disformal B, the field fell to the negative value in the whole
64 Mpc/h box, with an average field value∗ of about −0.95. Disformal B fell to the
positive value of the symmetron potential and ended at an average of about +0.95.
Very few grid cells had another sign for the field than the average in the disformal
simulations, and most of these oddities are probably in the centre of massive haloes,
where the disformal term leads to oscillations around zero, as we will shortly see. The
symmetron simulation with no disformal term had no cells with a positive field value.
No domain walls – interfaces between areas with different sign of the scalar field – were
found in any of the simulations.

To plot the field profiles more comparably, all the field values were inverted (i.e.
χ→ −χ) in the data from the Symmetron, Disformal A, and Disformal C simulations,
before plotting the field profiles of all four models. This plot is shown in the top panel
of figure 5.5 on the facing page. Without the mentioned inversion, the relevant field
profile plots would have started at χ ≈ 0 at the centre, and fallen down to χ ≈ −0.95
far from the halo.

The shape of the field profiles are as expected for the symmetron model; the field
is close to 0 in high density regions due to the conformal coupling to matter, and goes
towards the vacuum expectation value, ±φ0, in the regions far from the halo. The shape
of the profiles for the disformal models are surprisingly similar to the symmetron field
profile.

A very interesting result regarding the field profiles, is the amplitude of oscillations
of the field – or equivalently, the dispersion σχ of the field values – which is plotted
in the lower panel of figure 5.5. The well studied symmetron is supposed to have a
field value approaching zero in high density regions, and will also end up being almost
completely at rest there. This is because the conformal-only equation of motion gives
an acceleration proportional to the field value χ. Densities where ρ > ρSSB gives a
stable minimum point at χ = 0, and inside the overdensity the field will not oscillate far
away from this value. The disformal models, however, have multiple other terms in the
acceleration of the field not proportional to χ. These terms are instead proportional to
some power of the fields time derivative, or even to its spatial derivatives. This could
lead to a positive feedback loop in high density regions, explaining the oscillations in the
centre of the halo in figure 5.5. Such oscillations should lead to increased fifth forces,
see equation (2.66). The fifth forces will be explored further in the next section.

∗This average is taken first over all time steps since a = 0.995 in each grid cell, then averaged over
all grid cells.
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Figure 5.5: The top panel shows the average field profile 〈χ〉 at distance r from the centre
of the halo, for all four simulations of modified gravity. The Symmetron, Disformal A
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such that the plotted field appears positive for all models. The bottom panel shows the
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5.7 Fifth forces

The magnitude of the fifth force acceleration for all four modified gravity simulations
is shown in figure 5.6. It is important to note that this is the instantaneous fifth
force acceleration, not an average over time. This means that the plots of the different
simulations are not necessarily comparable; if the scalar fields are in different phases,
the amplitudes of the fifth forces could vary accordingly.

As expected from the increased oscillations of the field in r < rvir, we see an increase
in the fifth force compared to the symmetron model in these regions. Interestingly, all
simulations have maximum fifth forces around one virial radius from the centre of the
massive halo, approximately where the spatial gradient of the field is largest. All models
have a reduction of the fifth force towards the centre of the halo. The fifth forces in
Disformal A and especially Disformal C do not become exactly zero close to r = 0. This
could indicate the existence of measurable fifth forces inside galaxy clusters, but the
effect of this is difficult to study precisely with the current grid resolution.
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Figure 5.6: The figure shows the absolute value of the average fifth force (per mass)
at distance r from the centre of the same halo, for all four modified models of gravity.
This is a snapshot at exactly a = 1.
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5.8 Disformal screening condition

The disformal screening mechanisms should be active when Bρ & 10∗. For this reason, it
is interesting to plot the value of the dimensionless combination Bρ at different distances
from the massive halo. This is done in figure 5.7. The condition Bρ & 10 is true
approximately within one virial radius of the halo centre for the simulations Disformal
A and Disformal C. More interestingly, because the field fell to the positive value in the
run Disformal B, and because of the strong disformal parameters β = b0 = 2, it follows
that Bρ & 10 even in low density areas of this simulation. The disformal screening
mechanism should according to this be active everywhere in Disformal B.
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Figure 5.7: The figure shows the average value of the combination Bρ at a distance r
from the centre of the massive halo, for all three disformal models. The density contrast
ρ/ρ0 is also plotted (the grey line, overlapping Bρ from Disformal C).

∗M. Zumalacárregui, personal communication.
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Chapter 6

Conclusions

6.1 Interpretations of the results

The symmetron model alone is known to increase clustering, especially on small scales,
thus raising both the power spectrum and the mass function compared to ΛCDM [62].
The main result of this thesis is that adding a disformal term in the coupling between
the Jordan and Einstein frame metrics, can prevent some of this symmetron clustering.
The fact that the disformal terms counteract small scale clustering confirms similar
findings on linear scales in a recent paper [38]. In our study, the decrease in clustering
was only observed in one of the simulations, specifically the one with the strongest
disformal coupling.

Velocity histograms of the dark matter particles showed a slight heating of the
particles in all the modified gravity simulations compared to general relativity, but the
addition of a disformal term did not heat the dark matter more than the symmetron
alone. This implies that the reduction in small scale clustering is not due to a heating
of the dark matter.

