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Introduction

The study of algebraic geometry has had tremendous success by defining
many geometrical concepts generally and abstractly. Many theoretical re-
sults could not have been proved without this focus. However this tendency
for making theoretical definitions sometimes makes it difficult to find ob-
vious examples or being able to make specific calculations. The theory of
toric varieties is a part of algebraic geometry for which, due to its relation
with combinatorics, many easily computable examples exist.

A toric variety X is a variety which contains an algebraic torus 7' as an
open dense subset, thus much of the structure of X will be decided by what
happens on the torus. The key idea is that the sets M = Hom(T,C*)
and N = Hom(C*,T") turn out to be free abelian groups of finite order
(lattices), and thus have a combinatorical descripion. Geometrical concepts,
for instance smoothness, completeness, properness, the theory of divisors
and cohomology (and more), can be described in terms of these lattices,
and thus are often much easier to compute than for general varieties.

Given a projective space PV, one has that the set of hyperplanes form a
new projective space (PV)Y. Given any variety X C PV one can define the
corresponding dual variety XV c PN ¥ which typically will be a hypersurface.
Finding the equation for this is generally very difficult, but there are results
which describe the degree. Gelfand, Kapranov and Zelevinsky showed in
[GKZ94] that for a smooth toric variety Xp associated with a polytope P
the degree is given by

deg Xp = Y (—=1)*M™?(dim Q + 1) Vol(Q) (1)
Q=P

Our main examples of study will be the weighted projective spaces, a gener-
alization of the usual projective space where each coordinate gets assigned
an integer weight. These are toric varieties, however the weighted projective
spaces are singular, so the formula above does not apply. Following chapter
5 of [Morll], we will use generalizations of the formula above proved by
Matsui and Takeuchi [MTTI] for singular toric varieties, to calculate the



degree for weighted projective planes. Mork considered only planes of the
form P(1,m,n), while here we consider the more general P(k, m,n).

The theory of dual varieties, though interesting in itself, also relates to
that of discriminantal varieties. Given a general polynomial p of a fixed
degree, one can assoicate another polynomial in the coefficients of p, the
discriminant A, with the property that A = 0 whenever p has a double root.
The easiest example of this is a quadratic polynomial p(z) = ax? + bx + c,
which gives the discriminant A, = b? — 4ac. This notion can be generalized
to polynomials in several variables or to sets of polynomials, and we can
define discriminant polynomials which have analogous properties, we will
use the following: Given a set of monomials A , let C* be the space of all
polynomials which are linear combinations of the monomials in A. Then the
discriminant A 4(f) is an irreducible polynomial in the coefficents of f € C4
which vanishes when f has a double root.

Now, choosing a polytope P giving a toric variety Xp corresponds to choos-
ing a set of Laurent monomials A. Then the dual variety will be exactly the
set

{f eCchaa(f) =0}

Thus we see that descrbining the dual variety can be interpreted as describ-
ing a discriminantal variety of certain Laurent monomials.

Also the degree of the dual variety can be interpreted another way: As the
number of singular curves of a certain type on the variety, called the Severi
degree, hence we can tie this to the subject of enumerative geometry. In
the smooth case the Severi degrees are described as polynomials in the four
topological numbers K - L, L?, K2 cy. The first Severi degree N™! equals
exactly the degree of the dual variety, and in the singular case ¢ is replaced
by the sum of Euler obstructions of the vertices. In the singular case one
would hope to find corrections to the other numbers which give higher Severi
degrees.

The problem of computing the dual degree of singular toric surfaces has
been the motivating problem behind most of this work. This, it turns out,
is closely related to resolving singularities, weighted blow-ups, continued
fractions and intersection theory, so we give quite a lot of room to these
topics.

In Chapter 1 we go through basic definitions and examples from the theory
of toric varieties. The choice of material is largely motivated by what we
will, in some sense or another, need in later chapters. We also introduce dual
varieties, the formula for computing its degree and the Euler obstruction.
We show how to compute the Euler obstruction in the surface case.



In Chapter 2 we study in detail the weighted projective spaces from some
different angles. We study their singularities, the class and Picard groups,
and consider intersection theory on the varieties. We prove a Bezout type
theorem for weigthed projective spaces:

Theorem Given n torus-invariant divisors Dy, ..., D, on P(qo,...,q,), we
have " - de D
qo - 4n

We then specialize to the surface case, consider a polytope giving P(k, m, n),
and use this to compute the degree of the dual variety in some special cases.
However we realize we need more machinery for general k, m, n.

In Chapter 3 we start with a diversion into the world of continued fractions.
We see how this relates to both the Euler obstruction and the minimal
resolution of singularities for the singular surface. We show that the Eu-
ler obstruction of a vertex is 0 if and only if the corresponding singularity
is Gorenstein. We give our own toric proofs of the previously known re-
sults that the resolution of singularities is given by a sequence of weighted
blowups, that the self-intersections of the exceptional divisors is described
by HJ-fractions and describe intersection theory on the blown-up surface.
We show a general formula for the dual degree of P(k,m,n) in terms of
HJ-fractions, which can be algorithmically computed:

Theorem Given P(k, m,n), find minimal natural numbers a, b, ¢ such that
k+am=0 (modn)

n+bk=0 (modm)

m+cn=0 (mod k)

n g - m _ 1k _ .1
e | — m—b b1 b1 k¢ 12 S e— .
“an “Ths ST

Let

n

Then degP(k,m,n)" equals

r s t

3kmn—2(k+n+m)+Z(2—ai)+2(2—bi)+2(2—0i)

=1 i=1 =1

We then do a small attempt at going to 3 dimensions, where we find examples
of isolated singularities which have Euler obstruction 1.

In Chapter 4 we see how this relates to curve counting, where we relate our
general toric description to existing counting forumlas which only works for
a subclass of toric varieties, those coming from h-transverse polytopes. We
classify the weighted projective planes which come from h-transverse poly-
topes. We compute the first and second Severi degree for the h-transverse



varieties, hoping to see new candidates for invariants in the singular case. No
obvious results were found. We conclude with some remarks about possible
further directions one could try.

Throughout we will assume familiarity with basic algebraic geometry, for
instance Hartshorne’s Algebraic Geometry chapter I and II [Har77]. For a
commutative ring R we will write Spec R even though we only ever use closed
points, i.e. we consider the associated variety. This slight abuse of notation
is justified by noting that varieties are a full subcategory of schemes, and
made because much literature are written in the language of schemes.

We work over C, however much of this could be generalized to other fields,
but we do not go into any details here.
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Chapter 1

Toric Varieties

1.1 Definitions and examples

Most of the definitions, claims and propositions in this chapter come from
[CLS11] and [Ful93|, most proofs are omitted.

(C*)" = Spec(Clxy,zy*, x2,25 ", ..., Ty, 2, 1]) is an affine variety which is a
group under componentwise multiplication. An algebraic torus is a variety
isomorphic to (C*)"™. A torus has two associated lattices:

A character of a torus 7' = (C*)" is a group homomorphism x : 7" — C*.
One can show that the set of all characters forms a group isomorphic to
M = 7", given by, for any m = (myq, ..., my):

X"t e tn) = £ En

Thus we see that a character determines a monomial in n variables which
is allowed to have arbitrary integer exponents. This is called a Laurent
monomial.

A one-parameter subgroup of a torus 7' is a group homomorphism A : C* —
T. The set of all one-parameter subgroups will also be isomorphic to Z",
denote this lattice by N, given by, for any [ = (I1,...,1):

A(t) = (¢, .. )

One can define a bilinear pairing M x N — Z defined explicitly by the dot
product, for m € M and [ € N as above,

(m, l) = zn: limi
i=1

9



this translates to, for x™ and A, we have Y o A is a group homomorphism
C* — C* and thus has to be of the form z — 2™. Then (x™, ') = n. This
pairing identifies M ~ Homgz(N,Z) thus showing they are dual lattices (
some useful facts about lattices are collected in Appendix .

Also N ® C* 2 T via | ® t + A (t), leading to the common notation of Ty
for the torus.

Definition 1.1.1. A toric variety is an irreducible variety X containing a
torus Ty = (C*)™ as a Zariski open subset such that the action of T on
itself extends to a morphism Ty x X — X.

Example 1.1.2. P" is a toric variety with torus
Tpn =P*"\ V(g - xn) = {(1,t1,....tn) € P"|t1, ...t € C*} = (CH)"
Example 1.1.3. X = V(2® — y?) C C? is a toric variety with torus
XN ={tteC} =
Example 1.1.4. Y = V(2y — zw) C C* is a toric variety with torus

Y N (C)* = {(t1, ta, t3, tataty " )|t; € C*} = (C*)?

Given a torus 7' with character lattice M = Z" and a finite subset &/ =
{m1,...,ms} C M we can define the associated affine toric variety Y, by
defining the map

(I)EQ/ : TN — C°
Doty ytn) = (X" (E1y oo tn)y ey X5 (E1y ooy tn))

and letting Y., be the closure of the image of the above map. This will be
an affine toric variety with character lattice Z.o7.

We can also obtain a projective variety from o7 by a similar construction.
Let
Uy Ty — Pt

U (ty oo tn) = (X (E1y s tn),y e, X7 (B2, oo T))

The closure of im(¥(«7)) will be a projective variety denoted by X.. The
character lattice of this variety will be

S S
Zot ={)_ aimila; € Z, Y a; =0}
=1 =1

10



Example 1.1.5. Let & = {(0,0),(1,0),(2,0),(0,1)} C Z? . Then the
induced map is
U, (CH)?2 > P?

Wo(s,t)=(1:s:8%:1)

This corresponds to an affine open subset Spec(C[z,y, 2]/(z? — y)) which

after homogenizing gives the homogenous coordinate ring Clz, y, 2, w]/(x? —

yw).

1.2 Cones and toric varieties

We will now see how to construct affine toric varieties in a systematic way.
Fix dual lattices N ~ M =~ Z", which in turn give dual vector spaces
Ne=N®R~R"and Mgr =M @ R ~ R".

Definition 1.2.1. A convex polyhedral cone in Ny is a set of the form
o = Cone(S) = {D_ M|y > 0} C Ng
u€eS

where S C Np is finite. A convex polyhedral cone is rational if o = Cone(S)
for some S C N.

Given m € My we can define
Hy, = {u € Ng|(m,u) =0} C Ng

H, = {u € Ng|(m,u) >0} C Ng

Given a convex polyhedral cone o we define Hy, to be a supporting hyper-
plane if o C H,. If this is the case we call H,, a supporting half-space.

Definition 1.2.2. Given a convex polyhedral cone ¢ C Nr we define its
dual cone by
o ={m € Mg|(m,u) > 0Vu € o}

Remark 1.2.3. From [Ful93| p.11] we have a practical procedure for finding
generators of the dual cone of o: For each set of n — 1 linearly independent
generators of o, find a vector v annihilating the set. If u or —u is nonnegative
on all generators of o, it is part of a generating set of ¢V, otherwise it is
discarded. We will freely use this without further reference.

Definition 1.2.4. A face of a cone ¢ is a set 7 = o N H,,, for some m € V.
We write this as 7 < o.

11



A face of a cone is itself a cone. Faces of dimension 0 are called vertices, of
dimension 1 edges and of codimension 1 facets.

The dual cone will itself be a convex polyhedral cone in M. There is a
one-to-one inclusion reversing correspondence between faces of o and faces
of ¢V. Now, given such a cone o, the lattice points S, = oV N M C M form
a semigroup. These semigroups will be used to construct toric varieties.

Definition 1.2.5. A convex polyhedral coneo is strongly convex if {0} is
a face of o.

Definition 1.2.6. A semigroup is a set S with an associative binary oper-
ation and an identity element.

An affine semigroup is a semigroup such that:

e The binary operation is commutative. We write the operation as +
and the identity element as 0. Then a finite set & C S gives

No = {3, cr ammlam € N} C S

e The semigroup is finitely generated, meaning there exists a finite &/ C
S such that No# = §

e The semigroup can be embedded in a lattice M

The key result which will give us toric varieties from cones is the following.

Proposition 1.2.7. (Gordan’s Lemma) For o a rational polyhedral cone,
Sy = oV N M is finitely generated. Hence S, is an affine semigroup.

Given an affine semigroup S C M we can construct an affine toric variety
as follows: Let the semigroup algebra C[S] be defined by

ClS) = {Z emX"|em € C, ¢y, = 0 for all but finitely many m}
meS

Note that choosing S = M we get the algebra of all Laurent monomials in
n variables, thus all such semigroup algebras will be subalgebras of C[M].

