
Convergence of spectral sequences 

by 

Olav Arnfinn ltmdal 

Introduction 

In this paper we shall study the convergence of spectral sequences. 

The problem is roughly the follow:l.ng. If j_n same nice abelian category 

there is given an exact couple 

and if the corresponding spectral sequence is denoted by (ff} , when will 

there exist an integer r 
0 

such that 

Our main result is the 

'rheorem (3. 2) 

degree 1 . 

Suppose that D "" (D } 
p 

Iet "1'1 p-k : D ~ D 
I p p-k p 

is graded and suppose 

be the restriction of 

Dp-k , then the following conditions a.re equivalent 

(i) there exists an integer r 
0 

ro OJ 
such that E '::: E 

(j_i) for each p and each k 1-re have :i.somorphisms 

i is of' 

to 

· { p-k-r p-k} ( p-k-k~ p-lt} coker ker 'fJ o ~ ker "1 '::: coker ker fl1 · ·+ ker 'l 
IP p lp p 

ker(colter? pp+lt-? coker7 P p+k+r
0

} '::: ker(coker? Pp+k-+ coker7 Pp+k+k1 ) 

for a.ll k 1 > r 
- 0 

If one of these conditions holds 1-re shall sa;y that (:m } 
r 

converges 

uniformly. Using (3. 2) we prove 

Corollary(). 7) If (If} converges unifonn.cy- then there exist exac-t 

sequences 
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0 -~> l.¥nc.a;Dp --~> l.!In 

{l) 
Hp -~> lim D -~> lim D -+ l:im H -+ lim D -+ 0 

~ p ... :P . ...,_ p ~ p 
p p p p p p 

H ~ coker(D -~>lim Dp1 ) • 
p p pi 

'rhe above results generalize theorems of Serre [:8} and. Shih [9 ).. See 

also Grothendieck (/+], Chap. o .• ~1.3. 

If (F C ) < 
0 

is a complete filtration of a complex c· in the 
p p -· 

sense of Eilenberg, Moore [3] and if the spectral sequence {~) associ-

ated;converges uniform.ly then using (3.'7) we prove, 

where H" 
p 

E 00 
'V ker(H" -+ H"} 

p - p~l p· 

H"(c·) = l:im w 
-- p p 

is graded as a quotient-object of 

This generalizes Corollary 6.3 of [3]. 

The :first section contains some results on the :functors lim and 
+-~ 

In particular ~re prove a theorem characterizj.ng the projective systems D 

for which lim (l)D =- 0 o -
The second section is concerned 1dth the relationship betw·een E

00 a.nd 

the filtration (HP} of lim D and the cofiltration (H ) .,.._ p of lim D • 
-to 

In the third section we prove the theorem stated above and ~ deduce 

some corollaries. 

The Jr:tst section contains some results on morphisms of exact couples .. 

A first version of this paper was written in the spring of 1966 and 
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some of the results w·ere presented to the International Congress of Mathe-

matic:l.ans in Moscow the same year. Since then Eckmann and Hilton have 
i Y\ t:\. Willi" I! lJ€'1£.ri\L .se.:tti Yl~ 

published two papers [1], [2] on spectral sequences · . · 

-:tr~, proving some of our results, such as lemma (2 .. 1). However 

their goals seem to be somewhat different :fran om·s, and their methods do 

not involve the study of the higher derived functors of lim and lim 
- -+ 

wh:i.ch is essential for the results of this paper~ 

sums. 

g1. Some results on ective and inductive limits. 

Let c be an abelian category with exact denumerable products and. 

Denote by c the catego:ry of projective systems in c indexed ._.z 

by the integers Z ~ An oh,ject D of' ;;_z is then a sequence of morphisms 

in c 

D: 

p-1 
'lf}p 

-+ D 
p 

p 
'tJ p+l 

We know, see Roos [7], that under these a.ssumptions, the functors, 

exist together with their sateli'tes liln ( i) a,nd 
+-

lim(·.) , and it is easy to 
·~ J. 

prove the following properti-es 

(1) 

(2) 

] -'- ( i) 1' () 
. ..uu "" ~m(.) = for i ~ 2 • .,._ -+ ~ 

'f' J 1 '1 p-1 ~- a. p are ep:iJnorphic resp. monomorphic then 

l:un. (i) D = 0 reqp. J-'- D 0 
~ '" --~u(i) :::: • 

Definition (1.1). If D is an object of ::,z we define the ~~ D 



resp. the ~~ion Q of D by 

~ p-k p D :a ·1 im coker '>1 resp. D = lim ker '11 
p ~ f p -p -+ I p+k 

k 

we have nattrral morphisms 

D -!>· D resp. D ·+ D 

4 

Let lu(l) resp 
1
D(l) be the kernel resp. the cokernel of this morph:Lsm, 

and define inductively 1n(l) :resp 
1
D(l) as the kernel resp. cokernel of 

In this way we obtain a filtration resp. a cofiltration of D 

-» D(l) -» • • • 
1 

~» D( 1) 
i 

--H> • 
1
n( 1) 

l+ 

Since all definitions and all results in this sect :ion, except for (1. 8) and 

(1.10) have obvious duals we shall omit these duals. 

The filtration (l) will be called t.he 1-:fold c~_nonical filtration of 

D , and the aubobject 1 ·' D(!) ,., Um .~..D(l) 

i 
the 1-fold canonical filtraM.on. 

1vill be called the oo -term o:f 

Inducti veJ..y we define the n-fold canonic:.al filtration of D 

as follows: j_+lD(n) is the co-term of the (n-1)-fold canonical filtra

tion of iD(n) , and the subob,ject 1D(n+l) ::o~ lim :tD(n) is called the 
~ 

1 

co-term of the n-fold canonical filtration. 

Definition (1. 2) l.Je shaJJ. say 'that the n-fold canonical f:l.ltrati.on is 



complete if 

( i) 

(ii) 

0 -+ k+~(l) ~ ~(1) -~ k:D(1)-+ 0 is exact for all lc :;:: 0 

1 k D/ D(~l) "" lim D/ ':D(m) for all 1 'S m $ n • 
<F..'--
k 

We shall say that D ts stable (satisfy the Mitta.g-

Leffler condition) if for every p there exists a r p 

p-r p-k 
coker 7 P p = coker 7 P for all k > r 

- p 

+ 
€ Z such that 

We shall call the number r the height of D at p , and we shall say 
p 

that D is stable of uniform height :r 

above definition equal to r • 

Ti:o follovring lennna is trivj_al. 

if we can choose all r in the 
p 
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Lennna (1.4) If f, d k k( ) is sta.ble tl1en k+lD(n) or some n an same , --n n _ 

is epimorphic and .£D(n) = k+~(n) for all .£ :;:- k+l • If, on the other 

hand for some n and k , .£D(n) • ~(n) for all .£ ~ k then ~(n) is 

epimorphic. 