The reason why this reduction is seen in the specific simulation Disformal B – and not
in the other disformal runs – is difficult to explain from the small amount of simulations
done in this study. Part of the reason may be related to the fact that the field in
Disformal B fell down to the positive potential minimum, instead of the negative like in
Disformal A and Disformal C. This gives a significant increase in the dominance of the
asymmetric disformal term B = B0 exp (βχ), and results in the condition Bρ & 10 being
fulfilled, even in voids where the density is below the average density. The mathematical
reason for this increase is as follows: With β = 2, the exponential exp (βχ) has the value
e2 ≈ 7.4 if the field is at the positive minimum, and the value e−2 ≈ 0.14 if the field is
at the negative minimum of the potential. Consequently, the disformal term B becomes
over 50 times larger – even under similar physical conditions – just because the field
falls to one potential minimum instead of the other.

If the hypothesis presented in section 5.8 is correct, the disformal screening mech-
anism is active in areas where Bρ & 10. This mechanism could play an important role
in reducing the fifth forces on all scales of Disformal B, compared to the conformally
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coupled symmetron. However, if the disformal screening is active, it is strange that the
absolute values of the fifth forces in the massive halo were found to be larger in the
disformal models than in the symmetron model. A possibility here is to consider the
fact that the direction of the disformal fifth force is expected to oscillate. Specifically
the fifth force will oscillate with the time derivatives of the field, as seen from equa-
tion (2.66). In this way, the absolute value of the fifth force can be larger than in the
symmetron case, even though the time-averaged effect on the particle distribution is
smaller. A problem with this interpretation is that large instantaneous fifth forces –
even if the direction is oscillating – should be measurable, which could lead to strict
constraints on the parameter space.

The increased oscillations of the field in high density regions found in section 5.6
are highly peculiar. A naive interpretation of the high density limit of the equation of
motion – given by equation (2.27) – is that as long as the field starts out being at rest
close to the stationary point at φ = 0, it has no reason to increase the amplitude of its
oscillations in high density areas. Just like in the symmetron model, the field should
therefore not oscillate inside of haloes. The data presented here do show increased field
oscillations in the centre of the haloes, and the result is an increased amplitude of the
fifth force in these regions. A hypothesis that can explain the increased oscillations in
the disformal model goes as follows∗: The equation of motion for the scalar field (2.22)
is a slightly complicated wave equation, and the factor of (1 + γ2ρ) in front of φ̈ can be
regarded as 1/c2

s. Here cs is the speed of waves propagating in the field, comparable to
the speed of sound for propagating sound waves. With increasing γ2ρ (or equivalently,
increasing Bρ), the wave speed decreases. This in turn means that any wave that enters
an overdensity with a large Bρ will slow down, and the wave energy will effectively be
trapped inside the halo, possibly increasing the amplitude of the field oscillations there.
Further analysis must be done to confirm this hypothesis.

A possible connection between the increased fifth forces and the reduction in small
scale power, could be that the disformal fifth forces prevent clustering by pushing
particles away from dense areas. If this is the case, another unanswered question arises:
There is no significant reduction in power for Disformal A, which had larger oscillations
and stronger fifth forces than Disformal B, at least around the massive halo presented
in sections 5.6 and 5.7. A potential reason for this is that different terms in the fifth
forces could be responsible for separate effects. Some disformal terms might oscillate
with the field and vary in direction and magnitude without significantly affecting the
particle distribution over time; these terms might contribute more to the total fifth force
in Disformal A and Disformal C. Other terms might be smaller, but systematically push
particles away from overdensities. These terms could for some reason be more dominant
in Disformal B. Further research on the connection between the field oscillations and
the fifth forces is needed to investigate this claim.

∗C. Llinares, personal communication.
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6.2 Discussion and way forward

When implementing the dark matter geodesics, we ignored all terms proportional to
the particle velocities x′. This was done to reduce the complexity of the model, but
there is no good physical motivation for this simplification, except that the dark matter
particles were expected to move relatively slowly. These terms could be important for
the fifth forces and the evolution of structure in the universe. We have left for future
work to study the effects of the omitted terms.

In this study, only the instantaneous absolute values of the fifth forces were analysed.
Preferably, the fifth forces should be collected over time to create animated vector maps,
granting the possibility to investigate whether the fifth forces are oscillating, and what
the average impact of them are. This would provide valuable information for studying
the effectivity of the disformal screening mechanisms.

The specific model chosen in this study has a disformal term B = B0 exp (βφ/φ0),
which is asymmetric under the transformation φ → −φ. Both the symmetron poten-
tial and the conformal coupling term are symmetric under the same transformation,
implying that the model does not behave differently if the field falls down to φ = φ0

or φ = −φ0 when the disformal term is turned off. The disformal term however, will
be large if φ is positive and smaller if φ is negative. The concern is that with the few
simulations we could do here, only one had a field that fell to the positive minimum. In-
cidentally, this was the only simulation where we saw a significant decrease in small scale
clustering; hence, we cannot know if the results were caused by the positive minimum,
or from the choice of parameters without conducting multiple new simulations. The
effect of the asymmetric disformal term is very interesting, and should be studied fur-
ther to find observational signatures of this disformal model. To avoid the uncertainty
mentioned above, other, symmetric forms for the disformal term could be considered,
for instance B = B0 exp (β |φ| /φ0), or even just a polynomial B = B0 +B1 (φ/φ0)2.