Let Spec(C[S]) be the affine variety with coordinate ring C[S]. Then [CLS11]
shows that

Proposition 1.2.8. Spec(CI[S]) is an affine toric variety with character
lattice ZS. If S = N/ for a finite set o7 C M, then Spec(C[S]) = Yy

12



It follows that rational polyhedral cones gives affine toric varieties by o —
U, = Spec(C[oV N M]). If we also require that o is strongly convex we get
that the torus of U, is T, or equivalently, that dim U, = n. Since we are
only interested in these cones, we will from now on always mean a strongly
convex rational polyhedral cone when we say cone.

Example 1.2.9. If 0 = Cone({0}) then ¢¥ = Cone(=ey, ..., +e,,) which
gives U, = (C*)™.
Example 1.2.10. If 0 = Cone(ey, ..., e,) then ¢ = o so U, = C".

One of the reasons for studying toric geometry is that many properties of
varieties can be checked combinatorially in the lattices M or N.

Definition 1.2.11. Given an edge of a cone o0 C Nk, the semigroup N No
is generated by a unique element called the minimal generator of the edge.

A cone o is called smooth if the minimal generators of its edges form a
subset of a Z-basis for N.

For a n-dimensional cone being smooth is, by Remark equivalent
to the determinant of the minimal generators being 1, and this generalizes
to arbitrary cones, were we take the determinant in the lattice spanned by
oNN. We say that a cone has multiplicity & if the determinant of its minimal

generators equals k. Hence o is smooth if and only if its multiplicity equals
1.

Not surprisingly this definition is chosen to obtain the following characteri-
zation.

Proposition 1.2.12. Given any cone o, the associated toric variety U, is
smooth if and only if o is smooth.

The Hilbert basis H(S,) of the affine semigroup S, is the unique minimal
set of generators for S, as a semigroup. Thus C(S,) will be generated by
H(Sy) = {m1,...,ms} as a C-algebra. Define

75 — M
€e; — my,

this map will have a kernel K, which records all linear relations among
{m1,...,ms}. Define the ideal Iy C Clzy, ..., 24| by

I = (@9 - 2% —gb o absla = (a1, ..., a5),0 = (b1, ..., bs) € N*,a— b € K)

Then U, = Spec C(S,) = Spec C[z1, ..., x5]/Ix. In other words, the ideal of
a toric variety is generated by binomials.

Definition 1.2.13. A cone is simplicial if its generators are linearly inde-
pendent over R.

13
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Figure 1.1: Hilbert basis for o = Cone((1,0), (1,5)). o N N is generated by
6 elements as a semigroup

1.3 Fans and toric varieties

Definition 1.3.1. A fan X in a vector space Ng is a finite collection of
cones satisfying:

For all o € X each face of ¢ is also in X.

For all 01,09 € X, the intersection o1 N oy is a face of each.

Given a fan ¥ denote by X(d) the set of d-dimensional cones in 3.

We will show that from a fan one can construct a general, not necessarily
affine, toric variety, but first we need some more results from semigroup
theory.

Proposition 1.3.2. Take o a cone and w € S, = ¢V N M. Then 7 =
oNut = {v € o|(u,v) = 0} is a rational convex polyhedral cone. All faces
of o have this form, and S; = So + Z>o(—u).

Proposition 1.3.3. If o and 7 are cones which intersect in a common face
oNT, then Sonr = S + 5.

Using this we get the key to constucting our toric varieties. Recall (see
for instance [Har77, II.2]that any affine scheme Spec(A) has a basis for its
topology consisting of the sets D(f) = Spec(A4) \ V(f), f € A. These are
called principal open subsets.

14



Proposition 1.3.4. If 7 is a face of o then we get an inlcusion Uy — U,
which embeds U, as a principal open subset of U,.

Proof. By Proposition any basis element of C[S;] is of the form

YU = X for w € S, and u € S, with 7 = o N wt. Thus
C[S;] = C|(Ss)]y» which corresponds to an embedding of the principal
open subset D(x") by applying the Spec functor. O

Now given a fan ¥ we can construct an associated toric variety Xy. Take
the disjoint union of the affine varieties U, for all ¢ € ¥. Glue them along all
common intersections, the above ensures the glueing conditions are satsified.
By Proposition [1.3.3| we can show that Xy is separated. In fact all normal,
separated toric varieties are of this form. In the literatue one often requires
a toric variety to be normal and separated, and since all varieties we will
study are of this form, we will adopt this convention. Hence any toric variety
is isomorphic to Xy, for some fan X.

Proposition 1.3.5. Xy is smooth if and only if each cone o € ¥ is smooth.

Proof. This follows from Proposition [I.2.12] and the fact that smoothness is
defined locally. I

Example 1.3.6. Let N = Z" with standard basis eq,...,e,. Let ez =
—e1 — ey — ... — e,. Let X be the fan consisting of all proper subsets of
{eo, ..., en}. The maximal cones are o; = Cone(ey, ..., €;, ...€,). Calculating
the dual cones we get

oy = Cone(ey, ..., ep)

\/ .
o; = Cone(e1 — €;,€9 — €j, ..., —€iy .oy by, — €;),1 # 0

Uy, = SpecC[zy, ..., zy]

T 1 T
Uy, = SpecC[—, ..., —, ..., —]
For homogenous coordinates (to : ... : t,) on P", set z; = :—f) we see that the

U, corresponds to the normal open affine cover of P" by copies of A". Thus
Xy =P

Example 1.3.7. Given natural numbers qo, ..., ¢, with ged(qo, ..., ¢n) = 1,
consider the quotient lattice Z"*! by the subgroup generated by (qo, ..., ¢n),
we write N = Z"*1 /Z(qo, ..., qn). Let u; for i = 0,...,n be the images in N
of the standard basis vectors of Z"t!. This means that in N we have

qoug + .- + quun, =0

15
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Figure 1.2: Fan for P2. The 1-dimensional cones are generated by p;. The
two-dimensional cones are o;.

Let ¥ be the fan consisting of all cones generated by proper subsets of
{ug, ...,un}. We call X5 a weighted projective space with respect to
the weights (qo, .., qn), we write this P(qo,...,qn). Observe that P" =~
P(1,1,...,1). These will be important examples for us.

A variety is said to be complete if it is compact in the Euclidean topology. In
the toric case we have very nice criterion for checking if a variety is complete.
For a fan X let its support, ||, be the union (in Ng) of all cones in ¥. Then
we have:

Proposition 1.3.8. [Ful93, chp. 2.4] A toric variety X is complete if and
only if |X| = Ng.

In that case we say that 3 is a complete fan.
Definition 1.3.9. A fan ¥ is simplicial if every cone o € ¥ is simplicial.

We say that Xy is simplicial if ¥ is simplicial.

It turns out being simplicial is euqgivalent to having at most finite quotient
singularities. This notion will appear later.

1.4 Polytopes and toric varieties

Now that we have constructed general toric varieties from fans, we will
consider another way to get a toric variety, via polytopes. This will only
be the varieties X, we have seen before, where &/ are all lattice points
contained in a polytope.

16



Definition 1.4.1. A polytope in My is a set of the form

P = Conv(S) ={)_ Auldu >0,> Ay =1} C Mg

u€esS ueS

where S C Mp is finite.

A polytope is a lattice polytope if it equals Conv(S) for some S C M. We
will only be interested in lattice polytopes, so we adopt the convention that
whenever we write polytope, we mean a lattice polytope.

The dimension of a polytope is the dimension of the smallest affine subspace
of Mg containing P.

Given a nonzero vector u € Ng and b € R we can define the affine hyperplane
H, 1 and closed half-space H ;r » by

Hu,b = {m S MR|<m,u> = b}

qu,b = {m € Mg|(m,u) > b}

Definition 1.4.2. A subset Q C P is a face of P if there is u € Ny \ {0}
and b € R such that
Q= Hu,b NP

PCHY,

We write (Q = P and say that H, is a supporting hyperplane of P. The
dimension of @) is the dimension of the smallest affine subspace of Ng con-
taining Q).

Vertices of a polytope P are faces of dimension 0, edges of dimension 1 and
facets of codimension 1.

Any polytope may be written as a finite intersection of closed half-spaces.

When it is full-dimensional we get a unique half-space for each facet F' of
P

H; = {m € MRKm?uF) > 7aF}>
where (up,ap) € Ng X R is unique up to multiplication by a positive real
number. If we choose up to be the unique minimal generator of the facet
normal, we get a unique facet presentation.

Now given a polytope P we get an associated toric variety X, by letting &/
be the points contained in P N M. This is not necessarily normal (meaning
all local rings are integrally closed), which we usually want, so we define the
following.

17



Definition 1.4.3. An affine semigroup S C M is saturated if for all k €
N\ {0} and m € M, km € S implies m € S.

A polytope P C Mp is very ample if for every vertex m € P, the semigroup
N(P N M —m) is saturated in M.

If the polytope is very ample, it turns out that the variety is normal. It is
shown in [EW91] that any full dimensional polytope has an integer multiple
which is very ample. Then we define the toric variety associated to a poly-
tope P as X, where o/ = kPN M for any k such that kP is very ample. We
will see later that this relates to a certain divisor being very ample. Denote
this variety by Xp.

Example 1.4.4. Consider in M = Z? the polytope Ay = Conv(0, e, e3).
This gives the affine map (x,y) — (1,z,y), hence the closure Xa, will be
P2, If we instead consider kAy = Conv(0, ke, kez) we will again obtain P2,
but embedded differently into a bigger space by the Veronese-embedding of
degree k.

In general, the standard n-simplex A,, = Conv(0, €1, ...,e,) C Z" will give
X, = P* while multiplying the polytope with an integer corresponds to
different embeddings of P" into bigger projective spaces. The same phenom-
ena happens for any very ample polytope.

We can also construct a fan associated to a full dimensional polytope P,
called the normal fan of P. Let the facet presentation of P be given as

{m € Mg|(m,ur) > —ap F is a facet of P}

To each vertex v € P ve can define the cone C, = Cone(PNM —v) C Mg.
This gives a dual cone o, = C) C Ngr. For a face Q < P containing v,
we get a cone (), C C,. This is in fact a bijective inclusion preserving
correspondence via the maps

Q — Q, = Cone(QNM —v)
QUHQ:(QU'F'U)QP
In particular we have the equality o, = Cone(up| facets F' containing v).

Generalising this to any face Q) < P, set 0g = Cone(ur| facets F' containing
Q). The collection {og|@ =< P} turns out be our desired fan ¥p. When P
is very ample we have Xp = Xy, ..

Example 1.4.5. Consider again Ay = Conv(0, ey, e2) € Z2. We see that
Cp = Cone(eq, e), Ce; = Cone(eg, —e1 — e3) and Ce, = Cone(eg,e; — e2).

18



Calculating the dual cones we get op = Cone(ey, e2), oo, = Cone(eg, —e1 —
e2) and o, = Cone(e;, —e; —ez). We recognize this as the fan from Example
as expected.

Definition 1.4.6. Let P C Mg be a polytope. Given a vertex, consider the
set of all minimal generators of the edges emanating from v. If these form
a subset of a Z-basis for M then the corresponding vertex is smooth. P is
smooth if all vertices are smooth.

Again this definition fits with the other ones.

Proposition 1.4.7. For a full dimensional polytope P, the toric variety Xp
is smooth if and only if P is a smooth polytope.

Proof. The normal fan of P has maximal cones generated by, for each vertex
v, the minimal generators emanating from v. Thus, for each vertex v we
need the cone C), to be smooth. But ), is smooth if and only if its dual o,
is smooth, since if a maximal cone ¢ is smooth, we can choose a basis for
the lattice ey, ...e,, such that o = Cone(eq, ...e,). But then it is self-dual, so
the dual is smooth as well. But C, we know to be smooth if and only if the
generators are subset of a Z-basis. O

1.5 Toric morphisms

Assume we have a Z-linear map of lattices ¢ : N; — N, and cones
o1 € (N1)r, 02 € (No)r such that ¢g(o1) C 02. Then we get an induced
morphism

(%v : MQ — M1

which in turn induces a morphism
Cloy N My] — Cloy N M)
STe™ e > e )
that induces a map
Spec(Cloy N M;)]) = Uy, — Uy, = Spec(Cloy N Ma))

Definition 1.5.1. Let Ny, No be lattices, 31 be a fan in (N7)g, 32 a fan in
(N2)r. A morphism ¢ : Xy, — Xy, is toric if it maps the torus Ty, into
the torus T, and QS]TNI is a group homomorphism.
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Definition 1.5.2. A Z-linear map ¢ : N; — N, is compatible with the
fans ¥1 and Yo if for every cone o1 € 3 there exists g9 € Yo such that
¢r(01) C 09, where ¢ is the induced map Ny @ R — Ny @ R.

