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Abstract

The study aims to investigate the possibility of using Streamline Upwind/-
Petrov Galerkin (SUPG) and Discontinuous Galerkin (DG) method for ad-
vection-dominated scalar mixing with high Schmidt number. Simplified
test-cases reveal poor shock-capturing abilities of the classical SUPG and
DG methods. High accuracy was obtained without the presence of shock.
A patient-specific 3D model of the cervical Spinal Subarachnoid Space (SSS)
in a healthy subject was used to simulate the flow of Cerebrospinal fluid
(CSF). Two geometries were used; one without micro-anatomy, and one
with idealized nerve roots and denticulate ligaments (NRDL) based on in
vivo measurements reported in the literature. CFD simulations were per-
formed with and without NRDL to address the impact of NRDL. Elevated
velocities, higher pressure gradient, and a more complex velocity field were
seen with the inclusion of NRDL. Comparison of streamlines with and
without NRDL revealed the formation of vorticity structures caused by
NRDL. The inclusion of NRDL had little impact of the phase-lag between
the pressure and velocity. The Lagrangian Particle Tracking method was
applied to simulate the drug distribution. After 40 cardiac cycles, a 2.7-fold
increase of the vertical extent was seen with the inclusion of NRDL, while
the peak concentration was 3 times larger without NRDL. The sensitivity of
the needle position, needle elevation, azimuth, and injection velocity were
addressed. Sensitivity to injection velocity and azimuth angle was small,
while the needle position and elevation angle gave significantly different
results after 13 cardiac cycles.
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Introduction

The Cerebrospinal Fluid (CSF) is a clear, colorless fluid occupying the space
around the brain and spinal cord, namely the Spinal Subarachnoid Space
(SSS). The CSF is produced in the cerebral ventricles in the brain, and pul-
sates through the SSS with nearly zero net velocity. Since the CSF sur-
rounds the Central Nervous System (CNS), drugs are often distributed via
the CSF. Due to large patient specific variations of the geometry in the SSS
and the complexity of the flow in the CSF, it is a difficult task to predict
and control the concentration of the drugs [15]. A poor measurement ac-
cess in the SSS also restricts our knowledge of the spreading. The uncer-
tainty of the uptake and spreading of the drugs may lead to an increased
risk of complications. This is the motivation for developing numerical sim-
ulations where the input parameters are the patient-specific variables, and
the output is the concentration of the drug. Such simulation could help
to optimize the medical procedure and to improve the knowledge of the
physiological dynamics.

Throughout the years, many studies have been done on the CSF dynam-
ics both in vivo, in vitro and in silco. Studies using different MRI techniques
to measure the CSF flow in vivo includes [4, 10, 41, 28]. Many of these stud-
ies are related to investigating CSF flow in patients with Chiari malforma-
tion. Experiments have been perfomed in vitro in e.g. [23, 22, 24] to map
the CSF flow related to the the syringomyelia disorder. In recent years, re-
searches have begun to apply Computational Fluid Dynamics (CFD) mod-
els to improve the knowledge of the CSF flow. Some studies [18, 21, 31]
used simplified/idealized models of the SSS to simulate the CSF flow. The
first study to include microstructure in the SSS was Stockman [32], where
idealized models of NRDL and trebeculae were used with Lattice Boltzman
simulations. Heidari Pahlavian et al. [11] and Tangen et al. [37] followed
up by investigating the effect of more realistic micro-anatomical structures
on the CSF flow and drug injections. The latter study implemented explicit
fluid-structure interaction based on patient-specific measurements. They
found that the microstructures deeply impact the dynamics of the CSF. Tan-
gen et al. [37] is the only study to perform CFD simulation on the entire
CNS, including spinal trebeculae in the model. Their study suggests that
the spinal trebeculae have an impact on the CSF flow. This was also found
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in [35]. Studies [14, 16] have also established that the magnitude and fre-
quency of the pulsating CSF flow strongly impacts the CSF flow and the
drug transport. Further, one study has been done to investigate flow insta-
bilities in the CSF by Helgeland et al. [12]. It established that turbulence
phenomena or flow close to transition may occur in the CSF because of
locally high Reynolds number.

The purpose of this thesis is to compute the velocity field and drug
distribution using a patient-specific geometry with nerve roots and den-
ticulate ligaments (NRDL). The drug injection will be simulated, and a
sensitivity analysis will be performed for different parameters of the in-
jection. Discrete particles will be used to compute the drug distribution us-
ing Lagrangian Particle Tracking (LPT). The LPT method was chosen based
on shock capturing experiments with the convection-diffusion in 1-D, and
because a Lagrangian way to solve the transport equation is previously
untested, as of the authors knowledge.

A secondary object of the thesis is to explore some of the different tech-
niques available to handle the numerical issues associated with solving a
convection-dominated convection-diffusion equation. The issues arise be-
cause many of the drugs being injected into the CSF have very low dif-
fusivity. This means that the transportation of drug will be almost entirely
because of the convective velocity field rather than the molecular diffusion.

The momentum diffusion, or viscosity also plays an important role for
the CSF flow. The viscosity is a measure of the fluid’s resistance to gradual
deformation due to stress in the fluid. When the fluid flows past walls or
other boundaries, a boundary layer will form because of the shear stress
caused by the friction from the wall. The thickness of the boundary layer
will be determined by the ratio between the convective and diffusive forces.
For the CSF, the convective force will generally dominate, so we will get a
relatively thin boundary layer in the viscosity.

While the fact that both the momentum diffusion and viscosity are of
small order may induce numerical issues by it self, the most critical mo-
mentum is this thesis is the ratio between the viscosity and the momen-
tum diffusion. This ratio has been named the Schmidt number (Sc), and is
a dimensionless number named after the German engineer Ernst Heinrich
Wilhelm Schmidt (1892-1975) [38]. What the Schmidt number physically
represents is how thick the hydrodynamic boundary layer is compared to
the mass-transport boundary layer. A high Schmidt number means that
the mass-transport boundary layer becomes very thin compared to the vis-
cous boundary layer. Hence, if we wish to solve the momentum and mass-
transport equations together, with Sc = 1000, one generally has to use a
grid that is 1000 times finer for the mass-transfer equation than for the
momentum equations in the boundary layer area. Because of the hydro-
dynamic boundary layer, the mesh would need to be heavily refined near
the walls and nerve roots. This will place great demands on the computer



CONTENTS 3

power, as the number of degrees of freedom then will drastically increase.
Because of the high Schmidt number, we may encounter that the mass

boundary layer is even thinner than the hydrodynamic boundary layer.
This boundary layer is not confined to the areas near the walls, but may
travel around the entire domain. In order to represent this boundary layer
correctly, we would therefore have to refine the entire mesh, and not only
the areas around the walls. This could mean that we have to place unreal-
istically high demands on the computer power, in terms of both CPU and
memory.

To summarize, three issues are applicable:

1. Stability of the convection-dominated momentum equation.

2. Stability of the convection-dominated transport equation for the drug.

3. High Schmidt number.

The first issue is the least critical problem in our case, because we are able
to refine the mesh so much that the convection no longer dominates on
the cell level. The second issue is however a tougher nut to crack, because
the convection is much more dominating for this equation. This causes
an ill conditioned matrix, and node-to-node oscillations might appear in
the numerical solutions. For this problem, stability techniques are needed.
Some of these techniques will be covered in chapter 2. These methods will
use a numerical technique "upwinding" as a cure for unwanted oscillations
in the solution. How these techniques impact the accuracy of the method
will also be covered shortly in chapter 2.

The third problem might however become the most critical of our prob-
lems. The high Schmidt number will in theory cause the mass boundary
layer to become much thinner than the hydrodynamic boundary layer. We
might not be able to refine the mesh even more because of resource limita-
tions. We will see that this can cause oscillations near the front and back of
the boundary layer, in the form of overshoots and undershoots and cause
over-diffuse numerical solutions as the solution evolves over time. How
thin the boundary layer will be in practice, will be a topic for discussion
because turbulence aspects most likely will arise when injecting the drug.
This leads to increased on scales ranging from a micro-scale up to the size
of the needle diameter.

During the initial phase of this work, the idea was that a smart way of
upwinding the convective term in the mass transport equation was suffi-
cient to solve the problems previously mentioned. When the problem was
further investigated, a discussion whether the upwinding was sufficient
to fix the numerical issues arose. On one side, the hight Schmidt number
causes oscillations near the front of the drug and leads to large error, and
over-diffuse solutions. This is under the assumption that the drug is in-
jected with a sharp interface between the drug and the CSF. On the other
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hand, because of turbulence aspects previously mentioned, one might as-
sume that the drug is injected with a smooth boundary between the drug
and the CSF. We will see that this eliminates the problems with oscillations
near the front, and the accuracy of the method becomes satisfactory. This
discussion will be further addressed in chapter 3.

The discussion led the attention onto a new method, where a Lagrangian
description of the drug is used, namely the Lagrangian Particle Tracking
method. This method has the benefit that numerical diffusion is absent,
and the problems regarding the high Schmidt number are eliminated be-
cause the transport equation is replaced with momentum equations for
many discrete particles. The method requires much computer resources,
and parallelization of the code is preferable and necessary. If the computer
resources are present, this method seems in many ways optimal for the
problems we are facing.

During the study, approximately 36 300 CPU-hours were logged on
the Abel supercomputer. The velocity field was computed using the high-
performance Navier-Stokes solver Oasis [27], coupled with the Lagrangian
Particle Solver [26]. Oasis is an effective, user friendly Navier-Stokes solver
written in Python. The coupling of the Lagrangian Particle Solver with Oa-
sis and preparing of the solvers for the CSF problem constituted a substan-
tial amount of the time used in this study. Also, much of the time was used
on investigation of the stabilization techniques Streamline Upwind/Petrov
Galerkin (SUPG) and Discontinuous Galerkin (DG) to determine their use-
fulness for the drug transport in CSF.



Chapter 1

Medical and mathematical
model

1.1 Medical background

The Cerebrospinal Fluid (CSF) is a clear, colorless fluid serving multiple
functions including mechanical and immunological protection of the brain,
waste clearance, and chemical stability in the in the Central Nervous Sys-
tem (CNS), among others. Drug injections into the CSF are applicable in
a variety of clinical applications. One of the reasons for this is that the
CSF surrounds the central nervous system, so the drugs can be absorbed
and give the desired effect in designated regions of the body with smaller
dosage and higher effectivity than otherwise distributed drugs. Drug in-
jections into the CSF are mostly used in context with spinal and epidural
anesthesia, but are also used to treat certain diseases, such as cancer and
neurodegenerative disorders. In the case of spinal anesthesia, drugs are in-
jected directly into the anatomic space between the arachnoid membrane

Figure 1.1: Diagrammatic cross-section of the spinal cord and its mem-
branes (Wikimedia Commons)

5



6 CHAPTER 1. MEDICAL AND MATHEMATICAL MODEL

and pia mater. This space is called Spinal Subarachnoid Space (SSS), and
surrounds the spinal cord, as shown in figure 1.1.

The SSS is surrounded by three membranes; The pia mater, arachnoid
and dura mater. Pia mater is the inner membrane, surrounding the spinal
cord. The outer part of the SSS is surrounded by the arachnoid and dura
mater. The membranes are crossed by micro-anatomical structures; nerve
roots, denticulate ligaments and arachnoid trabeculae. The nerve roots exit
in pairs on each side of the spinal cord, one posterior (back) root and one
anterior (front) root on both the left and right side of the spinal cord. A
pair of denticulate ligaments also exit the pia mater on each side, attaching
pia mater to the arachnoid mater and dura mater. Figure 1.2 illustrates the
pia mater, dura mater, arachnoid, denticulate ligaments and the nerve roots
from an upright view. Figure 1.3, illustrates the spinal nerves and vertebras
for the entire spine. Note that the eight cervical nerve roots are numbered
from C1 to C8, while the seven vertebras are numbered form C1 to C7.

Figure 1.2: The spinal cord and its membranes. (Wikimedia commons)
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Figure 1.3: Spinal nerve roots and vertebras for the entire spine. Copyright
©My-MS.org
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1.2 Mathematical background

The velocity and drug concentration in the SSS will be computed. We de-
fine Ω as the domain inside the SSS and the boundary surrounding it. The
boundary of the domain consists of the inlet Γinlet, the outlet Γoutlet and the
walls Γwall. This includes the inner wall (pia mater), the outer wall (arach-
noid mater). We also introduce a subdomain where the needle is injected,
defined as Ωneedle. Figure 1.4 (a) shows the whole domain, and the place-
ment of the inlet and outlet. Figure 1.4 (b) shows a cross-section of the
mesh at y = 6.3 cm. Ωneedle is defined as an hemisphere as illustrated in
the figure. Note that the the position of Ωneedle will vary between multiple
locations.

18cm

Γinlet

Γoutlet

y

z

(a)

Ωneedle

Γwall

Γwall

z

x

(b)

Figure 1.4: 3D geometry of the cervical SSS (a), and a cross-section in the
xz-plane at y = 6.3cm (b).
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1.2.1 The Navier-Stokes equations

The velocity of the CSF will be computed by numerically solving the Navier-
Stokes equations, named after Claude-Louis Navier and George Gabriel
Stokes. The equations are derived using Newton’s second law and con-
servation of momentum to make a relation between velocity, pressure and
density of a fluid. Studies [2] shows that the CSF is clearly newtonian. We
also assume laminar, incompressible flow. In this case, the Navier-Stokes
equations can be written as

∂u
∂t

+ (u · ∇)u = −1
ρ
∇p +∇ · (ν∇u) + g for (0, T)× Ω (1.1)

∇ · u = 0 for (0, T)× Ω (1.2)
u = 0 for {0} × Ω (1.3)

uin = (0, vin(t), 0) for (0, T)× Γinlet (1.4)
uout = (0, vout(t), 0) for (0, T)× Γoutlet (1.5)

u = 0 for (0, T)× Γwall (1.6)
u = uinject(t) for (0, T)× Ωneedle (1.7)

p = 0 for (0, T)× Γinlet, (1.8)

where x = (x, y, z) is the position vector, t is the time, u = u(x, t) = (u, v, w)
is the velocity vector, ρ is the density, p = p(x, t) is the pressure, ν = µ/ρ
is the kinematic viscosity and g is a source term for external forces. The
gravity will be neglected, because it is presumed to be implicitly contained
in the inlet and outlet boundary conditions. As shown in Bloomfield et al.
[2], CSF can be assumed to hold the same kinematic properties as water.
We therefore assume the same CSF to hold the same properties as water at
37◦C, i.e ν = 0.7 × 10−6m2s−1, and ρ = 1000 kg/m3. The volume of drug
injected is considered negligible compared to the total volume of fluid. The
drug is also injected with the same temperature as the CSF, so the drug will
not have an effect on the velocity field.

