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INTRODUCTION.

In this paper we will prove the so called differentiable
Riemann-Roch theorem without using the differentiable structure
of the manifold, the proof is actually formulated for topological
manifolds.
The proof of the original differentiable Riemann-Roch theorem
/2/ consists of two parts. In the first there is given a map
f: X = Y

of manifolds and a transfer homomorphism
f,: KU(X) = KU(Y)

that depends on several choices, is coéstructed.

In the second and most important part of the proof properties
of KU-theory and the Chern character are considered. When com-
bined with the transfer homomorphism, the Chern character gives
the R.-R. formula

on(f, (x)1d(Y) = £7(ch(x)Td(X))

where f? is the transfer homomorphism in singular cohomology.
X and Y are now taken to be (weakly almost) complex manifolds
and Td dis the Todd class,

Today the second part of the proof belongs to general cohomo-
logy theory. Some of the properties of the Chern character are

used as a definition of a multiplicative cohomology transformation

* *
where k and h are multiplicative cohomology theories, and a

so called formal Riemann-Roch theorem

(£ (x)n(Y) = £ m(x)n(x))



arises, Here m is the "Todd" class defined using m , and the
manifolds are supposed to be k*—orientable.

A similar formula is valid when f but not neccesarily Y
is k*—orientable. In this form the theorem is proved in /10/.

Concerning the first part of the paper /2/ it is natural to
ask if the transfer homomorphism is functorial in some sense,
(That this is not a useless question is illustrated by the proof
of our theorem (5.1),) This question was answered in the affirma-
tive in /11/ and /5/ in the case of differentiable manifolds.

The main part of this paper is concerned with the category
on which the transfer homomorphism is a functor, and the proof
that it is a functor on this category.

Although the proof of /11/ is formulated for differentiable
manifolds only, the stable isotopy uniqueness of normal bundles
/12/ implies that /11/ is equally valid in the topological case.
We follow another line of proof and do not use /12/.

The paper is divided into five paragraphs:

§ 1.

Here we consider the Pontryagin-Thom map determined by an open
imbedding of bundle spaces. We assume that the imbedding is given
and let the bases of the bundles be general spaces. The main re—j
sult is the well known homotopy commutativity of a certain diagram
(1.6). This expresses a stability property of the Pontryagin—Thoﬁ

map and formulas like

£,(£7(y)%) = 2, (x)

are corollaries,

In this § we clearly see why f has to be proper, (1.1).
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§ 2.

In this § we prove some lemmas on fibre isotopies of (Rq,O)—
bundles that will be needed later on. The main result is that
each isotopy class of fibrepreserving open bundlespace imbeddings
contains exactly one isotopy class of bundle isomorphisms, (2.6).
From this we deduce that when two bundles are contained in the same
microbundle, there is a canonical isotopy class of isomorphisms
of the two bundles. This is a strengthening of the uniqueness
part of the Kister-Mazur theorem that states that the two bundles
are isomorphic. The proofs of this § are based on the relative

version of the Kister-Magzur theorem proved in /15/.

§ 3.

Here we consider k*—oriented proper maps and define the cate-
gory whose objects are manifolds and whose morphisms are proper
oriented maps under a homotopy relation.

We also prove a theorem on k*—thomclasses that generalizes
theorem (1.1) of /1/ and has a much simpler proof. This theorem
states that when U € k*(T(b),pt) where T(b) is the thomspace
of the bundle b , and U has the property that 1/n U is a thom-
class for b in the cohomology theory n'1k* obtained from K"

2

by localizing in the multiplicative system (1,n,n",... ), some

Whitney multiple
ntb

hag a k*—thomclass. (3.3).

§ 4.

In this § we prove that the transfer homomorphism is well

defined and a functor on the category of § 3. (4.10).
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§ 50

Here we first apply theorem (4,10) to prove a well known
theorem of Atiyah /4/ in the case of not neccesarily compact mani-
folds and proper homotopy equivalences, (5.1.5.2). This is a real
strengthening of Atiyah's theorem because his proof depends strong-
ly on notions like reducibility and S-duality that do not seem to
work well in the non-compact case,

Next we consider general properties of multiplicative cohomo-
logy transformations, following /3/. The result is, of course,
the formal Riemann-Roch and Wu theorems stated in (5.11,14,15,16).

We introduce the homology theory k, corresponding to k*
and prove without using S-duality that the compact manifold X
has a ky,~fundamental class if and only if its tangent bundle has
a k -thomclass. (5.18). We go on to prove that the transfer homo-

morphism determined by
X - Point

is evaluation on a fundamental class. We write down the Wu for-
mula in this case and obtain the classical Wu formula for the

Stiefel-Whitney class as a corollary, 5,21).
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§ 1. The Pontryagin-Thom construction,

Constructing the transfer maps we shall take a map
f: X~ Y

of manifold and 1lift it to an imbedding

10 : X = E

where E idis a bundle space over Y . X will then have a tubular
neighbourhood in some E x R©. [207.
In this § we start in the latter situation. ILet X and Y

be spaces with bundles & and mn and let
i : BEE = En

be an open topological imbedding., Then we have the Pontryagin-

Thom map

pt: ¥ - x5
defined by pt = -] on 1i(EE)
and Di(Y" - i(EE)) = pt .

We say that the imbedding i is bounded iff Dt is continuous.

(1.1) Lemma.

When 1 is bounded, the map f = prn i 8p X~ Y dis proper.
When f is proper, there is a nkd, U of X 1in EE such that
whenever a : EE - EE is a bundle-imbedding with image in U ,
the imbedding |

iz : EE = En
is bounded.
Proof. Choose a locally finite covering of Y consisting of
relatively compact sets and argue by point-set topology. Note

that if X 1is compact, every 1 1is bounded.



(1.2) Lemma.
Let X, Y and 2 be base spaces of the bundles &, n and
M . Let
i ¢ BE - En and Jj : En - B4
be open imbeddings, Then
pit = pipd,

Proof. Trivial.

(1.3) Lemma.

Let 1i,j ¢+ E€ - En Dbe open imbeddings which are boundedly
pseudo-igotopic in the sense that there is an open bounded imbed-
ding

g+ B(ExI) = E(nx1I)
which is i over the O-slice and J over the 1-slice.

Then Di and Dj are homotopic rel.pt.

Proof.
The following map is a homotopy.

YOx1 - (¥x I)an —> (X><I)gxI - x5,
D

Next we shall consider stability properties of the maps Di .

!

We shall, however, not stabilize our bundles by adding new bundles,

we prefer to use composition of bundles [20] which is a more

flexible tool.

Recall that when & and mn are microbundles with diagrams

E o X=-E-X
n E-F-E,

the microbundle Eon has the diagram

X=PF =X



where the maps are
X E=F-8=X,
Eon is the composite micro-bundle and
Preoqn = PTgPT, .
When both & and mn are bundles, an easy application of the

homotopy covering theorem [20] shows that Eon is a bundle.

The correspondence

n —> gon

takes bundles on EE +to bundles on X . It is a functor preserving

bundle isomorphisms and isotopies of such.
Note that
E(gon) = En .

It is easily seen that the map

(pr,, id) : E(gon) = EE xEn

n’
extends to a diagonal map
a: 1M x5 A (me)" .
The inclusion X" c (EE)n is a homotopy equivalence because
X c EE is, Any map
A x°0M o x5 A xM
such that the diagram (+) homotopy - commutes rel.pt is called

a diagonal map.

= X° A (EE)"

x-°" U (+)

mxg/\x”

(1.4) Definition.

The diagonal map A defined above is unique in homotopy rel.pt.



Now let i : EE - En be an open imbedding of bundlespaces,

and let W be a bundle on En . The map
. E-* -
1y ¢ BEi ) 10 Y]
is then an open imbedding. Considered as an imbedding of bundle-

spaces, it will be called an induced imbedding and denoted

T s EEoi*u - Enou .

(1.5) Lemma, When i is bounded, I is also bounded,

We omit the proof.

(1.6) Proposition.

Let i : EE - En be a bounded imbedding of bundles over the
spaces X and Y ., Let W Dbe a bundle on En and let 1 be
the induced imbedding and suppose that u = pr*u . Then the dia-

n
gram homotopy-commutes rel,pdt.

Yo Lo YA paig

pi T x5 A Y™

g ¥ *
xPO0L B A o F oA xfu fan £,

*

¥
Proof. Note that 1'u | X = SEi*prn*u = "W where f = pr, 1 8¢ -

Consider the diagram (¥).

ol 4o vy A (mn)M ol A ig
T
D 3

, ¥ . *
x50l W > X5 A (me)t “ﬁ//\ i

x5 A (En)* (%)
b

This diagram commutes by definition of d and Dt .

Next consider the diagram (*¥*) containing (¥).
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Yol _d 5 yN A (Bm)* o YN A M

l"‘ J } ot A ia

Dt (%) x5 A (B)* 2 x5 A (%%)

A ia A g
£oify 4 4 i¥* E £* E
x0T W S xS A(Ee)t Mo xsAxtH

Clearly this diagram commutes except the lower right square.

In the following diagramn,

()" o ™
ibT r be (%% %)

'*
(Bg)t o xfu

which appears in (**), the retraction r is given by the fact
that o = prn*u « After deleting the inclution in the upper line
from (**%), the diagram commutes., Because r is a homotopy-
equivalence, (***) homotopy~-commutes after deleting r. Hence
(*¥*) homotopy-commutes. In view of the definition of the diagonal
maps A , the proposition is proved.

Q.E.D,

In the rest of this § we draw some consequences of the

proposition,

(1.7) Corollary.

With the notation of the proposition, let u = €% . Then

under the identifications
¢} q
X507 - x5 A 8% ana YN0 - yM A g9

we get the identification

pt = pt A g9,
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Proof.