By the remarks above, a compatible ¢ induces maps U,, — U,, for all
01 € ¥1,092 € Xo. It turns out these glue to a morphism Xy, — Xx,. In
fact we have the following characterization:

Theorem 1.5.3 (Thm 3.3.4 [CLS11] ). A Z-linear map ¢ : Ni — No
compatible with the fans ¥1 and X9 induces a toric morphism ¢ : Xy, —
Xs,.

Conversely a toric morphism Xs, — Xs, induces a Z-linear map ¢ : Ny —
No which is compatible with 31 and Y.

Example 1.5.4. The map A% — P2 given by (z,y) — (1,2,%) is a toric
morphism induced by the identity map Z? — Z2.

1.6 The orbit-cone correspondence

Another well known fact about toric varieties is that one has a bijective
dimension-reversing correspondence between the cones o € ¥ and the orbits
under the torus action. More precisely:

Theorem 1.6.1. [CLS11, Thm. 3.2.6] Given a toric variety Xy, coming
from a fan ¥ in Nr we have the following:

There is a 1 — 1-correspondence between cones o € ¥ and orbits under the
group action by TN given by

o= 0(0) = Ty(e)
where N(o) = N/N, and N, is the lattice spanned by o N N.
Let n = dim N. Then dim(O(c)) = n — dim(o).
For a cone o € ¥ we have

Uy = Ur<,0(7)

The closure O(T) of an orbit is given by

O(1) = Ur<,0(0)
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Example 1.6.2. Consider P? with coordinates (tg : t; : t2). The torus
(C*)? are the points (1,a,b), with a,b # 0. Under this action there are 7
orbits: Oz = {ti 75 O,t]’ = O,j 75 i}, Oij = {ti,t]’ 75 O,tk = 0}, 0012 =
{to,t1,t2 # 0}. Consider the fan for P? with cones generated by proper
subsets of {e1,e2,e9 = —e; — e2}. With the notation as in Example m
we get the correspondence

Op «» Cone(ey, e3)

O; <> Cone(eg, €2)
O2 +» Cone(eg, e1)
Op1 <> Cone(ez)
Op2 <> Cone(eq)
O12 <> Cone(ep)

Oo12 ¢ Cone({O})

Remark 1.6.3. It turns out the orbit closures O(7) are themselves toric
varieties, constructed from a fan the following way: For a cone o containing
7 consider its image & in N(7)g. Then

Star(t) = {¢ C N(7)r|T <0 € £}
is a fan in N(7)r and Xgap(r) = O(7).

Example 1.6.4. Consider the fan ¥; with 2-dimensional cones Cone(eq, e1+
e2) and Cone(ez, e; + e2) and their faces. Let ¥ be the fan for C? given by
Cone(eq, e2) and its faces. The identity mapping Z — Z is compatible with
the fans, hence it induces a map Xy, = Xy, = C2.

By the orbit-cone correspondence the 1-dimensional cone o; generated by
e1 + ez corresponds to an orbit, whose closure is a divisor D isomorphic to
Star(oq). This is the fan of P': For instance choose v1 = (1,0),v2 = (1,1)
as basis for Z? In this basis, the cones containing o1 will be Cone(vy,vs),
Cone(vy — v1,v2) and Cone(vz). The quotient lattice N,, is generated by
v1, so the images of these cones will be Cone(v;), Cone(—v;) and Cone({0})
which we recongize from Example as the fan for P

By removing all cones containing o; from 3; we see that Xy, \ D is isomor-
phic to C?\ {0}. Hence Xy, is the classical blowup of C? at 0, which can
also be checked by considering coordinate rings of affine charts.

In general the blowup Blg(C") is the subvariety of P?"~! x C" defined by
V(xziy; — xjys|1l < i < j < n) for coordinates x1,...,z, on P"* and yi, ..., yn
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on C™. In the toric case we can generalize this as above, the fan for C"
is Cone(ey,...,e,) and its faces. Create a new fan 3 by adding the 1-
dimensional cone eg = e1 + eg + ... + €, and let X consist of all cones
generated by proper subsets of {eg,eq,...,e,}. By checking on coordinate
rings we get that Xy equals Bly(C™).

1.7 Divisors on toric varieties

We will look at the concepts of divisors on toric varieties. Let Div(X) be the
group of Weil divisors on X and let Divy(X) be the set of principal divisors,
that is divisors of the form div(f) for some f € C(X)*. The class group of
X is defined as Cl(X) = Div(X)/Divg(X). We define Cartier divisors as

follows.

Definition 1.7.1. A Weil divisor D on X is called Cartier if there exists
an open cover {U;} and f; € C(U;) such that D|y, = div(f;). The set of
Cartier divisors will be denoted by CDiv(X).

The Picard group of X is defined as Pic(X) = CDiv(X)/ Divo(X).

Now let Xy be the toric variety associated to a fan ¥ in Ng. The n — k-
dimensional orbits of the torus action correspond to k-dimensional cones
of X. Thus for each 1-dimensional cone p € ¥ we get a corresponding
codimension 1 orbit, whose closure is a divisor invariant under the torus
action, denoted by D,. Letting u, € Ng be a minimal generator of p , one
can compute that for any character x™, its divisor is given by

diV(Xm) = Z <ma UP>DP
peEX(1)

Using this we can compute the class and Picard groups by the following
exact sequences.

Proposition 1.7.2. Let Divy, (Xx) = @ZD, C Div(Xx). Then the fol-
lowing sequence is exact

M — DiVTN(Xz) — CI(XE) —0

where the first map is m +— div(x™) and the second sends an element of
Divyy, (Xx) to its equivalence class in Cl(Xy). The sequence is left exact if
and only if {u,} spans Ng.

For Cartier divisors one obtains a similar exact sequence
M — CDiVTN (Xz) — PIC(Xz) —0

where CDivr, (Xx) is the group of Tn-invariant Cartier divisors.
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Thus we see that the divisors invariant under the torus action determine
these important groups.

Proposition 1.7.3. [CLS11, Prop. 4.2.2] Let o be a cone. Then any Ty-
invariant Cartier divisor on U, is the divisor of a character x* € M.

One is often interested in when a Weil divisor is Cartier. We present an
example followed by a more general characterization.

Example 1.7.4. Take 0 = Cone((2,—-1),(—1,2)). Then a Weil divisor
aD1 4 bDy is Cartier if and only if it equals div(x*) for some u € M. This
amounts to there existing u = (p, q) such that

div(x") = (2p — ¢)D1 + (2¢ — p) D2

Solving for p and ¢ we get

:2a+b q a+2b

p 3 and q¢ = 3

which have solutions if and only if a = b (mod 3).

Proposition 1.7.5. [Ful95, Exc. Ch. 3.3] Let D = % a,D,. Then D is
Cartier if and only if for each mazximal cone o € ¥ there is my € M with
(Mg,vp) = —a, for all p € (1), where v, is the minimal generator of p.
We call {my} the Cartier data of D.

Proof. We proceed exactly as in the example above. D is Cartier on a
maximal cone o if and only if it equals div(x*) for some v € M. That is if

n

div(x") = Z(vp,u>Dp = Z%DP
p

i=1
In other words, if (v,,u) = a, for all p € o(1). To be consistent with the

literature we pick m, = —u to get the minus sign. O

Given a full dimensional polytope P C Mg we get an induced divisor Dp
defined as follows. Let the facet presentation of P be given as

{m € Mgr|(m,ur) > —ar —F is a facet of P}

A facet F' of the polytope correponds to a n — 1-dimensional face of a cone
oV which in turns corresponds to a 1-dimensional cone o, which gives the
divisor D, here denoted by Dp. Define Dp = > apDp. This will always
be an ample Cartier divisor. We have
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Theorem 1.7.6. [CLS11, Thm. 6.2.1]
There is a one-to-one correspondence between the following sets
{P C Mg|P is a full dimensional polytope}

{(Xx, D)|¥ complete fan C Ng , D is a torus-invariant ample divisor}

The first map sends P to (Xx,,Dp).
The second map sends Xy, and D =) a,D, to
Pp = {m € Mg|(m,u,) > —a, for all p € £(1)}

P is a very ample polytope if and only if Dp is a very ample divisor. Dif-
ferent multiples [P correspond to different divisors [Dp which in turn gives
different embeddings of the variety in projective spaces.

1.8 Intersections of divisors

Given a divisor D on Xy one can associate a sheaf Ox (D) defined by
Ox,(D)(U) = {f € C(Xz)*|div(f)|v + Dlv = 0} U{0}
The global sections of this sheaf is described in terms of the lattice as follows:

[(Xy,Oxs(D))= € C-x"
div(x™)+D>0

We now wish to define an intersection product on our varieties, we follow
the presentation in [CLSII ch. 6]. Given a smooth complete irreducible
curve C' on a variety X, one has that any divisor D on C is a weighted sum
of points D = > a;P;, a; € Z, P; € C. Thus we can define the degree of D
as deg D =) a;.

For general, non-smooth curves C' we do not necesarily have this property,
however we will consider the normalization C' of the curve C which is a map

$»:C—=C

such that C is normal. It turns out C is smooth, hence we can define the
degree of a divisor: For a divisor D on X, consider the composed map
f:C — X. Define C - D = deg(f*D).
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In nice cases this behaves as one would expect of an interesection product,
i.e. if D and C intersect transversally, we have C'- D = |C' N D|. We also
have that the intersection product has the following properties:

C-(D+E)=C-D+C-E

C-D =C"-F when D is linearly equivalent to F

Repeatedly applying the first also shows that
(kC)-D =k(C- D) when k € Z

As usual, in the toric case there are quite explicit ways of computing inter-
section products. In particular we will use the following result

Proposition 1.8.1. [CLS11, Prop. 6.3.8] Let C = O(71) be a complete
torus-invariant curve in Xy, where T = o No’ € X(n — 1) for 0,0’ € X(n).
Let D be a Cartier divisor and let my, my be Cartier data corresponding to

o,0'. Pick u € o' NN which maps to the minimal generator of the quotient
(N/Span(t) N N)r. Then

D-C=(ms—my,u)

For simplicial toric varieties, every Weil-divisor has an integer multiple which
is Cartier (they are called Q-Cartier). Any toric surface will by simplicial,
hence we have that for any Weil divisor D and curve C one can define
D-C= %(ZD) -C' € Q. One can check that the propositions above generalizes
to Q — Cartier divisors, i.e. one obtains Cartier data m, € Mg. The
concept of pullbacks of divisors also generalizes to Q-Cartier divisor, and by
reformulating [CLS11, Prop 6.2.7] we get the following result.

Proposition 1.8.2. Given a toric morphism of simplicial toric vareties ¢ :
Xy = Xy, let (1) = {01, ...,05} and ¥'(1) = {7, ..., 7} and let D1, ..., Dy,
FEq, ..., E, be the corresponding torus-invariant divisors. Let uq, ..., u, be the
minimal generators of 71, ..., 7. Then

¢ (Y aiDi) =Y —(mo;, ¢(u))E;
i=1

J=1

where my; is Q-Cartier data of the mazrimal cone a; such that ¢(7;) C 0.