The first term is the transient term, which allows the solution to evolve
over time. The second term represents the convection term, and describes
transport of momentum because of the fluid’s bulk motion. This part is
non-linear, and represents a major challenge when solving the equations
numerically. The third term is the pressure gradient, and this term also
represents a major issue with the equation. The fourth term is the viscous
diffusion and represents the diffusion of momentum. While equation (1.1)
represents conservation of momentum, equation (1.2) represents conserva-
tion of mass. Since we have incompressible flow, the term ∂ρ

∂t is left out of
the equation.

The initial condition (1.3) expresses that the CSF will start at rest, while
the equations (1.4)-(1.7) are the boundary conditions. Γinlet is defined as
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the upper boundary of the SSS, where y = 0.18, while Γoutlet is defined at
the lower boundary, where y = 0.0. As the boundary conditions states,
Dirichlet boundary conditions for the will be used at the inlet and the out-
let. For the outlet, 4D MRI measurements shown in fig 1.5, provided by
Heidari Pahlavian et al. [11] will be used. Here, the first cardiac cycle is
shown, but the pattern will continue as long as the simulation runs. The
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Figure 1.5: Inlet velocity obtained by CINE (time resolved) MRI measure-
ments provided by Heidari Pahlavian et al. [11] . The dashed line shows
the velocity after normalization to ensure zero average.

average value of these original data was −0.1257cm/s. With an outlet area
of 110 mm2, this corresponds to a production of approximately 15.4 liters
of spinal fluid every 24 hours, while the realistic value is around 500 ml.
The inlet data is therefore normalized, so the time-average becomes zero,
which is a more realistic setting. By conservation of mass, and the assump-
tion that the flow is incompressible, the velocity can be computed at the
inlet. We set the volumetric flow rate in y-direction to be equal on the inlet
and outlet.

vinAin = vout Aout

From this, we find the velocity at the outlet,

vin = vout
Aout

Ain
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Further, the x and z component of the velocity is set to zero at the inlet
and outlet. For simulating the actual injection of the drug, via a needle, we
enforce the injection velocity by explicitly forcing the velocity as a bound-
ary condition inside an hemisphere adjacent to the boundary, defined as
Ωneedle.

From a medical point of view, we distinct between systolic and diastolic
velocity. The systolic velocity is the velocity caused by the heart contract-
ing. This increases the pressure, and results in a blood flow "away" from
the heart. The blood presses on the brain and the vascular system, which
results in a pressure gradient in the CSF. The diastolic velocity is on the
other side caused by the heart relaxing, followed by a pressure drop, and
an opposite pressure gradient in the CSF.

Reynolds number

In the context of the Navier-Stokes equations, it is often convenient to de-
fine a dimensionless number, called the Reynolds number. This is defined
by

Re =
uL
ν

where u is the mean velocity, and L is a characteristic length. In the case of
flow in a pipe or tube, one may define the Reynolds number as

ReDh =
uDh

ν

where Dh is the hydraulic diameter, and may be defined by

Dh =
4A
P

,

where A is the cross-sectional area and P is the so called wetted perimeter.
The values of the Reynolds number, based on the peak systole velocity will
typically be in the range from 150 to 570 for CSF flow [12]. The actual
Reynolds numbers obtained in this study will be presented in chapter 4.

Womersley number

When the flow is pulsating, as it often is within the bio-fluid mechanics,
one can also define a dimensionless number called the Womersley number,

α2 =
ωD2

h
ν

where ω is the angular frequency of the pulsating flow. This number ex-
presses the ratio between the transient inertial force and the viscous force,
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and usually is an indication on the phase delay between the velocity and
the pressure gradient. If the number is small (less than 1 [39]), it means
that the oscillations are so slow that the velocity has time to develop into a
steady parabolic velocity profile for each cycle, and is nearly in sync with
the pressure gradient. If is is larger, the mean flow will lag in relation to the
pressure gradient, and the velocity profile will be more flat compared to a
low Womersley number. For the CSF-flow, we get an angular frequency of
ω = 2π/τ = 8.06s−1.

Turbulence in the CSF

In this thesis, laminar flow is assumed. However, Helgeland et al. [12]
pointed out that local regions of the CSF flow has a local Reynolds number
that is higher than the global Reynolds number. It has been pointed out
that the fine structures of the SSS, i.e nerve roots and denticulate ligaments
contributes to higher probability of transition to turbulence, along with the
surface roughness such as trebeculae and blood vessels. These aspects are
believed to contribute to regions where the CSF flow are close to transition.
This is however an ongoing research topic, and details around the topic are
not yet known.

1.2.2 The Convection-Diffusion equation

We are going to use the convection-diffusion equation to compute the trans-
portation of the drug in the SSS. The convection-diffusion equation uses
conservation of physical quantities such as heat or mass, and describes the
transportation of the quantity through advection and diffusion. We use
homogeneous Neumann boundary conditions at the outlet as well as the
walls, and Dirichlet boundary conditions at the inlet. The amount of drug
injected will be considered as negligible compared to the entire fluid. Also,
the density of the drug is considered to be the same as the CSF - in reality
there will be a small difference, depending on which drug being injected.
The fluid will start from rest. The convection-diffusion equation can then
be written as

∂c
∂t

+∇ · (uc) = ∇ · (D∇c) + f (x), in (0, T)× Ω (1.9)

uc · n = 0 for (0, T)× Γinlet (1.10)
D∇c · n = 0 for (0, T)× Γoutlet ∪ Γwall (1.11)

c = 0 for {0} × Ω, (1.12)

where c is the drug concentration, u is the velocity, D is the mass diffusivity,
and f (x) is a source term. The mass diffusivity D is reported to be between
3-5 ×10−10 m2s−1 for morphine by Clark et al. [6]. We take the average of
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this and choose D = 4 × 10−10. As indicated, we use a Dirichlet boundary
condition at the inlet, and a Neumann boundary condition at the outlet and
the walls along with a zero initial condition. Drug metabolism and uptake
are considered negligible.

Péclet number

We also define a dimensionless number called the Péclet number,

Pe =
uDh

D
,

where Dh is the hydraulic diameter defined as before, and D is the diffusiv-
ity. The Péclet number represents the ratio between of the rate of advection
and the rate of diffusion. When convection dominates, one will therefore
have a high Péclet number. Based on the lower inlet, the Péclet number
becomes approximately 9 · 105.

Schmidt number

The Schmidt number is defined by,

Sc =
ν

D
,

which describes the ratio between the moment diffusivity and the mass
diffusivity. In practice, the Schmidt number describes the ratio between the
boundary layer thickness for the velocity and the boundary layer thickness
for the mass transport. By using the mass diffusivity of morphine and the
viscosity of the CSF, one gets a Schmidt number of 2500. We also notice
that there is a relation between the three dimensionless numbers,

Pe = Re Sc.
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Chapter 2

Numerical methods

2.1 Numerical domain

Thanks to Dr. Bryn A. Martin at the Conquer Chiari Research Center in
Akron, USA, we are provided with a detailed geometry of a part the SSS
from a healthy subject. More information about the geometry can be found
in Heidari Pahlavian et al. [11]. Two geometries are provided - One without
nerve roots and denticulate ligaments (NRDL), and one where idealized
NRDL are added, based on anatomical information in the literature [11].
The geometry containing the idealized NRDL is composed of 14 million
tetrahedrons, while the mesh without NRDL is composed of 1.5 million
tetrahedrons. The latter geometry will is used for testing, while the big
mesh will be used for the main results, and comparison of the two geome-
tries will be made.

2.2 The Finite Element Method

For solving the partial differential equations, the finite element method
(FEM) will be used. This is a numerical technique for finding approxi-
mate solutions of the partial differential equations. The method typically
involves dividing the domain into smaller subdomains, or elements. Each
subdomain is represented by a set of equations, which is assembled into a
global system of equations. The entire system is then solved to satisfy the
boundary conditions. Hence, we seek an approximate solution uh(x, t) on
the form

uh(x, t) =
M−1

∑
i=1

ui(t)ϕi(x),

where ϕi is called trial-functions. Next, we define a basis

{ψi(x) : i = 1, . . . , M − 1} ,

15
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where ψi are called test-functions. The Galerkin method will be used to
minimize the residual in the discretized PDE. We usually choose ϕi =
ψi for all inner elements, but if convection dominates, one often defines
ψi as upwinded versions of the trial-functions. In these cases, when the
test and trial-functions are unequal, the method is called Petrov-Galerkin.
The Streamline Upwind/Petrov-Galerkin method is an example of such a
method. The finite element method can be implemented in Python or C++
with the open-source software FEniCS. [20].

2.3 Total variation diminishing (TVD) property

The Total Variational Diminishing (TVD) property is a property of some
discretization of hyperbolic PDEs. The total variation for a discrete solution
at one timestep n can be written as

TV(cn) = ∑
j

∣∣∣cn
j+1 − cn

j

∣∣∣ .

One can say that a numerical method is TVD if

TV(cn+1) ≤ TV(cn) ∀ n ∈ (0, N).

If this property is satisfied, one is ensured that the method do not produce
any extremal points that are not present in the initial condition. In other
words, a TVD scheme will not induce any oscillations, including over-
shoots and undershoots.

For convection-dominated problems, one often encounters large gradi-
ents (shock) or discontinuities in the solution. One may then in some cases
refine the mesh, so the shock can be captured. However, in many cases,
this possibility is out of question due to limited resources. A TVD scheme
may then be employed so the shock can be sufficiently captured without
refining the mesh.

It has been observed that linear schemes are often TVD. It can be shown
that a linear TVD scheme is at most 1st order accurate. From an engineer-
ing point of view, this is often not accurate enough, as it gives large error. It
is therefore natural to employ a higher-order scheme to obtain better accu-
racy. For smooth solutions, a higher order scheme is generally more accu-
rate. However, if shocks or discontinuities are present, one will encounter
oscillations, and the TVD property is lost. To overcome such problems,
techniques have been developed in the form of slope limiters or flux lim-
iters. These techniques are widely used within the Finite Volume Method.
However, in the numerical finite element software FEniCS, slope limiters
are are still on an experimental level, and will not be employed in this the-
sis.
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2.4 Fractional Step methods

For 3 dimensions, the Navier-Stokes equations (1.1) and (1.2) gives 4 equa-
tions and 4 unknowns (3 velocity components and pressure). We may
solve all the equations all at a time (coupled) or one by one (splitted). The
coupled way is known for being very robust and stable, but on the other
side very demanding of computer power. We therefore choose a splitting
scheme, also known for its robustness; the Incremental Pressure Correction
scheme (IPCS). An already implemented high-level Navier-Stokes solver,
Oasis [27] will be used for solving the velocity field effectively, where the
IPCS-scheme is implemented. We will shortly go through the IPCS-method
below.

2.4.1 Incremental pressure correction scheme (IPCS)

The incompressible Navier-Stokes equation can be written as

∂u
∂t

+ (u · ∇)u = −1
ρ
∇p + ν∆u + f , (2.1)

∇ · u = 0. (2.2)

A midpoint Crank-Nicolson scheme may be written as(
∂u
∂t

)n+1/2

+ [(u · ∇)u]n+1/2 = ν∇2un+1/2 − 1
ρ
∇pn+1/2. (2.3)

For simplicity, we have omited the source term f . We use a 2-step central
difference scheme for the time derivative,(

∂u
∂t

)n+1/2

=
un+1 − un

∆t
+O(∆t2).

An implicit midpoint scheme will be used for the velocity,

un+1/2 =
un+1 + un

2
+O(∆t2).

Since the convective term in non-linear, we need to linearize it. We then
discretize the convective term as

[u · ∇u]n+1/2 = (ũn+1/2 · ∇)un+1/2,

where the convecting velocity ũ is an explicit approximation of the veloc-
ity at time n + 1/2. For this, we choose to use the second order accurate
Adams-Bashforth projection,

ũn+1/2 =
3
2

un − 1
2

un−1 +O(∆t2).
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The Crank-Nicolson scheme will naturally evaluate the pressure in the mid-
points between n and n + 1, so we solve for pn+1/2 directly instead of pk.
This means that we are solving the velocity and pressure staggered in time.
The final scheme then becomes

1
∆t

(un+1 − un) +

(
(

3
2

un − 1
2

un−1) · ∇
)

un+1/2 = ν∇2un+1/2 − 1
ρ
∇pn+1/2

∇ · un+1 = 0.