Lemma (1.5) Suppose D is stable then 

~· Consider the pro,jective system H on Z x Z defined by 

H • im t7 min(m,n)) .. 
m,n 1 max(m,n 

H restricted to the diagonal ~ in Z x Z is isomorphic to D and 

H restricted to A = { (p, p-r ) j p e Z) :ts epimorphic. As both ..6 
r p 

and .d r are cofinal in Z x Z the resuJ..t follows .from (ii) above. 

QED. 



Lemma (1.6) Let D be an object of ~Z , then 

Proof'. 

lim (:i.) D • 0 for i ::: 0 • 
~ 

Ptt F D j· min(m,n) 1 m,n '"' max(m,n) J1ll i ma..x(m,n) • Then F is a projective 

system defined on the ordered set Z x Z • Since F restricted to the 

diagonal ~ is zero it follows that 

Now 

lim(i)F • 0 for all i :::- 0 0 

~ 

zxz 

is the abutment of the spectral sequence given by: 

see [6] or [7], thus giving us isomorphisms 

D /-1m n 
l:-im Wt m 7m :::'~lF 
m n'5m zxz 

Theorem (1. 7) I~t D be an object of ~Z then the following state-

ments are equivalent 

(i) lim(l)D"" 0 
<t-o 

(ii) For all n ~ 1 the n-fold canonical filtra-tion of D is 

complete and 

:>!!! 0 • 

6 

Proof. We shall prove that (j.) is equivalent to ( ii) with n ""' 1 1 leaving 
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the more general statement as an easy exercise. 

Suppose ~(l)D = 0 , then applying the f'unctor ~1 to the two 

exact sequences 

n n 
0 -+ ker ~ m -+ Dn -+ :irn t'j m -+ 0 

we easily deduce an exact sequence 

o ~ ~(1) ~· D ~ D .-.. o • 

Using :Lemma (1. 6) we find ~im (k)D :: ~/k) ~(1) for k ::= 0 so we may 

continue, proving that for all i the sequence 

is exact and 

(3) 

Now, let H be the pro,iective system on Z x Z+<r> defined by 

we know that lim (i) H is the abutment of two spectral sequences given 
z"X' zo 

by 

Using (3) we find_ Um ln(2) ".:: l:lm D and 
- <1ft-



thus 

lirn(l) H ,.. 0 
'+-+ + Z X Z 

From this it follows that 

i.e. 

(4) 

(5) 

"E2 ' "" . 1,0 

lim 
+-· 
n 

1 . (1) iD "" 0 , :un n <-
i 

We are going to prove that for all n ~ m the morphism 

liln(l) iD (1) ..,. lim(l) 1D (1) 
- n ..__. m 

i i 

is an epimorphism. Together with (4), (5) implies 

(1) i lim -· D = 0 for every n € Z 
.r- n 

i 
and this gives us the isomorphism D I~ ( 2) "' 1 im D I 1D ( 1) • 

n n - ~ n n 
1 

Consider the diagram 

0 
00 jD lim jD ~~ ljJn(l) ku ~ Dn ·-!> -1- -,I> 

n 4- n n ........ n 

J k? j+2 !'f t. l~ 
ooD j ~ jD/~ 

~ lim(l) ~ 0 -+ ·+ D ~ ~ 

m m k -p j+2 m m <#-• m 

f 
k 

II II t );I 

0 
00 -+ j+ln --+ lim j+lu /~ ~(1) ku -1> D -1> 

In m k~ ,j+2 m m k Dl 

8 

-+ 0 

~ 0 

-+ 0 
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in which the horizontal sequences are exact. We have to prove that ~ is 

epimorphic. But by the commutativity of the lower right square, we know 

that 

im v -+- Hm(l) ~ 
~ m 

is epimorphic, and since :inl v S: im "f we find that ~ o ~ is 

epjmorph:i.c. By the commutativity of the upper right square this proves 

that ~ is epimorphic. 

We have therefore proved (i) ·+ (ij.). 

To prove the converse part of the theorem, we first note that (:i.i) 

together wlth Lennna (1¢ 6) proves that; 

(6) for every + i € z 

l:im(l) 1n (1) "" 0 for all n E Z ~ 
<"-'" n 
i 

Considering the projective system H above.~ using the spectral sequence 1 E 

and the isanorphism (6) we find 

But the spectral sequence 11E degenerates, therefore 

QED .. 

Lemma ( l. ~L Iet A be a noetherian ring of finite dimension and M a 

finitely generated A-module. Suppose M is filtered by submoduJ.es (Mi) , 

M = M0 :!: M1 a> " .. ~ '2 M1 a Mi+l 2 • 9 
• then there exists an integer i 

such that 
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P.roof. Recall that V(M) = (tp € spec(A) I M:tp :f. 0} • The filtration of 

M :lnduces a filtration of ordered sets 

•• 0 

Since each of the ordered sets V(M1) has a f:i.ni te ntt:m'ber of m1.nimal 

elements and since A is noetherian there must exist an 11 such that 

then has 

finite length. Therefore there exists an i ~ 11 such that 

(M.) Ml -:; (M,e) for all t : i and all s • 1, 
~ r s 'Ps 

This means that 'Ps f V(M/M,e) for all s = 11 u@, m • and all J, ?' 1 • 

Thus 

QED. 

Definition (1.9[ We shall say that the n-fold canonical filtration is 

trivial if 
i' 1 
D(n) = D(n) for all i :?: 1. .. 

Theorem ( 1. 10) Let A be a noetherian ring of fj.ni te Krull. d.imension n • 

Let D be a projective system of :Cin:ttely genE> .. rated A~mod.ules, then the 

following statements are equivalent 

(i) lim(l) D = 0 
~ 

(ii) the (n+l)-fold canonical filtration is trivial and ccrnplete. 