Inspired by the calculations in the appendix of [LO14] we get the following
result.
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Proposition 1.8.3. Given a two-dimensional toric variety, let po, ..., pn—1
be the 1-dimensional cones of the normal fan, and Dy, ..., D,_1 be the prime
torus-invariant divisors. Let d; ;11 be the determinant of the matriz with
columns minimal generators of p;, pi+1. Let d; be determinant of the matrix
formed by pi—1, piy1 (take indices modulo n). Then

d; e
1di71,idi,i+l Zf] =1
D;-Dj=q % ?fj.:%+1
a7 ifj=i—1
0 else

Proof. Let o; = Cone(p;, pi+1) be the maximal cones of ¥.. Let u; be the min-
imal generator of p;. Assume without loss of generality that p; = Cone(e;).
We wish to find the intersections for Dy. To find Dy - D1, observe that there
exists Cartier data mg,, my, € Mg such that

(Mg, up) =0

(Megy,ur) = —1

—1

<m0'17u1>
<m017u2> =0

Letting my, = (z,v), ms, = (u,v),up = (a,b),us = (c,d) we get

ar +by =0

uc+vd =0

Solving we get y = ¢, v =

ulo

Now since N, = N/(p1 N N) are just the lattice points on the y-axis, a
point of o7 mapping to the minimal generator of N, will be of the form
(1,1) for some I. We have that mg, —mg, = (0,% — <), so we get D} =

— d
<(0, % - 5)7 (lv 1)> = % - 5 = adbdbc = 7do,1(111,2'

For D5 there also exist Cartier data corresponding to o, 01, let these by
abuse of notation be denoted (z,y), (u,v). Then one gets the equations

ar +by =0

z=0
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Solving yields v = _é
Then Dy Dy = (0. ). (L1) = § = a5

Similarly Dy - Dg = %b = Wl,l
For any ¢ #0,1,2 we get x =y = u = v = 0, hence Dy - D; = 0. Doing this
computation for all D; yields the result.

O]

Given any normal variety X, there is an associated canonical sheaf, con-
structed as wx = (AZ", that is the n-th exterior product of the pushforward
of the sheaf of Kéhler differentials on the smooth locus of X. This sheaf will
be isomorphic to O(Kx) for some Weil divisor Kx. In the toric case one
can choose Kx,, = » —Dp where D, are all torus-invariant prime divisors.
As a corollary of the above we obtain:

Corollary 1.8.4. Given a two-dimensional toric variety, let po, ..., pn—1 be
the 1-dimensional cones of the normal fan. Let d; ;41 be the determinant of
the matrixz with columns minimal generators of p;, pir1- Let d; be determi-
nant of the matriz formed by pi_1, pi+1 (take indices modulo n). Then

o X _”il( 1 N 1 _ d;
TR T LA i disadiin

1.9 Ehrhart polynomials

Given a full dimensional lattice polytope P C My one can define the func-
tions

L(P) = |P N M|
L*(P) = |Int(P) N M|

which counts the lattice points of the polytope and interior lattice points.

Using sheaf cohomology on the sheaves O(IDp) one shows the well-known
fact:

Proposition 1.9.1. Let P C My be a full dimensional lattice polytope.
Then there exists a polynomial Ep(z) € Q[z] such that for 1 € N

Ep(l) = L(IP)
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If | is positive, we also have

Ep(~1) = (~1)"L*(IP)

This coincides with the Hilbert polynomial x(O(IDp)).

Example 1.9.2. Consider the polytope P = Conv(0,eq,e9,...,e,) C Z"
which gives P™.

The set [P N M corresponds bijectively to (mq,...,m,) € M such that
S mi <1, m; > 0. This easily corresponds bijectively to all mono-
mials in n variables of degree < [ which in turn corresponds bijectively to
monomials of degree I in n + 1 variables. By a well-known combinatorical
argument this is (";l) Thus

z
PO M| = (”+ >

n

Now, the interior lattice points can be described as the (mj,...,m,) such
that 1", m; <l, m; > 0. Setting (ki1,...,kn) = (m1 —1,...,my, — 1) we get
a bijective correspondence to (ki, ..., kn) € M such that » . k; <l—n—1,
k; > 0. This is exactly the lattice points of (I —n —1)P, where this is empty
if ] —n —1<0. Thus

| Int(IP) N M| = <l B 1)

n

Picking Ep(z) = (w+n)(z+7:u_1)"'(x+1) we can verify that Fp(x) satisfies the
required properties.

Let P have dimension n. The normalized volume Vol(P) is the Euclidean
volume scaled such that Vol(Conv(0,eq,e2,...,e,)) = 1. It can be shown
(for instance in [BRO7, Lemma 3.19]) that

Vol(P)
n!

L(LP)
n

= limy_00

Vol(P)
n!

This shows that Ep(l) has degree n and the leading coefficient is

If we now are in dimension 2 one can be more specific: By the remarks
above the leading coefficient is %(P) which equals the Euclidean area of P,
denoted Area(P). The constant term has to be 1 since L(0) = 1. Inserting

Il=1and = -1 we get
Area(P)+b+1 = L(P)

Area(P) —b+1 = (-1)2L*(P) = L*(P)
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Solving for b we obtain % = L(P) — L*(P) = [0P N M|. Thus
1
Ep(x) = Area(z) + 5\8]3 NM|z+1

Also, as a corollary of this, solving for the area we obtain the famous Pick’s
formula.

Proposition 1.9.3. (Pick’s Formula) The area of a 2-dimensional lattice
polytope is given by

Area(P) = |Int(P) N M| + %]8POM| -1

We can give another interpretation of the Ehrhart polynomial in the 2-
dimensional case in terms of intersections of divisors.

Proposition 1.9.4. (Riemann-Roch for surfaces) [CLS11, Prop. 10.5.2]
Let D be a divisor on a smooth projective surface X with canonical divisor

Kx. Then
_D-D-D-Kx

2

x(O(D)) + x(Ox)

For a smooth polytope one then obtains, since x(Ox) = 1 for a smooth
complete toric surface, that

_pDr-Dp  Dp-Kx |

2 2

Ep(l) = x(O(Dp))

For a general, not necessarily smooth polytope, one can pick a resolution of
singularities X and pull the divisor Dp back to a divisor ¢*Dp. Using sheaf
cohomology one obtains that x(O(l¢p*Dp)) = Ep(l). From Riemann-Roch
one then obtains:

Ep(l) = (¢ Dp - 6" Dp)i2 = (6" Dp - Ky )+ 1

We also have that D%D = gb*D%D and Kx - ¢*Dp = Kx,, - Dp, this will be
shown later, see the remarks following Proposition As a consequence
one obtains by combining with the description above:

Proposition 1.9.5. Let P be a 2-dimensional polytope. Then
Dp . Dp == VOI(P)

_DP'KXEP :|8POM|
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1.10 Dual Varieties

We will now define and look at some examples of dual varieties. We will
follow the presentation used in [GKZ94].

For a finite dimensional vector space V' let P(V') be the set of 1-dimensional
subspaces of V. Then P = P(C"*1).

If W C V is a vector subspace then P(W) is a subset of P(V), these are
called projective subspaces. Projective subspaces of dimension 1 are called
lines, of dimension 2 planes and of codimension 1 hyperplanes.

Now consider P(V) for a vector space V. Hyperplanes in V'V, the dual
vector space, form a new projective space P(V)Y = P(V"). Conversely, to
a point p € P(V) one can associate a hyperplane p¥ in P(V)V; the set of
all hyperplanes in P(V') containing p. Thus P(V)")V is isomorphic to P(V).
Set P =P(V).

Now let X C P be a closed irreducible subvariety. A hyperplane H C P is
said to be tangent to X if there exists a smooth x € X such that x € H and
the tangent space to H at x contains the tangent space to X at x. Denote
by XV C PV the closure of the set of all hyperplanes tangent to X. This is
the dual variety to X.

When X is smooth and does not lie in any hyperplane the definition of dual
variety has a geometric interpretation: H € XV if and only if H N X is
singular.

In the general case we can consider the set IS C P x PV of pairs (z, H)
where x € X, (the smooth locus of X) and H is the hyperplane tangent
to X at x. The projection pry : Ig)( — Xgm makes Ig( a projective bundle
over Xgy of dim n—dim X — 1. Hence Ig( and its closure Ix are irreducible
varieties of dim n — 1.

From this we expect the dimension of XV to be n — 1. The number codim
XV — 1 is called the defect of X, typically this is 0, in which case XV is
defined by a single polynomial, which we will call Ax.

Example 1.10.1. Consider the Veronese embedding X of P! in P4 = P(VVY)
given by

(z,y) — (% 291y 2?22 0 ayd o gyd)
Let 2g,...,24 be coordinates on P¢. Any linear form | = Z?:o a;z; is
uniquiely determined by its values on X which is a binary form f(z,y) =

E?:o a;z'y?". De-homoginizing we get f(z) = Z?:o a;x'. The condition

30



that [ € XV translates to f(z) having a double root. Hence Ax is the
normal discriminant of a polynomial in one variable.

To justify calling these notions dual we have:

Theorem 1.10.2. [GKZ9/j)] For any projective variety X C P, we have
(XV)V = X. More precisely, if z is a smooth point of X and H a smooth
point of XV, then H is tangent to X at z if and only if z, regarded as a
hyperplane in PV, is tangent to XV at H.

The case we will be primarily interested in is a toric variety coming from
a polytope P. For smooth polytopes [GKZ94] shows, by considering the
discriminant variety of the associated Laurent monomials, a formula for the
degree of the dual variety:

deg X = Y (=1)*°M™Q(dim Q + 1) Vol(Q) (1.1)
Q=P

In the singular case this doesn’t work, however [MTT1] shows a similar
formula involving Euler-obstructions as correction terms.

Proposition 1.10.3. For any lattice polytope P we have

deg(Xp)" = Y (=1)°®™Q(dim Q + 1) Vol(Q) Eu(Q)
Q=P

Again the volume is normalized with respect to the lattice. Unless explicitly
stated otherwise, we will always by Vol(P) mean the volume normalized
with respect to the lattice spanned by lattice points in P (sometimes in
dimension 1/2 we write length/area instead).

This degree is 0 if and only if the variety is defect. To be able to compute
this we must now consider the Euler obstruction.

1.11 Euler obstruction of toric varieties

The local Euler obstruction was introduced in [Mac74] as a way of construct-
ing Chern classes for singular varieties. On the smooth locus of a variety it
is constantly equal to 1. To calculate it we will use a formula for the Fuler
obstruction of toric varieties proved in [MT11], Ch. 4].

Let N =2 7Z" be a lattice of rank n, and let ¢ be a cone in Ng. One
can describe the Euler obstruction combinatorically by induction on the
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codimension of the faces of 0. Given two faces A, and Ag of 0¥ such that
Ag = A, consider the following:

Let L(Ag) be the smallest linear subspace in Mg containing Ag. This will
have dimension the same as dim Ag. Now let L(Ag)' = Mgr/L(Ag) and let
pp : Mg — L(Ap)" be the projection. Then My = pg(M) C L(Ap)' is a
lattice of rank n — dim Ag. Also K, = pg(Aq) C L(Apg)' is a convex cone
with apex 0.

Definition 1.11.1. Given A, and Ag of ¢ such that Ag < A, we define
the normalized relative subdiagram volume RSVz(Aq, Ag) of A, along Ag
by

RSVZ(AQ, Aﬁ) = VOI(KOC,B \ @a,ﬁ)
where ©,,5 is the convex hull of Ko sN M5\ {0} in L(Ag)". Vol(Ka,p\©Oa,s)

is the normalized dim A, — Ag-dimensional volume with respect to the
lattice Mé NL(Kqyp) - If Ay = Ag we set RSVz(Aq, Ag) = 1.

Using this we have that the values of the Euler-obstruction on the faces of

oV are determined by this function.

Proposition 1.11.2. [MT11, Cor 4.4] The values of Eu(A,) are deter-
mined by induction on the codimension of the faces of oV by the following:

Eu(o") =1

Eu(Ag) = Xa, a, (1) A7 AT RSV (A, Ag) Eu(Aq)

The case we are interested in is the Euler-obstruction of the vertices of a
toric variety coming from a n-dimensional polytope P. By the definition
of the normal fan, we have that given a vertex v the corresponding cone
Cy = Cone(P N M — v) is dual to a cone o in the normal fan. Thus we get
a 1 — 1 inclusion preserving correspondence between faces of P and faces
0¥ = C,. Hence we can describe the Euler-obstruction on the codimension
of the faces of P by inheriting the above. In other words:

Corollary 1.11.3. The values of Eu(A,,) for a face A, of P are determined
by induction on the codimension of the faces of P by the following:

Eu(P)=1

Eu(Ag) = Xa, a, (1) 8emdm AT RSV (Ay, Ag) Eu(Aa)

To simplify calculations, we observe the following:

Proposition 1.11.4. If dim A, —dim Ag =1 then RSVz(Aq, Ag) = 1.
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Proof. This follows almost by construction: The quotient lattice M é will be
a 1-dimensional lattice isomorphic to Z. Then the projection of A, must be
either Cone(1) or Cone(—1) (since we assume cones are strongly convex),
thus it follows RSVz(Aq, Ag) = 1. O

Setting A, = P in the above, we get Eu(A,) = RSVz(P,A,) = 1, thus we
deduce:

Corollary 1.11.5. Given a polytope P, let dim P = n. Then for any (n—1)-
dimensional face A S P we have Eu(A) = 1.