It suffices to consider the following diagram, and use the

proposition.
yM oA g
T S D' Aie
ynoed A oym o oget T~
\\\\\g qﬁ\\s
lDl A vs  —s x5 A gl
X —'-Z\-—> X A X

\Xaji\

Sq

Note that the diagonal map defined in (1.4) defines a pairing

n*(x°,pt) ® b (X", pt) ~ h' (X°°M, pt)

given by
*
aB = A (@ AB).

(1.8) GCorollary.

With the notation of the

« € (x5, pt)

Then -
(01" (@« 57 (8))
and _
(0h) " (£3(8)x)
Proof,

A DA 1a) (@ng) = (D) ()8

proposition (1.6).

1

Il

proposition, let
* o
and B € h (Y',pt).
] ¥
(DY) (@)

B(D) " (a) .

(1) @tl(8)) = (@D ¥ (1anz) @ap) =

according to

The second equation is obtained using the diagonal map
YH s oA ¢

and the version of (1.6) valid for this map.
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(1.9) Corollary.

With the notation of proposition (1.6) we have
1 ¥ * 1\ ¥
(O (£ (y)a) = y(D*) ()

where y € h*(Y) and a € h*(Xg,pt), and the pairing is the

) * ' *
usual action of h (base) on h (Thom space, pt).

Proof.
NP * . ¥, 5,0 R . o
Identifying h (X) with h (X°,pt) it is easily verified

that the action of h*(X) is determined by a diagonal map
Ay X5 —> x° A X

Taking u = O in proposition (1.6) we find that the asserted
equation is a special case of the second equation in (1.8) because

i=7,

We now give the first definition of a transfer map.

(1.10) Definition.

Let & , n be bundles over the spaces X , ¥ and let U , ¥V
be Thom classes for these bundles. (see § 3). Also let '

i ¢ EE - En be a bounded imbedding., The transfer map

t = $(1,U,7) : B (X) - b (Y)
is defined by
(DM (xU) = H(x)V .

(1.11) Lemnma,

When i ¢ EE = Enm and Jj : En - Bu are open bounded im-
beddings, and U, V and W are Thom classes for &, n and 4 ,
we have

t(3i,U,W) = t(j,V,w)t(i,U0,V) .
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Proof,
Write this equation as t" = t't . Then

s (x)W = (03 (xv) = (@) (DN (x0) =

(D) *(H(x)V) = £ ($(x))IW.
Cancelling the Thom class W , we get t" = t't .

(1.12) Proposition,

When + : h*(X) - h*(Y) is the map defined in (1.10), and

f: X=7Y is as defined in (1.1), we have
*
(£ (y)x) = yt(x)

for all y € W' (Y) , x € h(X) .

That is, t dis a h*(Y)—module homomorphism,

Proof,

Using corollary (1.9) we get
* i ¥, * 1 %
(£ (7)x)V = (V) (£ (7)xU) = y(D') (xU) = yt(x)V.
Now cancel V.,

(1,13) Corollsry.

With the notation of proposition (1.6), let A be a Thom

class for 4 . Then f;A is a Thom class for f*u and
(1,0,7V) = +(I,Uf, (4),VA) .

Proof.

Let us write this equation t = t' .

g1 (x)VA = (D)) (a0l (a)) = (0 ()4 = w(x)va

according to corollgry (1.8).
QlEoDo
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Note in particular that
£(1,0,V) = t(i,f (a)Uu,av)

whenever a € hO(Y) ig such that aV is a Thom class. This

follows either from (1.13) or from (1.12),

Finally we mention & corollary of (1.6) of a somewhat

different type. It will not be used later,

(1.14) Proposition,

Let X be a space dominated by a finite-dimensional CW
complex, Let & and mn be bundles on X and suppose that

there is an open bounded imbedding
i s EE —» En

which is the identity on the zero-section. Then J(E) = J(n) .
The proof is practically the same as in (5,1). When X is

a manifold, & and n are stably isomorphic.
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§ 2, TPibre Isotopies of Topological Bundles.

In this §, we prove a theorem (2.10) on fibre-isotopies of
bundle-imbeddings. We use the relative version of the Kister-

Mazur theorem proved in [15] s

Theorem. (P. Holm)

When a numerable microbundle over a space X contains a
bundle over a halo of a closed set P c X , it contains a bundle
over all of X +that equals the given bundle over PF.

In this § all fibrebundles and microbundles shall be numer-

able [9] with no restriction on the base space.

(2.1) Lemma,
Let a, EE - En be a bundle~-imbedding over the base
gpace X and let U < En be a microbundle nbd. of X , Then

there is an isotopy
@y ¢ BE - EBn
of bundle-imbeddings such that
oy (B8) < a (B8)
for all %, and a,(EE) c U .

Proof.

In the bundle n xI “there is the microbundle nbd.
M =ao(E€)x[o,—;-] U(oc;(EE) n U)x [% 17 of XxI .,

The theorem quoted from [15] now gives a bundle u contained in

M equal to ao(Eg) over X x [0V , We then use the fact that
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M is a microbundle over X x I, The homotopy covering theorem
(for bundles) now gives an isomorphism

Ex I - u
such that the composite

o : EEx I = EBEycMciEnxI

equals ao over the O-slice, Clearly a 1is the required

isotopy.

(2.2) ZLemma.
Let @gy Bq ¢ EE - En be isotopic bundle-imbeddings.
Then there is an isotopy from a, to Q4 whose image at

each stage is contained in
a (EE) U a,(EE) .
Proof,
Let a ¢: EEx I - EnxTI

be some isotopy from o _  to a, . In lemma (2.1) take X x I

as base space and define U <€ En x I Dby
U =[o (B8) U, (EE)] x I .
Lemma (2.1) now gives an isotopy

Bt s EE x I - En x I
with
B, (EE xI) < a(BExI)

for each t , and

B, (BExT) €U .
The isotopy Bt corresponds to a bundle-imbedding

B : B(ExXxIXI) - E(nxIxI)

over X xI xI .
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Write R = {0,1} x TU Ix {1} . Restricting B to X X R we
obtain a bundle-imbedding
B : E(ExR) =~ E(nx R)

which may be regarded as an isotopy of bundle-imbeddings EE - En
parametrized by R. Note that R is an interval. We assert that
this is the required isotopy. First we have (0,0), (1,0) € R

and
B(0,0) =% * B(1,0) = %1 -

Then we must show that

B(EE xR) < [o (EE) U a,4(BE)] x R
This is a consequence of the following three inclusion relations.
I. B(EEx {0} xI)ca(BExI)xI N Enx{O0}xI =a (E§)x{0}xI .,

II. Similarly B(EEx {1} x I) o (BE)x {1} xI ,

i

ITI. B(EE xI x{1}) = 8,(EExI)x {1} c Ux {1} =

1l

[aO(EE) 3] a1(E§)] xIx {1} .

(2.3) Corollary.

When two bundle imbeddings

r,z : EE -En

are isotopic, there are bundle imbeddings
a,B ¢ EE - EE

both isotopic to the identity such that
T8 = zZa .

Proof.

N = r(EE) N z(EE) is a microbundle nbd, in n . Hence, by
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lemma (2.1), there is a bundle-imbedding
g : EE = En

isotopic to r with image in N. By the same lemma we can choose
g so that there is an isotopy Ay from 4, = 4 to Q9 =T with
image in N U r(EE) = r(EE),

With 8 = r'1q, we get that B8 1s isotopic by r”1q,G to
roqq = id.

But ¢ is also isotopic to 2z and lemma (2,2) gives an

t 1

isotopy a° from o° =q to q = 2z with image in NU z(EEZ) = z(EF)

Hence aq = z'1q is isotopic to id, and
=1 , -1 _
rg = r(r 'q) =qa = 2(z" q) = =
In the above lemmas we have constructed small bundle imbed-

dings and small isotopies. We now go in the opposite direction to

obtain bundle isomorphisms from bundle-imbeddings.

(2.4) Lemms,

Any bundle-imbedding is isotopic to a bundle isomorphism.

Proof.

Let a 3 BE - En be a bundle-imbedding. The bundle mnx I

contains the bundle
a (BE)x [0,5>U Bn x <%, 1]

over the halo

Xx[I - {3}] of Xx{0,1%.

By the theorem quoted from [15] +there is a bundle yu contained
in mxI which equals aO(EE) over the O0O-slice and En over

the 1-slice. Now take an isomorphism

EXI - u
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such that the composite
EEXTI = By « En xI
ig an isotopy as required.
(2.,5) Lemma.

When two bundle isomorphisms Bor Bq ¢ E - 1 are isotopic as
bundle imbeddings, they are isotopic as bundle isomorphisms,
Proof. We may suppose that there is an isotopy

B : BE xI = EnxI

from B  ‘to B, which is stationary over [O,%] and [%,1]. In

the bundle mxIx I +there is contained the bundle
A = B(EEXI) x [0,4> U B(nxI) x <&, 1]
1 2
U(Bn x ([0,3>U <5,11)) x I
whose base is a halo of X x 3(Ix I). Hence, by [15], mxIxI
contagins a bundle K equal to A over X x 3(Ix I). Let
Ex I xI-u

be a bundle isomorphism equal to B over X x I x {0}. Then the
composite

Bg:EE X I xI-=HB CcBEnxlI«xTI
restricted to X X R where
R=1{0,1} xITU I x {11

gives an isotopy of bundle isomorphisms from BO to 81 para-—

metrized by R.

(2.6) Proposition.

Bach isotopy class of bundle imbeddings € - n contains

exactly one isotopy class of bundle isomorphisms & = n.
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Proof.
This is the content of (2.4) and (2.5).
We now draw a conclusion of (1.1) and (2.%) concerning

boundedness of imbeddings.

(2.7) ZLemma.
Let € and m be bundles over the spaces X and Y and
let i : EE = En be an open imbedding such that f = prn i Sg
is proper. Then there exist bundle imbeddings r : EE - Eg
isotopic to id such that dir is bounded. Any two such imbeddings

are boundedly isotopic.