The problem with this scheme is that we do not have an update for the
pressure, and that the continuity equation is generally not satisfied. The
Incremental pressure correction scheme deals with this problem by intro-
ducing a velocity guess (or tentative velocity), v⋆. The equation becomes

u⋆ = un − ∆tũn+1/2 · ∇un+1/2 + ∆tν∇2un+1/2 − ∆t
ρ
∇pn−1/2. (2.4)

We now let
un+1 = u⋆ + uc, (2.5)

where uc is a correction velocity to ensure divergence-free velocity. The
equation we really want to solve is

un+1 = un − ∆tũn+1/2 · ∇un+1/2 + ∆tν∇2un+1/2 − ∆t
ρ
∇pn+1/2. (2.6)

If we substract (2.4) from (2.6), we get an equation for the true velocity,

un+1 − u⋆ = −∆t
ρ
(∇pn+1/2 −∇pn−1/2). (2.7)

We take the divergence of (2.7), and get the poisson equation

∇2(pn+1/2 − pn−1/2) =
ρ

∆t
∇ · u⋆, (2.8)

because ∇ · un+1 = 0. The IPCS algorithm is then

1. Find tentative velocity by solving (2.4) for u⋆.

2. Find pressure correction by solving (2.8) for pn+1/2.

3. Find true velocity by solving (2.7) for un+1.

2.5 The Convection-Diffusion equation

When convection dominates, it is well known that the stability of the Fi-
nite Element method with the continuous Galerkin method is unsatisfac-
tory. This is because the convection-part is non-symmetric, and causes the
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condition-number of the matrix to increase. This causes node-to-node os-
cillations, or "wiggles" in the solution and may induce instability. These
wiggles are most likely to appear when convection dominates. The solu-
tion could be to refine the mesh until the convection no longer dominates
on the element-level. However, in many cases this is not a feasible solution
because it would require too much computer power. This is the motivation
for an alternative to the Galerkin method. It was discovered that a cure
for the wiggles, was to use upwind differencing on the convective term. It
means that we use the upwind value as the solution value in the derivative
approximation. However, the upwind differencing is only 1st order accu-
rate, while the central differencing is 2nd accurate. This results in an overly
diffuse solution, and has been the reason for extensive criticism against the
upwinding concept. In the view of this, it was developed several meth-
ods, where we add the suitable amount of diffusion in a consistent manner,
so the method still produces good accuracy, and better stability properties
than the standard Galerkin method.

We look at two such methods; The Streamline Upwind/Petrov Galerkin
(SUPG) method and the Discontinuous Galerkin (DG) method. The com-
putation of the convection-diffusion solution will be coupled with Oasis
[27], so the transportation of the scalar is done simultaneously as the veloc-
ity field.

2.5.1 Spatial discretization

Preliminaries

We define Ω as a polygonal bounded domain in R3. The boundary of Ω is
denoted Γ = ∂Ω. We define T as a general partition of the of the domain
Ω into elements κ, such that κ ∈ T .

Streamline Upwind/Petrov Galerkin

One of the most common upwinding technique for the finite Element Method
is the SUPG method, introduced by Brooks and Hughes [3] in 1982. The
idea behind the SUPG method is to add diffusion in a consistent manner,
such that the error should tend towards zero as we use smaller discretiza-
tion parameters, because we multiply every term with the alternative test-
function, not only the convection term. Also - we only add diffusion in the
direction of the streamlines. Hence, the name "Streamline diffusion".

We look at the convection-diffusion equation (1.9)-(1.12) and discretize
using the method in Roos et al. [30]. One can define a weak formulation in
this way: Find c ∈ V := H1(Ω) such that∫

Ω

∂c
∂t

v dx + a(c, v) = b(v) ∀ v ∈ V,
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where

a(c, v) =
∫

Ω
(u · ∇)c v dx +

∫
Ω

D∇c · ∇v dx,

b(v) =
∫

Ω
f v dx.

Let Vh ⊂ V be a finite element space of piecewise polynomials,

Vh = {vh ∈ V : vh|κ ∈ Pk(κ) ∀ κ ∈ T }.

on each element κ. We now assume that the solution is regular in the sense
that

∂c
∂t

+ (u · ∇)c +∇ · (D∇c) = f in L2(κ) ∀ κ ∈ T .

The weak SUPG formulation can then be written: Find ch ∈ Vh such that∫
Ω

∂ch

∂t
(vh + βu · ∇vh) dx + asd(ch, vh) = bsd(vh) ∀v ∈ Vh, (2.9)

where

asd(c, v) =
∫

Ω
(u · ∇)cv dx +

∫
Ω
∇ · (D∇c)vdx

+ β
∫

Ω
(u · ∇c)(u · ∇v) dx + β ∑

κ∈T

∫
κ
−∇ · (D∇c)(u · ∇v) dx,

and
bsd(v) =

∫
Ω

f v dx + β
∫

Ω
f u · ∇v dx.

Here, β is called the SD parameter and is user-chosen. Together with the
SUPG formulation, it is also convenient to define a SUPG-norm,

∥v∥sd =
(

β∥u · ∇v∥2
0 + D|v|21

)1/2
.

Assuming the problem is convection-dominated, Roos et al. [30] states that
there exists a C > 0 such that

∥c − ch∥sd ≤ C(D1/2 + h1/2)hk|c|k−1.

Discontinuous Galerkin Method

The Discontinuous Galerkin (DG) was first introduced by Reed and Hill
[29] as a method for solving the neutron transport equation. The method
combines the ideas from both Finite Element Method (FEM) and Finite Vol-
ume method (FVM). In that way, we harvests the best properties from both
methods.

The idea behind the Discontinuous Galerkin method is to use a trial
space that includes functions that are only piecewise continuous, unlike the
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classical Galerkin method that uses a function space, where all functions
are continuous. For this reason, the method is often used for convection-
dominated problems where shocks are present.

There can, however be overshoots and undershoot phenomena in the
numerical solution if the Schmidt number is large. This could be possible
to avoid by using slope limiters. Slope limiting is a tool for limiting the
gradient, and still not compromise the accuracy of the method. However,
there are currently no known method for implementing slope-limiters with
FEniCS, only on a very experimental level, and could therefore be a topic
for future work.

We will discretize the convection-diffusion equation by following the
procedure in Roos et al. [30]. We define ε as the set of the interfaces between
the elements in T . Further, we define the interior interfaces as εint ⊂ ε. For
each interior interface e ∈ εint, we have a unit normal vector nκ pointing
from one element κ to the neighboring element κ′. If the interface is on the
exterior boundary, such that e ∈ Γ, we replace the unit normal vector nκ by
n. Further, a broken Sobolev space Hs(Ω, T ) is defined by

Hs(Ω, T ) =
{

v ∈ L2(Ω) : v|κ ∈ Hs(κ), ∀κ ∈ T
}

.

We use the Galerkin method, and multiply the equation (1.9) by a test-
funtion, v and integrate over the discretized domain. First, we look at how
we discretize the convective term. For this, we use integration by parts,
and get the bilinear variational form

b(u, c, v) = − ∑
κ∈T

∫
κ

uc · ∇v dx + ∑
e∈εint

∫
e

ûc · nκ[[v]] ds

+ ∑
e∈Γ

∫
e

uc · n v ds.

ûc is here called the numerical flux. Further, we must define the jump- and
average operator,

[[v]]e = v|∂κ∩e − v|∂κ′∩e

{v}e =
1
2
(v|∂κ∩e + v|∂κ′∩e).

Classical upwinding corresponds to the numerical flux

ûc =

{
uc|∂κ∩e if u · nκ ≥ 0
uc|∂κ′∩e if u · nκ < 0.

The numerical flux for a 2-D case is illustrated in figure 2.1. There ex-
ists several other methods for defining the numerical flux, e.g. the Lax-
Friedrich flux and the Godunov flux, but they will not be covered in this
thesis.
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ûc

ûc

ûc

u

κ

κ
′

nκ

nκ

nκ

Figure 2.1: The numerical flux ûc illustrated. Velocity field u = (1, 0).

Next, we take a look at the diffusive term. Integration by parts give

−
∫

Ω
∇ · (D∇c)v dx = ∑

κ∈T
D

∫
E
∇c · ∇v dx − ∑

κ∈T
D

∫
∂κ
(∇c · nκ)v ds

= ∑
κ∈T

D
∫

E
∇c · ∇v dx − ∑

e∈Γ
D

∫
e
(∇c · n)v ds

− ∑
e∈εint

D
∫

e
[((∇c · nκ)v) |∂κ∩e + ((∇c · nκ′)v) |∂κ′∩e] ds.

The last sum can be written as

∑
e∈εint

D
∫

e
[((∇c · nκ)v) |∂κ∩e + ((∇c · nκ′)v) |∂κ′∩e] ds

= ∑
e∈εint

D
∫

e
[((∇c · nκ)v) |∂κ∩e − ((∇c · nκ)v) |∂κ′∩e] ds

= ∑
e∈εint

D
∫

e
({∇c · nκ}[[v]]e + [[∇c · nκ]]e{v}e) ds

= ∑
e∈εint

D
∫

e
{∇c · nκ}e[[v]]e ds.

We now introduce the notation

∑
e∈εint

D
∫

e
{∇c · nκ}e[[v]] ds = D

∫
Γint

{∇c · nκ}[[v]] ds

∑
e∈ε∩Γ

D
∫

e
(∇c · n)v ds = D

∫
Γ
(∇c · n)v ds.
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The diffusive term can then be written

−
∫

Ω
∇ · (D∇c)v dx = ∑

κ∈T
D

∫
κ
∇c · ∇v dx

− D
∫

Γ
(∇c · n)v ds − D

∫
Γint

{∇c · nκ}[[v]] ds.

To obtain symmetry (or non-symmetry), we add (or subtract) the zero-
terms

D
∫

Γ
c(∇v · n) ds = 0 and D

∫
Γint

[[c]]{∇v · nκ} = 0

on the right hand side. In order to obtain coercivity of the bilinear form, we
also add so-called penalization terms,∫

Γ
αcv ds and

∫
Γint

α[[c]][[v]] ds

on the right hand side. α ≥ 0 is called the penalization parameter. We can
now write the entire bilinear formulation of the diffusive term as

a±(c, v) = ∑
κ∈T

D
∫

κ
∇c · ∇v dx

+ D
∫

Γ
(±c(∇v · n)− (∇c · n)v) ds +

∫
Γ

αcv ds

+ D
∫

Γint

(±[[c]]{∇v · nκ} − {∇u · nκ}[[v]]) ds +
∫

Γint

α[[c]][[v]] ds.

If we use minus in the place of the ±, we obtain symmetry of the bilinear
formulation, i.e a(c, v) = a(v, c). We then call the method SIP (symmetric
interior penalties). If we use the plus sign, we obtain NIP (non-symmetric
with interior penalties). We can now write the variational formulation for
the semi-discrete problem: We seek a function ch ∈ L2(Uk(T )) such that∫

Ω

∂ch

∂t
v dx = L(t)(ch, v), (2.10)

∀ t > 0 and ∀ v ∈ Uk, where Uk is the finite-dimensional polynomial space
constrained to the semi-discretized domain T , and

L(t)(c, v) = −a(c, v)− b(u(t); c, v) + f (t).

The corresponding DG-norm could be defined by

∥v∥2
DG = ∑

κ∈T

(
D∥∇v∥2

L2

)
+

∫
Γ

αv2 ds +
∫

Γint

α[[v]]2 ds

+
1
2 ∑

κ∈T

(
∥v+∥2

∂−κ∩Γ + ∥v+ − v−∥2
∂−κ\Γ + ∥v+∥2

∂+κ∩Γ

)
.
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where the notation ∥v∥2
τ =

∫
τ u2 dx is used. Theorem 3.91 in Roos et al.

[30] then states that if we solve eq. (1.9) using DG and NIP with linear or
bilinear elements on a shape-regular mesh, the choice

α = α0
D
h

for an arbitrary positive constant α0 gives the error-estimate

∥u − uh∥DG ≤ C(Dh2 + h3)∥u∥H2(Ω).

2.5.2 Temporal discretization

Now that we have the semi-discretized variational formulation (2.9) or
(2.10), it is time to discretize in time. Since the DG method is well suited
for higher order polynomials in space, it is also natural to implement a
higher order approximate time-discretization. Possible higher-order time
discretizations are Crank-Nicolson (2nd order) or Runge-Kutta (arbitrary
order). We will use Runge-Kutta, as it is flexible and higher order accu-
rate. For both the SUPG and DG-method, we have the semi-discretized
variational formulation, ∫

Ω

∂ch

∂t
v dx = L(t)(c, v).

In general, a fully discrete variational formulation with Runge-Kutta can
be written: Find the sequence (cn

h)n≥0 ∈ Uk(T ) such that c0
h = c̃0, and∫

Ω

yi − cn
h

∆t
v dx =

S

∑
j=1

âijL(tn + ĉj∆t)(yj, v) for i = 1, . . . , S.

∫
Ω

cn+1
h − cn

h
∆t

v dx =
S

∑
j=1

b̂jL(tn + ĉj∆t)(yj, v),

where c̃0 is the initial condition. The coefficients âij, b̂j and ĉj are chosen to
obtain the optimal accuracy in the method. We can define the method in a
compact way with a Butcher tableau as follows.

Table 2.1: Compact formulation of an S-stage Runge-Kutta method

ĉ1 â11 â12 · · · â1S
ĉ2 â21 â22 · · · â2S
...

...
...

. . .
...

ĉS âS1 âS2 · · · âSS

b̂1 b̂2 · · · b̂S
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Table 2.4: Relationship between the order of accuracy q and number of
stages S for explicit Runge-Kutta method.

S 1 2 3 4 5 6 7 8 9 10
q 1 2 3 4 4 5 6 6 7 7

An explicit 3rd order Runge-Kutta can be defined by the tableau in table
2.2, while the classical explicit 4th order Runge-Kutta is presented in table
2.3.

Table 2.2: Compact formulation of 3rd order Runge-Kutta

0 0 0 0
1
2

1
2 0 0

1 −1 2 0
1
6

2
3

1
6

Table 2.3: Compact formulation of 4th order Runge-Kutta

0 0 0 0 0
1
2

1
2 0 0 0

1
2 0 1

2 0 0
1 0 0 1 0

1
6

1
3

1
3

1
6

The computational cost increases of the number of stages, and we can
see from table 2.4 [5], that the 4th order Runge-Kutta is the optimal choice
with respect to computational cost and accuracy of the method.