Remark 1.11.6. This could also be deduced from the known fact that

normal toric varieties are smooth in codimension 1.

We are mainly interested in the Euler obstruction of the vertices of a 2-
dimensional polytope P C Mg. By the Corollary [[.11.3] we get for a vertex
v, letting eq, es be the edges of P containing v:

Eu(v) = RSVy(e1,v) Eu(er) + RSVyz(ea, v) Eu(ea) — RSVy(P,v),

By Proposition [1.11.4] Eu(e;) = RSVz(P,e;) = 1 and RSVz(e;,v) = 1 for
i = 1,2, thus we reduce calculations to:

Eu(v) =2 — RSVz(P,v)

To calculate RSVz(P, v) we get that M, will equal Mr. Hence Kp,, will just
be the cone generated by the polytope P with apex v. Then Volz(Kp,\Opy)
will be the area removed, if we instead of P consider the convex hull of the
points of (P \ {v}) N M. Hence we obtain

Proposition 1.11.7.
Eu(v) =2 — Vol(P \ Conv((P \ v) N M))

where Conv((P \ v) N M) is the convex hull of the lattice points of P with
the point v removed.

Remark 1.11.8. Since we define RSV for polytopes via its definition for
cones, one can also get a formula for the Euler-obstruction of a vertex in
terms of cones. In that case one would get analogously

Eu(v) =2 — Vol(a¥ \ K(¢")),

where o is the cone corresponding to v and K (c¥) = Conv(aV N (M \ {0})).
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Figure 1.3: The polytope P = Conv((0,0),(0,2),(1,3),(3,0)). Removing
the vertex (1,3) we get the right figure. Volz(P) = 11 while the volume of
the new polytope is 8. Hence Eu(1,3) =2 —11+8 = —1.
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Chapter 2

Weighted Projective Spaces

2.1 Definition and examples

Definition 2.1.1. Let qo,...,q, € N satisfy ged(qo,...,qn) = 1. Define
P(qo, ---, qn) = C*"™1\ {0}/ ~ where ~ is the equivalence relation:

(ag, ...an) ~ (bo, ..., by) < a; = A\%b; Vi for some A € C*

We call P(qo, ..., ¢,) weighted projective space corresponding to qo, ..., ¢n.

We observe that P(1,...,1) = P™. Also we see that if we consider the poly-
nomial ring S = Clxy,...,z,] where the grading is given by deg z; = ¢;
we can define varieties the following way: Call a monomial I1z}" weighted
homogeneous of degree d if Y«;q; = d. Then zerosets of polynomials are
well defined on P(qq, ..., q,) for weighted homogeneous polynomials, hence
we can define varieties the usual way.

Example 2.1.2. We can embed P(1,1,2) in P? by the map:
(CLO, ai, a?) — (a(z)a apai, a%a a?)

By considering affine patches it is easy to see this is injective. We will show
that the image is exactly V (yoy2 — y3) where y; are homogenous coordinates
of P3:

One inclusion is obvious, so assume (yo,y1, ¥2, y3) satisfies yoya = 2.

If yo = 0 then y; = 0 hence either we arein (0: 0:0:1) or (0:0:1: y3)
which obviously is in the image.

If yo # 0 we can set yo = 1 = y2 = y? hence we have the point (1:y; : 9% :
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y3) which also is in the image.

On the affine set where y3 # 0 we see (by differentiating) that (0:0:0:1)
is a singular point.

One can also view P(1,1,2) from a different perspective. Consider the poly-
tope P = Conv(0,2e1,e2) C R2. This induces the map (C*)? — P? given
by:

(s,8) = (1:5:5%:1)

The toric variety corresponding to the polytope, Xp, will be the Zariski
closure of the image. We see that affinely this is V(2% — z2). Homogenizing
we get V(2?2 — mowg). We see that this is the same as we had before, hence
Xp~P(1,1,2).

Now we can show that P(1,1,2) is singular in a different way: We know Xp
is smooth if and only if P is a smooth polytope. (0,1) is not smooth, since
the vectors (0, —1) and (2, —1) do not generate Z2, for instance (1,0) is not
in their span.

Given a ring R and a group G acting on it, one gets a subring
RY={zeR|gr=2xVgeG}

In [CLS11, Ch. 5.1] it is shown that the fan ¥ from Example in fact
gives the same variety as in the definition above. The defining equivalence
relation can also be described as a group action by C* on C**1\ {0}. We have
an open affine cover of the form Spec Clz, ..., %;, ..., zp |4 for pg, induced
by the global action by C* as follows: Let (¢ : t1 : ... : t,,) be coordinates on
P(qo, ..., qn). Then we get an open cover by the sets X; = {t; # 0}. On X
we can set t; = 1 which forces A € C* to satisfy A% = 1, hence we get that
X is isomorphic to the orbits of the action

Hq; X Xl —>Xl

(C,(l,tl,...,tn)) — (I,CQ1t1,...,<qntn> (21)

where 4, is the set of g; roots of unity, and ¢ is a primitive g;-th root of
unity.

On coordinate rings this is exactly the equality X; = Spec Clzy, ..., Z;, ..., ] 4.
From this one gets that

Clzo, ..., Ti, ooy |9 = Clay™ - - - 2| ijqj =0 (mod ¢)]
J#i
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Example 2.1.3. Consider P(2,3,5). Then we have the open affine cover
Xo = Spec C[z1, 29]** = Spec C[2?, 2129, 23]
X = Spec C[zg, z2]** = Spec Czd, 2310, 2023, 23]
Xy = Spec C[zg, 21]** = Spec C[z], zoz1, 27
As in [CAMMOG14] one can also describe the points of P(qo, ..., qn) as the
orbits of the action of G'= pg, X pig, X ... X pig, on P" given by
G xP" —P"

(Cuos > Cuo)s (to = oo ) = ( Egto s ﬁiitn)

This is induced by the branched covering map

P" — P(qo, .. qn)

(o oot tn) > (80« o ) (2.2)
which has degree qq - - - g, and is unramfied where all coordinates are nonzero.
The fiber over a point p = (1 : t{' : ... : t&") consists of the following points:

Let (g, -.-, (g, be primitive g;-th roots of unity. Then the points of P" of
the form ( ég : Cfﬁtl : ...,Céztn), 0 <I; < gi, all map to p. If any of these
points are equivalent under the equivalence relation defining P, one needs
to have ¢ € C*,¢ # 1, such that ¢ = g‘éii_l; for all 4. If for some i, [; = I,
then ¢ = 1. Otherwise, ¢ has to simultaneously be a ¢;-th root of unity, for
all 4. But the set of simultaneous qq, ..., g,-th roots of unity are exactly the
ged(qo, -+, gn)-th roots of unity. Since ged(qo, ..., gn) = 1, we have ¢ = 1, and
all points are different. Hence we have qg - - - ¢, points in the fiber on the
torus.

In general set Y;, ;. = {ti,....ti, # 0,t; = 0,5 # is}. Then on Y; ;.
we, by the same argument as above, have ¢;, - - - ¢;, elements in the fiber,
however now they are not necessarily all different. One checks that, in P",
Hged(qi, . ;,) acts on the fiber by multiplication with a primitive element,
making every point equivalent to gcd(g,,...,q.) other points. Thus the
fiber of a point in Y, ;. has size %.

e gcd(qiy - Gis)

This map turns out to be a toric morphism described as follows:

Recall that the fan 31 for P™ consists of all cones generated by proper subsets
of the basis elements {eo, ...,e,} in the lattice Ny = Z"T1/Z(1,...,1). The
fan Xy for P(qo, ..., gn) consist of all cones generated by proper subsets of the
basis elements {vg, ..., v, } in No = Z""/Z(qo, ..., qn). Consider the map

(E:N1—>N2
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€; > q;V;

Then ¢(Cone(e;| j € I)) C Cone(v;| j € I), hence the mapping is compati-
ble with the fans, so it induces a toric morphism P" — P(qo, ..., g,). We will
check that this is the same map as above.

The dual lattices are My = {(mo, ..., my) € Z"| Y% m; =0} and M =
{(mo, ..., my) € Z"1 31 ;m;q; = 0}.The induced map on these are

(ZEVZMQ%Ml

(m07 7mn) — (mOQO; ceey ann)

Meaning that the associated map Cloy NMs] — C[oy NM;] sends a monomial

mo m moqo Mmndn
:L-O ...(L-nntoyo e UYn .

Writing this as a map of polynomial rings on the coordinate rings of the
affine sets corresponding to Cone(ey, ...,e,) € X1 and Cone(vy, ..., v,) € Yo
we get

Clx1, oy zp]t0 — Clyy, ..., yn]

x"lnl . ‘,L.Zln — y71711q1 . yZZnQn
where Y, m;g; = 0 (mod qo). By exercise 3.2.P [Vak|] we get that the
map induced by the Spec-functor looks like

Spec Cly1, ..., yn] — Spec C[x1, ..., x, |0

(a1,...,an) — (al', ..., ad"),

which we recognize as an affine patch of the map (2.2)). By doing this for all
maximal cones we get that the two maps are the same.

There are characterizations of when P(qo, ..., qn) =~ P(so, ..., $p) in terms of
the weights, see for instance [RT11]. For a given set of weights (qo, ..., ¢n)
we will describe its reduction (g, ...,q.,). Set:

di = ng(QO, ceey dia ceey Qn)
a; = lem(do, ..., d;, ..., dy)
Setting ¢; = £ we obtained the reduced weights (qq, ..., ¢;,). We have:

Proposition 2.1.4. [RT11, Prop 1.26] There is an isomorphism

]P)(Q()a ceey Qn) = P(Q(/), ey q';z)
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One upshot is that one can always assume the weights are reduced, i.e. that
ged(qo, -y Gy ---qn) = 1 for all 7, we will always do this. In particular, in the
surface case P(k, m,n), we can always assume that ged(k, m) = ged(k,n) =
ged(m,n) = 1.

As noted before, P(qo, ...,q,) is a singular variety, we will describe this in
more detail.

For a fan 3, [CLS11, Thm. 11.4.8] shows that ¥ is simplicial if and only if
X has only finite quotient singularities, i.e., for every point p there exists
a finite subgroup G C GL(n,C) such that p is analytically equivalent to
0 € C"/G. Thus P(qo, ..., qn) has only finite quotient singularities.

Proposition 2.1.5. [CLS11, Prop 11.1.2] The singular locus of Xx, equals,

(Xz)sing = Uy singular %

Proposition 2.1.6. [CLS11l, Prop. 3.3.11] Let N' C N be a sublattice, with
dim Ng = n, dim N}, = k. Let ¥’ be a fan in Ng, via the inclusion this is
also a fan in Ng. Extend a basis for N’ to a basis for a sublattice N C N
of finite index. Set G = N/N". Then we have

XE’,N ~ (XE’,N’ X (C*)nik)/G

where Xsv n is the variety associated with X', considered as a fan in N.

Recall again the fan from Example m Take Z"+1 with basis e, ..., en,
and let u; be the image of e; in the quotient lattice N = Z"*/(qo, ..., qn).
Let ¥ be the collection of cones Cone(u;|j € J) for all proper subsets J C
{0,...,n}. Set 0}, . j, = Cone(uj,...,uj,). Let (to: ... : t,) be coordinates
on P(qo, ..., qn), and set X;, i = {(to : ... : tn) € P(qo, ..., qn)|tj, = ... =
tj, = 0,t; #0, for i # js}. Then we have O(oy,,..j,) = Xji,..js-

For a cone o € ¥ we will use Proposition [2.1.6]to describe the group actions,
where N’ is the sublattice of N spanned by the generators of o, and ¥/ the fan
of all subcones of o, thus X5y v = Us,, and Xy nv ~ Cdime by construction
of the lattice N’'.

Since constructing an explicit basis for N is some work, we will instead use
a trick for computing the indices of sublattices: By Proposition the
vector wo = (qo, ..., qn) € Z"! can be extended to a basis {wy, ..., w,} for
7"+, Letting {v1,...,vs} be the generators of o, considered as vectors in
7"+ extend the set {wo, vy, ..., vs} to a basis for a sublattice of finite index
[ in Z"t1. Taking the quotients by the basis vector wy we obtain that N’
has index [ in N as well.