Proof.,
Let U be the nbd., of X in EE described in (1.1).
According to (2.1) there is a bundle imbedding

r ¢ EE - RE

with image in U and which is isotopic to did. By (1.1) dir is
bounded. Let iz be an other bounded imbedding with z disotopic
to id. Then r dis isotopic to 2z so that there are bundle
imbeddings a and B both isotopic to 1id and, according to
(2.3), such that za = rg. Now

ir ~irg = izoa ~ iz

where the isotopy is bounded because 1ir and 1z are bounded.

(2.8) Definition.

TLet i, f and r be the maps defined in (2.7). Then we

define

pt . v" - x5

to be the homotopy class of the map Dir . This is a well defined
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homotopy class according to (1.3) and (2.7), provided that f is
pI‘OpeI‘.
That is, when f 1is proper, we can define Dt as a homotopy

class, even when 1 1is not bounded.

(2.9) Definition.

Let X - M - X be a microbundle over an arbitrary space X;
denote it by M. When £ 1is a bundle over X, a bundle imbedding
E=-M or Ef - M is a topological imbedding K& = M +that preser-
ves fibres and zerosection. It is then clear how to define iso-
topies.

We define a category Bundle (X)/M where an object is a bundle
€ on X together with an isotopy class of bundle imbeddings
E = M. We denote an object by

g - M
A morphism (& - M) = (n - M) is an isotopy-class of bundle im-

beddings € - n such that
?\:/D
(*)
M

commutes, To be accurate, the isotopy-classes in (*) shall have

representatives that make the diagram commute as a diagram of spaces

EE - En
\gmu/ (*%)

Given two morphisms
g - n- A
\M\} \\/\Z (+)

the composite morphism
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is defined by composing maps representing the morphisms (+).

must show that this defines a morphism which is unique.
Let
EE 2> En En 2> E)

N W

be diagrams representing (+). Then

> Bn

b.\ e

is also a representing diagram because b'a ~ ca = b,

diagram

> E)

b'aN Lo

represents the composite morphism. Moreover the imbeddings

We

Hence the

al

and a Dbelong to welldefined isotopy classes so that the composite

morphism is unique. Hence to compose the morphisms (+), we may

simply delete a copy of M and write

g > N >\

N
It is then clear that identity maps exist®t,

(2.10) Theoren.

When x and y are objects in

the category  Bundle (X)/M,

the set Hom (x,y)

has exactly one element,
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Proof.

Tet €=M and - M be two objects., When we represent
these isotopy-classes by imbeddings o« ¢ EE - M and 8 3 En- M,

we may according to (2.1) choose « such that
Im(r) < Im(B).
Hence there is a map ¢ : EE = En such that K
a = Bo.

¢ is then a bundle imbedding and represents a morphism

E ——>n

Ny &
When we know that the sets Hom(x,y) are nonempty, it suffices to
show that Hom(x,x) has only one element to conclude the proof,

as the reader easily verifies,

That is, when given a commutative diagram

EE 2> RE

L

where b ~ ¢, we must show that a ~ id, To this end we note that
(2.1), (2.2) and (2.%) which deal with bundle imbeddings EE = En,

are equally valid for bundle imbeddings
EE - M ,

In fact the proofs are valid when we replace En by M every-
where.

Because b and c¢ are isotopie, there are, by (2,3), bundle
imbeddings r,z : EE = EE both isotopic to id such that Dbz =cr.

But b = ca so that
caz = c¢cr , and

8z = r
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because ¢ 1is injective. Because z,r ~ id , we get

a ~ id ,
QeE.D.

Note that (2.10) and (2,6) implies that when € and m are
bundles contained in the microbundle M, there is a canonical
isotopy class of isomorphisms

E=mn.
(2.11)
When X 1is a manifold, we define
TX = Bundle(X)/TX

where TX 1is the tangent microbundle space, By abuse of notation,
we shall denote objects in this category by X. In view of (2.10)

we may do so.

For later use we need some standard facts about filre bundles.
The fibre bundles shall be numerable with some fixed fibre and

structural group.
(2.12) Lemma,
Let &€ and mn be fibre bundles over X and let
a,b : & = n

be two isomorphisms. Suppose that a and b are isotopic when
restricted to a set A < X guch that X can be deformed into A.

Then a and b are isotopic over all of X .
Proof: Standard.

(2.13) Corollary.

Suppose that A < X 1is a deformation retract and let
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r : X=X be a retraction onto A. When € is a fibre bundle
on X ‘there are isomorphisms

g - r*e

which are the identity over A , and these are isotopic,

Proof: Standard.

When f : X = Y is a map of spaces, it is clear how to define

a bundle map (or isomorphism) covering f (or over f). When

H: X XxXI-=Y
is a homotopy, an isotopy of bundle maps covering the homotopy H

is defined in the same way.

(2.14) Lemma.
Let A c X be a strong deformation retract and let r : X=X

be a retraction onto A. Let
H: XxI=X

be a homotopy from idX to r rel. A . Let

be a fibre bundle map covering r and isotopic to idg by an

isotopy covering H. Then the restricted map
a : ElA =~ E]|A
is isotopic to the identity and this fact uniquely determines the
isotopy class (over r) of a,
Proof., Standard.

Now let X be a manifold and & g bundle on X . Iet

pr, : X x X = X denote the second projection.
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(2.15) TLemma.

The microbundles
T(EE) | X and (TX) o pr,*E

are isomorphic by an isomorphism given by a canonical homeomorphism

of the total spaces.

Proof,

The diagram of pr2*§ is

Xx X~= (X x X) x B2 BE x xx

(id,saprz) X

where the fibered product is formed by means of the maps

X X > X < kg .
X pI‘2 Pra -

Hence the diagram of (TX) o pr2*§ is the upper line in the

following diagram.

(id,seprs) pr
X 5720 (x x X) x BE B> x x x = > x
1

x5 xx

(i;j;;;\\\\\\\\\ T pry X i

[N g

Because the diagram commutes, the vertical map is a homeo-
morphism which is canonical, and the broken line is the diagram

of T(EE) | X , the proof is complete.

(2.16)

In practice, we choose bundles in the microbundles and apply

(2,15) to these bundles, We can do so in view of (2.10).
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§ 3. Orientations.

When h™ is a multiplicative cohomology theory and & is a

bundle over X, a h¥-Thom class for E is an element
%/ E
U € n*(X,pt)

such that when F < X is a closed set over which & has constant

rank, the restricted class

U, € n*(F°,pt)

F

is homogeneous.

When P = P, a point in X, we also claim that UP shall be
one of the canonical generators of the h*(pt)—module h*(Pg,pt).
There are at most two such generators corresponding to the two
homotopy equivalences

PE,pt - 8% pt for some ¢q 2 O,
(When g = 0 there is only one such equivalence.) Note that if
a class U € h*(Xa,pt) restricts to some other generator in
h*(PE,pt) when P < X is a point, there is a unit a € hO(X)
such that aU restricts to a canonical generator for all P < X,

The bundle £ is said to be h*-orientable iff it has a
h¥-Thom class., When A is a ring (commutative with 1), a H*(-3A)-

Thom class is called an A-Thom class.,.

(%3.,1) Lemma,

I. When U is a h*¥-Thom class for €, all other h'-Thom classes

can be written
al

where a € h%(X) 1is unique and restricts to % 1 € h®(P) when

Pc<cX 1is a point.
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II. When & and m are bundles on X and U and W are Thom
classes for €& and & @ n, there is a unique Thom class V for

n such that

Proof,
I. By the Thom isomorphism theorem, any Thom class can be written
uniquely as a.U where a € h9(X). Iet subscript p denote re-

striction to P and the Thom space over P. Then

U and U

aplp P

are canonical generators, hence ap = 1,
Conversely, when a € h°(X) and ap = 1 for all P c X,
aU 1is clearly a Thom class.

IT. The product UV is determined by the diagonal map

Ar x5O0 L xR oA ¢,

Choose some Thom class V' <for m . Then

a(UV') and

[

av' uniquely,

1l

according to I,

(3.2)
When k 2 1 1is an integer, we define a k-adic Thom class
to be a class

U € n*(x°,pt)

that fullfilg all the requirements to a Thom clasgs except that

it restricts to k +times a canonical generator in the fibreg of
the Thom space. A k-adic Thom class becomes a Thom class when
we localize our theory in the multiplicative system

2

{1,k,k%, -} < ko(Pt)-
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We now make a digression to prove (3.3) and (3.4).

(3.3) The k-adic Dold theoremn.

Let X be a finite-dimensional connected cell complex.
When & dis a bundle on X +that has a k-adic Thom class, some
Whitney-multiple ¥*+ €& is orientable provided either (i) or (ii)
is true.

(i) X 4is simply connected,

(ii) 2k does not map to zero under % - h%(pt).

Proof,

When n 21 our induction hypotesis will be that some Whitney-
multiple X'« £ restricted to the n-sceleton Xn is orientable,
We first prove this for n = 1.

Collapsing a maximal tree in X1, we may assume that X1 is
a boquet of 1-spheres, If (i) is true, the map X1 c X ig null-
homotopic, and E& is trivial over Xy. In any case it suffices

to assume X1 = S1.

to X1 = 81 is trivial, there is still nothing to prove. In case

If the orientation system of £ restricted

it is nontrivial, we deduce that 2kg = O where
g € ni(s?,pt)

is a generator, Hence 2k = 0 in h%(pt), but this is not the
case according to (ii).

Hence the induction hypotesis is true for n =1 with a = 0.
Assume that it is true for some n 2 1 and some o.

When A is the given k-adic Thom class for E,it is clear
that R =A% isa ¥P-adic Thom class for B<€, we choose B8 = K.
By hypothesis there is a Thom class V for B:& over X, . Ve

may choose the sign of V such that

_ B n
RX = k VX when x € X7,
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We also assume that Xn+1 is obtained from Xn by imbedding

a boquet S of n-spheres and attaching the corresponding bogquet
D of (n+1) - cells.