We only considered four different sets of disformal parameters in this thesis. N -body
simulations of sufficient resolution are very computationally intensive, so a detailed
exploration of the parameter space of b0, β, λ0, θ, and aSSB must be done by other
means. Dynamical system methods have been used for other disformal models before
[33], and such methods could be used to find viable parameters for this model which
satisfy observational constraints. The parameters can later be tested with N -body
simulations to show specific power-spectra, mass functions, and fifth forces. For each
set of parameters investigated, there should also be done more simulations with different
initial particle distributions. This will result in more statistically significant results, and
offer a possibility to study the importance of the sign of the field in better detail.

A rather important philosophical subject regarding this study is that in the field
equations, the cosmological constant Λ is replaced with the potential displacement of
the scalar field potential, V0. In this work, V0 was set to the same numerical value as the
measured Λ/8πG, simply to achieve a similar background evolution to the one that is
found using ΛCDM. There is still a fine-tuning problem; there is no physical reason why
V0 has exactly this value. Finding a model where the correct value of Λ/8πG occurs
naturally in the field equation would be the holy grail to researchers in dark energy.
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The initial particle distribution is computed assuming ΛCDM. Strictly speaking, one
should use a modified version of Grafic that takes disformal gravity into account when
computing the particle distribution. Moreover, the analysis of the Planck data should
be done with extreme caution so as to not assume ΛCDM when extracting cosmological
parameters. In this thesis, these problems are omitted by assuming that the universe has
a large-scale and early time evolution which is indistinguishable from ΛCDM; therefore
the error introduced when using Grafic and Planck data out-of-the-box is considered
negligible. This statement should be investigated more rigorously.

When computing the gravitational potential, Ramses only solves the Poisson equa-
tion from general relativity,

∇2Ψ = 4πGρm. (6.1)

However, to be completely accurate there should be more terms on the right hand
side of this equation, including the energy density of the field. This fact might lead
to interesting effects on the particle distribution, but in this thesis these effects are
assumed small. Furthermore, the simulations presented in this thesis only considered
dark matter particles, and included no hydrodynamics or baryon physics. In future
works, interacting baryons should be included for more realistic particle movements
and galaxy formation.

The lack of grid refinement (AMR) is a big disadvantage when studying particle
distributions in the nonlinear regime. We hope to be able to implement refinements
in the non-static Isis/Ramses code at a later time. This will simultaneously allow
for a larger total box size and higher resolution in high density regions with the same
amount of CPU hours. A higher resolution around high density haloes will of course
lead to more correct particle movement on small scales, and hence a more precise power
spectrum and halo mass function. In a larger simulation box, with side lengths of 256
or 512 Mpc/h, the formation of superclusters will be possible, such superclusters might
influence the field evolution.

Larger simulations will also increase the probability to find domain walls, where the
scalar field value falls to opposite signs in two neighbouring regions after the symmetry
breaking. Such domain walls in the symmetron model were found to have interesting
properties [65, 66], and could lead to significant effects in the disformal model, where
the derivatives of the field are even more important than in the symmetron case. It
must be noted that even though no domain walls were found in the final output of our
simulations, they could have formed at earlier times and collapsed before z = 0. Such
a collapse releases significant amounts of energy in the form of waves in the scalar field.

We use the leapfrog algorithm for stepping the field χ and its time derivative q
forward in time. However, the value of q is used when calculating the acceleration
of the field q′, as seen in equation (2.55). This can be a slight problem, because the
leapfrog scheme is designed to be a stable second order algorithm if the acceleration is
velocity-independent [68]. The error made by including an asynchronous velocity q in
the calculation of the acceleration q′ is probably not too large, so the algorithm is still
more accurate than a simple Euler integration. In future work, it should nevertheless
be considered to use other integration schemes for the scalar field – like the fourth order
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Runge-Kutta – such schemes work well, even if q′ depends on q. Since Ramses uses the
leapfrog scheme for integrating particle positions as well, the same problem will arise if
one in the future is to include velocity-dependent fifth forces in the geodesic equation.

As a concluding remark, the dynamics of the disformal model studied here were
found to be very rich and the results open many doors for future research in disformally
coupled theories. Both the reduction in small scale clustering, and the increase of oscil-
lations in the centre of haloes are new phenomena that will be interesting to investigate
further.
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Appendix A

Useful relations

A.1 Definitions used for the disformal field

γ2 ≡ B

A− 2BX

ζ ≡ 3Ω0H
2
0λ

2
0

a3
SSB

χ ≡ φ/φ0

φ0 ≡
µ√
λ

= θ
M2

MPl
= 2θζMPl

A (χ) = 1 + 2ζθ2χ2

B (χ) =
b0

H2
0M

2
Pl

exp (βχ)

X ≡ −1

2
gµνφ,µφ,ν

X (χ) = −2θ2ζ2M2
Plg

µνχ,µχ,ν

M2 =
ρ0(z=0)

µ2a3
SSB

= 2M2
Plζ

γ2M2
Pl =

b0 exp (βχ)

H2
0 (A− 2BX)

Bρ =
3Ω0

a3
b0η exp (βχ)
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A.2 Cosmological relations