As an example, take o, = Cone(uy, ..., upn). Then det(wp, u1, ..., un) = qo,

thus N’ has index qp in N. The corresponding orbit closure O(c) will be
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the point (1:0: ... : 0), thus this is a singular point. We also get a n open
neighbourhood of the point

,,,,, n = Xs v = C" X {pt}/Zy,,

and we recognize the above as exactly the action on the set {ty # 0}.

We see that ¢ has multiplicity qo, which is singular if ¢y > 1. Similarly for
other maximal cones o, - . the corresponding multiplicity is g;.

gerenbyeeey

Next we take o3, = Cone(us,...,u,). The corresponding orbit closure
will, by the orbit-cone correspondence, be the the points (1 :¢:0: ... :0),
for t # 0. We want to expand the set {wo, uz, ..., uy,) to a sublattice of Z"*!,
so let (g, ..., ;) be any vector in Z"*!. Taking determinants of the n + 1
vectors, we get qor1 — q1xg. The minimal value this can obtain by choosing
x0, 1 € Zis ged(qo, ¢1). Thus the multiplicity of o2 5, is ged(qo, g1). If this
multiplicity is greater than 1, wee see that the entire orbit closure will be
singular, thus we do not have isolated singularities. We also have

AAAAA q0,q1)

which is the induced action by [2.1| on the set {to,t; # 0}.

Generally for any cone o, _j., let I = {ig,...,in—s} = {0,...,n} \ {Jj1, ..., Js }-
Extending the set {wo, e;,, ..., €j, } to a basis for a full dimensional sublattice
of Z"*! we see, by taking determinants, is equivalent to expanding the vector
(@i -+ Gi,,_.) to a basis for a sublattice of Z"~**1. By Proposition we

1 . . - —s+T gi
can always extend T (Gigs - Gi,_,) to a basis for Z" 7. Using

this, we obtain that the multiplicity of o, . ;
Then we have

will be ged(giy, -5 iy, )-

E]

UO'jl,...,js = (CS X ((C*)n_s)/Zng(in7"'7qin75)
which is the set {t;,,...,t;, . # 0}.

Hence we have that the orbit closure O(oy, . ;,) will be singular if and only
if ged(qigs ---» Gipy_s) > 1.

Note also that the orbit closure O(oy, .. j,) by Remark is isomorphic
to P(giy, ---» Gi,,_, ), where now the weights aren’t necessarily reduced. Hence
we obtain that all orbit closures are themselves weighted projective spaces.

Summing up, we obtain:

Proposition 2.1.7. P(qo,...,qn) is nonsingular in codimension k if for all
{j1, .-, Jk}, the corresponding ged(qiy, ..., i, ) = 1. In particular:

P(qo, ..., gn) is nonsingular in codimension 1 .
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P(qo, ..., gn) has isolated singularities if and only if it is nonsingular in codi-
mension n — 1 if and only if ged(gs,q;) =1 for all i,j.

For surfaces we will always have isolated singularities, but in larger dimen-
sions we might have larger singular locus, for instance P(2,2,3,3) does not
have isolated singularities.

2.2 Divisors on Weighted Projective Space

We will describe C1(P(qo, ..., ¢n)) and Pic(P(qo, ..., gn)) (cf. [CLS1I], Ex. 4.1.5
and 4.2.11]).

Let N = Z"* /Z(qo, ..., qs) and M be the dual lattice:
M = {(ag, ..., an) € Z"agqo + ... + ang, = 0}

Let uo,...u, € N be images in N of the standard basis ey, ..., e, of Z"1.
Define maps
M — Z" s mos ((myug), ...y (M, u))

7t 57 (@0, -y ap) — agqo + -.. + angn

If we can show that these maps form an exact sequence:
0=>M—-Z""' 5750

we have by Proposition that C1(P(qo, ..., qn) = Z.

That the first map is injective follows from the properties of the dual pairing:
If m,m' € M has the same image we have (m — m/,u;) = 0 for all i hence
m = m’. Since ged(qo, ..., qn) = 1 we can find (ag, ..., a,) such that agqy +
... + apgn, = 1. Thus we see that the last map is surjective.

That the sequence is exact in the middle follows from the definition of M
and wu;, hence we are done.

For the Picard group we use Proposition to determine when a general
Weil divisor D = ) b; D; is Cartier. Assuming D is Cartier we know that for
each maximal cone there exist Cartier-data m, € M. As before let ey, ..., e,
be a basis for Z"*! such that in N the relation Z?:o g;e; = 0 holds. Let o
be a maximal cone, assume without loss of generality o = Cone(ey, ..., e,).
Then m, = (my, ..., my,) has to satisfy, for i = 1,...,n,

(Mg, e;) =m; = —b;

41



Since m, € M, it must satisfy " m;q; = 0, so we must have

n
moqo — Z bigi = 0
i=1

This implies that go| >.i big;. Similarly for the other maximal cones we
get that for all 4, ¢;| >_1" ; ¢;b;. Thus any Picard-divisor maps to a multiple
of lem(qo, ..., q¢n) € CL(P(qo, .., qn)) = Z.

By much linear algebra [RT11, thm 1.19] show that, in the reduced case,
the Picard group actually equals the subgroup generated by lem(qo, ..., ¢n)-

Since CI(P(qgo, ..., gn)) = Z, we can define a degree function deg(>"" , a;D;) =
Z?:o a;q;-.

The Cox ring associated to a toric variety Xy is the graded polynomial ring
S = Clz,|p € £(1)] where degz, = deg D,. In our case we get

S = Clzo, ..., Ty ,degz; = ¢;

In |CLS11, Ch. 5.3] it is shown that if deg D = deg E, then O(D) = O(E).
Thus all sheaves associated to divisors of a given degree d are isomorphic,
denote this isomorphism class by O(d). Let Sy be the d-th graded piece of
S. Then we have

Proposition 2.2.1.
['(Xs,0(d)) = 5S4

Thus the global sections of the sheaf O(d) corresponds to all weighted ho-
mogenouos polynomials of degree d in n + 1 variables.

2.3 Intersection theory on Weighted Projective
Space

We now wish to look at intersection theory on our varieties. For any n-
dimensional variety X let Zi(X) be the free abelian group generated by
the set of irreducible closed subvarieties of dimension £ on X. Note that
Zp—1(X) = Div(X). As in the case of divisors we define rational equiv-
alence: Let a € Zi(X) be equivalent to zero if there exists finitely many
(k 4+ 1)-dimensional subvarieties V; C X such that « is the divisor of a ra-
tional function on V; for all i. Then the k-th Chow group A (X) is Zx(X)
modulo rational equivalence. In the toric case this behaves very well as a
generalization of divisors:
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Proposition 2.3.1. [Ful93, Ch.5.1] For a toric variety Xx, Ap(Xs) is
generated by the classes of the orbit closures O(c) of the cones o € L(n—k).

In the toric case, if ¥ is complete and simplicial, setting AF(Xy) =
A, (Xx), one can define a product

AFX)oQx A X)9Q = A (X)®Q

which agrees with geometric intersection in nice cases. This makes the
groups of cycles into a graded ring A®*(Xy)g.

To compute intersections we will also consider the Chow ring of a toric
variety, as defined in [CLS11, Ch. 12.5].

Given a fan ¥, let (1) = {p1, ..., pr}. Denote by u; the minimal generator
of p;. We will consider two ideals ., ¢ in the polynomial ring Q[z1, ..., z,].
Let

I = (xj, -+ x;,] all i; distinct and p;; + - - + p;, is not a cone in X)

r

J = (Z(m, u;)xz;| where m ranges over a basis of M)
i=1
# is called the Stanley-Reisner ideal. The Chow ring Rg(X) is defined as

Ro(2) = Qlxy, ...,z /S + 7

For completeness we also note that there is a third algebraic object one could
consider, the singular cohomology ring H®(Xs, Q). Then we have:

Theorem 2.3.2. [CLS11, Thm 12.5.3] If X%, is complete and simplicial,
then
Rg(X)g = A*(Xx)o = H* (X3, Q).

The weighted projective space is both complete and simplicial , so the the-
orem applies. Letting ¥ be the normal fan for P(qo, ..., ¢,) we see that

f:<$0~--$n>

Since we are now over Q, a basis for M = {m € Z"*!| 3" ¢;m; = 0} will be
(Giy -, —qo, ...0) for i = 1,...n. This gives the ideal

F = (qizo — qozili=1,...,n)

— 4

= 4o To., SO the

Doing the computations, we can eliminate x1, ..., x,, since x;
Chow ring will be

Ro(2) = Qlwo] /2™
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The 1-graded part of Rg(X) corresponds to divisors, with g correspond-
ing to Dy, thus we can compute generalized intersections of divisors from
this. Taking any torus-invariant divisor D = Y " ja;D;, let d = deg D =
Yoioaigi- Then in the Chow ring, D gets mapped to Y ! ajz; =

Zi:O a; 9 To = 2 i—0 @iqi = 9 degD-

Taking n different divisors Dy, ..., D,, with deg D; = d;, it then follows,

n .

Dy--- D, = HFnld’ D

9o
thus we have determined intersections of divisors modulo Djj. To obtain
actual numbers for these intersections, we need to normalize, which amounts
to finding a natural candidate for the self-intersection Dg. This is possible
by generalizing Proposition saying that for a 2-dimensional polytope
P, the associated divisor Dp has self-intersection equal to Vol(P). This can
be generalized as follows (reformulating the statement a bit for our needs,

to avoid having to introduce too many definitions):

Theorem 2.3.3. [CLS11, Thm 13.4.3] Let P be a very ample polytope
giving the variety Xs, embedded in P*, where s = |P N M|. Define D} =
deg(Xx, C P?). Then

" = Vol(Pp)

To apply this, we need to make a diversion to describe a polytope giving
P(qo, ..., gn). However this will be useful anyway, since we need the polytope
to compute Euler-obstructions of our varieties.

From [RTTI, Remark 1.24 and Cor 1.25] we have the following polytope:

Given (qo, ..., qn) and M =2 Z" ! let § = lem(qo, ..., ¢, ). Consider the n + 1
points of My = R"*1:
v; = (0, ..., e ...0)

Let A be the convex hull of 0 and all v;. Intersecting A with the hyperplane
H = {(20, ..., xn)| > i ziqi = 0}, we get a n-dimensional polytope P. Then
Xp = P(qo,...,qn) and the associated divisor Dp will be %Do (to see that
Proposition [I.7.6] is still fulfilled, note that P is only full-dimensional in the
lattice generated by H. Getting Dp = (%Do really corresponds to choosing
(q1---qn,0...,0) as the origin of the lattice generated by H, while a different
choice of origin would result in a different, although linearly equivalent,
divisor).

If we then can determine the volume of P, we have a way of naturally
determining Dy, since one then would have

571
Vol(Pp) = D = — Dyl
4o
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implying that Df = Vol(PD)g—OZ.

To determine the volume of P, we will use the generalized cross product
(see [Mas83]). For n vectors vy, ..., v, € R"™! let A be the matrix with i-th
row v;. We can define the cross product v x - -- x v, € R**! by having the
k-th coordinate be (—1)¥ times the n x n minor of A obtained by removing
the k-th column. This cross product is orthogonal to all v; and satisfies

lvg X -+ X vp| = Vol(vy, ..., vy)

where Vol(vi,...,v,) is the n-dimensional volume of the parallelotope
spanned by vy, ..., v,. (For the more algebraically inclinced, this product can
be expressed by exterior algebra operations as the Hodge dual *(viA---Avy,).)