Proof. If the (n+l)-fold canonical filtration is trivial, then by Lemma (1 .. 4) 
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1D(n+l) will be epimorphic and therefore Um(l) ~(n+l) ""' 0 • Suppose 
~ 

the (n+l)-fold canonical filtration is nontrivial, then using Lemma (1.8) 

we find dim V(D ) > n for some m , which contradicts the assumption that 
m 

dim A = n • The rest follmrs from Theorem ( l. 7). 

QED. 

If {F c·} is a complete f:i.ltration of a complex c· and if D = 
p p 

H (F c•) we shall see in §3 and g4 that 1D(l) {: 0 if and only if dF Cn-l 
n P P 

is not closed in the topology of Cn generated by the filtration (F Cn} • p 

Moreover we will have lim(i)D"" 0 for i ? 0 • Thus U tn.- is an ideal 
~- ,....., 

of a complete C'.f -adic ring A and if the completion ot. of crz., in the 

cq_ -adic topology of &l.. has a nonclosed image in A then the projective 

system 

will have the properties: 

for t ? 0 and 

An example of this sort is the ideal <n- generated by the elements 

x1 - xi of the formal power series ri!~ k[[x1 , 

countable ntJJn1)er of variables over a field. 

2. ~al seq_uen~. 

Let D be an object of .'::.z 

i 
p-1 

i p 

X ] ] in a ' i' . . . ' 

D -!> D-+ D -+••• 
p p+l 



For each p e Z we can find one, but in general lots of, objects 

morphisms j and k in c such that the diagram 
p p 

is an exact couple. It 

D p-1 

k' p 
E 

p 

suffices, in fact, to find an object E p 

morphisms ,j~ and k' such that the following sequence becomes p 

J' k' 
0 -1' p 

ker __., coker i E -1- i "'i' 

p-1 p p-1 

This is obviously the same as picking an elemen·t; E from 
p 

Rx:t1 (ker i 1 , col~:er i 
1

) • 
p- p-

Thus the set 

S(D) = TT Ext1 (ker i 1 , coker i 1 ) 
p € z p- p-

0 
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E and 
p 

and 

exact 

is in one-to-one correspond.ence with the set of all, up to isomorphisms, 

graded exact couples 

with 

D:::: li D , 
p E Z p 

E"' lL E 
p € z p 

where i, j and k have degrees +1 , 0 and -1 respectively. 

Given an object D in ~Z and an exact couple E € S(D) 7 we would 



(,.' •. :· •• V'i t' ' < 1< 
like to eale~l~e 

using only the spectral seq_uence 

(Er} 
r E: z+ • 

Let us first introduce some nota,tions. If 

D -+ D 
p-1 

is an object of ~Z and if p 1 :::: p let 

i>1 p' : D _,_ D 
; p P' p 

be the obvious composition of the J. IS • 
p 

We put 

1H(D) -· lim(i) D 
~ 

for 
.H(D) := l:inl(i) D 

J.. 
-+ 
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i "" o, l • 

We define a ca,nonical filtration (Hp(D)}p € Z of 0 H(D) and a canonical 

cofiltration 

where TT p : lim D -+ D 
ott- p 

of H(D) , by 
0 

HP(D) =: ker R"P 
H:P()D ""' coker JJ,. p 

and : D """ lim D p ~ 
are the canonical morphisms. 

Now for p1 < p , consider the diagram of exact seq_uences 



Applying the functors lim resp. lim 
p' p 

p p' H (D) ~ lim ker 1 
~, p 
p 

and we put: 

0 

J I 
...;. im '1 p 

"' p 
D p 

,L 

-+ 0 

coker "1 P' 
J_ I p 

0 

we easily deduce: 

= l~(l) coker l ~~ 
p 

In the rt.". derived of the exact couple (1) 

14 

we shall consider Dr as a subobject of D and ff as a subquotient of 

the graded object E • Thus: 

P-r-1 r 
D =im'1 p p 

Using the same methods as in the proof of (1. 5) we easily prove that: 

:for all p € Z and i ~ 0, 1 • 



Nmr, look at the exact sequence deduced from the 

couple, 

j 
r 

(2) 

th 
:r derived exact 

.r 
:1 
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Lemma (2.1) For every k ? 0 the sequence (2) induces an exact sequence 

r+k _,. ke:r i 
p-1 0 

where Zr is the sup. of the subobjects of 
p,k 

1f for which 
p 

quotient (see [5]). 

Proof. As coker 

is evident. 

l' = ker k 
p 

coker ir £-
p+r-2 

the inclusion 

for all k ? 0 

Now look at the connnutative diagram: 
kr 

zr K-' 
p r s -+ D 1 p,k-1 p p~ 

<!> ! surj. kr+k-1 
IJI 

zr+k-1 Ff+k-1 
p 

Dr+k-1 c:::. -~ 

p,l p p-1 

l surj. I r+k 
i 1 kr+k r+k p-

Dr+k 1f+k p D -!> 

~ p-1 p 
p 

:i'+k 
p 

is a 

Taking into account the definition of it becomes fairly 

evident that r k maps p 

Now apply the functor 

Q,ED. 

lim - to the exact sequence of (2.1). 
k € z 

Since the projective system coker ir 
p+r-2 

is constant. with respect to 



k € Z we obtain the exact sequence: 

(3) 0 ~ c oker ir -+ 1 im 
p+r--2 ~ k € z 

and the isQnorphism 

(4) lim(l) zr ,.... J • (1) ker 1
r+k 

k"€ z p,k- k~Z p-1 

'"" liln (l) ker ik - - p-1 k E Z 

In particular we find that the projective systems 

and 11m (l) zr 

indexed by r € Z , 

r+k lim ker 1 = 
k~ z p-l 

1 . 'k .1{ 
JJn . er J. 