MPl ≡ 1/
√

8πG

ρ0(z=0) = Ω0ρc = 3Ω0H
2
0M

2
Pl

ρ =
3H2

0 Ω0

a3
M2

Plη

η =
ρ

ρ0

A.3 Supercomoving time, and related variables

dτ =
1

a2
dt

d

dt
=

1

a2

d

dτ
d2

dt2
=

1

a4

(
d2

dτ2
− 2H̃

d

dτ

)
H̃ ≡ 1

a

da

dτ
= a2H

Ψ̃ = a2Ψ

q ≡ aχ′

A.4 Curvature: covariant derivatives, Christoffel symbols,
and the Ricci scalar

∇µxν = xν,µ + Γνµλx
λ

∇µων = ων,µ − Γλµνωλ

∇µφ = φ,µ

∇µφ,ν = ∇νφ,µ

Γλµν =
1

2
gσρ (gνρ,µ + gρµ,ν − gµν,ρ)

Rρσµν = Γρνσ,µ − Γρµσ,ν + ΓρµλΓλνσ − ΓρνλΓλµσ

Rµν = Rλµλν

R = gµνRµν
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A.5 The Einstein frame metric, and some Christoffel sym-
bols in the Conformal Newtonian gauge

g00 = − (1− 2Ψ)

gii =
1

a2
(1 + 2Ψ)

g00 = − (1 + 2Ψ)

gii = a2 (1− 2Ψ)

Γij0 = Hδij

Γi00 =
Ψ,i

a2

Γ0
i0 = (1− 2Ψ) Ψ,i ≈ Ψ,i

Γ0
00 = 2Ψ̇ ≈ 0

A.6 Special expressions to first order

In most of this thesis the Newtonian potential Ψ is taken only to first order, meaning it
is useful to know some common first order approximations. The two most common are:

1

1 + aΨ
= 1− aΨ + (aΨ)2 − (aΨ)3 + . . . ≈ 1− aΨ

(1 + aΨ)2 = 1 + 2aΨ + (aΨ)2 ≈ 1 + 2aΨ

Here, a is some real number. Furthermore, a general multiplication of two first order
terms is to first order given by

(1 + aΨ) (1 + bΨ) = 1 + aΨ + bΨ + abΨ2 ≈ 1 + (a+ b) Ψ.
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Appendix B

Calculation of the disformal field
equation of motion

The general equation of motion for the scalar field is given by [25]:

Mµν∇µ∇νφ+
A

A− 2BX
QµνTµν + V = 0, (B.1)

with

Mµν = Lφ,Xgµν + Lφ,XXφ,µφ,ν −
B

A− 2BX
Tµνm , (B.2)

Qµν =
A,φ
2A

gµν +

(
A,φB

A2
−
B,φ
2A

)
φ,µφ,ν , (B.3)

X ≡ −1

2
(∇µφ) (∇µφ) = −1

2
gµνφ,µφ,ν , (B.4)

V = Lφ,φ + 2XLφ,Xφ. (B.5)

From the line element ds2, one can read out the metric tensor

gµν = diag
(
− (1 + 2Ψ) , a2 (t) (1− 2Ψ) , a2 (t) (1− 2Ψ) , a2 (t) (1− 2Ψ)

)
. (B.6)

The inverse metric tensor is given by

gµν = diag

(
− (1− 2Ψ) ,

1

a2 (t)
(1 + 2Ψ) ,

1

a2 (t)
(1 + 2Ψ) ,

1

a2 (t)
(1 + 2Ψ)

)
. (B.7)

This is found trivially since gµν is diagonal, thus gµµ = 1/gµµ.
The only contributing part of the energy-momentum tensor is T 00 = ρ (i.e. the

dark matter density). This means that Mµν is diagonal, so we only need to calculate
the diagonal elements of ∇µ∇νφ. For calculating the first term of equation (B.1), one
therefore needs the quantity

∇µ∇µφ = ∇µ (φ,µ) = φ,µµ − Γνµµφ,ν , (B.8)
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where repeated lower indices do not indicate a summation, but simply means any single
index; 0, 1, 2 or 3.

Because Ψ� 1, one can always discard terms of higher order in Ψ than O
(
Ψ1
)
.

Using the definition

Γµαβ =
1

2
gµν (gνα,β + gνβ,α − gαβ,ν) , (B.9)

the 00 index of the first term, ∇0∇0φ = ∇0φ,0 is given by

∇0∇0φ = φ̈− 1

2
gµν (gν0,0 + gν0,0 − g00,ν)φ,µ. (B.10)

The only terms from gµν that will contribute here are the ones where µ = ν, and the
only non-zero term from gν0,0 has ν = 0, therefore

∇0∇0φ = φ̈− 1

2

(
g00g00,0φ,0 + g00g00,0φ,0 − gµνg00,νφ,µ

)
(B.11)

∇0∇0φ = φ̈− 1

2

g00g00,0φ,0 −
∑

i=1,2,3

giig00,iφ,i

 . (B.12)

However, g00,0 = −2Ψ̇ ≈ 0. Moreover gii = (1 + 2Ψ) /a2 and g00,i = −2Ψ,i. Only terms
to the first order in Ψ are kept, and the quantity ΨΨ,i is assumed negligible.