X.,1=%,UD, X 0D=38,

D being contractible, there is a Thom class U for B.E over D,

We choose the sign of U such that

UX = VX when x € 9 .

(As before, restriction to F and the Thom space over F is

denoted by subscript F).

Ug and VS are both Thom classes over S, hence

US = (1 + G)VS (1)

where ¢ € h(S) and e, =0 for all x € 8,

By a similar argument, we get

Ry = (x® + &)V (11)

n
where & € ho(Xn) is such that 8_= 0 for all x € X,
because we have Rx = kBVX. Taking x € S5 and using equations

(I) and (II), we get

- ®BPy = P
RX =k VX = k UX.

Hence over the contractible space D we get

R = xPu . (1I1).

D=
Now using equations (II), (III) and (I) successively, all
restricted to 8, we get

B _ — By - 18
(k" + 6S)VS =Ry = kUg =k (1 + e)VS,
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Hence

Recall that e € hO(S,pt), so that ¢® = 0 because A : S = S A S

is nullhomotopic. Putting m = kP we get in h*(SmBE,pt) the
following identity
m
(W) = (Ug)™ = (14 &)™V~
m _ m _
(14—me)(VS) = (1-+és)(VS) =
=((1+a)vm)S .

Thus the two Thom classes UM for mBf over D and
(1 + 8)V™ for mBE over X, coincide over § =DN X . This

implies that there is a Thom class for mBE€ over X Because

n+1°

m8 = kB*x, we are done.

(3.,4) Corollary. (Adams)

Let E - X be a g-sphere bundle over a connected finite
dimensional cell complex X, Assume that there is a map
E - s
of degree % k 1in each fibre where %k 2 1 . Then some ¥*-fold

Whitney Join of E with itself is fibrehomotopically trivial.

Proof.

We use stable cohomotopy theory and observe that the map
E » S determines a k-adic Thom class for the discbundle spanned
by E. We also note that condition (ii) of (3.3) is fullfilled by
cohomotopy theory. We denote the discbundle spanned by a sphere-
bundle E by E . Then

E¥*xrFr=E®TF

where * is the Whitney join and @® is the Whitney sum (or pro-
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duct). By (3.3) some multiple Whitney sum
8.1
is orientable where B = e . Increasing o so that
dim X + 2 < ¥ (q + 1) we are in the stable range and the cohomo-
topy Thom class of

B'-E=*E

is represented by a map

*BE - SB(q’+1 )"1

of degree* 1 in each fibre. By a theorem of Dold [8], P ig
fibrehomotopically trivial.
It is easily seen that corollary (%3.4) is equivalent to

theorem (1.1) of [1].

(3.5) Definition.

Let E,n be bundles on X,¥Y and let
a 2 E~=mn

be a bundle imbedding covering f ¢ X = Y ,

We define

o* ¢ ¥ (¥",pt) - n¥(x°,pt)

as follows. Take a bundle-isomorphism o 4 isotopic to o over f.
Then the map of Thom sgpaces

T(aqy) ¢+ X0 = Y0
is defined, We put

a® = Tl )™ .

Then o is well-defined because the isotopy class (over f) of

a, as an isomorphism is uniquely determined according to (2.6).
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When mn 1is a bundle on Y and 4 1is a bundle on En , we

have the natural homotopy equivalence

™ < (Em)™ .

By means of this equivalence we identify the corresponding cohomo-
logy groups. In particular a Thom class for w and a Thom class

for wlY is the same thing.

(3.6) Definition.

Let A and mn be bundles on Y and let W be a bundle on
En . Then there is a diagonal map
pop YPNOL) L op@n gl

defined in the same way as the diagonal map of (1.4). The diagonal
map is unique in homotopy. When S is a Thom class for 1®mn and

V is a Thom class for u, we get a Thom class
SV = A*(SAV)

for A®(nouwu).
We now give a definition of an orientation of amap f : X - Y

of manifolds that does not use imbeddings of X in Y x g4

(3.7) Definition.

A Thom clags for amap f ¢ X = Y of manifolds is a triple

(@y U, V) Where o is a bundle imbedding covering f
a : TX0& = 17¥on

and U, V are Thom classes for the bundles E€,n on ETX, ETY .
We say that two Thom classes (a,U,V) and (a',U', V') for f
are equivalent if there is a bundle X on Y and Thom classes
R for £ ®7X and S for XA® 7Y such that
RU = (fy @ a)¥*(sV)
and RU' = (fb ®a' ) (sv") .
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Here we use definition (%.5) and fb®<x ig the bundle imbedding
f*)\@TXOE”)\@TYOﬂo
Using (2.6) it is not difficult to see that this relation

between Thom classes is an equivalence relation.

(3.8) Definition.

An orientation of amap f : X = Y 1is an equivalence class of
Thom classes for f. An oriented map X - Y is a pair (f,w)
where f dis amap X =Y and w is an orientation of f .

This definition is justified by the following lemma.

(3.9) Lemma,
Let (f,w) ¢+ X = Y Dbe an oriented map of manifold and let

a ¢ TX0& = 7Y 0 n

be a bundle imbedding covering f. When V is a Thom class for
n , there is exactly one Thom class U for € such that (a,U,V)
represents w .
We omit the proof that U exists, Suppose that (a,U,V)
and (~,U',V) are equivalent. With the notation of (3.7) we have

'

RU = (f, ® a)¥(SV) = RU

and hence U = U'.

(3,10) Definition,

Given maps X Loy 857 of manifolds with Thom classes

(¢,U,V) and (B,V,W) where
'rXoE—Q—>TYon—£’—=>TZou

are bundle imbeddings covering f and g. The composite Thom
class is defined to be

(ga,U,W) .
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(3.11) Lemma.

Definition (3,10) gives a definition of composition of orien-
ted maps by composing representing Thom classes. This composition
operation is associative so that we have a category of manifolds and

oriented maps,

Proof, '

Let (f,w) : X=Y and (g,5) : Y = Z Dbe oriented maps., It
is a consequence of (3.9) that ® and { may be represented by
Thom classes as in (3,10). Suppose that

]
TXOE'-EL>TY()ﬂ'—&OTZ ou'

and (n',Uu',v') , (8',V',W') is another such representation. We
then have two Thom classes representing w, and two representing
€ . It is then easily seen that there is a bundle A on Z and
Thom classes R,S,T for

f¥g*¥r@rX, g¥r@rY, AB®TZ

such that

RU = (f,®a)"(8V) , RU'

il

(f,®a "Y*(sv")

il

and .

1l
i

SV = (g,®8)7(TW) , 8V' = (g,@8') (TW')

when the notation is as in (3.7). Note that
f. ®@a ¢ ¥ g¥2@ 17X 0 E~>g*x®71Y 0o n .
The four equations above imply

RU = (g £y, ® a)"(TW)
and

RU' = (g T}, @ 8la ") (TW'")
That is, the two composed Thom classes are equivalent, and hence
the composed orientation is well defined.
Agsociativity is clear from the definition and the neutral
oriented map

(id,1) : X = X
clearly exist.
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(3.,12) Definition.

When f ¢: X =Y and g : A =2 B are maps with Thom classes
(@ ,U,V) and (B,P,Q), we define the product Thom class for

f x g to be
@ x B, UAP, VAQ).

(3.13) Lemma,

The above definition gives a product of oriented maps

(f,w) X (g,8) = (f x g, ®w x C).

Proof, Trivial,

(3.14) Example,

When X 1is an oriented manifold, and P 1is a point, there

is a canonical orientation for any map f : P = X . The map

£, 3 fFrX - 1X

b

may be considered as a map

@ ¢ TPo f¥1X = 17X 0 e .

When O is a Thom class for 71X ,

(oc,fb*Q,1)

is a Thom class for f ¢ P - X .,
Because f is canonically oriented when X dis oriented, we
shall consider f as an oriented map. Note that 81 is canoni-

1

cally oriented so that anymap f : P - S will be considered as

oriented,

We now define a relation of homotopy in the category of mani-

folds and oriented maps.
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(%3.,15) Definition.

Two oriented maps (f,w) and (g,.) ¢ X - Y are homotopic

if there is an oriented map
1

(Hyv) ¢t Y xS ~ Y
such that (fyw) = (H,v)(1y x §4)
and (g,2) = (H,v)(1y x §p).

Here (1X X j1) denotes, by abuse of notation the composite

oriented map

' 1
Tx*31q

(3.16) Lemma,
The relation of homotopy defined in (3.15) is an equivalence
relation on the set of oriented maps X - Y . It is compatible

with composition so that we get a homotopy category of oriented

maps.

Proof,.

The proof goes just as for the ordinary homotopy category.

(3.17) Remark.

We have defined homotopy classes of oriented maps X - Y,
but not oriented homotopy classes of maps X - ¥ . In general
homotopy classes of continuous maps can not be oriented. TLet, for
example, P be a point and X a connected manifold, nonorientable
over % . Then every map P = X dis orientable over Z , and all
maps P - X are homotopic. There is, however, no reasonable defi-
nition of an orientation for this homotopy class, as the reader
will see by letting P trace through a loop in X +that has no

lifting to the orientation cover of X.
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(3.18) Lemma,
When two continuous maps
f,g ¢+ X =Y
are homotopic, and w is an orientation for £, there exists an

orientation A for g such that (f,w) is homotopic to (g,r) .

Proof,

Let H ¢ X x 81 - Y be a map such that £ = HJ1 and g::HJ2

where

is the imbedding Ji(x) = (X,Zi) . The maps J; are canonically

oriented as in (3.15). We may also choose H so that it is homo-
topic to f pr where pr : X X S1 - X . Clearly pr and hence
f pr are orientable, hence H 1is orientable,

Consequently there exist orientable bundles &€ on X and

n on Y and bundle imbeddings

TX@ el e 2o (xxs)e(exs!) B> rveq

covering J and H, Take a Thom class representing ww of the
1

form (Ba, © U,V) where ¥ is the canonical Thom class of el

Let v ©be the orientation of H represented by

(B, prb* U,V).