1 k ~€- z p-

that in the notations of [ 5): 

and, by definition, 

E~ 
p 

l:i.Jn .... 
r € z 

,.._ p,k 
k € z. 

are constant. Remembering 

r ~ n z =};; 
k € z p,k p 

lim -rEZ ltEZ 

Since W.(l) zt k is constant \dth respect to r we may define: 
k € z p, 

( 5) 

Then using the functor l.Yn on the seg_uence ( 3) we get an exact sequence: 
r E: Z 

(6) 0 -+ lim coker ir 
r-;: Z p+r-2 

lin1 ker ik 
+-- p-1 

k € z 
-+ 0 

and isomorphisms: 
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(7) and Eco "'- lim 1 ir 
1 P r ~ Zo (1) coter p+r-2 

where in analogy with the def:lnition above we have put: 

(8) 1_¥n (1) ~ 
r € Z0 

Now, look at the commutative diagrams of exact sequences 

0 p-k D Dk 0 -+ ker '? p-1 
-+ -+ -+ 

p-k p-1 

inj. l II l .k 
:L 1 p-

0 p-k D r}c 
-1> ker"/ P -+ -+ 

p-k p 

JT -1> D p-1 0 -+ coker '? 1 
-+ 

p+r-2 p+r-1 p+r-

.r l II ~ surj. l. p+r·-2 

0 -~ Dr -~ D -+ coker ~ P 1 
-+ 0 p+r-1 p+r~1 p+r-

Using the snake 1ennna we get exact sequences: 

0 p-k p-k 1 .k 0 -+ ker '1 P-1 
-+ ker ~ P -1> cer l 1 

...... 
p-

(10) .r p-1 __,. p 0 ...... coker l + 2 -+ cok.er 1 p+ 1 coker'? 1 
-+ 0 

p r- . r-. p+r-

App]~i:ng the functors resp. on these sequences we are left ~ 
k € z 

with the exact sequences: 

0 ...;. P·~l H -+ 

(10) 

0 ~ E -+ H -~> H -+ lim coker 1 p 1 p-1 1 p _, 
'Z' 
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Together (6) and (10) give us, 

~,?eorem (2.:1l For any E E S(D) we have the following diagram of exact 

sequences: 
0 

l 
0 ..... H.-'~'.._,.-+ H -~H -+0 

1 p 1 p-1 p 

Eoo 

lp 

0 

3. Convergence o!. sy~~tral~equences. 

The follmring theorems are the main results in this paper. 

Theorem (3.1) Suppose E € S(D) , then the following conditions are 

equivalent 

(1) For every p € z. there exists a r ?"1 such that p 
r p 

::: Ero E p p 

(ii) For every p € z the projective system 

(1) ( p-k) 
ker '1 P k € z+ 

is stable, and the projective system 

(2) ( coker "' ~+J<;.J k € z+ 

is costable. 

If one of these conditions is satisfied we shall say that the spectral 



sequence (~} converge. 

Proof'. Consider the exact sequences (see 'i. $ ) • 

(3) 0 -+ coker i~+r-2 -~ zr -1> ker 1r+k ..... 0 p,k p-1 

0 -+ k 1 p-k-r p-k-r ker 1
r+k 0 er 1 

..... ker , ..... .... 
p- p p-1 

(4) 

( 5) 0 _,. coker ir.. 
2 

_,. coker -n :p+-l 
1 

..., cokeJ.' o/1 p -~> 0 
p.-r- I p r- u p+r-1 

If (1) is stable we must have that 

(6) (ker ir+k} 
p-1 k € z+ 

ts stable, but bej_:ng monomorphic it has to be constant for big k 1 s • 

A dual argument shows tlw.t if (2) is costable, then 

(7) { k .r } 
co er J.p+l'-2 r E z+ 

is constant for big r 1 s. 

As (3) is exact we have proved that (ii) imply that the projective 

system 

(8) 

is constant for @i~ r and k 1 s • 

This means that there exists 

thus (ii) ~=> (i). 

r 
Eoo ""Z o 

P - p k 
' ' 0 

r k E z+ such that · o' o 

r +k 
0 0 

"::E p 

To prove (i) ~ (ii) we start by observing that (i) is, in fact, 
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equivalent to (8) bej_ng constant for r?r and k:?O. 
p 

So suppose (8) 

is constant, for r :;- rp and k ? 0 , then using the exactness of (3) we 



find that (6) and (7) are constant for k > r resp. r ? rp • Now sup
- p 

pose we are given a k ? 0 and let us choose a k 1 ~ k such that 

(9) s k 1 > ker i j = ker i for all s _ k 1 and 1 5 j :;; lt • 
P- p-j 

(We may put lt 1 = max{r p' r p-l, • • • , r p-k+l} •) 

For each 1 :;; j ~ k consider the camnutative diagram 

0 p-s p-s k .s 0 -+ ker '1 . .... ker 'Yj p-j+l -+ er ~ , j -+ 
p-J p-

i L II 

0 p-k' p-k' k' 0 ...... ker 1 p-j -+ ker '1 p-j+l -+ ker i j -+ 
P-

.J ~ ! mono 

0 p-k ker , p-k ker ik 0 -+ ker 'J . -+ -+ -+ 
p-J p-J+l p-j 

in which each horizontal sequence is exact. 

Using the snake lemma we get a diagram 
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0-+ coker(ker~PP--js -+ kerhpp--kj) -+ coker(kerhp-s -+ ker~P-~ } -+ coker(ker is -+ ker ik } -+ 0 
1 I lp-j+l fp-J+l p-J p-J 

in which the sequences are exact. 

Now for all s ? k 1 ¢~ is an isomorphism .• both sides betng zero, thus 

tf,S 
~ is an isomorphism for all 
k·-1 

S ? k 1 
e Continuing we readily find that 

¢8 
is an isomorphism for all s ~k1 , thus proving that (1) is stable. 

0 

A dual argument may be used to prove that (2) is coste,ble, thus finishirJg 

the proof. 

Q,ED. 

Theorem (_;5.~ Suppose E € S(D) then the following conditions are 
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equivalent 

( i) There exists a r > J such that - -

( ii) The:t:·e exists a r :? 1 such that f'or every p € Z the projective 

system 

( p-11:} 
ker"] p k € z+ 

is stable of uniform height r , and the projective system 

is costa.ble of uniform depth r 

If one of' these conclitions is satisfied we shall say that the spectral 

sequence (W} converges uniformly. 

Proof. In the proof' of (3.1) we may pUt 

equal to r • This proves the theorem. 

r = r and k 1 
p 

can be chosen 

QED. 

Proposition (3.3) Suppose that (W} converges uniformly, then 

D is stable 

and 

D is costable. 

Proof'. As for each s e z+ the projective system 

p-1~) 
{ker '1 p+s. It € z+ 

is stable of uniform height r we have fo;r every s and k and every 

t ? r an isomorphism 



22 

coker(ker "i) p-k-r ~ ker '> p-k) '"" coker{ker n p-k-t ~ ker "Y) p-k) 
f p+s r p+s - 1 p+s p+s 

Now lj;m and coker commuteJ thus 

coker{ lim ker '? p-k-r ~ lim ker-n p-k} ':: coker{ljm kert)p-k-t ~ lim ltertJp+-ks) 
-:; :p+s ; 1 p+s -;--- lp+s s lP 

a.nd by definition of D this is the same as 

coker(D 1 ~ D k) ':: coker{D 
1 

·t "7 D k) -p-t-r -p- -p-t- -p-

but this means that D is stable. 