To determine the volume, we first need to normalize with respect to the
lattice, i.e. we need to determine the volume spanned by a basis. To find a
basis for the lattice spanned by H, we need to cleverly choose vectors. First
we choose an edge of the polytope P, say the edge vgv1, which is generated
by (—(;%, C%, 0,...,0). For simpler notation set ¢;,, . ;, = ged(¢i,, ..., ¢i,). The
primitive generator of the edge vgv, will be e; = (—;O—ll, ;)—01,0, ..,0). Now,
choose any lattice point of H of the form

oL, 0),
12

(w20, 721,
this exists since the numbers obtained as integral linear combination of qg, ¢1
are exactly all multiples of go1, and § — qQ;OO—llQ is such a multiple (the sub-
scripts are chosen for notational purposes which will become clear) . Set ey
as the difference between this point and vg, in other words

qo01

)
€2 = (3320 - —, %21, 7705 70)
do qo12

In general, for all 2 < s <n find a lattice point of the form

q0...s—1

(371'0, Lily -oes Ti(s—1)» 0.5 0, 0)
This is equivalent to saying

qo...s—1

ziogo + Taqr + -+ Tie-1)qs—1 + ———qs = 6,
q0...s
and set 5
qo...s—1
es = (,fio— *71'7;1,...7:(:1'(571)7 5 707...70).
q0 q0...s

Then we have

Proposition 2.3.4. The n vectors {e1, ...,en} constructed above, are a basis
for the lattice spanned by H.
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Proof. We will use Lemma to show this. Assume we have a lattice
point [ = > | cie;, where 0 < ¢; < 1 for all 4. Then it suffices to show
that all ¢; = 0. We will show this by descending induction on ¢,. Let
I = (y0,...,Yn). Then we have, by definition of H,

> ayi=0 (2.3)
=0

Consider the (n + 1)-the coordinate. Since the basis is constructed in such
a way that the only vector having nonzero (n + 1)-th coordinate is e,, we
must have gy, = cnqo"“i’”;l. When we defined weighted projective space we
assumed qo,.., = 1. Thus we must have y, = cnqo,..n—1. Now consider
modulo (qo,... n—1): The righthand side is 0 and the first terms goyo +
o + gn_1Yyn—1 will be zero, since, in general integral linear combinations of
a set of integers are exactly the multiples of their greatest common divisor.

Thus we must have

dn¥Yn = GnCnqo,...n—1 = 0 (mOd QD,...,nfl)-

Now since ¢, < 1, we have c,qo,... n—1 < qo,...n—1, and if 0 < ¢, there must be
some prime power p” dividing qo,... ,—1 Which does not appear in ¢,qo,....n—1-
But then we must have that p divides g,, which implies qo ..., > 1 which is
a contradiction. Thus ¢, = 0.

Assume in general we have proved that ¢, = ¢,—1 = ... = cs01 = 0. We
will show that ¢, = 0. We will use the same method as above: Since
Cs41 = ... = ¢, = 0, we have a linear combination [ = Zf:o c;e;. In the set

{e1,...,es}, the only vector with (s + 1)-th coordinate nonzero will be es.
Thus we must have ys = quo,“.i,s;l' Considering (2.3)) modulo ¢qo,... -1 we
get

_ qo,...,s—1
qsYs = 4sCs—

0,...,s

=0 (mOd qO,...,s—l)-

D521 g an integer k < %=22=1  Rewriting

N in is a latti in
ow, since [ is a lattice point, cg s s

the above we get

ds
qo,...,s

kqo,...,s =0 (mod q0,...,371) (24)

since kqo,...s = €sqo,....s—1 < Qo,....s—1, we must have, if 0 < ¢, that there is
a prime power p” in the prime factorization of gg . s—1, which appears to
a smaller degree in the prime factorization of csqo,... s—1. By the previous
equality, the highest power of p which can appear in g, ... s will also be smaller
than r, say it is (r —t). But to satisfy we must also have that p divides

9= which implies that p"~**! divides gs, but then p" ™! will divide qo,___s

qo,..., s ’
which is a contradiction. Thus we must have ¢ = 0.

46



The last case is an exception. If s = 0 we have | = ¢yeg, but by construction
of ey as a primitive vector we must have ¢y = 0. Hence we are done. O

Now we can use this to calculate the normalization of the volume.

Proposition 2.3.5. The volume of the parallelotope spanned by e, ..., e, is

V@ + .+ g2

Proof. The coordinates of z = ej X - - - X e, will be (modulo a sign) the n xn
minors of the matrix A with row 7 equal to e;.

_ g1 g0

q01 5 qo1 qO 0 0

—_— — 701 . e
:1:20 q0 x21 qo12 0 0

A= |230— 2 x3 m3 D2 0
q0 qo123

_ 6 ... 40,...n-1

_an % Tnl ITn2 Tn3 q,...n |

Set z = (z0,...,2n). We see immediately that zg = qo and z; = ¢1, since
the corresponding minors are lower triangular and ¢qo,., = 1. To cal-
culate z; we get, by expanding along the columns from the right, that
zs = (—1)°qo,... s det(Dg) where D; is the s x s submatrix from the upper
left of A. Consider such a Dq:

_a 40
qo1 qo1 qO 0 0
—_—— 701 DY
20 7 g T2 G 0 0
6 012 :
T30 — o T3l Tz 2 0
Dy = .
: 0
qo,..., s—2
s qo,..., s—1
[ Ts0 = 4o Tsl Ts2  Ts3 10 Tg(s—1) |

Enumerating the columns 0, ..., s — 1, after multiplying column i by ¢; (thus
changing the determinant by a factor of ¢g---¢gs—1) for all i, observe that,
by the construction of e;, the sum of all rows except the last one are O.
For ¢ = 0, ..., s — 2 do successively the column operation: add column 7 to
column 7+ 1. This will not change the determinant, and observe that by the
remark about the row sums, the new matrix will be lower triangular. Thus
the determinant will be the product of the diagonal elements.

Diagonal entry number r will be equal to 2,090 — 0 +xr1q1 + ... + Zp(r_1)@r—1,

which by construction equals —qz’o‘“’r_l. So we get
det(Dy) = (—1)s 0%
q0 - gs—1 q0,...,s



implying that z; = gs.

The result now follows from the fact that |22 = ¢3 + - - - ¢2. O

[a2 1 ...q2
By this result, we have that a Euclidean volume of % will be normal-
ized to 1 in the lattice spanned by H. Using this we have:

5n
qo-qn ”

Proposition 2.3.6. The volume of P is

Proof. The edges emanating from vy are spanned by the vectors

1) )
wi = (—2,0,.,2.0,...,0),
q0 qi
for i = 1,...,n. The Euclidean volume of P will be w The corre-
sponding matrix is
- s s -
2 2 9 0 - 0
-2 0 2 9 0
a0 @
~ 0 O - 0
: Do 0
5 o
L o 0 0 0 qn
_(_ém 5" sm . m :
We see that wy x -+ X wn = (55 oamgn > Togroan > oogemy)- ThiS

implies that

6”
lwy X - wy| = ———1/ ¢ + ... + 2.
4 q 0 "

n

giving

Combinining this with the normalization yields the result.

O

Finally we can return to intersection theory on P(qo, ..., g,). Recall that we
wanted to have Dfj = Vol(Pp)%. Inserting the above gives D = qo?_‘?qn.
Combining this with the previous calculations, we obtain a Bezout type

theorem for weighted projective space:

Theorem 2.3.7 (Bézout’s Theorem). Given n torus-invariant divisors
Dy, ..., Dy, on P(qo, ..., qn), we have

IT7_, deg D;
4o - dn

Dy---D, =
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2.4 Weighted projective plane

Specializing to the surface case, we can now determine some things about
the divisors on the weighted projective plane.

Proposition 2.4.1.

(k +m +n)?

2 _
KP( N kmn

k,m,n)
Proof. This follows from Theorem but to illustrate how to compute

intersections for general singular toric varieties, we will instead prove this
by using the formula from Corollary

Example describes the fan of P(k, m,n), the one-dimensional cones are
Cone(ey), Cone(es), Cone(es) in N = Z3/Z(k,m,n). We will describe this
more explicitly: Choose e, f € Z such that me+nf = 1. Then a Z-basis for

72 will by Remark be

0 1 k
vi=|—-f|,2=[0],v3=1[m
e 0 n

thus the quotient N = Z3 /v3Z is generated by v1,vs. Expressing the e; in
this basis we get

e1 = vg, ey = —nuy — kevs + evs, es = muy — kfuvg + fus

So the images of the e; in N will be

o= ()= () = (1)

Now by the notation from Corollary di =di—1,i+1 = —dit1,+2. Thus
2

1 1 d;
K%, = + - :
Xz ;(di—u dijiv1 di—1idiiv1

2 2
Z(difl,idzﬁrl,zﬂﬂ +d;ip1dip1iq2 + di+1,i+2)
P di—1,id;i+1di+1,i+2

(do1 +di12 + d2g)?
do,1d1,2d20

Then
do.1 = det((0,1), (—n, —ke)) =n
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Y

Figure 2.1: Left: Polytope giving P(1, m,n) Right: Its normal fan

di o = det((—n, —ke),(m,—kf)) =k
dao = det((m,—kf),(0,1)) =m

s (k+m+mn)?
KXZ - kmn

O]

If one would use our Bezout’s theorem, we would easily obtain the same
as above, since it implies that €' - D = 98¢deeD = Gince deg Kpkmn) =

kmn
_ (k4+m4n)?

—k —m — n this gives Kg(k mon) P

We now consider in more detail the polytope P giving Xp = P(k,m,n).
Again we assume that k, m,n pairwise have no common factors.

From [Morll] we have that Conv(0,mej,nez) will be a polytope giving
P(1,m,n). We want the more general polytope, but when we are in this
special case, we will use this instead.

As in section we get the following: In R?® consider the cone generated
by the points (0,0,0), (mn,0,0), (0,nk,0), (0,0, mk). Intersecting this with
the plane xk + ym + zn = kmn gives a well-defined 2-dimensional polytope
P with Xp = P(k,m,n).

Describing this more explicitly, consider the map:
¢ : P(k,m,n) — PN

defined by sending coordinates (z,y, z) on P(k, m,n), for each natural num-
ber solution (7, s,t) of the equation
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Figure 2.2: The polytope for P(2,3,5)

kr +ms + nt = kmn (2.5)

(N is the number of such solutions —1), to the coordinate (z"y*z!). Note
that such (r,s,t) are in a one-to-one correspondence with lattice points in
P. Also, by construction, this map is well defined. One can also consider
the same map as going from (C*)3, and in that case the closure of the image
is exactly the toric variety Xp.

We now wish to find how many solutions we have, i.e., the number of lattice
points in P.

The lattice points along the edges of P will be needed several times, and
they are easy to describe, so we collect them in the following lemma.

Lemma 2.4.2. The lattice points along the edges of P are the following:

Points on the edge where x = 0 are (0,nk — In,lm) where l =0, ..., k
Points on the edge where y =0 are (mn — jn,0, jk) where j =0, ...,m
Points on the edge where z =0 are (mn — im,ik,0) where i =0,...,n

Proof. We only do the z = 0 case.

We wish to find integral solutions to my+nz = kmn < my = n(km—z) with
y, z positive. All solutions listed above obviously works. Since ged(m,n) =1
n has to divide y. Letting [ run as above we see that this is in fact all
solutions.
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Proposition 2.4.3. The number of lattice points of P is W + 1.

For now, let the number of solutions be f(m,n, k). To show the proposition
we will consider the number of solutions (z,y) of max + ny = kmn — kj for
j ranging from 0 to mn.

Lemma 2.4.4. As j ranges from 0 to mn — 1, kmn — kj ranges over all
classes modulo mn.

Proof. Assume kmn — kj = kmn — ki (mod mn). Then,
kj = ki (mod mn)

hence i = 7 (mod mn) since ged(mn, k) = 1. O

If we now consider the general equation mx 4+ ny = s for any s € N. Let sg
be the reduction of s modulo mn.

Lemma 2.4.5. The number of solutions positive integral solutions to mx +

_ s—50 5—so
ny=sis <0+ 1 or =70

Proof. First if s = 0 (mod mn) it is easy to see that there are >~ +1
solutions: Let s = mnl. Then (nj,m(l — j)) for 0 < j <[ are all solutions
since ged(m, n,) = 1. Then we have two cases:

If sp can be written as a linear combination sy = am + bn where a,b are
nonnegative integers, then our equation is equivalent to m(z—a)+n(y—b) =
s — so which by the above has *-*0 + 1 solutions for (z — a,y — b). If there
were solutions with 0 < x < a, then n has to divide a — x, so a — z = nt
giving sg = (nt + x)m + bn > mn, which is a contradiction.