2.6 Lagrangian Particle Tracking

Up to this point, the drug has been viewed as a continuum with an Eulerian
prediction of the movement. Now - we will instead think of the drug as
many discrete particles, and solve a momentum equation for each particle
every timestep. We define a vector ξ = (x1, x2, . . . , xP), where xp ∈ R3

is the cartesian coordinate of the particle with index p. The position of a
particle xp can be found by the very definition of velocity,

∂xp

∂t
= u(xp, t). (2.11)
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The equation corresponds to the advection in the transport equation. Diffu-
sion could be added with various methods, i.e "random walk", or by adding
a diffusion term causing the particles to move from high-concentration ar-
eas to low-concentration areas. However, because of the low diffusivity of
the drugs (4 × 10−10), the advection is clearly the dominating part of the
equation. For this reason, diffusion will will not be implemented. This
may however be a topic for future analysis. I will use the Lagrangian Par-
ticle solver for FEniCS [26], written by Miroslav Kuchta and prof. Mikael
Mortensen.

A fixed number of particles Np will be injected at random points in-
side the sphere Ωneedle corresponding to the outlet of the needle every time
step during injection. The particles do not have mass and volume, but are
simply points, and can not collide with each other. Future work could in-
volve giving the particles physical parameters such as mass and volume,
and making a collision model.

The advantage with the Lagrangian Particle Tracking (LPT) is the ability
to simulate the transportation of a species only influenced by advection
without the need of methods to improve the stability. The position of each
particle is only influenced by the velocity, so the accuracy of the method
is mostly dependent on the accuracy of the velocity solution. If the scalar
field otherwise had to be solved on a much finer mesh than the velocity,
this is a big advantage.

The drawback of the LTP method is that we need very many particles to
represent the drug. This places demands on the computational power, and
running the program in parallel is essential for simulating a large amount
of particles. The Lagrangian Particle solver is parallelized using MPI (Mes-
sage Passing Interface) with the python module mpi4py [19].

At some point of the simulation, the particles can reach a free-flow
boundary of the domain. The particles will then move out of domain and
be removed from the list of particles of consideration.

2.6.1 Temporal discretization

We are in need of an accurate simulation for the concentration of the drugs.
It is therefore natural to implement a higher-order time-discretization of
the time-derivative in (2.11). Since the velocity is being solved with the
second order method Crank-Nicolson, we will use a second order midpoint
method for this discretization. We then solve a correction step,

xn+ 1
2 = xn +

∆t
2

un(xn),

and the solution for time step n + 1 is given as

xn+1 = xn + ∆tū(xn+ 1
2 ),
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where ū = 1
2 (u

n + un−1) is used as an approximation of un+ 1
2 . This gives a

method that is second order in time.
Now that we have an approximation of the position of each particle, we

can find the density of the particles. There are many ways of computing
the density. I will reference the two most relevant methods in the following
section.

The time-step must be chosen such that CFL-condition is satisfied,

CFL =
|u|∆t

∆x
≤ 1.

The time-step will be chosen ∆t = 0.00156s = τ/500s, so the CFL-condition
is satisfied.

2.6.2 Density computation

Particle density method

The simplest possible way of finding the particle density is simply count-
ing the number of particles, and dividing by the volume of the area where
the particles are counted. This gives us the particle density which can be
divided by a reference particle density, to give a measure of the concentra-
tion of the scalar. The density will be divided by the total average particle
density after 10 cardiac cycles. The particle density is computed by the
formula

ρΩi =
∑p∈Ωi

1
V(Ωi)

(2.12)

for a given subdomain Ωi ⊂ Ω.

Weight density method

Another method of computing the density is done by introducing a "weigh-
ing" property wp for each particle p. This is done so that one particle can
be thought of as "representing" a larger number of particles. A high weight
means that the particle represents many particles, and a low weight means
that it represents few particles. The weight property is decided when we
inject the particle based on the position of the particle. In this way, also the
low particle densities can be well represented, because we can have many
particles in an area, but still low weight density. The weighted density is
then represented with the expression

ϕΩi =
∑p∈Ωi

wp

V(Ωi)
. (2.13)

Equation (2.12) will be utilized in this thesis.
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2.7 Visualization

If the entire solution of the velocity and scalar equations were to be stored,
it would require unrealistically much of both disk space and RAM from
a standard computer. In order to be able to visualize the solutions, we
therefore use Fenicstools [25], written by Mikael Mortensen and Miroslav
Kuchta. With this tool, we can slice the geometry and store the solutions
for these slices into vtk-files. For visualization of these files, we will use the
open-source visualization software Paraview [13]. Paraview can be used to
import the data files, and save screenshots or animations of the slices.



Chapter 3

Assessment

We need to investigate how we can expect the three methods to perform for
the transportation of drugs in the CSF. Issues regarding the high Schmidt
number and Péclet number will be addressed, and the performance of the
methods will be assessed in the light of these issues. The next paragraph
contains test cases where the properties of the different methods can be
assessed under different circumstances. After the test cases and the results
are presented, the results will be discussed and one method will be chosen
for the simulation of the drug transport.

3.1 Test cases

3.1.1 Method of manufactured solutions (MMS)

To test the methods perform as expected, a manufactured solutions (MMS)
will be utilized. The idea behind MMS is to construct a solution, and mod-
ify the source term in the equation to be solved so that the solution is satis-
fied. We have the equation

∂c
∂t

+ u
∂c
∂x

= f (x, t) (3.1)

where f is a source term. We choose the following solution.

c̃(x, t) = sin(4πx) sin(8πt2) sin(t2) (3.2)

We insert (3.2) into (3.1) and use the Sympy [36] package to find the source
term such that (3.1) is satisfied. We run the simulation from t = 0 to t = 1.0,
and will report the L2-norm for different ∆t-values, as well as the rate of
convergence.

29
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Table 3.1: SUPG, RK4, 4th order elements

∆t ∥c − ce∥L2 rate
0.05 0.00279615 -
0.025 0.000126512 4.47
0.0125 7.34192e-06 4.11
0.00625 4.50613e-07 4.03
0.003125 2.80365e-08 4.01

Table 3.2: DG , RK4, 4th order elements

∆t ∥c − ce∥L2 rate
0.05 0.0027962 -
0.025 0.000126513 4.47
0.0125 7.34197e-06 4.11
0.00625 4.50616e-07 4.03
0.003125 2.80366e-08 4.01

3.1.2 1-D pure convection test case

To investigate how SUPG and DG perform when it comes to capturing
shocks, and whether or not they hold the TVD property, we set up a simple
1-D-case and solve the transient convection-diffusion with the molecular
diffusion coefficient set to zero. Hence, we solve the equation

∂c
∂t

+ u
∂c
∂x

= 0 for (0, T)× (0, 1)

u = 0 for (0, T)× {0} ∪ {1}
u = u0 for {0} × (0, 1),

where the initial condition u0 is defined as

u0 =

{
1
2 erf(s(x − 0.3)) + 1

2 if x < 0.5
1
2 erf(−s(x − 0.7)) + 1

2 if x >= 0.5.

Here s is the "steepness" of the boundary layers. We solve the solution for
two different s-values. s = 50, which gives a smooth initial condition, and
s = 1 × 1010, which gives a non-smooth initial-condition. The two initial
conditions are shown in figure 3.1. For the smooth initial condition, the
boundary layers can easily be captured by the spatial discretization. For
s = 1× 1010, the initial condition will be non-smooth, so the boundary layer
will not be resolved by the mesh. We will use a time-dependent velocity,

u = 0.1 sin(πt).
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After t = 2, the block should be back to its initial position, and we can
investigate how much it differs from the initial condition. We will compute
the H1-norm, L2-norm and the convergence rates in these norms for a range
of ∆t and h-values.

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0

1.2

c

(a)

0.0 0.2 0.4 0.6 0.8 1.0

x

0.0

0.2

0.4

0.6

0.8

1.0

1.2

c

(b)

Figure 3.1: The two initial conditions. (a) shows the non-smooth initial
condition (s = 1 × 1010), while (b) shows the smooth (s = 50).

We also wish to look at how the error develops in time for the different
initial conditions and numerical methods. Figure 3.6 and 3.7 shows the er-
ror with respectively a non-smooth and smooth initial condition, sampled
at t = 0, 2, 4, . . . , 20.

Results with non-smooth initial condition

For the non-smooth initial condition, we use s = 1× 1010, so we are ensured
that the mesh is not fine enough to capture the shock. The figures 3.3 - 3.6
shows the L2 and H1-norm for DG and SUPG. Figure 3.6 shows how the L2

error develops over time.

Table 3.3: L2-norm for DG method with 4th order elements and 3rd order
RK, non-smooth initial condition.

∥c − ce∥L2

∆t\∆x 0.100000 0.050000 0.025000 0.012500 0.006250 0.003125 rate
0.1 0.05334 ⋆ ⋆ ⋆ ⋆ ⋆ -

0.05 0.051 0.0418 ⋆ ⋆ ⋆ ⋆ 0.06
0.025 0.05063 0.03987 0.03293 ⋆ ⋆ ⋆ 0.07

0.0125 0.05058 0.03958 0.0313 0.02577 ⋆ ⋆ 0.07
0.00625 0.05058 0.03955 0.03106 0.02431 0.02006 ⋆ 0.08

0.003125 0.05058 0.03954 0.03103 0.0241 0.0187 0.0156 0.10
0.001563 0.05058 0.03954 0.03102 0.02407 0.0185 0.0143 0.13

0.0007813 0.05058 0.03954 0.03102 0.02407 0.01847 0.01411 0.02
rate - 0.36 0.35 0.37 0.38 0.39
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Figure 3.2: Solution to the test case 3.1.2 with the DG method after t =
2 s with s = 1 × 1010 on the initial condition. Notice the overshoots and
undershoots.

Table 3.4: H1-norm for DG method with 4th order elements and 3rd order
RK, non-smooth initial condition.

∥c − ce∥H1

∆t\∆x 0.100000 0.050000 0.025000 0.012500 0.006250 0.003125 rate
0.1 6.58 ⋆ ⋆ ⋆ ⋆ ⋆ -

0.05 6.427 9.883 ⋆ ⋆ ⋆ ⋆ 0.03
0.025 6.402 9.637 14.86 ⋆ ⋆ ⋆ 0.04

0.0125 6.399 9.6 14.48 22.13 ⋆ ⋆ 0.04
0.00625 6.398 9.595 14.43 21.56 32.67 ⋆ 0.04

0.003125 6.398 9.594 14.42 21.48 31.79 47.88 0.04
0.001563 6.398 9.594 14.42 21.46 31.65 46.54 0.04

0.0007813 6.398 9.594 14.42 21.46 31.63 46.31 0.01
rate - -0.58 -0.59 -0.57 -0.56 -0.55
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Figure 3.3: Solution to the test case 3.1.2 with the SUPG method after t =
2 s with s = 1 × 1010 on the initial condition. Notice the overshoots and
undershoots.

Table 3.5: L2-norm for SUPG method with 4th order elements and 3rd or-
der RK, non-smooth initial condition.

∥c − ce∥L2

∆t\∆x 0.100000 0.050000 0.025000 0.012500 0.006250 0.003125 rate
0.1 0.05307 0.04792 ⋆ ⋆ ⋆ ⋆ -

0.05 0.05083 0.04202 0.1482 ⋆ ⋆ ⋆ 0.19
0.025 0.05056 0.04003 0.03346 ⋆ ⋆ ⋆ 2.15

0.0125 0.05056 0.03975 0.03172 0.02657 ⋆ ⋆ 0.08
0.00625 0.05057 0.03973 0.03147 0.02513 0.0208 ⋆ 0.08

0.003125 0.05058 0.03973 0.03144 0.02492 0.01965 0.01605 0.08
0.001563 0.05059 0.03973 0.03143 0.02489 0.01948 0.01506 0.09

0.0007813 0.05059 0.03973 0.03143 0.02489 0.01946 0.01492 0.01
rate - 0.35 0.34 0.34 0.36 0.38
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Table 3.6: H1-norm for SUPG method with 4th order elements and 3rd
order RK, non-smooth initial condition.

∥c − ce∥H1

∆t\∆x 0.100000 0.050000 0.025000 0.012500 0.006250 0.003125 rate
0.1 6.776 10.78 ⋆ ⋆ ⋆ ⋆ -

0.05 6.642 10.2 108.7 ⋆ ⋆ ⋆ 0.08
0.025 6.632 9.984 15.32 ⋆ ⋆ ⋆ 2.83

0.0125 6.635 9.956 14.98 22.8 ⋆ ⋆ 0.03
0.00625 6.638 9.956 14.93 22.33 33.52 ⋆ 0.03

0.003125 6.64 9.957 14.93 22.26 32.94 48.7 0.03
0.001563 6.641 9.958 14.93 22.25 32.84 47.95 0.02

0.0007813 6.641 9.959 14.93 22.25 32.83 47.83 0.00
rate - -0.58 -0.58 -0.58 -0.56 -0.54

Smooth initial condition

For the smooth initial condition, we use s = 50. The figures 3.7 - 3.10 shows
the L2 and H1-norm for DG and SUPG. Figure 3.7 shows how the L2 error
develops over time.
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Figure 3.4: Solution to the test case 3.1.2 with the DG method after t = 2
with s = 50 on the initial condition.
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Figure 3.5: Solution to the test case 3.1.2 with the SUPG method after t = 2
with s = 50 on the initial condition.

Table 3.7: L2-norm for DG method with 4th order elements and 3rd order
RK, smooth initial condition.

∥c − ce∥L2

∆t\∆x 0.100000 0.050000 0.025000 0.012500 0.006250 0.003125 rate
0.1 0.01669 ⋆ ⋆ ⋆ ⋆ ⋆ -

0.05 0.01492 0.002398 ⋆ ⋆ ⋆ ⋆ 0.16
0.025 0.01465 0.001921 0.0001796 ⋆ ⋆ ⋆ 0.32

0.0125 0.01461 0.001872 4.997e-05 2.019e-05 ⋆ ⋆ 1.85
0.00625 0.01461 0.001866 3.769e-05 2.926e-06 2.574e-06 ⋆ 2.79

0.003125 0.01461 0.001866 3.646e-05 1.954e-06 3.209e-07 3.23e-07 3.00
0.001563 0.01461 0.001866 3.632e-05 1.985e-06 6.737e-08 4.031e-08 3.00

0.0007813 0.01461 0.001866 3.63e-05 1.992e-06 5.897e-08 5.243e-09 2.94
rate - 2.97 5.68 4.19 5.08 3.49
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Table 3.8: H1-norm for DG method with 4th order elements and 3rd order
RK, smooth initial condition.