Doing this for all the possible indices in the first term will result in

∇0∇0φ = φ̈− 1

a2

∑
i=1,2,3

Ψ,iφ,i, (B.13)

∇1∇1φ = φ,11 −
1

2

(
g11g11,1φ,1 − g00g11,0φ,0 − g22g11,2φ,2 − g33g11,3φ,3

)
= φ,11 − a2H (1− 4Ψ) φ̇+ Ψ,1φ,1 −Ψ,2φ,2 −Ψ,3φ,3, (B.14)

∇2∇2φ = φ,22 − a2H (1− 4Ψ) φ̇+ Ψ,2φ,2 −Ψ,1φ,1 −Ψ,3φ,3, (B.15)

∇3∇3φ = φ,33 − a2H (1− 4Ψ) φ̇+ Ψ,3φ,3 −Ψ,1φ,1 −Ψ,2φ,2. (B.16)

Here a dot symbolizes a derivative with respect to cosmic time t = x0. The sum∑
i=1,2,3

(
gii
)
∇i∇iφ can be found by first realizing that gii = (1 + 2Ψ) /a2 for all i,

such that gii can be taken outside of the sum. The remaining sum is given by∑
i=1,2,3

∇i∇iφ =
∑

i=1,2,3

(φ,ii −Ψ,iφ,i)− 3a2H (1− 4Ψ) φ̇. (B.17)

Remember that (1 + 2Ψ) (1− 4Ψ) = 1− 2Ψ to first order in Ψ.
To finalize the expansion of the first term, one must insert the diagonalMµν , and

separate the expression in time terms and the space terms.
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(
gµν − B

A− 2BX
Tµν

)
∇µ∇νφ

=

(
g00 − B

A− 2BX
T 00

)
∇0∇0φ+

∑
i=1,2,3

(
gii
)
∇i∇iφ (B.18)

=

(
− (1− 2Ψ)− B

A− 2BX
ρ

)φ̈− 1

a2

∑
i=1,2,3

Ψ,iφ,i


+

1

a2
(1 + 2Ψ)

∑
i=1,2,3

(φ,ii −Ψ,iφ,i)− 3H (1− 2Ψ) φ̇ (B.19)

Multiplying this out, the resulting expression for the first term becomes

(
gµν − B

A− 2BX
Tµν

)
∇µ∇νφ

=

(
−1 + 2Ψ− B

A− 2BX
ρ

)
φ̈+

(
B

A− 2BX
ρ

)
1

a2

∑
i=1,2,3

Ψ,iφ,i

+
1

a2

∑
i=1,2,3

Ψ,iφ,i −
2Ψ

a2

∑
i=1,2,3

Ψ,iφ,i

+
1

a2
(1 + 2Ψ)

∑
i=1,2,3

φ,ii −
1

a2

∑
i=1,2,3

Ψ,iφ,i −
2Ψ

a2

∑
i=1,2,3

Ψ,iφ,i

− 3H (1− 2Ψ) φ̇ (B.20)

=

(
−1 + 2Ψ− B

A− 2BX
ρ

)
φ̈+

1

a2
(1 + 2Ψ)

∑
i=1,2,3

φ,ii

− 4Ψ
1

a2

∑
i=1,2,3

Ψ,iφ,i +
B

A− 2BX

ρ

a2

∑
i=1,2,3

Ψ,iφ,i

− 3H (1− 2Ψ) φ̇. (B.21)

Using this, and again assuming that ΨΨ,i ≈ 0, the complete field equation to first order
in Ψ can now be written out as

(
−1 + 2Ψ− B

A− 2BX
ρ

)
φ̈+

1

a2
(1 + 2Ψ)

∑
i=1,2,3

φ,ii +
B

A− 2BX

ρ

a2

∑
i=1,2,3

Ψ,iφ,i

−3H (1− 2Ψ) φ̇+
A

A− 2BX

(
− (1 + 2Ψ)

A,φ
2A

+

(
A,φB

A2
−
B,φ
2A

)
φ̇2

)
ρ− V,φ = 0.

(B.22)
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Appendix C

Calculations of the Jordan frame
Christoffel symbols

To find the necessary barred Christoffel symbols, the following equation is used [58]:

Γ̄µαβ = Γµαβ +
1

2
ḡµν [∇αḡβν +∇β ḡαν −∇ν ḡαβ] . (C.1)

The covariant derivative of the Jordan frame metric must be calculated. Writing
out ∇αḡµν gives

∇α (Agµν +Bφ,µφ,ν) = gµν (∇αA)+A (∇αgµν)+B (∇αφ,µφ,ν)+φ,µφ,ν (∇αB) . (C.2)

The Einstein frame connections Γµαβ are chosen such that ∇αgµν vanishes [46]. Further-
more, the expressions for A and B are scalar quantities, thus the covariant derivative
acting on them is equivalent to a partial derivative. The simplified expression used to
find the covariant derivatives is therefore

∇αḡµν = gµνA,α +B (∇αφ,µφ,ν) + φ,µφ,νB,α. (C.3)

Two of the Jordan frame Christoffel symbols need to be found to achieve the ex-
pression for ẍi, namely Γ̄i00 and Γ̄ij0. Both of these will be calculated here, by using
equation (C.1) with the relevant indices, followed by inserting the necessary version of
equation (C.3).