Then
(£,0) = (H,v)J,

where J1 has the canonical orientation., We define X\ Dby

(g,X) = (H’V)Jg .

Then (g,\) and (f,w) are homotopic by definition.
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§ 4. The Transfer Homomorphism.

In § 3 we defined in (3.16) a category consisting of mani-
folds and oriented maps. We also defined the corresponding homo-
topy category. To define the transfer homomorphism, we need the

corresponding categories based on proper maps and proper homotopies.

(4,1) Definition.

The category of manifolds and oriented proper maps and the
corresponding proper homotopy category are defined just as in (3.16),
with the restriction that all maps be proper. It should be noted
that the map H defined in (3.18) in this setting may be chosen
as a proper map so that (3.18) is still true for the proper category

Next comes the main construction of this §.

Given a proper map f : X = Y of manifolds and a bounded
imbedding i : EE - En of bundle spaces lifting f , that is so
that f = prn'i.sg. We shall construct a bundle imbedding

a : 7Xo0 prZ*E - 1Y o0 prZ*ﬂ

covering f and unique in isotopy (over f). Here pr, denotes

one of the composite maps
ErXcX x X Ef-2;> X
ErYc¥Y x Y §§§> Y

The imbedding
ispxi ¢ X x EE » En X En

determines a bundle imbedding
(TEE)|X~ TEn

covering iSE’ when restricted to bundle spaces in the microbundles.

Also there is a bundle-isomorphism covering prn

T(En) - (tEn) | ¥
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which is the identity om Y < En . (2.13). The bundle imbedding
a 1is the composite

TX o pry*g = (TEE) X = 7(Bn) » (vEn) | Y = 1Y o pr2*ﬂ

where the first and the last isomorphism are defined in (2.17).

Clearly o covers prﬂisE = f din the base.

(4.2) Definition.

The bundle imbedding o defined above will be called the

bundle imbedding determined by i .

(4.3) Definition.

When w 1is an orientation of f , we define

t(i,w) ¢ h¥(X) = n*(Y)
as follows:
When V is a Thom class for n , let U be the unique (3.9)

Thom class for & such that (a,7,V) represents w. Then define
t(i’w) = t(i,U,V) . (1.10)

This definition is independent of the choice of V, When we take
another Thom class aV for n with a € h°(Y), o is represented
by (a, £¥(a)U, aV), This is an easy consequence of the definition

(3.7) of equivalent Thom classes. From (1.13) we conclude that

t(1,U,V) = t(i,£%(a)U, av).

(4.4) Proposition.

Let (f,w) ¢ X = Y be an oriented proper map and i : EE - En
an open bounded imbedding lifting f.

When u is a bundle on En (such that w = pr *u) , we have

n
t(i,m) = t(7,w)

where 1T 1is the induced imbedding determined by wu , (1.4).
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Proof:

We recall that Tt is an imbedding
T+ B(E 0 iu) = B(n ow) .

Let (a,U,V) Dbe a Thom class representing ® . Here a 1is
the bundle imbedding determined by i . (4.2) When A is a Thom
class for 4 , there is a Thom class (&, UB, VA) representing w
where B is a Thom class for i*u and & is the bundle imbeddiﬁg

determined by T . Suppose that B = i*A . Then we get from (1.13)

tr,w) = t(T,Ui*A,VA)= £(1,U0,V) = t(i,w)
because Ui¥A = Ufb*A .

Hence it suffices to prove that B = i*A or in other words
that (a,U,V) and (3, Ui*A, VA) are equivalent Thom classes.
The proof of this statement is tedious and requires a lot of dia-
grams, hence we skip it. The proof goes as follows: Choose R
and S so that

RU = (f, ®a)"(SV) in the notation of (3.7)
and prove that

RUL*A = (£, @ &) (sV4) .

(4.5) Proposition.

(i) TLet (f,w) : X-Y and (g,u) : Y = Z be proper oriented
maps and let i : EE - En , j : En -~ Ex be bounded open imbeddings

of bundle spaces 1lifting f and g respectively. Then
t(3i,uw) = $(j,w)t(i,w)
provided there is a splitting =n = uh ® N, such that

isg(X) < En,
and
g prn = pryJ restricted to En1 .
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(ii) The conclusion +t(ji,uw) = t(j,u)t(i,w) also holds in case

isg(X) c sn(Y)

(1ii) When the maps f and g are given, we can always find

imbeddings i and j with the properties described in (i).

Proof,
(i) uww is an orientation of gf . In order that the proposition
make sense, we must have gf = pr yJiseg . But ¢ prnj.sg(X) =
pr, jisg (x) Tbecause isg(X) c Eny . That is gf(x) = prkjisgcx)
Let a,8 and y be the bundle imbeddings determined by 1i,]
and ji . Then there are Thom classes U,V and W for &, 1
and )\ such that +t(i,») = t(i,U0,V), t(j,u) = t(j,V,W) and hence
t(j,u)t(i,w) = t(ji,U,W) according to (1.11). Now (Ba, U,W) is
a Thom class representing uw . If y is isotopic (over gf) to
Ba, (v,U0,W) is another representing Thom class for uw ,
t(ji,U,W) = t(ji,un), and (i) is proved.
To prove that v and B8a are isotopic, we consider a diagram

defining a and 8 .

X x BE -2 En x En

S

xEn——-—>E)\xE)\

g
B
Z  x Ex

In this diagram (that does not commute) a = iSE x i, b = jsn X 3,
c = sn X id , p 1is a bundle isomorphism covering prﬂ equal to
the identity over Y and q 1is a similar isomorphism covering
Py . By definition a = pa and B8 = gb .

Although some of the maps in the diagram are defined on the

whole total space, they should be considered as bundle maps defined
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on some nbd, of the zero section. That is, the diagram looks like

(rEE) | X ——> 1En
\ﬁ \\
(TEm) | Y —> TEx

(rEx) | 2 .

Now let Dt : En = En be a deformation of En rel Y such

that
D, =id , D =s

Then there is an isotopy
At s TEn - 7En

covering D, and equal to the identity over Sﬂ(Y) . Accdrding
to (2.16) we may choose p such that cp = AO . This gives an
isotopy -

a(y x Jlha
from q(j x jla =y to a(j x jlepa = gba = Rx covering
prxj Dt isE : X = 72 ., If this homotopy is stationary, the proof
is finished. We choose the deformation Dy such that the fibres

of En1 C Bn are preserved. Then

pr DJG = pr on En1

n
and Dy isE(X) < Eny . Comsequently

pry J Dt isg = 8 prn DJG is; = g prﬂ isg = gf .

(ii) Trivial, Take ny =0, mny, =mn, and use (1)

(1ii) Let A4 be a bundle on 7 such that there is an imbedding

. *
i, 0 X~ Bg Ay
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lifting f and admitting a normal bundle, (x1 may be chosen as
a trivial bundle.) TLet

Jo 3 En2 - Ex,
be an open bounded imbedding lifting g. We have the induced im-

bedding

=735 ¢ B(n, 0 3" prxz M) 2 EQ,@0)
Using the isomorphism
UG Pl Prxz MoE o ©my
with Ny = g*x1 s the composite imbedding
X~ En cE(mp @)
visibly maps X to Eﬂ1 . We must also show that

g prn = PTy J over Eﬂ1
when

Because g = prxj Sﬂ’ we must show that

prxgsnprﬂ = pryJ over En1 .
This equation simply states that each fibre of En1 is mapped by
j into some fibre of Ex . Because Jj is an indueced imbedding,

this is clearly true.
(4,6) Temma,
Let £ TDbe an orientable bundle on the manifold X and let
i ¢ EE - EE

be an open bounded imbedding that restricts to the identity on

X < EE , Then
t(1i,1) = id

when 1 1is the neutral orientation of the identity map X - X .
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Proof.
Let
* *
a 3 X 0 pro”E ~ T7X o pryE
be the bundle imbedding determined by i and let (a,U,V) be a

Thom class representing 1. Because
t(i,1)(x) = xt(1,1)(1)

according to (1,12), it suffices to prove that +(i,1) =1 , or
that V = (Di)*(U) . (It is true more or less trivially that
£(i,1) 4is a unit in h°(X)).

Because (a,U,V) represents 1 , there is é bundle v on X
such that when

id®a 3 v® (1X o0 prz*ﬁ);3 ,

we have

RU (id @ a )* RV

il

when R is a Thom class for v ® 77X . The microbundle diagram
for v ® (X o prZ*E) is

. (s,r8¢) pT,, DT

> Ey x EE X,
and the map 1id ® a 1is simply

id x 1 ¢ BEv x E€ » Ey x EE
on the total space. The map

v@(TXoprz*i) L veTX g
A X X A X

that determines the product Thom classes is the Thom space map

derived from a closed imbedding
B : B(v ® (X o prz*E)) - B(v ® 1X) x EE

restricting to the diagonal map X - X X X in the base, On the

total spaces B 1is given by

B : Bv X BE » (BEy x X) x EE
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where

B(sz) = (Vyprg(w),w> .
This fact follows from the definition (3,6) after some calculation.
Note that the diagram of v ® 7X 1is

(s ,id) pr
S my x X s X,

To obtain a Thom space map from B , we collapse closed sets whose
complements are sufficiently small bundle nbd's.

We shall prove that the diagram of bundlespaces
By x BE —&—> (Ev x X) x EE
(+) iidxi iidxidxi

BEv x EE 5> (Ev x X) x Ef

gives rise to a homotopy commutative diagram

vo(rX o pr,¥E) voTX
2 —A—> X A Xg
(*) T(id®a ) N iaaDt

v@(TXc>pr2*€) N vaTX
X > X ANX .