∥c − ce∥H1

∆t\∆x 0.100000 0.050000 0.025000 0.012500 0.006250 0.003125 rate
0.1 1.713 ⋆ ⋆ ⋆ ⋆ ⋆ -

0.05 1.656 0.4746 ⋆ ⋆ ⋆ ⋆ 0.05
0.025 1.647 0.4875 0.02457 ⋆ ⋆ ⋆ -0.04

0.0125 1.646 0.4913 0.01597 0.004244 ⋆ ⋆ 0.62
0.00625 1.646 0.4918 0.01595 0.003166 0.0004161 ⋆ 0.42

0.003125 1.646 0.4918 0.01597 0.003125 0.0002141 4.567e-05 0.96
0.001563 1.646 0.4918 0.01598 0.003121 0.0002043 1.468e-05 1.64

0.0007813 1.646 0.4918 0.01598 0.003121 0.0002035 1.293e-05 0.18
rate - 1.74 4.94 2.36 3.94 3.98

Table 3.9: L2-norm for SUPG method with 4th order elements and 3rd or-
der RK, smooth initial condition.

∥c − ce∥L2

∆t\∆x 0.100000 0.050000 0.025000 0.012500 0.006250 0.003125 rate
0.1 0.01724 0.006249 ⋆ ⋆ ⋆ ⋆ -

0.05 0.01559 0.002823 0.001467 ⋆ ⋆ ⋆ 1.15
0.025 0.01543 0.002349 0.0001864 0.00815 ⋆ ⋆ 2.98

0.0125 0.01545 0.002304 6.124e-05 2.021e-05 ⋆ ⋆ 8.66
0.00625 0.01548 0.002303 5.005e-05 2.985e-06 2.575e-06 ⋆ 2.76

0.003125 0.01549 0.002304 4.895e-05 2.035e-06 3.326e-07 3.23e-07 2.95
0.001563 0.0155 0.002305 4.883e-05 2.065e-06 1.106e-07 4.063e-08 2.99

0.0007813 0.0155 0.002306 4.882e-05 2.072e-06 1.058e-07 7.291e-09 2.48
rate - 2.75 5.56 4.56 4.29 3.86

Table 3.10: H1-norm for SUPG method with 4th order elements and 3rd
order RK, smooth initial condition.

∥c − ce∥H1

∆t\∆x 0.100000 0.050000 0.025000 0.012500 0.006250 0.003125 rate
0.1 1.834 0.7945 ⋆ ⋆ ⋆ ⋆ -

0.05 1.79 0.562 0.7184 ⋆ ⋆ ⋆ 0.50
0.025 1.801 0.5641 0.0315 9.227 ⋆ ⋆ 4.51

0.0125 1.811 0.5703 0.02273 0.004071 ⋆ ⋆ 11.15
0.00625 1.817 0.5734 0.02247 0.003193 0.000463 ⋆ 0.35

0.003125 1.819 0.5749 0.02252 0.003189 0.0003299 5.275e-05 0.49
0.001563 1.821 0.5757 0.02256 0.003193 0.0003286 3.318e-05 0.67

0.0007813 1.822 0.576 0.02258 0.003195 0.0003291 3.287e-05 0.01
rate - 1.66 4.67 2.82 3.28 3.32

Figure 3.6 and 3.7 shows the L2-errornorm over time for respectively
the non-smooth and the smooth initial condition.
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Figure 3.6: L2-error over time when non-smooth initial condition, ∆t =
0.01.
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3.1.3 Stretching of a circle in a 2-D square

For the LTP, we use a test to examine how the method performs over time.
We therefore implement a test-case where the initial function is a circle cen-
tered at x = (0.5, 0.75) and a radius of r = 0.15. The velocity is given by the
components

u(x, y, t) = −2 sin(
1

10
πt) sin(πy) cos(πy) sin2(πx)

v(x, y, t) = 2 sin(
1

10
πt) sin(πx) cos(πx) sin2(πy).

At t = 20.0, the circle should ideally be back at its initial position. Figure
3.8, 3.9 and 3.10 shows the result with LPT with midpoint method and ∆t =
0.05, 0.01 and 0.001 respectively. We notice the solution with ∆t = 0.05 is
very different than the initial condition, while ∆t = 0.01 gives a solution
somewhat different to the initial condition. For ∆t = 0.001, no difference
can be seen between the initial and the solution at 20 s. To measure the
error for the different ∆t-values, we use the following norm to compute the
error for the position of the particles.

∥ξ − ξe∥ =

√
∑
p∈ξ

(|xp − xe
p|)2

The error for different time discretizations are given in table 3.11. Here we
see that the convergence rate is 2, as we expect with the 2nd order accurate
midpoint method.

Table 3.11: Error-norms for the position of the particles

∆t ∥ξ − ξe∥ rate
0.01 0.04128 -
0.005 0.01040 1.99
0.0025 0.00267 1.96
0.00125 0.00069 1.96
0.000625 0.00016 2.10
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Figure 3.8: Time evolution of the stretching of a circle with 200 particles,
∆t = 0.05.
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Figure 3.9: Time evolution of the stretching of a circle with 200 particles,
∆t = 0.01.
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Figure 3.10: Time evolution of the stretching of a circle with 200 particles,
∆t = 0.001.
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3.2 Assessment discussion

The MMS-test (section 3.1.1) was first performed. The purpose of this test
was exclusively to check that the implementation of the SUPG and DG
method works as satisfactory. The results in table 3.1 and 3.2 shows that
the SUPG and the DG method gives 4th order convergence for the 4th or-
der Runge-Kutta method and 4th order elements. These are satisfactory
results and validates the credibility of the implementations.

The next test (3.1.2) tests how the methods behaves when we solve the
convection-diffusion equation in 1-D and pure convection when a block
moves back and forth along the x-axis. Initially, we assume that the ini-
tial condition is non-smooth, with the steepness set to s = 1010. The pur-
pose of this is to check how SUPG and DG performs when the mesh is not
fine enough to capture the boundary layer, as one can think the situation
is when the Schmidt number is high, and does not have the computational
resources to refine the mesh that was used to solve the velocity field. The ta-
bles 3.5-3.4 shows the L2-error and H1-error togethether with convergence
rates for the non-smooth case. We can clearly see that the solutions do not
converge in neither the L2-norm nor the H1-norm. From figure 3.2 and 3.3,
it also becomes clear that the solutions do not hold the TVD property. From
figure 3.6 one can see that the error increases over time when the error is
sampled at t = 1, 2, . . . , 20. At t = 2, the L2-error has been more than dou-
bled. As t increases, the error keeps growing, due to false diffusion. Notice
that the 4th order Runge-Kutta with the DG method gives slightly less error
than SUPG.

The next topic arising is, how steep will the boundary layer be in real-
ity? In principle, the boundary layer will be 1000 times thinner than the
boundary layers found in the velocity if Sc = 1000. If the drugs are injected
with a needle, the injection will cause a jet. In a jet, the velocity field will
generally be laminar in the area close to the nozzle, and eventually reach
a transition zone, where the velocity gradually changes into a turbulent
flow. The velocity field at the interface between the turbulent and the non-
turbulent fluid determines the amount of between the drug and the CSF.
The smallest scale in a turbulent flow is named the Kolmogorov micro-scale
[8]. The size of the largest scale will be determined by the diameter of the
needle, which will be 0.4mm in our simulations for a 22 gauge needle. The
eddies increase the area of the interface between the drug and the CSF, as
shown on figure 3.11, and will result in a more diffuse interface. The in-
tensity and the amount of eddies depends on the Reynolds number. If we
inject 1 ml drug over 1 minute with a 22 gauge needle, the velocity will be
0.125m/s at the outlet of the needle. This gives Re ≈ 50, which indicates
that the amount of eddies will be relatively small. For an injection of 2 ml
over 4 seconds, the Reynolds number will be Re ≈ 400. Kwon and Seo
[17] reported that a jet with Re = 177 is laminar, while a jet with Re = 437
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Figure 3.11: The entrainment of a nonturbulent fluid into a turbulent fluid.

grows to turbulent flow for x/d between 20 and 30, where d is the diam-
eter of the nozzle. This indicates that increased due to turbulent aspects
can be expected for certain injection velocities. For rapid injections, such as
2ml/4s, turbulence phenomena certainly will be present, but will be out of
scope for this study.

In the light of this, it would also be interesting to look at the behavior
of SUPG and DG method when we have a smooth initial condition, like
we have in figure 3.1 (b). In the tables 3.7 - 3.10, we see that the conver-
gence rates for L2-norm becomes satisfactory, with 3rd order convergence
in time and super-convergence in space. We obtain at least 3rd order con-
vergence in space for the H1-norm, but unsatisfactory convergence in time.
It is reasonable to believe that 3rd order convergence would be obtained for
the H1-norm if even smaller ∆x-value were used. Nevertheless, this shows
that the temporal error in the H1-norm converges later than the temporal
error in the L2-norm. From figure 3.4 and 3.5, we see that the solutions hold
the desired Total Variational Diminishing property which guarantees us of
a monotonically preserving solution. We also observe a super-convergence
phenomena in space. Figure 3.7, shows that the L2-error increases over time
for the RK3 time discretization for both SUPG and DG, while the error re-
mains somewhat constant for RK4 for both SUPG and DG. These are much
more satisfactory results than for the non-smooth initial condition.

In 3.1.3, we test the LTP-method in terms of accuracy of the position of
the particles after 20 seconds. The results shows that the LPT gives reliable
results over time, even though the particles have to travel over a long dis-
tance. Table 3.11 shows that we obtain 2nd order accuracy on the position
of the particles for the 2nd order midpoint method. This appears as very
desirable results, because it shows that we obtain good accuracy, and at the
same time, the method do not give any undesirable numerical artifacts at
the interface between the drug and the CSF.
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3.3 Conclusion of the assessment

Based on the given information at this point, a choice has to be made on
which method we should use for the transport of the drug. The results
show that DG and SUPG methods do not perform well enough for shock
capturing. Assuming injection of the drugs will induce a thin boundary
layer leading to a shock on the given discretization, these two methods
should not be the first choice. However, from a physical point of view, it
would be reasonable to assume that instabilities of the flow and diffusion
processes on molecule level leads to a gradual interface between the drug
and the CSF. In such case - both SUPG and DG seems to be good alterna-
tives, with DG giving slightly better accuracy than the SUPG.

It is important to point out that the DG method used in this thesis is
used without slope limiters. This is because slope limiters have not yet been
developed for FEniCS. Using such tool for the DG method are considered
important for obtaining satisfactory convergence rates, as pointed out by
Cockburn and Shu [7]. It would be interesting to investigate the impact of
the slope limiters for future work.

Because of the uncertainty associated with the thickness of the interface
between the drug and the CSF, the choice fell on the Lagrangian Particle
Tracking method. With this method, the issues regarding over-diffuse so-
lutions and oscillations are circumvented. With access to the Abel cluster
and the possibility of multi-threading, this emerges as a good method for
solving the transport of the drugs. The efficiency of the Lagrangian Particle
Solver is not optimized, so long simulations are not yet feasible. Further
work may however provide optimizing, and increase the efficiency of the
simulation.
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Chapter 4

Results and discussion

Since the decision was made to use the LPT method for the simulation of
the drug transport, it follows to present the results using this method. First,
results using the geometry without the NRDL will be presented. Next, re-
sults using the mesh with the NRDL will be presented. The concentra-
tion is reported as a fraction of the total average density after 10 cardiac
cycles (t = 10τ). All the simulations are run with ∆t = 0.00156, and P1-
P1-elements, meaning that both velocity and pressure are solved on linear
basis functions. Due to storage limitations, the velocity and concentration
will be stored for constrained subdomains or cross-sections of the geome-
try. To the extent possible, the results will be compared with previous work
in the field.

The following parameters will be studied.

• Peak drug concentration cpeak. Peak value of the average particle
density in a given cross-section, scaled by the total average particle
density after 10 cardiac cycles. The corresponding peak height ypeak
will also be reported.

• Vertical drug extent cext. Vertical extent of the drug concentration,
defined by the height of the region with non-zero average concentra-
tion.

• Peak systolic velocity vsys. The peak value of the velocity in the cau-
dal (downward) direction.

• Peak average pressure gradient ∆ppeak. The peak value of the aver-
age pressure difference between to cross-sections over time.

• Quantification of drug growth during injection. By observing the
temporal growth in the results, a nearly linear growth of the average
drug concentration is seen at the discrete y-levels, in addition to the
oscillations. To quantify the growth during the drug injection, a least

45
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square approximations of the average concentration at different y-
levels will be done with a linear function,

c̃(t)|y =

{
ta|y + b|y. for t ≥ t0

0 for t < t0
(4.1)

where t0 is the first time with non-zero average concentration. Note
that this is approximation most probably is good only within the
small time interval for the simulations done in this work, but would
collapse for further simulation. The approximation is only used to
quantify the different results.