C.1 The inverse Jordan frame metric with proof

The Jordan frame metric in disformal theories is ḡµν = Agµν + Bφ,µφ,ν , but one also
needs the inverse of this metric, ḡµν – which is given in [58] – to calculate the geodesics.
The expression is
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ḡµν =
1

A

(
gµν −

Bgµαgνβφ,αφ,β
A+Bgσλφ,σφ,λ

)
≡ 1

A

(
gµν − Bφ,µφ,ν

A− 2BX

)
. (C.4)

A short proof that this is the correct form for ḡµν can be done by contracting the Jordan
frame metric with its inverse,

ḡλσ ḡσν (C.5)

=
1

A

(
gλσ −

Bgλαgσβφ,αφ,β
A+Bgρτφ,ρφ,τ

)
(Agσν +Bφ,σφ,ν)

=

(
δλν −

Bgλαgσβφ,αφ,β
A+Bgρτφ,ρφ,τ

gσν +
B

A
φ,σφ,νg

λσ − B

A
φ,σφ,ν

Bgλαgσβφ,αφ,β
A+Bgρτφ,ρφ,τ

)
=

(
δλν +

−Bgλαgσβφ,αφ,βgσν + B
Aφ,σφ,νg

λσ
(
A+Bgαβφ,αφ,β

)
− B2

A φ,σφ,νg
λαgσβφ,αφ,β

A+Bgρτφ,ρφ,τ

)

=

(
δλν +

−Bgλαφ,αφ,ν +Bφ,σφ,νg
λσ + B2

A φ,σφ,νg
λσgαβφ,αφ,β − B2

A φ,σφ,νg
λαgσβφ,αφ,β

A+Bgρτφ,ρφ,τ

)

Indices that are summed over in a term are dummy indices, and can be renamed.
Therefore all the terms in the fraction above cancel out, and we are left with ḡλσ ḡσν = δλν ,
which is the definition of a tensor and its inverse.

C.2 Finding the i00 component:

Γ̄i00

=Γi00 +
1

2
ḡiν [∇0ḡ0ν +∇0ḡ0ν −∇ν ḡ00]

=Γi00 +
1

2
ḡiν [2g0νA,0 + 2B (∇0φ,0φ,ν) + 2φ,0φ,νB,0 − g00A,ν −B (∇νφ,0φ,0)− φ,0φ,0B,ν ]

=Γi00 + ḡi0g00A,0 +
1

2
ḡiν [−g00A,ν + 2Bφ,ν∇0φ,0 + 2φ,0φ,νB,0 − φ,0φ,0B,ν ] . (C.6)

Where in the last step we used the relation ∇0φ,ν = ∇νφ,0∗ to find that

2∇0 (φ,0φ,ν)−∇ν (φ,0φ,0) = 2φ,ν∇0φ,0 + 2φ,0∇0φ,ν − 2φ,0∇νφ,0
= 2φ,ν∇0φ,0. (C.7)

∗The relation can be seen from the fact that ∇µ∇νφ = ∇µφ,ν = φ,µν − Γλµνφ,λ. Because partial
derivatives commute, and because the Christoffel symbols are symmetric in the two lower indices, one
finds that ∇µφ,ν = φ,νµ − Γλνµφ,λ = ∇νφ,µ.
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Inserting the first order expressions for the Einstein frame metric, one can write out
all six terms of equation (C.6).

The first term is

Γi00 =
1

2
giν (gν0,0 + gν0,0 − g00,ν)

= −1

2
giig00,i

=
Ψ,i

a2
. (C.8)

Here it was used that ν = i is the only nonzero contribution from giν , and therefore
it follows that gν0,0 = gi0,0 = 0. This is a common trick that will be applied in the
following calculations.

The second term is

ḡi0g00A,0 =

(
gi0

A
g00A,0 −

1

A

Bφ,iφ,0

A− 2BX
g00A,0

)
=

1

A

Bφ,iφ,0A,0
A− 2BX

(1 + 2Ψ) . (C.9)

The third term is

−1

2
ḡiνg00A,ν =

1

2

(
giν

A
A,ν −

1

A

Bφ,iφ,ν

A− 2BX
A,ν

)
(1 + 2Ψ)

=
1

2

(1 + 4Ψ)

a2A
A,i − (1 + 2Ψ)

1

2A

BA,νφ
,νφ,i

A− 2BX
. (C.10)

The fourth term is

1

2
ḡiν2Bφ,ν∇0φ,0 =B

(
giν

A
− 1

A

Bφ,iφ,ν

A− 2BX

)
(φ,ν∇0φ,0)

=B

(
(1 + 2Ψ)

a2A
(φ,i∇0φ,0)− 1

A

Bφ,iφ,νφ,ν∇0φ,0
A− 2BX

)
=
B (1 + 2Ψ)

a2

1

A

(
1 +

2BX

A− 2BX

)
(φ,i∇0φ,0) . (C.11)

Now follows an intermediate step using the definition of the covariant time derivative,
resulting in the relation

∇0φ,0 = φ̈− 1

a2

∑
j=1,2,3

Ψ,jφ,j , (C.12)
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which means that the fourth term can be written

B (1 + 2Ψ)

a2

1

A

(
1 +

2BX

A− 2BX

)
φ,i

φ̈− 1

a2

∑
j=1,2,3

Ψ,jφ,j

 . (C.13)