A dual argument shows that D is costable. 

~lary (3.4) Suppose that (~) converges, then 

(i) For all p E Z 

1nP = H = 0 
1 p 

(ii) For every p E Z we have an exact sequence 

0 -+ ker{H --~> H } -+ E00 
-+ coker(Hp-l -+ HPJ -~> 0 

p-1 p p 

(iii) ]'or every p € Z there are exact sequences 

(iv) 

( ,, ' 

For 

0 -+ l,lm(l) ln(l) -+ l,lm Hp -~ 0 H _,. lJtn 1D(l) -+ 0 
p 

0 -+ ~l 
1
D(l) -+ 

0
1! -+ ~ Hp -+ ~/l) 1D(l) -~> 0 

every p € z there are exact sequences 

0 -+ lDP(l) _,. D -+ I5 -+~ _,. 0 
p p 

0 -> lH -!> D ~ D _,. 
1Dp(l) -+ 0 -p p 

1D(l) is epimorphic and 
1

D(l) is monomorphic. 

QED. 
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Proof. ( ) ( p-k} ( ) By :;. 1 we know that h:er ry P k E: z+ is stable, thus by 1. 5 : 

Dually, we find H = 0 • 
l p 

Together this gives us (i), and (ii) follows 

:immediately from (2.2) and (i). 

Now using (i) and the exact sequences 

0 
s 

D im "1 8 
0 -+ ker~P 

._.. -+ -+ 
s p 

(10) im,;: coker,;; '""" 0 0 -+ ·+ D .... 
s 

we get the exact sequences 

(11) 
'""" H p 

-+ 0 

and the isomorphisms 

(12) ] __ ~ 1Jlll' (1 ) ~"'n 8 H"' 1' ..1~ I')P 
-H - ~ ...,u I p ' 1 - .¥Jl( 1) .url t S • 

s s 

From the exactness of the sequences (11) we deduce that 1n is epimorphic 

ancl 
1

D is monomorphic. Applying respectively lim and 
~ 

. p 
( 11) 1ve get (iii), and applying lim and lim 

-1' ~ 
sequences 

p p 
sequences of (10), using (12), we final]~ deduce (iv). 

~ to the same 
p 

to the exact 

QED. 

Suppose (E ) 
r 

converges and suppose further that 

H = H = 0 
0 1 

then for each p € Z there is an exact sequence 



( i) 

Moreover we have an exact seq_uence 

(H) 

and the isomorphism 

(iii) l -H ':::: lim D • 
-~ 

Proof. Consider the exaet sequence of (3.4) 

This may be split into two exact sequences 

0 -~> ~(l) _, D -+ K _, 0 

0 -+ K 

Nmv 11m(.) D "" 0 and l!m( l) ~ ~ 0 so we deduce 

0 lim K = 0 
-I' 1.¥n(l) ln(l) "" 

limn':::~ 
-I' lJ(n ~(l) ~ lJJn(l) K ~ 1¥n(l) D 

and this together with (3.1~) proves the corollary. 

QED. 

Corollary (3.6) Suppose {E) converges and suppose 

then for each p € Z there is an exact sequence 

( i) 0 -+ Eco -+ H -+ H -+ 0 • 
p p-1 p 

Moreover we have an exact sequence 

24 



(ii) 0 ~ H ~ 1im H ~ 0 
0 ~ p 

and the isomorphism 

(iii) 
l

H :::' lim D • 
"l;- -

Proo:f. Dual to that o:f (3.5). 

Corollary (3. 7) Suppose that (JJf) converges uni:fo:rmly then 

(i) Fo:r all p E Z 

~p = H = 0 
1 p 

(ii) For every p E Z we have an exact sequence 

(:i.ii) For every p E Z we have an exact sequence 

l
H -+ lim Hp ,... _,. 

p 

Moreover we have isomorphisms 

(iv) lim HP "" l:im D and lim H :;- l:iJn D • 
-r - +-- <:-- p -i' 

Proo:f. Usin~ (3.3) and (1.5) we know that 

1J¢n(l) n = o , 

Now :from (iv) o:f (3.4) we d.educe two exact sequences: 

0 -4 lu(J.) ...,.. D ..,. K -~" 0 

0 -? K 

From the last one we conclude: 

l.im(l) K ,.. 0 

and the sequence 

25 

-+ 0 
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is exact. 

l<rom the first 1v-e then get the exact sequence 

and the isomorphism 

Putting things together, using (iii) of (3.4) we get the following exact 

sequence 

Dually we find the exact sequence 

H ·+ lim H 
0 "'P p • 

The 5-letmna then concludes the proof. 

QED. 

Remark (3. 8), Let D be a monomorphic projective system of abelian groups, 

and suppose D ~ D for all p ~ 0 • 
p - 0 

r.rhen we kno-vr that 

if and only if D is nondiscrete, but not complete, in the topology 
0 

induced by the subgroups D for p $ 0 • As the projective system 
p 

(ker 7 ~-k) k € 2'.~ is zero and the projective system { coker~ ~+k} k E z+ is 

monomorphic, the condition (ii) of (3.2) is satisfied. Thus the condition 

(i) of (3.2) does not exclude the situation 1H ~ 0 • If we change the 

projective system D by imposing D "" 0 for p 
p > 0 , then we find that 
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the condition (ii) of (3.1) is satisfied if and only if for some p we 
0 

have D ~ D for. all p ~ p
0 

• 
p Po 

If this last condition is not satisfied we will not be able to obtain 

Eco after a finite number of steps, i. e. as an K'
1 

• 
1 

Remark (3.9) By (3.1) we find that if for same E € S(D) 

then the san1e is true for any E € S(D) • 

(E } 
r 

converges 

Remark (3.10) It is easy to shovr that if for p
1 

< p
2 

the projective 

system 
pl 

resp. costable (coker 1 k }k > Pl j_s stable 
k 

(ker '1 }k < resp. 
I Pl pl 

then so is also the projective system 
p2 

(coker1 k )k > • 
:p2 

:Moreover if (ker '7 ~} k < P is stable then using the exact sequence 

0 -+ ker n Pp-k -+ D -+ :l.m 11 p-k -+ 0 
( p-k I p 

we find an exact sequence 

Suppose that D is a projective system o:f graded objects from .:_ , and 

let .:.*z be the subcategory o:f .:.z consisting of such objects and morphisms 

f d 0 '. o egree Then of com·se, 

the filtration 

of 0 H , and the cofiltration 

1H , and .H are graded objects. Moreover 
l. 

of H are graded, i.e. for every p € Z the morphisms 
0 
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H -;. H -+H 
0 ~-1 p 

J~p-1 -+ lHp ~ ~ 

are of degree zero. 