• The standard deviation of the concentration, σ will be reported as a
measure of the fluctuations. This is defined by

σ =
√

∑
i
(ci(y)− c̄(y))2,

where c̄(y) is the average temporal concentration. The values will be
presented as distance from the injection height, y − yinj.
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Figure 4.1: 3D geometry containing nerve roots and denticulate ligaments,
ranging from Foramen Magnum on the top to the C7 vertebra on the bot-
tom. C2M is the middle of the 2nd segment, and C2P is the junction be-
tween the C2 and C3 vertebra.
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4.1 Without NRDL

The simulations without the NRDL have been performed without simulat-
ing the injection itself. The reason for this is simply that the mesh is too
course to implement a realistic needle. The injection sphere Ωneedle will be
centered at (0.016, 0.063, 0.0118), with radius 0.2 mm (22 gauge needle).
This corresponds to P1 in figure 4.5, but on the geometry without NRDL.
The disturbances are however quickly stabilized as the velocity increases,
and the vorticity vanishes. The average drug concentration for selected
cross-sections are plotted over time in figure 4.2, from t = 0 to t = 40τ.
The figure clearly shows that the drug concentration oscillates in the same
nature as the cardiac cycles. During the injection of the drug, the growth of
the drug concentration appears to be linear in time, disregarding the oscil-
lations. By approximating the concentration by a linear function, as shown
in eq. (4.1), the results in table 4.1 are obtained. The least square approxi-
mations are shown as blue lines on figure 4.2. The peak value of the slope
a is found to be 30 % larger in the cranial direction than in the caudal direc-
tion, while the peak value of σ is 79 % larger in the cranial direction than in
the caudal direction. The first non-zero concentration time t0 are found to
be almost symmetric in the caudal and cranial direction.

Table 4.1: Quantification of drug growth at different cross-sections, accord-
ing to eq. (4.1).

y − yinj a b t0 σ

-0.80 1.834 -8.20 3.54 15.29
-0.30 1.499 5.79 0.23 15.68
-0.05 1.072 9.23 0.09 11.13
0.20 1.496 5.79 0.61 15.99
0.45 2.378 -5.14 0.78 28.10
0.70 1.068 -3.99 3.23 25.74
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Figure 4.2: Average drug concentration at different cross-sections of the
SSS plotted against time. Blue line shows the least square approximation.

To get a better idea of the vertical distribution of the drug, figure 4.3
plots the concentration as a function of the vertical distance from the injec-
tion point at different times. The drug is shown to travel minimum 0.8 cm
in the caudal direction and 0.7 cm in the cranial direction, giving the extent
of cext = 1.5 cm. The peak drug concentration cpeak is found to be 93 at 0.7
cm above the injection site. Figure 4.4 shows the spatial distribution at 4
axial cross-sections after 13 cardiac cycles. Notice that the figure shows no
evidence of vorticity. However, the streamlines computed over of a larger
area reveals local vorticity confined to the narrow parts of the SSS at times
close to when the velocity shift direction. This can be seen in figure 4.24
(b), where the streamlines are computed at time t = 3.56 s, in transition
between systolic to diastolic velocity.
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Figure 4.3: Vertical distribution of average drug concentration for selected
time values.

(a) y=5.5 cm (b) y=6.0 cm

(c) y=6.5 cm (d) y=7.0 cm

Figure 4.4: Scalar concentration for injection P1 at time t = 13τ.
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4.2 With NRDL

While the simulations on the mesh without the NRDL was relatively triv-
ial to simulate on a regular computer, the simulation using the geometry
with NRDL is much more computationally expensive, as this geometry is
composed of approximately 14 million tetrahedra. The simulations were
run on Abel cluster using 96 cores. The simulations took approximately 7
hours to simulate 13 cardiac cycles (t = 10.14 s) giving a total cost of 670
CPU-hours per simulation. The following parameters will be investigated.

1. Needle injection site

(a) Posterior entrance

(b) Lateral entrace

2. Needle inclination

(a) Horizontal inclination

(b) Vertical inclination

3. Injection velocity

4.2.1 Needle injection site

Posterior entrance

The effect of the position of the injection will now be investigated. Four
different entrance points will be used, referred to as P1, P2, P3 and P4, as
shown in figure 4.5 to investigate the effect of different posterior injection
points. The injection points are located on the dorsal side of the SSS be-
tween the C8-nerve and C6-nerve as shown on the figure. The injection
velocity will be perpendicular to the xy-plane, which is almost perpendic-
ular to the spinal cord.

The vertical distributions of the average concentrations at cross-sectional
planes for selected time values are shown in figure 4.6. As one can see,
an injection at P1 results in a divided concentration, with one front at the
caudal direction, and one front in the cranial direction. The caudal maxi-
mum is 13 % larger than the cranial maximum. For the injection at P2, the
concentration is more centralized around the injection point. The injection
at P3 also shows a certain splitting into a caudal and cranial front, while
an injection at P4 results in a significantly larger concentration in the cra-
nial direction. To understand this behavior, we must look at the velocity
field in the area. Figure 4.7 shows the velocity in a vertical cross-sectional
plane at the peak systolic and diastolic velocity. The figure reveals that a
velocity jet forms in the narrow region at P1 when the velocity is at peak.
This causes the drug to be transported away from the injection-site. For
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Figure 4.5: The position of the 4 different longitudinal injection points that
will be used for the simulations.

the injection at P2, notice the centralization at the injection-site, and a lo-
cal maximum of the concentration at 1.5 cm below the injection-site. This
may be explained by the same jet in the narrow region. The drug is quickly
transported through the jet, and the the peak might be explained by an ac-
cumulation on the other side of the jet. Berselli et al. [1] states that the SSS
could be well approximated by an elliptical annulus, and that the CSF flow
is strongly dependent of the ellipticity parameter. With this point of view,
one could explain the elevated velocity by an increased ellipticity in this
region.

For an injection at P3, notice the 3 local maximum points. One is 1
cm in the cranial direction of the injection point, another 0.3 cm caudal of
the injection point, and one barely noticeable at 1.5 cm below the injection
point. This can be explained by an elevated velocity in a narrowed region
slightly above the injection point P3, also shown in figure 4.7 (a) and (b).
Injection at P4 gives a significant maximum concentration 0.4 cm in cranial
direction. Table 4.2 shows the peak drug concentration cpeak and its vertical
location related to the injection point, (ypeak − yinj) and the vertical extent of
the drug cext for the different injection sites. The largest drug concentration
is obtained for the injection at P4, which is 25 % higher than the maximum
drug concentration, obtained with injection at P3.

The tables 4.3 (a), (b), (c) and (d) shows the parameters for the linear
least square approximation of the concentration growth. The largest max-
imum slope of the growth, a is obtained with the injection at P2 at 0.1 cm
above the injection site. The smallest maximum slope is obtained with in-
jection at P4, at 0.1 cm below the injection site. This is 45 % smaller than
the largest maximum slope. The largest maximum σ were obtained with
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Figure 4.6: Vertical drug distribution for injection at point P1, P2, P3 and
P4 at 1,3,9 and 13 cardiac cycles.

injection at P4 with a value 28 % larger than the maximum of σ, obtained
with P1.

Given the large difference of the results for the different injection sites,
it would be interesting to simulate some of the positions for a longer time
than 13 cardiac cycles. Therefore, the simulation of injection with injection
points P1 and P2 were done for 37 cardiac cycles, or T = 28.86 s, to estab-
lish the further development. Figure 4.8 shows the resulting vertical drug
distribution. The peak drug concentration cpeak are 50.2 with injection at
P1 and 51.8 with injection at P2. This is a difference of 3 %, while it was 15
% after 13 cycles. The vertical extent cext is 4.5 cm for injection at P1 and
6.0 cm for injection at P2. This is a difference of 33%, while we had a dif-
ference of 16 % after 13 cycles. Hence, the trend is that the cpeak difference
stabilizes, while the cext different grows over time. The splitted drug con-
centration was maintained for injection at P1, and tendency of splitting was
also observed for the P2-injection. Note that these measurements are done
while injection still takes place. After injection, the drug concentrations are
expected to reach a maximum point and slowly decrease in time, as shown
in i.e Hsu et al. [16].
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(a) (b)

Figure 4.7: Vertical cross-sectional slice of the velocity field at peak systolic
(a) and peak diastolic (b) velocity.

Table 4.2: Different parameters for injection at posterior injection sites.
ypeak − yinj describes where the peak concentration occurs in relation to the
injection site, given in cm. (positive=cranial direction)

Injection point cpeak (ypeak − yinj) cext

P1 32.7 - 0.80 3.0
P2 28.5 0.10 3.5
P3 27.1 -0.25 4.0
P4 34.0 0.40 3.0.
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Table 4.3: Quantifications of drug concentration growth at different cross-
sections for posterior injections.

y − yinj a b t0 σ

-1.30 0.201 -0.99 4.32 0.81
-0.80 2.640 -0.45 0.34 8.40
-0.30 0.626 1.28 0.20 2.10
0.20 0.938 2.09 0.06 3.77
0.70 2.148 -1.86 0.80 7.80
1.20 0.527 -2.53 3.96 1.70

(a) Injection at P1

y − yinj a b t0 σ

-1.40 0.685 -1.09 1.09 1.98
-0.90 0.432 -0.30 0.33 1.39
-0.40 1.153 0.61 0.23 4.69
0.10 2.932 3.60 0.06 8.94
0.60 1.693 -2.79 0.76 5.94
1.10 0.418 -1.35 1.67 1.72

(b) Injection at P2

y − yinj a b t0 σ

-1.50 0.300 -1.42 3.51 0.72
-1.00 0.831 -2.58 2.09 2.56
-0.50 2.814 -0.05 0.27 9.03
0.00 1.526 4.58 0.02 4.98
0.50 0.585 2.18 0.76 3.26
1.00 1.148 -2.56 1.65 5.51
1.50 0.069 -0.51 7.10 0.18

(c) Injection at P3

y − yinj a b t0 σ

-1.60 0.174 -0.79 3.48 0.54
-1.10 1.462 -1.78 0.42 4.75
-0.60 1.248 0.81 0.27 3.78
-0.10 2.018 2.21 0.16 7.59
0.40 1.813 -0.01 0.70 10.79
0.90 0.116 -0.64 4.76 0.34

(d) Injection at P4

0

20

40

60

80

100

120
Injection at P1

t = 0.78 s

t = 7.8 s

t = 15.6 s

t = 23.4 s

t = 28.86 s

−3 −2 −1 0 1 2 3

vertical distance from injection [cm]

0

20

40

60

80

100

120

d
ru

g
co

n
ce

n
tr

a
ti

o
n

Injection at P2

Figure 4.8: Vertical drug distribution for injection at point P1 and P2 for
selected time samples up to 37 cardiac cycles.
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Lateral entrance

It would also be interesting to look at the difference between injecting in
the middle of the geometry and further out on the sides of the geometry.
This is investigated by running the simulation with injection-sites at P4, P5
and P6 according to figure 4.9. The drug is injected orthogonal to the spinal
cord as is the previous section. Figure 4.10 shows the vertical distribution

Figure 4.9: The position of the different lateral injection points that will be
used for the simulations.

of the average drug concentrations for the 3 different injections sites for a
selection of time-values. It is apparent that the different injection sites give
different vertical distributions. The P4-injection gives a maximum 0.5 cm
above the injection, while a P5-injection and P6-injection gives a peak ap-
proximately at the injection-site. The apparent trend is that the cranial dis-
tribution increases for a more lateral entrance. The injection at P5 and P6
clearly shows a gaussian profile. Figure 4.11 shows the velocity contours at
a vertical slice at the lateral injections at the peak systolic and peak diastolic
time. The figure reveals that the diastolic velocity is dominating at the pos-
terior and anterior regions, which explains the peak in the cranial direction
for the P4-injection. The injections at P5 and P6 gives peak concentration
approximately at the injection site. Figure 4.12 shows the velocity at injec-
tion level for the 3 different injection sites and the drug concentration at
C6-level (0.4 cm above injection). The figure reveals that the some of drug
is transported to the anterior side of the spinal cord with an injection at P5
and P6.

Table 4.4 shows the peak concentration and extend for the different lat-
eral injections. The peak concentration is obtained by injection at P4, which
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Figure 4.10: Vertical drug distribution for injection P4, P5 and P6.

is 44 % larger than the peak concentration obtained with injection at P6.
The largest extent is obtained with injection at P5.

Table 4.5 shows the values obtained with a linear least square approx-
imation of the growth during injection. The largest slope of the growth is
found with injection at P5 at 0.1 cm below injection. This is 50% larger than
the largest slope obtained injection at P4 0.4 cm below injection.

Table 4.4: Drug peak and extent for injection at lateral injection points.
ypeak − yinj describes where the peak concentration occurs in relation to the
injection site, given in cm. (positive=cranial direction).

Injection point cpeak (ypeak − yinj) cext

P4 34.0 0.40 3.0
P5 32.5 -0.10 3.75
P6 23.6 -0.10 3.0
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(a) (b)

Figure 4.11: Velocity magnitude contours for cross section at peak systolic
(a) and peak diastolic (b) velocity, showing the velocity field around injec-
tion at P4, P5, and P6, injection velocity excluded.

(a) Injection at P4 (b) Injection at P5 (c) Injection at P6

Figure 4.12: Upper row: Velocity at at injection level after 13 cardiac cycles.
Lower row: Drug distribution on C6 level (0.4 cm above injection) after 13
cardiac cycles.
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Table 4.5: Quantification of drug concentration growth at different cross-
sections for different lateral injections.

y − yi a b t0 σ

-2.60 0.01 -0.10 8.14 0.02
-2.10 0.01 -0.10 6.61 0.05
-1.60 0.17 -0.79 3.48 0.54
-1.10 1.46 -1.78 0.42 4.75
-0.60 1.25 0.81 0.27 3.78
-0.10 2.02 2.21 0.16 7.59
0.40 1.81 -0.01 0.70 10.79
0.90 0.12 -0.64 4.76 0.34

(a) Injection at P4

y − yi a b t0 σ

-2.10 0.04 -0.34 8.16 0.06
-1.60 0.24 -1.43 5.77 0.59
-1.10 0.69 -1.76 1.15 2.35
-0.60 1.97 -0.62 0.34 6.94
-0.10 3.05 4.67 0.14 9.33
0.40 1.64 -2.00 0.75 4.98
0.90 0.39 -1.32 2.36 1.52
1.90 0.02 -0.13 8.66 0.05

(b) Injection at P5

y − yi a b t0 σ

-2.60 0.01 -0.09 6.68 0.05
-2.10 0.06 -0.37 5.16 0.15
-1.60 0.29 -1.00 2.67 0.94
-1.10 0.73 -0.99 0.47 2.53
-0.60 1.31 -0.16 0.28 4.50
-0.10 2.43 2.43 0.16 7.44
0.40 1.94 0.45 0.72 6.19
0.90 0.51 -0.61 0.90 2.40
1.90 0.02 -0.14 7.96 0.06

(c) Injection at P6



60 CHAPTER 4. RESULTS AND DISCUSSION

4.2.2 Needle inclination

We wish to investigate the impact of the needle tilt angle, both in the left/right-
direction and the up/down-direction. We define the needle azimuth as the
horizontal angle between the z-axis and the direction of the injection veloc-
ity, with positive sign in the x-direction. The needle elevation is defined as
the vertical angle between the z-axis and the injection velocity, with pos-
itive sign in the positive y-direction. The injection will be placed at the
previously defined P4. Table 4.6 shows three scenarios. The resulting verti-

Table 4.6: The different scenarios for the simulations.