The fifth term is

1

2
ḡiν2φ,0φ,νB,0 =

(
giν

A
− 1

A

Bφ,iφ,ν

A− 2BX

)
φ,0φ,νB,0

=

(
(1 + 2Ψ)

a2A
φ,0φ,iB,0 +

1

A

2Bgiiφ,iφ,0XB,0
A− 2BX

)
=

(1 + 2Ψ)

a2

1

A

(
1 +

2BX

A− 2BX

)
φ,0φ,iB,0. (C.14)

Finally, the sixth term of Γ̄i00 is given by

−1

2
ḡiνφ,0φ,0B,ν = −1

2

(
giν

A
− 1

A

Bφ,iφ,ν

A− 2BX

)
φ,0φ,0B,ν

= −1

2

(1 + 2Ψ)φ,0φ,0B,i
a2A

+
1

2A

Bφ,iφ,νφ,0φ,0B,ν
A− 2BX

. (C.15)

C.2.1 Inserting derivatives of A and B, and lowering the indices.

The expressions for the partial derivatives of A and B are given by

A,0 =
∂A

∂φ
φ̇ = 2

φφ̇

M2
, (C.16)

A,i =
∂A

∂φ
φ,i = 2

φφ,i
M2

, (C.17)

B,ν =
∂B

∂φ
φ,ν =

β

φ0
Bφ,ν . (C.18)

All derivatives of physical vectors are covariant, therefore all derivative indices that
are not summed over, must be lowered. This is done through the inverse metric, spe-
cifically

φ,i = gijφ,j =
1

a2
(1 + 2Ψ)φ,i, (C.19)

φ,0 = g00φ,0 = − (1− 2Ψ) φ̇. (C.20)

The final expression for the third term is now
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−1

2
ḡiνg00A,ν =

1

2

(1 + 4Ψ)

a2A
A,i − (1 + 2Ψ)

1

2A

BA,νφ
,νφ,i

A− 2BX
,

=
1

a2
(1 + 4Ψ)

φφ,i
M2

1

A

(
1 +

2BX

A− 2BX

)
. (C.21)

Moreover, the sixth term is given by

−1

2
ḡiνφ,0φ,0B,ν = −1

2

(1 + 2Ψ)φ,0φ,0B,i
a2A

+
1

2A

Bφ,iφ,νφ,0φ,0B,ν
A− 2BX

,

= − 1

2a2
(1 + 2Ψ)

β

φ0
Bφ,0φ,0φ,i

1

A

(
1 +

2BX

A− 2BX

)
. (C.22)

It seems that this familiar combination appears in many terms:

B

A

(
1 +

2BX

A− 2BX

)
=
B

A

(
A− 2BX + 2BX

A− 2BX

)
=

B

A− 2BX
≡ γ2. (C.23)

Combining all the terms and simplifying gives the final expression for Γ̄i00:

Γ̄i00 =
Ψ,i

a2
− 2

a2A

φφ,iφ̇
2

M2
γ2 (1 + 2Ψ) +

1

a2
(1 + 4Ψ)

φφ,i
M2

1

A− 2BX

+
(1 + 2Ψ)

a2
γ2φ,i

φ̈− 1

a2

∑
j=1,2,3

Ψ,jφ,j


+

1

2

(1 + 2Ψ)

a2

β

φ0
γ2φ̇2φ,i. (C.24)

C.3 Finding the ij0 component:

Γ̄ij0 =Γij0 +
1

2
ḡiν [∇j ḡ0ν +∇0ḡjν −∇ν ḡj0] ,

=Γij0 +
1

2
ḡiν [g0νA,j +Bφ,ν∇jφ,0 +Bφ,0∇jφ,ν + φ,0φ,νB,j

+ gjνA,0 +Bφ,ν∇0φ,j +Bφ,j∇0φ,ν + φ,jφ,νB,0

−gj0A,ν −Bφ,0∇νφ,j −Bφ,j∇νφ,0 − φ,jφ,0B,ν ] ,

=Γij0 +
1

2
ḡiν
[
g0νA,j + 2Bφ,ν∇jφ,0 +B′φ,0φ,νφ,j + gjνA,0

]
, (C.25)

where many terms cancelled out. Again, one can write out all five remaining terms,
where the first term is simply

Γij0 =
1

2
giν (gνj,0 + gν0,j − gj0,ν)

=
1

2
giigij,0

= Hδij . (C.26)
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The second term is

1

2
ḡiνg0νA,j =

1

2A

(
Bφ,iφ,0

A− 2BX

)
(1 + 2Ψ)A,φφ,j

= −γ2 1

a2

φ

AM2
φ,iφ,jφ̇ (1 + 2Ψ) . (C.27)

The third term, using the same logic as for the sixth term of Γ̄i00, is

1

2
ḡiν2Bφ,ν∇jφ,0 =

1

a2
(1 + 2Ψ)φ,i∇jφ,0γ2. (C.28)

The fourth term is

1

2
ḡiνB,φφ,0φ,νφ,j =

1

2a2
(1 + 2Ψ)

β

φ0
φ̇φ,iφ,jγ

2. (C.29)

Lastly, the fifth term is

1

2
ḡiνgjνA,0 =

1

2
ḡijgjjA,φφ,0

=
1

2A

(
δij

1

a2
(1 + 2Ψ)− Bφ,iφ,j

A− 2BX

)
a2 (1− 2Ψ)A,φφ,0

=
φφ̇

AM2

(
δij −

1

a2
γ2φ,iφ,j (1 + 2Ψ)