If this is so, we get

RU = a%(R AU) = T(id@a)*a¥(1a ADM)*(R AU) = (1a@af(R(DY (U))
But |

RU = (id ®x )*(RV), hence BV = R(DH¥(U) and v = (DY)*).

1

To prove the proposed homotopy commutativety of the diagram (¥*),
we first deform B8 , Let Dt : EE = EE Dbe a deformation rel. X

with D1 = id , DO = 8g Prg . Then
Bt(v’w) = (v, Pre Dt i(w),w)

is a closed imbedding

Ev x EE - (Ey x X) x EE
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preserving the zero section., We get a homotopy of Thom space maps
T(Bt) with T(BO) = A because B =8 . Thus it suffices to

prove that A is homotopic to
T(ide ® a)T(8,)(id A DV) .
But this is a consequence of the fact that

g
"1

Ev x EE > (Bv X X) x EE
(+ 1) lidxi lidxidxi
Ev x Ef§ > (Ev X X) x EE

B

commutes.

Note: TLemma (4.6) is a direct consequence of (4.4) and (4.9) when
we use a theorem of M,W. Hirsch [12] on the stable isotopy-unique-

ness of normal bundles.

(4,7) Corollary.

Let (f,w) : X~ Y be an oriented proper map. Let F and

A be bundles on X and let m be a bundle on Y . When
i: EE - En and J : Ex - En

are open bounded imbeddings 1lifting £ such that iSE = jsx , We

have +t(i,w) = t(j,0) .

Proof.

Obviously the bundles E and ) have the same stable class,
Because an induced imbedding gives the same transfer map (4.4),
we may suppose that & and X\ are isomorphic, by adding a trivial
bundle to n . Now let k : Ef - EX be a bundle imbedding so
small that 4ir = jk for some open imbedding r : E€ - EE , (That
is so small that jk(EE) < i(EE).) Then r is the identity on X

Because (f,w) = (f,w)(id, 1), we get from (4.5 ii)

t(iiw) = t(i9w)t(ra1) = t(ir;w) = t(jkvw):t(ij)t(k;1)= t(j’w)-
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Here we used (4.6) to get +(r,1) = id and the trivial fact

that +(k,1) = id. (Note that k preserves fibres.)

(4.8) Proposition.

The transfer homomorphism is independent of the bounded im-
bedding used to define it., Precisely :

Let (f,w) : X =Y be a proper oriented map, let i : EE~ En
and J : Ex = Bu be open bounded imbeddings lifting f. When

n and Y are orientable, we have

t(iyw) = t(ij) .

Proof,

Because induced imbeddings give the same transfer maps, we
may assume that n and U are vectorbundles, trivial for instance.
In case isg(X) intersects the zero section in n , we may add
a trivial bundle to mn and isotope X and its normal bundle
away from the zero section without changing the transfer map
according to (4.4), (4.7) and (4.9). Hence we may assume that
isE(X) does not intersect the zero section in 71 . Now define

J:XXR-E(n@®u® e2)

by . . 2
J(x,t) = (feisg(x), (1-t)+Jsy (x), t(1-%),t°(1-1)).

Here 62 denotes the trivial bundle of dimension 2. Clearly J

is a closed imbedding such that

o

I

(O’ jsxy 0)

correspond to imbeddings induced from i and j. After adding
trivial bundles, we may assume that J admits a normal bundle.

This implies that the isotopy Jt of X may be extended to an
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isotopy of normal bundles., Because the actual choice of normal

bundle does not matter according to (4.7), we may write
t(i,w) = t(isg, w) = t(J1,w) = t(Jo,w) = t(jsx,w) = t(j,w),

using (4.9).

(4.9) Lemma.
Let it ¢ EE » En be an isotopy of bounded imbeddings 1if-
ting £ : X - Y , Then

t(io,w) = t(iq,0) .

Proof.

This is an immediate consequence of the definition (4.2) of
the bundle imbedding g determined by iJG and the definition
(4.3) of %(i,w) .

(4.,10) Theoremn,
On the proper homotopy category of manifolds and oriented

maps defined in (4.1) there is a covariant functor taking the map
(fow) ¢ X~ Y

to the homomorphism £, : h*(X) - n*(y) .
When 1 : EE - En dis an open bounded imbedding of bundle

spaces lifting f (that is f = pr j.sE) , we have

n

£, = t(i,w)

as defined in (4.3), provided n , and hence E , is orientable,

The following equation holds

£,(£5(7)x) = y£,(x)

showing that fw is a h*(Y)—module homomorphisn.
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Proof,

Proposition (4.8) shows that £, is well defined by
£, = t(i,w). Proposition (4.5 iii) implies that f, 1is a functor
on the category of manifolds and proper oriented maps. The homo-
topy invariance of fw is seen as follows, we use the notation

of (3.15).

Two properly homotopic oriented maps may be put in the form
(H,v) (1, x §q) and (H,v){(1, x Jj5) .

Because the transfer homomorphism is a functor, it suffices to
show that the "universal" homotopic maps 1X X jq and 1X X Jo
give the same transfer, But this is clear from their definition

(3.15).
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§ 5. Applications.

The Riemann-Roch Theorem.

Our main application of the transfer homomorphism will be a
proof of Atiyah's theorem [4] that when f : X = Y is a homotopy-

equivalence of compact manifolds,
J(tX) = £*3(7Y) .

We shall prove this theorem without the compactness condition,

provided f is a proper homotopy equivalence.

(5.1) Theoren,

Let £ ¢ X =Y Dbe a proper map of connected manifolds of the

same dimension. If f admits a one-sided proper homotopy inverse,
J(tX) = £*3(rY) .

Moreover f 1induces an isomorphism in any multiplicative cohomo-

logy theory.

Proof.

We may assume that f hags a left inverse g so that gf 1is
properly homotopic to the identity on X . We must prove that the
conclution of the theorem is true for both f and g.

We first apply singular cohomology mod 2, Then every map
has a unique orientation (use lemma (3.9)) and we denote the trans-
fer homomorphism by f: . Also gf is homotopic to 1d as an

oriented uap, according to (3.18). Consequently
g (£,(1)) = (gf),(1) =1, £,(1) #0 and £,(1) =1

because HO(Y,ZE) = Zy .
Now let m be a bundle on Y of stable class g*(TX) - 7Y ,

and let i : EE - En be an open bounded imbedding lifting £ .
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Then the stable class of & 1is
E=f*(1¥+ 1) = X = £¥(1¥+ g¥1X=1Y) - 17X = £¥g" X - X = O .

By adding a trivial bundle to mn and taking an induced imbedding,

we may assume that € is trivial. Note that

|1}

J(n) = g*J(rX) - J(7Y)

and
£*3(n) = J(vX) - £*7(7Y) .

Hence the main assertion of the theorem is equivalent to J(n) = O.
Let
Di s YN - XE
be the Thom map, and let wu,v be the mod 2 Thom classes for E&,n.

Then .
(DN *(xu) = f!(x)v and

(0H)*(w) = v .

Because £ is trivial, u i1s the reduction of an integral Thom
class U ., We define V = (Di)*(U) . In the "fibres" of the Thom
space Y" the class V does not restrict to O because its mod 2
reduction v does not, Hence mn 1is orientable over Q , conse-
quently over Z . Let V' ©be a Thom class for n such that

V = nv' sy m >0 , Let 2z Dbe the orientation of f determined by
U and V' and let w be some Z-orientation of g . Note that
g 1is orientable over 7Z Dbecause its normal bundle is mn . Then
(g,w)(1,2) is homotopic to (id,x) for some orientation ¥ of

id , according to (3.18) . We have 8,f, = (gf)wz = idX and

gy(f,(1)) =1a (1) =% 1,

But ,
(DH*(U) = £,(1)-¥" =V = V'

and
g,(£,(1)) = g, (m) = mg, (1) =% 1.
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Because HO(X,Z) = Z, we get m =+ 1 and m= 1, Thus
V =V' is a Thom class for m over % ., Let q be the fibre
dimension of & and let
p:XE“"’Sq
be the canonical map. We may suppose that U = p*(UO) where
u, € H(s?)
is a generator, The map
ot ¢ ¥ - g4
has the property that (pDi)*(Uo) =V is a Z-Thom class for n.
Consequently pDi hag degree 1 when restricted to a "fibre" in
the Thom space. A theorem of Dold [8] implies that J(n) = 0 .
When h' is 2 multiplicative cohomology theory, let

U, € 84%sY) ve the suspension of the unit. Also let

1
vy = (0¥ p*(U1) . Then p*(U;) and V, together with i

determine an h¥-orientation p of f . We get
£,£%(y) = y£, (1) = y
because ks %
(DM *(p*0,) = £,(1)V, = T,
by definition of p .
Hence fpf* = id . We also have f g = id . That is

g* - fp - (f*)—1 .

(5.2) Theorem,

When X and Y are manifolds and f 3 X = Y dis a proper

homotopy-equivalence,

£¥J(7Y) = J(7X) .



- 5% -
Proof.,
We may assume that X and Y are connected, The conclusilon
follows from (5.1) if dim X = dim Y . Using cohomology mod 2,
we note that deg f, = dim Y - dim X , Let g be an inverse of

f in the proper homotopy category. We get
£,{(1) #0 and g,(1) # 0 because g,f, (1) = £,g,(1) =1 .

Consequently deg £,(1) 2 0 and deg g, 2 0 which implies

dim X = dim Y .
Q.E.D.

We note that Atiyah's proof does not work in the case of
non-compact manifolds. His proof uses S-duality, and the theory
of S-duality does not work as it should for non-compact manifolds.
As an example, let M be a manifold with boundary M # @ . The
usual S-dual of int M and of M is MY/(3M)Y where v is a
normal bundle., But the space we have used to define the transfer
homomorphism is (int M)v or MY ., This fact suggests a defini-

tion of S-duality for locally compact non-compact sgpaces.