Scenario Injection where Needle azimuth Needle elevation
1 P4 0◦ 0◦

2 P4 0◦ 45◦

3 P4 45◦ 0◦

cal distributions are shown in figure 4.13. From the figure, we see that there
is a clear difference between a straight-in injection and an injection 45 de-
grees upwards. As one might expect, the drug concentration is dominating
in the cranial direction of the injection site for the upward-angled injection
in sceneratio 2. It is reasonable to believe that there is an maximum point
between the two largest points in scenario 2 that was not captured by the
sampled points from the simulations. For the 45 degrees rightward injec-
tion, we see that the concentration in the caudal direction is similar as for
the straight-in injection, but with larger concentration in cranial direction.

Table 4.7 shows the peak concentration and extent of the drug. It shows
that the peak average concentration is obtained with straight-in injection,
while the largest extent is obtained with rightward injection.

Table 4.14 (a), (b) and (c) shows the quantification parameters for re-
spectively scenario 1, 2 and 3. The greatest slope is obtained with both
rightward and upward injection at 0.4 cm above injection. This gives a
19 % higher slope than injection straight-in. However, injection straight-in
gave the highest fluctuations observed at 0.4 cm above injection points, 55
% larger than the highest measured fluctuations with an rightward injec-
tion and 12 % higher than the fluctuations with upward injection.

Table 4.7: Drug peak and extent for injection at lateral injection points.
ypeak − yinj describes where the peak concentration occurs in relation to the
injection site, given in cm. (positive=cranial direction).

Scenario cpeak (ypeak − yinj) cext

1 37.9 0.4 3.0
2 30.7 0.9 2.25
3 24.1 0.4 4.0
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Figure 4.13: Vertical distribution of the drug for the defined scenarios for
the needle angle.
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y − yinj a b t0 σ

-2.10 0.013 -0.08 5.10 0.06
-1.60 0.175 -0.79 3.48 0.54
-1.10 1.431 -1.57 0.41 4.68
-0.60 1.275 0.77 0.27 3.85
-0.10 1.996 2.05 0.16 7.51
0.40 1.831 -0.10 0.72 10.90
0.90 0.124 -0.68 4.74 0.37

(a) Scenario 1

y − yinj a b t0 σ

-1.10 0.167 -0.75 3.56 0.46
-0.60 0.235 -0.31 0.44 0.91
-0.10 1.028 0.28 0.25 4.70
0.40 2.383 1.66 0.55 6.90
0.90 3.160 -1.58 0.80 9.74

(b) Scenario 2

y − yinj a b t0 σ

-3.10 0.012 -0.11 8.99 0.01
-2.60 0.040 -0.29 6.55 0.07
-2.10 0.054 -0.30 4.29 0.15
-1.60 0.361 -1.13 2.68 1.18
-1.10 1.372 -0.67 0.39 4.19
-0.60 0.908 0.54 0.27 2.79
-0.10 1.387 1.43 0.16 5.51
0.40 2.383 1.38 0.72 7.03
0.90 0.856 -1.83 1.68 5.06

(c) Scenario 3

Figure 4.14: Quantification of drug concentration growth at different cross-
sections for different inclinations of the needle.

4.2.3 Injection velocity

The impact of the velocity of the injection will be investigated. Three sce-
narios will be compared in order to determine the effect, as shown in figure
4.8. The injection is done at point P2, orthogonal to the xy-plane. Figure

Table 4.8: Different scenarios for velocity sensitivity.

Scenario Injection where Velocity[cm/s] vol. after 1 min [ml]
1 P2 12.5 1.0
2 P2 20.0 1.6
3 P2 26.0 2.1

4.15 plots the simulated average vertical drug distribution for the 3 differ-
ent scenarios. The three scenarios gives an almost equal form of the vertical
distribution. An observant reader may notice that mass conservation is not
satisfied for the three scenarios, because the peak drug concentration de-
creases significantly for a higher injection velocity. This is an unphysical
effect caused by some of the particles to travel through the wall directly
in front of the injection jet, and vanish from the list of particles. Since the
injection jet is pointed directly at a wall, the particles may travel a longer
distance on one time-step than the distance of one cell, In other words, the
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Figure 4.15: Vertical distribution of average concentration for different in-
jection velocities.

CFL condition is violated. Hence, an injection with higher velocities re-
quires a smaller time-step. This was not performed, due to limited time
available.

Nevertheless, some information can be retrieved from the results. Table
4.9 shows that the peak concentration is 42 % smaller for the injection at 26
cm/s than the injection with 12.5 cm/s. The reason for this is the unphysi-
cal loss of particles described in the previous paragraph. The peak location
is unchanged for the different velocities, and the extent is largest with the
20 cm/s-injection.

Figure 4.16 shows the velocity contours for the different injection veloci-

Table 4.9: Drug peak and extent for injection at lateral injection points.
ypeak − yinj describes where the peak concentration occurs in relation to the
injection site, given in cm. (positive=cranial direction).

Scenario cpeak (ypeak − yinj) cext

1 28.5 0.1 3.5
2 24.6 0.1 4.0
3 20.0 0.1 3.5
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ties. It is indicating that the velocity field becomes more stagnant for higher
velocities, in the sense that the velocity field becomes more influenced by
the opposing wall to the injection site. For an injection velocity of 26 cm/s,
the Reynolds number based on the needle diameter is 153. No literature
reporting transition to turbulence at this Reynolds number could be found.
One study [17], reported transition to turbulence at a Reynolds number of
477. However, it is reasonable to believe that the critical Reynolds number
is smaller for stagnant jets. Turbulence aspects may therefore have to be
considered for high injection velocities.

(a) Injection with 12.5 cm/s (b) Injection with 20.0 cm/s

(c) Injection with 26.0 cm/s

Figure 4.16: Velocity contour plot at P2 with 3 different injection velocities,
at time t = 3.744.

4.3 Effect of NRDL

The velocity field, pressure and drug concentration with and without NRDL
will be compared.
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Table 4.10: Comparison of results from simulation with and without
NRDL. vsys=Peak systolic velocity, ∆ppeak=Peak pressure gradient between
current level and above level.

vsys[cm/s]
rel. diff.

∆ppeak[Pa]
rel. diff.

Level with without with without
FM 0.98 0.93 5% - - -
C1 2.09 1.60 23% 0.87 0.80 8%
C2P 2.29 1.46 36% 2.37 2.00 16%
C2M 2.71 1.67 38% 4.15 3.33 20%
C3 3.85 2.26 41% 6.20 5.11 18%
C4 3.93 2.51 36% 6.89 5.42 21%
C5 4.56 2.76 20% 7.80 5.44 30%
C6 4.44 2.47 44% 8.39 6.12 27%
C7 5.57 4.46 20% 6.61 4.73 28%

Tangen et al. [37] did simulations on the velocity and drug spread for
the entire SSS and quantified the effect of spinal microstructures including
nerve roots and trabeculae on the flow pattern. It was found that the nerve
roots and trabeculae induces small vortices in the flow pattern. They re-
ported a 2-2.5 fold increase of the pressure drop, due to the trabeculae. It
was a surprising result that the trebeculae had such a big impact on the
pressure drop. For instance, Støverud et al. [33] reports that an obstruc-
tion of at least 60 % is needed for a pressure difference of factor of 2. In
particular, the study reported that the velocity and pressure gradients were
inversely proportional to the percent of the channel that remained open.
Nevertheless, the study of Tangen et al. [37] suggests that the complexity
of the geometry also has an important impact of the pressure drop, even
though the obstacles are small.

The velocity, pressure and concentration for simulations with and with-
out NRDL will be compared. Table 4.10 shows the peak systole velocity
and peak pressure drop with and without NRDL for the different axial seg-
ments. The largest differences were seen at the C7 level, while the smallest
differences were at the Foramen Magnum. This can be explained by the fact
that the nerve roots are smaller in regions close to Foramen Magnum, and
the fact that the first nerve root is found at C1. The peak systole velocity
increased by 5-44%, and in average 29%. In comparison, Heidari Pahlavian
et al. [11] also reported of an average value of 29 %, but a significant de-
viations are seen on segment-level. The difference on segment-level could
be explained by slightly different measurement locations, and different nu-
merical models. Tangen et al. [37] reported of a peak systole velocity 1.23
cm/s, which is significantly lower than both the present study and Hei-
dari Pahlavian et al. [11]. This study was however based on different MRI
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Table 4.11: Hydraulic diameter Dh, local Reynolds number Re and local
Womersley number α for the different axial segments with and without
NRDL. The hydraulic diameter is based on Heidari Pahlavian et al. [11].
Reynolds numbers are computed based on peak systolic velocity.

Axial level Dh[mm] Re α
with without with without with without

FM 17.8 17.8 249 236 60 60
C1 8.0 13.4 239 303 27 45

C2P 5.3 10.5 173 219 18 36
C2M 4.5 9.2 174 219 15 31
C3 3.7 7.5 204 242 13 25
C4 4.0 6.8 225 244 14 23
C5 3.7 6.5 241 256 13 22
C6 3.9 7.2 247 254 13 24
C7 4.6 7.6 266 484 16 26

measurements and in some sense not comparable with this study. How-
ever, it exemplifies large patient-specific variations.

Further, the pressure drop increased by 8-30 %, and in average 21 %.
Heidari Pahlavian et al. [11] reported an average pressure drop increase by
15 %. The total pressure drop from FM to C7 was 43.3 Pa with NRDL and
33.0 Pa without NRDL. In comparison, Heidari Pahlavian et al. [11] found a
total pressure drop of 47.4 Pa with NRDL and 39.1 without NRDL. The rela-
tive difference of total pressure drop between this study and Heidari Pahla-
vian et al. [11], then becomes 9% and 16% with and without NRDL, respec-
tively. The difference could be explained by different numerical methods
giving different numerical dissipation. Without trebeculae, Tangen et al.
[37] reports of a peak systole pressure drop of 22.3 Pa of the between the
cistern and C4 segment. This has a good agreement with the peak drop of
average pressure 20.5 Pa between FM and C4 in table 4.10, with a relative
difference of 11 %.

Støverud et al. [33] states that the phase difference between the pres-
sure and the velocity also changes with the degree of obstruction. In other
words, the phase lag between the maximum pressure and maximum veloc-
ity does not change significantly if the obstacles are not significant. Figure
4.17 shows the the normalized pressure and the normalized velocity to-
gether, and clearly shows that the phase lag does not change significantly
with the addition of the NRDL - which is in line with Støverud et al. [33].

The velocity field will be further examined to reveal the nature of the
flow patterns with and without NRDL. Table 4.11 shows the hydraulic di-
ameter, Reynolds number and the Womersley number, α with and without
NRDL for the different axial levels. The hydraulic diameter values are ob-
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Figure 4.17: Normalized pressure and velocity with and without nerve
roots at C4 level in one cardiac cycle.

tained from [11]. Notice that the hydraulic diameter is decreasing for cau-
dal levels. The cross-sectional area decreases with the inclusion of NRDL,
hence the hydraulic diameter decreases with the inclusion of NRDL. The
Reynolds numbers span from 173 to 266 with NRDL, and from 219 to 484
without NRDL. The highest Reynolds numbers were found at the C7 level.

The knowledge of these Reynolds numbers may bring a new light to
the discussion regarding transition to turbulence in the CSF. The maxi-
mum Reynolds number is found to 266 with NRDL and 484 without NRDL.
These Reynolds numbers are considered too low to obtain turbulence in
pipe flow. However, because of the complex geometry in the SSS, it is far
too simple to study the SSS in the same way as idealized pipe flow. E.g,
Sumer [34] reports of transition to turbulence in the wake of cylinders for
200 < Re < 300. The Reynolds number were based on the diameter of the
cylinder. To compare the flow around the nerve roots with flow around
cylinders might be ambiguous. However, to consider the flow around the
nerve roots, it would be more correct to use the thickness of the nerve root
as characteristic length for the Reynolds number, as shown in figure 4.19.
By obtaining the thickness of the different nerve roots from [11], the high-
est obtained Reynolds number became 151, based on the thickness of the
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(a) (b)

Figure 4.18: Vertical cross-sectional planes with (a) and without (b) NRDL.
The color represents velocity magnitude.

right ventral C8 nerve root. This is below the range where transition to tur-
bulence is expected. A vortex street would on the other hand be expected
on the leeward side of the cylinder. Based on these results, we are rela-
tively close to the limit in which turbulence aspects must be considered, as
also pointed out by Helgeland et al. [12]. Note that this is still a topic for
research, and that the possibility of turbulence in the CSF is not yet fully
known.

The velocity contours for the different axial planes are plotted in figure
4.23 at time t = 3.3, which is close to peak systole velocity. The figure
underpins the assumption that the NRDL has little effect on the velocity
field in regions close to the Foramen Magnum. A more complex velocity
field is seen in caudal regions with the inclusion of NRDL.