)
. (C.30)

One can further insert

∇jφ,0 = φ,j0 − Γνj0φ,ν

= φ,j0 −Hφ,j −Ψ,jφ̇. (C.31)

This is because Γνj0φ,ν = Γij0φ,i + Γ0
j0φ,0. We have already found that Γij0φ,i = Hφ,j ,

and can now find Γ0
j0, given by

Γ0
j0 =

1

2
g0ν (gνj,0 + gν0,j − gj0,ν) ,

=
1

2
g00g00,j ,

= (1− 2Ψ) Ψ,j ≈ Ψ,j . (C.32)

When piecing all of this together, one arrives at the expression

Γ̄ij0 =Hδij − γ2 1

a2

φ

AM2
φ,iφ,jφ̇ (1 + 2Ψ) +

1

a2
(1 + 2Ψ)φ,i

(
φ,j0 −Hφ,j −Ψ,jφ̇

)
γ2

+
1

2a2
(1 + 2Ψ)

β

φ0
φ̇φ,iφ,jγ

2 +
φφ̇

AM2

(
δij −

1

a2
γ2φ,iφ,j (1 + 2Ψ)

)
. (C.33)
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Implementation details

The equations introduced in the chapter 2 are readable by humans, but computers do
not understand the Einstein summation notation. Additionally, all instances of the
Planck mass MPl must be cancelled by hand before inserting the equations into the
code, because this number is far away from O(1), which would reduce the precision of
the calculations drastically. Ramses uses internal units where c 6= 1, thus one must use
dimensional analysis to regain these factors.

The conformal factor A is supposed to be dimensionless. From section 2.4.1, this
factor is given by

A = 1 +
2

c2
ζθ2χ2, (D.1)

where a factor of c2 is now inserted because the units of ζ are velocity squared∗. The
result is a dimensionless A, which can be implemented without problems.

One term used both in the equation of motion for the scalar field and in the geodesics
is −2BX. Written out this term reads

b0
H2

0M
2
Pl

exp (βχ) gµνφ,µφ,ν . (D.2)

Using the definition for the dimensionless field,

φ = 2θMPlζχ, (D.3)

one finds that the Planck mass indeed cancels out, and one ends up with (still with
c = 1)

−2BX = 4b0

(
ζθ

H0

)2

exp (βχ) gµνχ,µχ,ν . (D.4)

∗ζ ≡ 3Ω0H
2
0λ

2
0

a3SSB
, where H0 carries units of inverse time, and λ0 has units of length. The other symbols

are dimensionless, hence [ζ] =
[
c2
]
.
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Deciding that the derivatives χ,µ have units of inverse length, gµνχ,µχ,ν can be written
out as

gµνχ,µχ,ν = − 1

c2
(1− 2Ψ) (χ̇)2 +

∑
i=123

1

a2 (t)
(1 + 2Ψ) (χ,i)

2 , (D.5)

≈ − q2

a6c2
+

1

a2 (t)

∑
i=123

(χ,i)
2 . (D.6)

The fact that χ̇ = x′/a2 = q/a3 was utilized, and in the last step it was assumed that
Ψ � 1. Now, since the units of ζ are velocity squared, 1/H0 has units of time, and
gµνχ,µχ,ν has units of inverse length squared, the correct dimensionless form of −2BX
is given by

−2BX =
4b0
c2

(
ζθ

H0

)2

exp (βχ)

{
− q2

a6c2
+

1

a2 (t)

∑
i=123

(χ,i)
2

}
. (D.7)

The density ρ can be written as

ρ =
ρ0(z=0)

a3
η =

3H2
0 Ω0

a3
M2

Plη, (D.8)

where η is the density contrast η = ρ/ρ0. This means that the factor γ2ρ can be written
out without the Planck mass, namely

γ2ρ =
b0 exp (βχ)

A− 2BX
· 3Ω0

a3
η. (D.9)

Here, the Planck mass cancelled because the choice of the dimensionless definition of
b0. Similarly, the factor γ2M2

Pl that appears in the geodesic equation can be rewritten
as

γ2M2
Pl =

b0 exp (βχ)

H2
0 (A− 2BX)

. (D.10)

Some parts of the equation of motion (2.55) can be rewritten. By remembering that
q′ should have units of inverse time squared, one finds the term in square brackets to
be

[
4θ2ζ

Ac2
χ− β

2

]
=

4θ2ζχ

c2 + 2ζθ2χ2
− β

2
. (D.11)

Furthermore, inserting the expression (D.8) for ρ, the term with ρχ in the equation of
motion (2.55) can be written as

1

A− 2BX

a5

2ζM2
Pl

c2ρχ =
1

A− 2BX

a5c2

2λ2
0

a3
SSB

a3
ηχ. (D.12)
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This means that the last two terms of the equation of motion for the scalar field (2.55)
can be written together, specifically

− 1

A− 2BX

a5

2ζM2
Pl

c2ρχ+
(
χ− χ3

) c2a5

2λ2
0

=

(
1− 1

A− 2BX

a3
SSB

a3
η − χ2

)
χ
c2a5

2λ2
0

.

(D.13)

These terms give rise to a symmetron-like behaviour of the effective potential when
b0 = 0. Notice the similarity to the symmetron equation of motion used in the paper
[39].
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