(5.3) Theoren.
The tanget bundle of the manifold X is J-equivalent to a

vector bundle if and only if some product

X X B9

has the proper homotopy type of a differentiable manifold.

Proof,

If X x B has the proper homotopy type of a differentiable
manifold, theorem (5.2) implies that t(X x BY) and hence X
is J=-equivalent to a vector bundle.

Now suppose that J(71X) = J(B) where B is a vector bundle

on X . Also let v Dbe a normal bundle of X in some euclidean
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space., Then Ev has a differentiable structure, and so has
E(v ® B) which is the total space of a vectorbundle on Ev .
We have J(v @ 8) = J(v ® 7X) = 0 . Adding a suitable trivial
bundle to B8 , we conclude that E(v @ B) has the proper homotopy
type of X X BY . In fact they have the same proper fiber-homotopy
type.

| We are now going to prove the usual Riemann-Roch and Wu
theorems. [5] The proofs are entirely formal. We assume that
a multiplicative transformation of cohomology theories is given,
define the corresponding "Todd class" of an oriented map, and the
R.-R. theorem drops out, The arguments are well established in
the litterature [2], [3], [11], and our proofs will be short.

Up to this point we have assumed that a fixed multiplicative

cohomology theory n* is given. Now let kx* be another such
theory, and let 1\ : K¥* - ¥ pe a multiplicative cohomology

transformation. That is :
(1) A (x,A) : ¥¥%(x,8) » v¥(X,A) is a natural ring homomorphism,

(ii) » commutes with the coboundary homomorphisms in the long

cohoriology sequences.
(1i1) A (pt) : K**(pt) - h**(pt) satisfies A (pt)(1) = 1 , Here
* % +OO—
K (X,A) S TTT x¥(x,4a)
Q= - @

denotes either the subring of elements vanishing below some non-
fixed degree or the subring of elements vanishing above some non-

‘fixed degree.

(5.4) Lemma.
2\ preserves the Z,-gradings of K (X)) and w¥¥(X) .
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Proof.

Let =z € k1(S1) and w € h1(S1) be the suspension of the
units. Then A(z) =w . When b € h**(X) is a homogeneous ele-
ment, we know that

(b x w) = (_1)deg(b)w X b

1 1

when T : S x X = X X 8 is the twisting map. Consequently 2b

is even (odd) if and only if
(b x W)= éw X b

where ¢ =1 (e = ~-1) and b € W**(X) is arbitrary. Now let

a € k**(X) be an even (o0dd) element. Then

™(a x z) = ez x a .
Using X we get
™*(x(2) x w) = ew x A (a) ,

hence 2\a) is an even (o0dd) element.

(5.5) Definition.,

A' ¢ k¥ - h* is the cohomology transformation defined by
A'(x) = the homogeneous component of A(x) in degree n , when
x € ¥MX) .

%' has all the properties of )\, except multiplicativity.
In many well known cases ' is the identity transformation,
Because 2\ ©preserves suspensions of units, ' does so too.

When U 4is a k ~Thom class for a bundle, X (U) is a h*-Thom

class.

(5.6) Definition.

When £ dis a bundle on a space X and U i1is a k*~Thom

class for & , let
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A(E,U) € ' (xX)
be defined by
A(E, U (U) = A (U) .
(5.7) Lemma .
(1) 2)0(E,U) is an even element.
(1) A is natural, £A(E,U) = A(£¥5,£5(U)) when f : B ~ X

is a map to the base of § .

(1ii) A(E,U) is invertible in h* (X) .

Proof.
(i) We have 20(&,U)A'(U) = 2A(U) where X1'(U) is a Thom
class and the elements U, A'(U) and 2A(U) have the same Ziy-

degree according to (5.4).

(ii) Obvious.

(iii) Let T ©be a bundle on X such that €& @ v is trivial

and let V be a X -Thom class for T such that the Thom class
UV for & @ 71 1is a suspension of the unit pulled up to the Thom

space. Then A(UV) = A'(UV) , We have

It

A(E, U (U) = 2 (U)

and

|

A, VA'(T) = 2 (V) ,

consequently

ACE, AT, TN (WA (V) = A(UV) = A" (UV) ,
where we use (i) to conclude that A(T,V) commutes with every
other element. In this equation, bot A'(U)A'(V) anda x'(UV)
are h*-Thom classes. This implies that A(E,U)A(T,V) and hence

A(E,U) is a unit,
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(5.8) Lemnma,

Let £ : X =Y be a proper k*-orientable map of manifolds.

Let i: BE - Bn

be an open bounded imbedding of bundlespaces lifting f , and let

U and V be Xk -Thom classes for E and 1N . When we put

t¥ = +(1,U,V) ana % = (1,0 (U, (V))

we get .
A(EE(x)) A (1, V) = 200 (x) 1 (8,1)
and ‘
r (68 (%)) = th(l(x).a)
where
a = A(E,U)E*A(n, V)71 .
Proof,

A ()M (M, TN (V) = A (55(x) )N (V)

1

*

n

A(E(x)7) = A (0N (x0) = @)\ (xU) =

O A, (W) = PO (x) (8, TN (V) .

The conclusion follows because x'(v) is a Thom class. As a
consequence

F((x)a)r(n,7) = (0 (x)a £¥A(n,V)) =

(XA (E,0)) = A(£5(x))aln, V),
where we use (1.12) and (5.7, i). Because A(n,V) is a unit in
n**(Y) , it may be cancelled, We note that A(m,V)”' 1is well-
defined because A(m,V) dis in the centre of h**(Y) according
to (5.7, i)

We would like the following assertion to be true.

(5.9) Agsertion.

When E, €', £ g' are bundles with Thom classe U,U' and
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UU', we have

Ag,U)A(e",U') = A(E @€', UU') .

Prom definition (5.6) we see that the assertion holds if Z'ois
multiplicative, We note that v is multiplicative if A is
monotonic in the sense that when x € k¥™(X), A (x) is zero in
degrees < n ,

The Steenrod operations 8Sq and P in cohomology mod 2 and

mod p are monotonic. The Chern character
ch : KUT(X) = H**(X,Q)

is not monotonic, This is a consequence of the formula

ch(B8x) = ch(x) where B € KU—2(pt) is a Bott element. Neverthe-

less (5.9) is true for ch .

(5.10) Lemma,

If assertion (5.9) is true, a k" —oriented map gives rise to
a h*-oriented map in a canonical way.

When (f,w) is k*-oriented, we obtain an element

A(w) € h**(X) to be defined below.

Proof,

When f ¢ X - Y is a map of manifolds, and (a,U,V) is a
Thom class representing its X -orientation, we let (a, A (U), A (V)
represent the h*—orientation. This gives a well defined n*- |
orientation according to (5.9), (5.7 ii) and (3.7).

We define

A(w) = A(8,0)£"1(n, V)"

where o ¢ X 0 € = 7¥ o nn is the bundle-isomorphism in (a,U,V).
That this is independent on the choice of Thom class-representing

w follows from (5.9), (5.7,ii) and (3.7).
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(5,11) Theorem. (Riemann-Roch).

ML () = £, () (M (x) 22 (w)

where (f,A(w)) is the h*-oriented map obtained from (f,w) by

means of A , assuming (5.9) to be true.

Proof,

This is an immediate consequence of (5.8) using the defini-
tions of (5.10)., Note that when (5.9) is not true, we may regard
(5.8) as the R.-R. theorem,

We now consider Xk -oriented manifolds and continuous maps
f ¢:X-=Y of such manifolds., A k*-oriented manifold is a mani-
fold X +together with a Thom class U in the tangent bundle,
When Y is k' -oriented by the tangent bundle Thom class V and

o ¢ TX® & = 7Y @ n

is a bundle isomorphism covering f , we say that a Thom class

(a,Uy,V,) for f is determined by X and Y in case

Uy, = oc*(VV,l)

1

where o algo denotes the map of Thom spaces.

(5.12) Proposition.

The above definition of a Thom class for a continuous map
f: X~7Y of k -oriented manifolds determines a functor from the
category whose objects are k*-oriented manifolds and whose mor-
phisms are usual proper homotopy classes of continuous maps, to
the proper homotopy category of manifolds and oriented maps defined

in (4.1).
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Proof.

This is a straightforward verification based on the definitions

(3.7) and (3,15).

(5.,1%) Definition,

When € is a bundle on X with a k -Thom class U , we

define A(-E, U'1) as follows, Let m be a bundle on X and
a : & @ n - ed

be a trivialization. Let V be a Thom Class for mn such that

UV  corresponds under « to the suspension of the unit., We put
A(=g, U71) = A(n, V) .

This definition is independent of the choices made. By the cal-

culation in the proof of (5.7, iii) we know that
A(=g, T A(E,U)

is a unit in h%(X) . If (5.9) is true, this unit is 1.

When (X,U) dis an oriented manifold, we define
-1 -1
AX, U7) = A(=-1X, UT") .
(5.14) Theoremn, (Riemann-Roch).

On the category of k -oriented manifolds and proper homotopy

classes of continuous maps there is a functor taking

f ¢ XY
*0 £ 0 k¥ (x) - x*(¥)
and another functor taking f to
£ ¢ 0 (X) » n*(Y)
The R.~-R. relation

MEFELE, v = thOua(x, )
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is valid when U and V are the Thom classes orienting X and Y.