Let E be an element of S(D) and assume for each that E p 

is graded, so that the resulting exact couple 

i 
D -+ D 

1\. ,; 
k E j 

is bigraded. The set of such E will be denoted by S*(D) lve shall 

call the p in E , respectively 
p 

the graduations (Ep,n)n € Z and 

the total degree. 

D , the 
p 

primary degree, and the 

(Dp,n}n E Z of E respectively 
p 

n in 

D 
p 

Thus i will always have total degree 0 • Suppose j have total 

degree u and k have total degree v , then the total degree of j(r) is 

u and the total degree of is v • 

In particular the morphisms :tn the exact sequence of ( 2. 1) have total 

degree u and v respectively, and the same must be true for the morphisms 

in the exact sequences (3) and (6) of §2. 

In the same vmy lve find that the isomorphisms (7) of§2 have total 

degree v and + u respectively. 

As the total degree of 1 is 0 we find, moreover, that the 

morphisms in the sequences (1) of §2 have total degree 0 • Together this 

gives us the following bigt•aded Vt~rsion of (2.2). 
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Theorem (3. 11) For any object D in .£!, and for any E e S *(D) such 

that the total degrees of j and k are u and v respectively, we have 

the following diagram of exact sequences 

0 
J, 

0 -+ E00 
-to H -J<o H ...... * -+- H -+ H 1 p,n-v-u 1 p-l,n-u 1 p,n-u l p-l,n-u p,n-u 

"'00 J!J p,n 
L 

-+ 0 

* 1Hp-1,n+v 
t'""' ...... 

~p,n+v-+ ~oo _..,. 0 
p,n+v+u 

0 

Now looking carefully at the proof of (3.1) we find the following theorems: 

~or0..m (3.12) Suppose D is an object of ~· and let E € S*(D) , then 

the following conditions are equivalent 

(i) For every p € Z there exists an r E Z p,n 

(ii) For every p € Z the projective system 

is stable, and the projective system 

is costable. 

such that 

I 
Here we have denoted by "'/ ~ (n) the n' th homogeneous component 

P' 
of 1 P • 

Theorem (3.13L Suppose D is an object in .2i and let E e S£ , then 

the following conditions are equivalent. 



(i) There exists an r € Z such that 
n 

r 
E n ".::: E00 for every p E Z • 
p,n p,n 
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( ii) There exists an such that for every p E Z the projective 

system 

is stable of uniform height r , and the projective systern 
n 

is costable of uniform depth r • 
n 

Remark (3.14) Using the re:rnark (3.10) and the theorem (3.12) one may 

easily deduce the theore:rn of Shih [9], see also Proposition (13.7.4) 

of [4 ]. 

Let c. be a complex in .£, wi.th d.ifferential d of degree -1 • 

11hen a system of complexes (Fpc.} p E Z is called a fil tr_a~l.£.~ of c •. 

if there are given for every p E Z monomorphisms 

F l c. ~ F c .. _. c. 
p- l) 

Dually we say that a system of complexes (Kpc.)p € Z is a cofiltration of 

c. if there are given for every p E: Z epimorphisms 

c. ~ K c.~ K c •.• 
p-1 p 

We shall assume that for every filtration 

and for every cofiltration 

lim F c. ':: c. .... p 
p 



lim k c. '::: c. 
~ p 

Fr~n this we deduce the relations 

lj!n(. ) 
p 

lim(.) 
~ 

p 

coker(F c. -• c.} 
p 

ker(c. ~ K c.) ~ 
p 

= 0 , l~(l) Fp c. = 0 
p 

0 , lim(l) K c. = 0 • 
~ p 
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Using the general theory of the functors 1~ and ~.m (see [6] and [7]) 

and spectral sequences vTe get in the case of a filtration the following 

diagrams of exact sequences. 

(13) 

0 

1 
H (c.) 
n 
1 Sl 

0 ~ lim H (F c.) ~ 
~ n P p € z 

0 = H 1(lim(l) F c.) 
n~· .....,. P 

0 ~ l:i.m H (F c. ) 
+- n P 

1' 
0 

0 
.J, 

H (lirn F c.) 
n 7 P 

~ -x:- ~ lim(l)H l F c.) <~:-
J-

- n+ P 

H (lim(l) F c.) 
n j; P 

0 

and in the case of a cofiltration du.al diagrams. 

Now, look at the projective systems of graded objects 

"""" H. (F c.) p 

K: ••• -~>H. (K l c.) -+ H. (K c.) ~ H. (K l c.) p- p p+ 

0 

Q •• 
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The problem is to calculate H.{c.) by nsi:ng spect:ral sequences associated 

to the projective systems F and K . 

There exist natural exact couples in S*(F) and S*(K) , given by 

E"" (E} 1dth E = H. (cok.er(li' 
1 

c. ~ F c.}) 
p p P- p 

J • {J} with J =H. (ker (K l c. ~ K c.}) 
p p P- p 

The total degree of jE is 0 , the total degree of l~ is -1 , the 

total degree of jJ is -1 and that of kJ is 0 , the notations being 

evident. 

0 -1-

and: 

0 -+ 

By (.3. 2) ·we then have the following diagrams of exact sequences 

H ..... 
1 p,n 

0 ..... p-l,n-1 p,n-1 H -+ H -+ 

Jco ..... H -+ H 1 p,n+l 1 p-l,n+1 1 p,n+l 

0 

J 

0 

0 

l 
-+ 

* J. 

0 

H p-l,n 
-+ H 

p,n 
-I- 0 

-1' H -+H -+0 
p-l,n+l p,n+l 



33 

The following results generalize the Corollary (6.3) of (3]. 