Figure 4.18 shows the peak systolic velocity at a vertical cross-section
with and without NRDL. The figure shows elevated velocity magnitude in
the form of jets around the nerve roots, where the geometry is narrowed
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Figure 4.19: Illustration of a nerve root, obtained from Heidari Pahlavian
et al. [11]. RL = radicular length, t = nerve root thickness, θ=median de-
scending angle. doi:10.1371/journal.pone.0091888.g001

compared to the geometry without NRDL. These jets also leads to an in-
creased of the CSF, as was seen in section 4.2.1.

An interesting result found in both [11, 37] are the formation of vortices
in the CSF flow when NRDL are present despite of the low Reynolds num-
ber. This leads to an remarkable amount of local /stirring of the CSF flow,
which also will increase the of the spinal anesthesia. The phenomenon oc-
curs at times close to when the velocity shifts direction from diastolic to
systolic and visa versa. The results in this thesis also confirmed this phe-
nomenon. In figure 4.24, the streamlines at time t = 3.56 = 0.56τ are shown
for the results with and without NRDL. The vorticity structures were ob-
served inside the interval t = 0.54τ ± 0.07s and t = 0.13τ ± 0.04s. Some
vorticity structures are also observed without NRDL, as shown on figure
4.24, but clearly not in the same amount as with the case with NRDL.

The effect of the NRDL to the drug concentration remains to be con-
cidered. Since the velocity field is significantly affected by the NRDL in
form of increased velocities and vorticity, it is also reasonable that the drug
dispersion is affected. Figure 4.22 plots the difference of the average ver-
tical drug distribution with and without NRDL for an injection at P2. It is
not difficult to see that the dispersion of the drug was significantly larger
with NRDL present. In the case with NRDL, the peak concentration was
cpeak = 51.8, while in the case without NRDL, the highest registered con-
centration was cpeak = 154.5, hence 3 times larger than without NRDL.
cext was 2.25 cm without NRDL, and 6 cm with NRDL. This is a 2.67-fold
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increase. Figure 4.21 (a) and (b) shows the temporal growth of the con-
centration with and without NRDL, respectively. The blue line is the lin-
ear approximation. Note that the linear approximation is good except for
the cross-section just over the injection (y = 0.07 m, 0.1 cm over the in-
jection) the first 2-3 sec of the simulations. Table 4.20 shows the quantifica-
tion parameters from the linear approximations of the drug growth and the
standard deviation σ of the concentration. The maximum attained slope a
without NRDL was 3.34, while the maximum attained slope with NRDL
was 1.57. Hence, the drug concentration grows 2.13 times faster with the
inclusion of NRDL at one level. The maximum attained σ is 31.8 without
NRDL and 15.0 with NRDL, hence we got a 2-fold increase with the inclu-
sion of NRDL. This indicates that the amplitude of the oscillations becomes
significantly smaller with the presence of NRDL.

y − yinj a b t0 σ

-2.40 0.057 -0.75 9.75 0.51
-1.90 0.212 -1.87 5.87 1.86
-1.40 0.745 -1.28 1.09 6.64
-0.90 0.686 -1.79 0.33 6.23
-0.40 0.845 2.16 0.23 8.64
0.10 1.575 11.61 0.06 14.96
0.60 1.444 -0.34 0.78 13.68
1.10 0.962 -4.80 1.67 8.98
1.60 0.649 -5.92 5.55 6.48
2.10 0.125 -1.94 11.76 0.88
3.10 0.013 -0.30 22.71 0.08

(a)
y − yinj a b t0 σ

-1.90 0.213 -4.93 22.26 1.29
-1.40 0.717 -8.84 9.78 4.93
-0.90 0.721 -2.77 5.04 7.75
-0.40 0.828 3.22 1.09 9.83
0.10 3.343 11.05 0.08 31.84
0.60 1.364 -8.57 3.96 15.23
1.10 0.021 -0.47 20.39 0.24

(b)

Figure 4.20: Comparison of quantification parameters with (a) and without
(b) NRDL.
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Figure 4.21: Temporal growth of average concentration for different axial
levels for injection at P2 with (a) and without (b) NRDL. Injection was con-
ducted at y = 0.069 m. The blue line is the linear approximation.
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(upper) and without (lower) NRDL.
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Figure 4.23: Velocity magnitude for the axial slices in the geometry with
(left) and without (right) NRDL. The time is t = 3.3 = 4.24τ.
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(a) (b)

Figure 4.24: Streamlines with (a) and without (b) NRDL at time t = 3.56.
The color of the streamlines logarithmically represents the magnitude of
the velocity along the streamlines.
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4.4 Sensitivity to number of particles

The impact of how many particles used in the simulation will be investi-
gated by running the simulation for the mesh without NRDL for different
number of particles, and look at the drug concentration. Figure 4.25 shows
the drug concentration 0.5 cm below the injection point of 3 different sim-
ulations where 12k, 25k and 100k particles are injected. The simulation is
done without velocity injection. Notice that the peaks are more noisy with
less particles, but generally, the number of particles has a small effect on the
concentration. Here, the drug concentration is scaled by the total average
concentration after t = 2τ.
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Figure 4.25: Sensitivtity analysis for the number of particles used in the
simulation.

4.5 Independence studies

4.5.1 Grid independence

Grid independence studies were performed by using the build-in refine
function in FEniCS. Due to an already large mesh, the refinement was only
done on a 4 cm large part of the mesh containing at least one whole nerve
root and denticulate ligament. The original mesh had 14 million cells, while
after refinement the size was 37 million cells. Because of the huge amount
of data, only a section of the refined mesh was stored, as shown in Figure
4.26. The figure shows two horizontal cross-sections and one vertical slice
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Figure 4.26: Illustration of line L1, L2, L3, L4 and L5 along two horizontal
cross-sections and one vertical cross-section.

on the refined mesh, and 5 lines which will be compared for the fine and the
course mesh. The lines are chosen randomly. Figure 4.27 plots the normal-
ized velocity magnitude along the normalized distance along the lines L1,
L2, L3, L4 and L5 shown in figure 4.26. The plots show that the difference
of the result between the course and fine mesh is minimal.
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Figure 4.27: Velocity magnitude along line L1, L2, L3, L4 and L5 scaled by
the maximum velocity magnitude along the lines for a course mesh (14M
cells) and a fine mesh (37M cells). Sampled at time t = 0.39.
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4.5.2 Time-step independence

Time-step independence study was conducted using time-steps τ/250, τ/500
and τ/2000. The peak value of the average pressure in the axial cross-
sections according to figure 4.1 is denoted ppeak. Table 4.12 shows ppeak for
different ∆t-values sampled between t = 4τ and t = 5τ. ppeak increases
by 1.5 % by changing the time-step from τ/250 to τ/500. Further, ppeak
increased by 0.99 % by decreasing the time-step from τ/500 to τ/2000. The
timestep τ/500 was found sufficient in this study. The solution using the
time-step τ/2000 did not reveal any evidence of transition to turbulence,
by visual inspection of the solution. Figure 4.28 shows the average pres-
sure at C7-level against time, between t = 4τ and t = 5τ. The saw-tooth
appearance of the smallest time-step is assumed to be caused by truncation-
error in the measurements of the pressure, and not an actual artifact on the
solution.

Table 4.12: Peak average pressure, ppeak given different time-steps, mea-
sured between t = 4τ and t = 5τ.

∆t [s] ppeak [Pa] diff
τ/250 = 0.00312 18.824 -
τ/500 = 0.00156 19.106 1.50 %

τ/2000 = 0.000375 19.297 0.99 %
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Figure 4.28: The average value of the pressure at C7-level plotted against
time for 4τ ≤ t ≤ 5τ.
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Conclusions

The Streamline Upwind/Petrov Galerkin method (SUPG) and Disconti-
nous Galerkin (DG) method were tested in a 1-D case to investigate shock
capturing abilities. The results indicated poor shock capturing abilities for
both SUPG and DG because of unwanted oscillations in the leading and
trailing areas of the shocks (Gibbs phenomenon). Better results could have
been obtained if slope limiters were applied. Both methods gave good re-
sults without shock present in the initial condition. Assuming the drug
distribution around an injection site is smooth, both SUPG and DG are
believed to be good alternatives for solving the transport equation, but
the DG gave somewhat smaller better accuracy. A smooth distribution
around the injection point is believed to be the most physical realistic sce-
nario. However, to circumvent problems causing numerical artifacts, the
Lagrangian Particle Tracking (LPT) was applied. This is a computationally
expensive method, but will give an interesting perspective to the case, be-
cause one is able to compute the transport of discrete particles without any
probability of false diffusion and dissipation.

The velocity field was compared with and without the inclusion of nerve
roots and denticulate ligaments (NRDL). It was found that the NRDL had
little effect on the velocity and pressure above C1. Below C1, the NRDL
had a significant effect on both pressure and velocity (see table 4.10), which
agrees with Heidari Pahlavian et al. [11]. The peak systolic velocity and
peak pressure gradients were compared with Heidari Pahlavian et al. [11].
A significant difference were found on the peak systolic velocity on spine
segment level. This may be because of slightly different measurement lo-
cations. However, the average relative difference in peak systole velocity
due to NRDL agreed almost perfect. The pressure drop from FM to C7
was smaller than Heidari Pahlavian et al. [11]. The difference in pressure
drop is probably due to different numerical models used in the two studies
causing different numerical dissipation. Also, Heidari Pahlavian et al. [11]
used 2nd order accurate schemes in space, while the present study used 1st

79
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order elements in space. The total pressure drop from FM to C5 agreed al-
most perfect with Tangen et al. [37]. The peak systole velocity was reported
to 1.23 cm/s at C5, which is much lower than the corresponding value ob-
tained in the present study. This is however not surprising because the two
studies are based on different MRI data. The inclusion of NRDL yielded a
2.67-fold increase of the vertical extent of the drug, and a 3-fold decrease of
the peak concentration after 40 cardiac cycles. The inclusion of NRDL gave
significantly smaller amplitude of the oscillations.

Vorticity formation was seen at times close to transition between sys-
tole and diastole velocity with the inclusion of NRDL. This gives rise to an
increased mixing/stirring of the CSF and the drugs. Because of the low
Reynolds number, this is an interesting effect, that also was reported in
[11, 37, 32].

The LPT method was used to obtain the drug distribution for different
scenarios in terms of needle position, needle inclination and injection ve-
locity. The drug concentration during the injection was found somewhat
sensitive to the needle position and inclination. For example, an increased
dispersion was seen if the injection entrance was close to a narrowed re-
gion between the pia mater and arachnoid membrane. It was possible to
quantify the drug growth for the different scenarios using a linear approxi-
mation during the small time-frame of the simulations in this study. How-
ever, further simulations are necessary to determine the sensitivity of the
different injection parameters in larger time-frame, and in particular post
injection.

5.1 Limitations

The Lagrangian approach of solving the transport equation was an inter-
esting way of solving the transport of the drug. However, some improve-
ments should be done on the model to make the method more realistic. The
particles were mass and volume-less, so inertia and particle-to-particle in-
teraction were not considered. For example, an unlimited number of par-
ticles are allowed to accumulate in a confined space, which is physically
unrealistic. Molecular diffusion was not considered for the drug transport.

Due to time and resource limitations, only 13 cardiac cycles were simu-
lated for most simulations in the study. 40 cycles were simulated in some
cases. Longer simulations are required to investigate the long-term sensi-
tivity of different injection parameters.

The CFD model in this thesis considers rigid walls, and does not take
into account the fluid-structure interactions between the CSF and the neu-
ral tissue in the spinal cord and the tonsils in the Foramen Magnum. For
example, Yiallourou et al. [40] reports that structural motion of the SSS is
present. This is particularly applicable for Chiari malformation patients.
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They also reported of a decent of the tonsils during systole velocity. The re-
sults were strengthened by Cousins and Haughton [9] that report a move-
ment of the tonsils for both Chiari patients and subjects without malforma-
tions. In vitro studies [23, 22, 24] also emphasize that the compliance and
permeability are important properties for the CSF flow.

The geometry used for the simulations is a model of the cervical part
of the SSS. Most of the drug injections are done in the lumbar part. In fact,
spinal anesthesia in the cervical part could effect undesired parts of the
body, for example the respiratory system. For more realistic drug distribu-
tion, injections should be simulated further down than the cervical part of
the spine.

For more realistic results, more micro-anatomical structures such as
spinal trebeculae and blood vessels could be used in the geometry. The
effects of these microstructures are still unclear, but the study of Tangen
et al. [37] may suggest that the trebeculae has a significant effect on the CSF
flow, and consequently the drug distribution.

5.2 Significance

The method presented in this study yields the opportunity of a detailed
study of the drug administration using Computational Fluid Dynamics
(CFD) without the presence of numerical dissipation and false diffusion.
The results indicated that injection in locations with a small distance from
each other yields a certain difference on the drug distribution in a short
time-perspective. This paves the way for more extensive studies on the
drug distribution for a larger time-frame, and gives the opportunity of val-
idation for future studies.

The study adds validation to other studies considering the pressure and
velocity in the CSF, and strengthens the assertion that the NRDL are impor-
tant factors for the CSF flow and drug distribution. It also demonstrated the
phenomenon regarding the formation of vorticity and added mixing with
the inclusion of NRDL as previously described in [11, 37].

5.3 Future work

Future work should involve using the DG method on the convection-diffusion
equation for computing the drug distribution and comparing the results
with this thesis. Slope limiters could be developed in FEniCS to obtain bet-
ter accuracy in shock prediction.

An improvement of the Lagrangian Particle Solver could be done to in-
corporate the effect of particle-to-particle interactions, such as molecular
diffusion, and collision of the particles. The Lagrangian Particle Solver can
be made more effective so longer simulations are more feasible. After this,
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the sensitivity of the different injection parameters such as position, angle
and injection velocity can be investigated for a large time-frame. Fluid-
structure interaction could be incorporated in future simulations to inves-
tigate the importance of tissue motion.
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