Proof,

The first of the two functors is the composition of the func-
tor of (5.12) composed with the transfer functor f (4.10). The
second funcitor is obtained by first using the functor taking the
k¥-oriented manifold (X,U) to the h*-oriented manifold (X,2'(U))
and then proceeding as above. To obtain the R.-R. relation, we
use (5.8): TLet

i : EE = En

be a bounded open imbedding of bundle-spaces 1lifting f. Suppose
that there is an isomorphism

8 : 1Y ®@mn - e,

T

Let
a e TX()pr2*§ ~ 1Yo pry*n

be the isomorphism covering f determined by i . Let B be a
Thom class for m such that VB corresponds to the suspension
of the unit under B , When A is a Thom class for £ such that

UA = a*(VB) s 1t is clear that VA corresponds to the suspension

of the unit under Ba . Consequently

A(X, U71) = A(5,A) and A(Y, V') = A(n,B) .
Also

£ = 4(1,4,B) and £'= t(1,0" ()2 (B)) ,

-

according to proposition (5.12), Now (5.8) reads

A(EF(x))°A(n,B) = £7(0(x)*A(E,4))
or

M) ar, v = B, vTh)
which is the R.-R. relation.

The reader should note that this theorem is independent of the

truth of (5.9), in contrast to theorem (5.11).




- 62 -

Defining

A(E) = A(x, Ty, v

that obviously depends on U and V , we obtain just as in (5.8):

(5,15) Corollary.

MEF(x) = FROE) A ()
Assuming that X is an epimorphism, we define

wu (X,U) € x**(X)
wu (Y,V) € x**(1)
and wu (f) € ¥*F(X)

to be elements satisfying

r Wu (X,U) = A(X, U‘1)
A wu (Y,7) =AY, v
and AW (£) = A(f) .

(5.16) Theorem.  (Wu.)
Assume that )\ 1s an epimorphism and let the data of (5.14)

be given, Then the following Wu formulae hold.

(£ (x) W (Y, 7)) = £9A(xeWu(X,V)),

x(f?(x)) = f?x(x-Wu(1)) .

Proof,
Immediate from (5.14,15).
We assume that the cohomology theories k¥ and b are

represented by spectra and let k, and h, be the non-reduced

homology theories defined by the same spectra, so that we have
slant and Kronecker products defined as in [23].
When. X 1is a compact connected manifold without boundary, a

fundamental class for X 1is an element

Q€ hn(X)
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such that there is amap ¢q : X - s™  such that
24 (Q)

is the suspension of the unit.

(5.17) Definition,

We have defined a hy-fundamental class QO for the n-mani=.
fold X .

It is known that the fundamental classes for X correspond
in a 1-1 way with the h*-Thom classes for rX , and the corre-
spondence is canonical. A proof using S~duality is given in [5].
We shall not prove that much, but the following lemma is proved

without using S-~duality.

(5.18) Lemma.
Let X be a connected compact manifold without boundary.

Then' TX has a h*-Thom class if and only if X has a h, funda-

mental class.

Proof.

Let a fundamental class'

0 € hm(X)

be given. DLet u : x° A xY - Sn+k

be defined as follows. (This definition is given in [16],) v 1is
a bundle on X such that TX & v 1is a trivial bundle of rank

n+ k. Let
d ¢: X=X x Bv

be the diagonal imbedding. A normal microbundle of d is

X ==> X X By ——> X,
d - pr,,Prs
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This microbundle equals TQ(X) ® v where TZ(X) is the second

tangent bundle
> X

X=X xX PT,

Consequently the normal bundle of d is trivial. This gives a map
X x Bv - Sn+k

that collapses the complement of a tubular nbd. of 4d(X) and has
degree 1 on the "fibres" in the normalbundle Thom space,
This map extends to a map

w s X0 A XY - gBtk |

Let
U

m

n¥ (XY, pt)

be defined by

U = o\ u*(o0)

where o 1s the suspension of the unit in hn+k(Sn+k,pt). Let

© ¢ sk o XY be the inclusion of a "fibre". Then the composite
X0 A gk 2dA0, yo . xv _u, gntk

is visibly a map of degree 1 from the relative manifold x° A skpt
to Sn+k, according to a well-known characterization of such maps
[22]., This gives, when 7T € hk(Sk,pt) is the suspension of the
unit,

< 9*U,m > = < A\u*(0), gt > =

t < uf (o), @ Ag.(T)>=

t <o, u(id A o) (0O AT) > =% 1

because u(id A @) has degree 1 and O is a fundamental class.
(We use the theorem of Hopf stating that the maps of degree 1
generate the cohomotopy group [Y/B, S"1 when Y,B is a compact

relative n-manifold.)
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We have proved that v has a Thom class and consequently
that TX has a Thom class,

To prove the converse, let

By c Sn-*_k
be an open imbedding and let
D gtk L xv

be the resulting map. Also let D < X be an imbedded compact

n-disc and let
qg : X - D/3D

be the resulting map. Then there is a homotopy commutative diagram

/E///%XV S S &
sn+f;\\ l 8 l gAid
Q
~ p/aDAs™ > D/3D A XV
idAwm

where o« is a homotopy-equivalence, To see this, note that
(¢ A id)A sends the complement of DY < X¥ +to the base-point.
Because v is trivial over D , we obtain the map B8 . 8 may be

chosen such that there is an open set
k

N c D/3D A S
such that the restricted map

Bp ¢ p"1B“1 N - N

is a homeomorphism, Because a = Bp is a map of spheres, it is

a homotopy-equivalence. Let
v e n5(xY,pt)

be a Thom class and define
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Q € h (X)
by
Q= Aypy(y)/U
where we identify
h (X°,pt) = h (X) and v € hn+k(Sn+k,pt)

is the suspension of the unit. Let
5 € h*(D/3D,pt)

be the suspension of the unit. Then

*
< 8,q,0 > <q 6’A*p*(Y)/U > =

I

1a) (6 AU), vy > =

>

£ <p*r"(q

@)*<6 A U)y y > =

>

+ < a¥(id

<8 A (U), ayly) > =%

because U 1is a Thom class and o 1is a homotopy equivalence.
Consequently qu(fQ) is * the suspension of the unit, and
0 is a fundamental class.

Q.E.D.

Sn+k n+k

The maps - 3°AxY and xX°AXY -8 used above

are both S-duality maps. This is proved in [23] and [16].

(5.19) Theoremn.
When (X,U) is a X" -oriented compact connected manifold
without boundary, there is a ky-fundamental class Q for X
such that when
c s X7
is the map from X +to a point that has its canonical k*-orienta-

tion, we have .
c, (x) =<x, 0>,
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Proof.

Consider the diagram
Sn+k Ps v A o x° A 3V

used in the proof of (5.18). TLet vy € kn+k(Sn+k,pt) be the sus—

pension of the unit and let U1 be the Thom class for v wused to

define c% . Then
Q = Dby (v)/U,

is a fundamental class according to the proof of (5.18). We have,

|

*
when x € k (X) ,
< X, Q>=<X9A*P*(V)/U1 > =
¥, K *
<pA(XAU1),y>=<p(XU1),y>_
Now let v, € kn+k(Sn+k,pt) be the suspension of the unit. Then
k
< Yqs ¥ 7> = 1 and Cy (X)Y1 = p*(XU.]) .
k
<X,Q>:<c'(x)y1,y>;—_
"k k
cy (%) <vqy, v >=c,(x) .
We let k = dim U1 be even to avoid sign trouble.
(5.20) Theoren. (The Wu formula).
Let (X,U) be a compact connected k' —oriented manifold with-
out boundary. Det A : k'* = h** be a multiplicative cohomology

transformation. Then there is a k,-fundamental class Q and a

hy-fundamental class T for X such that
A< X, Q> = < A(x)A(X, U_1), T >

*
for all x € k (X) .
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Proof,

Let c ¢ X=P

be the point map and let V be the canonical Thom class for P .

According to theorem (5,19) we can choose Q and T so that
c% (x) = <x, Q> and c? (y) =<y, D>,

The R.-R. formula (5.14) now reads
A< x, O > A(P, V1) = < A(x)A(X, UT1),T >,

But obviously A(P, V—1) =1,

(5.21) Corollary,

When W(X) is the total Stiefel-Whitney class of 71X, we

have the relation
< x,[X] > = < Sq(x).Ww(x)~",[x) >

for all x € H' (X, Z,) .

Proof.
In (5.20) we let %\ = Sqg = 1 + Sq1 + ng + +.. and
x* = n* = 5 (-, Z,) . Then X has only one fundamental class

and the formula of (5.20) reads
sa< x,[X] > = < Sa(x)sq(X, U™1),[X] > .

Hence it suffices to note that Sq is the identity on a point and

that
sq(%, 1) = sq(x,m)"" = w)~' .
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Notations and definitions.

Bounded imbedding; p. 5.

Bundle; a fibre bundle with fibre RY and the group of
homeomorphisms of CEq,O) as structural group. 4@ need
not be constant.

Bundle imbedding; an open topological imbedding of bundle-
spaces commuting with the bundle projections and restricting
to the identity on the zero section.

Bundle imbedding determined by i ; def., (4.2).
Composite bundle; p. 6.

Composite Thom class; def. (3.10).

Di 5 DPe 5o

Diagonal map; def. (1.4) and (3.6).

E€ ; total space of the bundle § ,

fb $) when T : X - Y i1is a map and & is a bundle on Y ,
we get maps Ef*E - Ef and Xf*E - ye both denoted by £ .
£f,(w 4 b); see theorem (4.10).

Fundamental class; def. (5.17),

Homotopy of oriented maps; def. (3.15).

Induceé imbedding; p. 8.

J(E) 3 the stable spherical fibration determined by the
bundle § .

'y def. (5.5).
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A(E, U) ; def. (5.6).

A(-g, U7 5 def. (5.13).
Orientation of a map; def. (3.8).
prg : the bundle projection of § .,

s the zero section of the bundle § ,

E 4
Eﬂ ;5 see A .

Thom class for a bundle; p. 26.
Thom class, k-adic; see (3.2).
Thom class for a map; def. (3.7).
(i, w) ;3 def. (4.3).

t(i, U, V) 3 def. (1.10).

h k

£, t+ 3 lemma (5.8).

Transfer homomorphism; def. (1.10),see also £
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