Theorem (3.15) Suppose lim(.) F c. • 0 and suppose for same p e z+ 
~ p . 0 

that F c. "" F c. for 
P Po 

all p ? p • If (E't') converges uniformly, 
0 

then 

E
00 

:::: ker ( H l --~> H J , H. (c. ) = [Lim H 
p p- p <- p 

Theorem (3.16) Suppose l.inl(.) KP c. :m: 0 and suppose for some 
+ p € z 

0 

K c. = K c. .for all p $ p
0 

• If ( .J r) converges m1ifo:rmly, then; 
P Po 

.Pr.oof. Using (3. 7) and the diagrams (13) these results become obvious . 

Q,ED. 

We are nmr going to explicit the conditions ( ii) of (3. 12) and (3. 13) 

to the case of a filtered complex. 

Proposition (3.17) The condition (ii) of (3.12) for the projective 

system F above·' is equivalent to the follmring 

( i) For every p E Z .and k E z+ there exists a + k' e Z such that 
\ 

f k ll ? k' .or every -· 

(15) 

where 

Proof. 

ker..., p-k = Z I 11 B IB l 
I p p-t J! P- t 

coker 'V} P 
1 

= Z , /z + B 1~ • 
8 p+ C p·rk' p p+,., 



Us:l.ng 'this we readily sho'Vr that (1) is equivalent to {ker~~~k(n))k€Z+ 

being stable, and ( 2) is equivalent. to { coker 1 ~+k ( n)} k € z+ being 

cos table. 

QED. 

Now as intersection and kernel commute we have: 

zn n n n Bn 
kif B = .F k" c 

P- p P- n p 

Bn () n n 
f) F z 1 ::::; Bp+k" c p+k" p+<;: p+k .n 

Moreover (15) is equivalent to 

(16) 

Proposition (3.18) The conditions (ii) of (3.13) for the projective system 

F above, is eq,uivalent to the follovring (ii) 1 • rrhere exists an r € z+ 
n 

such that for every 

F p-r n 

+ p E Z , }<;: 1 s E Z 

Proof. Let r be the number in (3.13), then the condition (ii) of (3.13) 
- n 

is equivalent to the follmdng condition 

F c (') Bn + Bn :.t F 
· p-r -k-s n p p-k p-1<;:-r n n 

(17) 
Bn oF c+Fc= 

p+k+r +s p+k n p n 
n 

~ f'l p+k+r n 

for every p E Z + and k,s € Z • 

But (tf) is equivalent to 

n n 
c n B + B k n p P-

F c + F c p+k n p n 
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F c f) Bn 
'=' F p-k-r -s 

c + Bn 
p-k-r n p n p-k . n n 

(18) 

B k n F c c. Bn + li' c 
p+ +r +s p+k n p+k+r p n n n 

If we in the :first formula put p for p-k and in the second JJUt p for 

p+k+r we find that (18) is equivalent to 
n 

F c f) Bn S 
p-r n n+k 

n 
F p-r -s 

n 
QED. 

Corollary (3.19) Suppose that c. is a complex ot R-modules_, R being 

a cormnutative ring, and suppose the filtration {F c.} Z is bounded to p p € 

the right, i.e. F c. = F c. for some p
0 

and all p ? p
0 

• 
p Po 

further that the submodules Bn of 
p 

induced by the submodules fF c ) 
. P n P 

is equivalent to 

c is closed in the topology of c 
n n 

€ z . Then the condition (ii) of (3.13) 

(ii) 1 + There exists an r e Z such that for every p E Z 
n 

F c f) d( c +l) c. d(F c ) p-r n n - p n+l 
n 

Proof. Use {3.18) and remember that (F + Bn) = Bn . c , SJ.nce 
p-s n p p 

is closed. 

QED. 

~emarll: (3.20)_ ':[lhe above corollary generalizes a result of Serre, [8], II-15. 

If we suppose lim F c. = 0 we may avoid the condition that Bn be 
~ p p 

closed in c 
n 

In faC'l~ using (2.10) and (4. 6) we prove that if {~J converges 

then Bn is closed in c , thus (ii) ~> (ii) 1
& On the other hand (ii)r 

P n 

obviously imply ( ii). 



4. Induced morphisms. 

Let 

be a morphism in .£.z , and suppose given exact couples E e s(c) , I e S(D) 

and a morphism o:t' graded objects 

compatible with ~ • 

T E - evidently we get morphisms 

~ : j_H( C) = l.!,m( i) C -+ J1m( i) D = 1H(D) 

r. 

Let 

c • e • -+ c 
p-1 

D . . . . -+ D l . 
p-

be the two objects of c • 
--z 

~-1 c c = {Cp' -+ _, ... 
p 

ip-1 
D = {D , _,. D -+ . .. 

p p 

Lennna (4. Jl If the morphism ~ induces isomorphisms 

~ : ker kr -+ ker jr 
p p 

s ~I} 

'1 P') p 

for every p E Z arrti r ~ z+ then ~ induces an isamprhism 

Proof. B.y §2 (9) we have a diagram of exact sequences 



0 ker ~ 
p-k p-k k 

-+ -1> ker~ p -4 ker kp-l p-1 
-4 0 

(1) Jt-1 L k l k t a: ·y 
:p-1 ·:P :p 

0 
p-k p-k 

ke:r 
k 

-4 ker~ :p-l -+ ker1] P -+ i 
p·~l 

-1> 0 • 

As ~~ is an isomorphiGJn for all p E Z and as 

an inductive argument shovrs that 

+ 

cf j_s an j_somor:phism for all :p € Z 
p 

and k € Z • But then 

and 

must be ismnor:phic. 

C = lim kerP :P tk -p 4- ;) p·. 
k 

D = lim ker 'l p 
-p ~ ( p+k 

~~ ( 4. ~ I:f the morphism ¢ :lndu.ces isomorphisms 

r 
coker k 

p 
-+ coker ir 

p 

+ A, for every :p E Z and r E Z then 'I' induces an isomorphism 

Proof. Dual to that of (4.1). 

Theorem (4.3) Suppose ¢ induces either isomorphisms 

or iSOlllOl'J!iliSmS 

ker(~l'-1(D) -+ 
1HP(D)} 

-+ coker(Hp-l(D) -+ Hp-l(D)) 

Q,ED. 

Q,ED. 
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coker{ 1Hp-l (C) ~ 1Hp(C)) -» coker{ 1Hp-l(D) --+ lHp(D)} 

ker(H 
1

(c) --+ H (c)} ~ 1ter (H ,(D) -+ H (D)} 
p- p P-- p 

r 
then if r 0 is an isomorphisn1, <P will induce isomorphism 

~· Look at the commutative diagram of' exact sequences (see (2.1)). 

0 
r zr (c) r+k 0 ..,. coker lc ., ·~ -~ ker k 

1 
-+ 

p+r-c p,k p~. 

leT p l t~,k 1 r+k 
~'p 

0 -+ colter .r 
-+ zr (D) ker .r+k ..,. 0 J.. -7 

1 1 p+r<,.;2 p,k P-

where o! and 
r+k 

are induced by ¢ and r is induced by "Pr yp 1( p,k . 
p 

For r ? r
0 

and k € z+ knmr that 
r is an isomorphism. we "Vp;k 

Applying ~ and lJ!a on this cliagrrun ,.,e get the 'following connnutative 
k r 

diagram (see 62 (6)). 

0 --+ lJ;n coker I kr -+ E!oo -> lim ker 'kk -+ 0 
p+r-2 p ·- p-1 

r k 

Lex p L~ lr p 

0 -+ lim coker 'ir -I> Ioo -~ lim ker lik ..,. 0 
-+ p+r-2 it p-1 
r 

Now, from the diagram (1) above ve deduce the following commutative diagram 

of exact sequences: 

0 
p-1 (C) rrP (c) li:m ker ikk ~p-1 (c) -1> ~P (c) ~ o eo -+ H -!> -1> -r 

'11: p-1 

l l J. ~'p t t 
0 --+ Hp-1 (D) -+ Hp (D) -1> lim ker I ik _,. ~p-1 (D) -~ 

1rrP(D) -+ ... 
~· p-1 k 



and dually we get the commutative diagram of exact. sequence:.;; 

-> H (c) _, H (C) -+ lim coker 1 kr --+ H 
1 p-1 1 p ~- pi~-2 p-1 

r 

J,a 
p 

(c) -+ H (c) 
p 

.L 

--~>0 

.. • ---+ H (D) ·--~> H (D) -+ lim coker 1 ir -~ H (D) -+ H (D) -+ 0 
1 p-1 1 p :; p+r-2 p-1 p 
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'11he conditions of the theorem guarantee that for every p E Z , either /' p 

or a is an isomorphism. 
p 

From this we easily deduce that for every p € Z , r,k € z+ , r ~ r , 
0 

the morphisms 

if and 
p 

are isomorphisms. The conclusion then follm-rs from (4.1) and (4. 2). 

QED. 

Corollary ( 4. 4) Suppose either C = C and D = D or c = c ana. D = D , 

+ "fro r E Z , 
0 

and suppose further that for some is an isomorphism. Then 

is an isomorphism, and in particular 

Proof. If C ""' C and D = D we know that 

and 



Thus we d.educe from the exact seq_uenee.s 

0 
p-k c ~ . fp-k 0 ~ kerg P -1' lin k ~ 

p-k 

0 
p-k 

~ D im~ ~-k 0 -+ ker'1 P -!> .... 
p~l..: 

f'or all p € Z.y i =::- 0 

The conclusion nm.r follows trivially from ( ~l. 3) and the fact that if C :::l C 
r r r r 

- o ,..o o -o 
and D = D then a = v and. D :::~ D , Lr C = a and D = D we 

may use a dual argument. 

QED. 

Corollary (4 .• 5) Suppose that F. and I converge and suppose for some 

ro € Z+ U.. r o . . l . 
1 J.s an J.somorp nsm. rrhen if either 

0H (C) :::: 0H (D) = 0 or 
0
H (C) = 

0
H (D) :::l 0 

q will induce isc~orphisms 

Proof. By (3.1) we knoif that 

r r 
0 0 

c :-n 
r r 

C o "" D o 

~p "" H = 0 for all p E Z ., 
1 p 

conclusion follows trivially from (4. 3). 

so the 

QED. 

Let c. and D. be filtered complexes with filtrations (Fp cnp E i 

and {GP D.}P € Z • Suppose given a morphism 

~ : C. -~<> D. 

respecting the filtrations. We shall say that ~ has filtration degxee w 

if ¢ induces morphisms 



F C. -~> G D. 
-:P p+w 

In this case ~ induces a morphism of projective systems 

¢:F -f> G 

and morphisms 

where ~ F and Ef G are the natural spectral sequences associated to 

the filtrations of C. and D. 

knuna (4. 6) 

equivalent. 

Suppose ~1 Fp C. = 0 then the following conditions are 
p 

( ii) For every p E Z ·we have 

d(F C.)= lim (d(F C.)+ F k C.) 
p ~ p P-

Proof. As for every p e Z 

we have 

lim 
"f--
k 

(z 
1 

+ B IB ) 
p- { J! p 

so that 1F = 0 if and on:t_y if 
p 

lim ( Z l + B ) '.'::' Bp 
~~ p-s: p 

and this is seen to be equivalent with 

lim (F k C. + B ) '.: B T P- P P 

by using the exact sequence 

41 
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0 --+ Z k + B ,.. F k C. + B -~ Bp--k P= p p- p ~ 

and 'the fact that 

Remarlt (4.•r) The condition (ii) above says that d(F c.) is closed in 
p 

the topology of C. defined by the subobjects (FP C.}P E Z. 

Theorem (4. __ 8) Suppose lim(i) F C. ~ lim(i) G D. =:;: 0 for i = 0, 1 and - ,.._.. p .,_... p 

suppose for each p E Z tha·t d(F C.) and d( G D.) are closed in the 
.P p 

topology of C. respectively D. defined by the filt;rations. Then, i:t' 

for some + r E Z , 
0 

is an isomorphism ¢ Ifill induce isomorphisms 

r r 
F o ::::'Go 

and in particular ive will have 

H. (C. ) '::: H. (D. ) • 

Proof. By (4. 6) we have 

~(l) = 1G(l) = 0 

so by (1.7) 

The conclusion then follows from (4.4). 

Remark (4.9) If Ef(F) 

that~ ~( 1) "" 0 • •rhus by 

defined by the filtration. 

Q,HD. 

converge and llin F = 0 then by (2.10) we know 
"!'--

(4.6) d(F c.) 
p 

is closed. in the topology of C., 

In [3] Eilenberg and. Moore prove that the last conclusion of ( 4. 8) 

holds without the condition that d(F C.) and d(G D.) be closed. 
p I) 
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