Else, so+mn can be written as such a linear combination (since all numbers
> nm can be written this way), hence our equation is m(x —a) +n(y —b) =
s —mn — s, which by the above has *—20 solutions. O

Then by combining Lemmas [2.4.4] and [2.4.5| we get that the sg will vary
through all numbers less than mn, hence we get

mn—1 mn—1

f(mnk)—l—i—zkmn_kj Z j g(m,n),

7=0
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where g(m,n) is the number of sy < mn which cannot be written as a linear
combination as in the proof above. The extra 1 corresponds to the single
solution corresponding to j = mn. Writing out the sums we get

kmn k mn 3
By="Cp 2 TR s 2.6
Flm o) = E B TS gm, ) (2.
The polytope Conv(0, mey,nes) giving P(1,m,n) has lattice points corre-
sponding to all solutions (z,y) such that nx +my < mn. We see that these
are in one to one correspondence with solutions (x, y, z) of nx+my-+z = mn.

Lemma 5.2.4 [Morl11] (or an easy counting argument) counts the number of

(m+1)(n+1)

these, yielding f(m,n,1) = 5 +1.

Inserting this into (2.6 with & = 1, we get g(m,n) = %W Inserting
this back in the general (2.6) we get the result
kmn+k+m-+n

f(m,n, k) = 5 +1

We could also obtain this easier, using the extended machinery of Ehrhart
polynomials:

Proof. The Ehrhart polynomial is given by Ep(z) = Area(P)z* + 1[0P N
M|z + 1. We know that the number of lattice points equals Ep(1). By
Lemma |OP N M| = k 4+ m + n. In the next section we compute the
volume to be kmn. Combining these yields the result. O

The lattice points in the plane kx + my + nz = kmn form a 2-dimensional
lattice L which, after choosing a point of origin, say (mn,0,0), is isomorphic
to the lattice M = {(=,y,2) € Z®| kx + my + nz = 0} under (x,y,z)
(x —mn,y,z). Thus for N = Z3/(k,m,n)Z the dual pairing L x N sends
(z,y,2),(r,s,t) to r(x —mn) + sy + tz.

Using this we can determine the associated divisor Dp. This is determined
by the facet presentation, i.e. we want to find a; such that P is given by

<m7 ’U,z> > —a;

where the u; are basis vectors for N. We can determine a; by choosing
a point on the corresponding facet, corresponding to where each of the
coordinates are 0. Choosing

mo = (0,0, km)
my = (mn,0,0)

mo = (0, lm, O)
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we get
(mo,ug) = —mn

(my,u1) =0
<m2,UQ> =0

Thus Dp = mnDg, which was what we expected.

If we now wish to find the normal fan of P, we wish to find vectors u; in NV
orthogonal to the edges of P. The edges are generated by

vo = (0, —m, m)
v; = (—n,0, k)
vy = (—m, k,0),
giving the equalities in the quotient N,
uo = (0, —m, —n) = (k,0,0)
u; = (—k,0,—n) = (0,m,0)
us = (—k,—m, 0) = (0,0,n),

which are exactly the 1-dimensional cones from Example SO We recover
the normal fan as expected.

2.5 Degree of duals

We now wish to calculate the degree of the dual variety of P(k,m,n). We
have from Proposition [1.10.3

deg X¥4 mm =3Vol(P) —2E(P)+ Y Eu(v)

v vertex €P

By Proposition the singularities of P(k, m,n) will always be isolated,
at the points corresponding to the vertices. Since the Euler-obstruction
equals 1 on the smooth locus of a variety, we need to determine the Euler
obstruction of the vertices. Recall that this was given by Proposition

Eu(v) = 2 — Vol(P) + Vol(Conv (P \ v))

Without loss of generality we still consider the vertex (mn,0,0) as the origin
of our plane. We will find two different bases for the lattice, each containing
a vector generating one of the edges.

Lemma 2.5.1. There exists a solution of (2.5) of the form (r,s,1)
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Figure 2.3: P(2,3,5) with the basis {v,w}

Proof. We wish to find a solution to kr + ms +n = kmn. If we consider
this modulo k& we see that for any 0 < sg,s1 < k — 1,

mso+n =ms; +n (mod k)
Thus so = s1 (mod k).

Hence letting s vary from 0 to k — 1 we see that all modulo classes will
appear, in particular there is a s such that ms+n =0 (mod k). Therefore
ms +n = kv. Then choosing r = mn — v proves the lemma. O

From Lemma we obtain there exist solutions of (2.5]) of the form (a, 1, b)
and (c,d,1). Pick these such that b and d are the least possible. Then we
can consider the lattice vectors

v = (—n,0, k) (along the edge y = 0)
w = (a —mn,1,b)

Lemma 2.5.2. The vectors v,w form a basis for the lattice spanned by the
lattice points of the plane (22.5)).

Proof. By Lemmal[A.0.2]it is enough to show that T'(v, w) M = 0. Assume
that sv 4+ tw = [ is a lattice point, where 0 < s,t < 1. Then by considering
the y-coordinate we see that ¢t = 0. But then | = sv, and by Lemma [2.4.2
we see that s = 0. 0
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Remark 2.5.3. Note that this is only the 2-dimensional case of Proposition

234

Similarly v' = (—=m, k,0) and w’ = (¢c—mmn, d, 1) will be a basis corresponding
to the other edge lying next to our chosen vertex.

From Proposition a Euclidean area of 7vk2+2m2+"2 will have normalized
area of 1.

From Lemma [2.4.2] we get that the length of the edges of P is kK + m + n.
Also the volume of our polytope P is mnk, by calculationing the area of P
the triangle (for instance |(0, —nk, mk) x (—nm, 0, km)|). To summarize

Vol(P) = kmn

E(P)=k+m+n

What remains is finding the Euler-obstruction of the vertices, we will try to
calculate this as well.

Call the polytope we get when we remove a vertex P’. Consider the line [
through (mn —n,0, k) spanned by the vector w —v = (a+n—nm,1,b—k)
(Alternatively this is the line through the points (a, 1,b) and (nm —n, 0, k).
This will by definition be a supporting halfspace of P’, since P’ is the convex
hull of the remaining lattice points. Similarly the line I’ through (mn —
m, k,0) spanned by w’ — v’ will also be a supporting halfspace. If these lines
intersect in a lattice point (or are the same line), then P’ is defined by these
and we can calculate the new area. In general there can be any number
of edges to the new polytope, and we will need more general methods to
compute this.

Now we can find some Euler-obstructions:

Proposition 2.5.4. Consider P(k,m,n). Then Eu(0,0,mk) = 0 if and
only if m+k =0 (mod n)

Proof. We wish to find solutions of the form (1,b,a), (d, 1, ¢) with b, d mini-
mal. That is
kE+bm=0 (modn)

dk+m=0 (mod n)

We see that if k+m = 0 (mod n) then we can choose b = d = 1, and we
will remove two triangles spanned by basis vectors, so the Euler obstruction
is zero by the above. Conversely if the removed area is two, then the points
(1,b,a),(d,1,c) coincide, so b =d = 1, hence k +m =0 (mod n). O
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Figure 2.4: For the vertex (0, 10,0) in P(2, 3,5) we see that the lines [, are
the same line. We see that the removed area consists of 3 triangles spanned
by basis vectors, hence Eu(0,10,0) =2 -3 = —1

Remark 2.5.5. Of course similar results also holds for the other vertices,
by cyclicly permuting &k, m,n.

In general one cannot find a closed formula for the Euler-obstruction, as it is
realated to the behaviour of continued fractions, for which there is no closed
formula, we will see this in detail in the next chapter. However in special
cases, where there are relations between the numbers k, m,n, it is possible
to find a formula, as the following proposition shows.

Proposition 2.5.6. degP(m,n,m +n)Y = 3mn(m +n) —5(m +n) + 4

Proof. Consider P(m,n, m + n), we will find the degree of P(m,n,m +n)".

From Proposition [1.10.3| we have

degP(m,n,m +n)¥ = 3mn(m +n) — 2(2m + 2n) + Z Eu(v)
veEP

Now we proceed as described above.

From Lemma [2.5.4] we get

Eu(0,0,mn) =0
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Consider now (n(m + n),0,0). As above we need to find minimal b,d (for
lattice points (a,1,b) and (c,d, 1)) such that

n+bn+m)=0 (modm)
dn+m+n=0 (modm)
Reducing, this amounts to
(b+1)n=0 (mod m)
(d+1)n=0 (mod m)
Sob=m—-1=d.

Solving for a and ¢ we obtain a = n(m+n) — (m+n)+ 1 and ¢ = n(m +
n) —n — 1. A calculation now shows that the two lines [,1!’ we get when we
nim+n)—m-—n

remove this vertex will be the line through 0 spanned
m
1 n(m+n)—n -1
by | 1 | and the line through m spanned by | —1
-1 0 1

Now we have that

n(m+n)—m-—n 1 n(m+n)—n
0 +m| 1 | = m
m -1 0

Thus the two lines are really the same, hence it defines the new polytope
P’, so the total area removed will be the area of the triangle spanned by the
vectors

-m—-n -n
0 m
m 0

A calculation shows that the area is given by
4A% = m2(m? +n? + (m +n)?
Hence the normalized volume is m, giving a total Euler obstruction of
Eu(n(m+n),0,0) =2 —-m
A similiar calculation for (0, m(m + n),0) yields

Eu((0,m(m +mn),0) =2—n
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Hence the degree we are looking for is
degP(m,n,m +n)" = 3mn(m +n) —2(2m +2n) — (m +n) +4

=3mn(m+n) —5(m+n)+4

Proposition 2.5.7. For odd m > 1,

degP(m — 2,m,m +2)¥ = 3m> — 19m + 3

Proof. Consider P(m—2, m, m+2). Again we will find the Euler obstruction
of the vertices.

For (0,0, m(m — 2)) we wish to find lattice points (1,b,a) and (d, 1, c) with
minimal b, d. This gives

m—2+bm=0 (modm—+2)

dim—2)+m=0 (mod m + 2)

which gives:
—2(b+2)=0 (mod m+ 2)

—2(2d+1)=0 (mod m+ 2),

resulting in b =m and d = WTH

2

One calculates that a = m? —3m + 1 and ¢ = m? — %m + % Then we get a

basis consisting of (0, —m — 2,m), (1, —2,1) and

-1
(17b7 a) =+ mT(lv _2a 1) =

) 1
J,m?—Zm+2) =(d,1,¢),

m—1 m+1
T 2 2 2

(1,m,m? —3m+1) (1,-2,1) = (—,

so that these lines define P’. Then we get:

—m+1
Eu(0,0,m(m — 2)) =2 — 13 _ Zm+

2 2
Similarly solving for lattice points (a,1,b) and (d, 1, ¢) with minimal b, ¢ one
gets b = mT_?’,c: m — 4, implying that a = m? + 37’” — %,d: m2+m + 1,

so we obtain a basis consisting of (m,2 —m,0), (1 —2,1). Then since

~3 3m 3 —3
(m2+m,m—2,0)+mT(1,—2,1) = (m2+7m—§,1,mT)
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we can again calculate the area yielding

-1 -
Eu(m(m +2),0,0) =2 — m2 = m2+5

By Remark [2.5.5]
Eu(0, (m — 2)(m+2),0) = 0.

So degP(m — 2,m,m +2)¥ = 3(m — 2)(m + 2)m — 2(3m) — m + 3 = 3m>
19m + 3
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Chapter 3

Resolution of singularities

3.1 Continued fractions and resolution of singu-
larities

The presentation in this section mainly follows [PP0T7], but with a view
towards [CLS11] and [Dai06]. We refer some propositions and write out
some proofs.

Given a rational number A, we can consider two different expansions as a
continued fraction:

1 n 1
—72011 —_—
by — —1 as + —
2 _i 2 .

as

A=0b

the first is called the Hirzebruch-Jung continued fraction and will be denoted
by A = [b1,...,b;] 7. The second is called the Euclidean continued fraction
and is denoted by A = [a1, ..., as]"

We will say that the length of the continued fraction A = [by, ..., b,]* is 7.

Given A, one can calculate the Euclidean continued fraction by the Euclidean
algorithm(hence the name), while one can calculate the HJ fraction by doing
a modified Euclidean algorithm:

Let A = %. Set 1o = k. Find 71,91 € N such that d = roq; — r1 where 0 <
r1 < 1rg9. Then find r9, g2 such that rg = rigo — ro with 0 < r9 < go. Proceed
in general to find r;,¢; such that r;_y = 741 — 7i+1, where 0 < r; < g;.
Then % =1q1, . qs]”-

For theoretical reasons we will also construct these another way. Define two
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sequences of polynomials with integer coefficients inductively by
ZE0) =1
ZE(z) ==z

ZE (1, ey ) = 2125 (29, .y 2n) & ZF (23, ..., 2,) when n > 2

+
Proposition 3.1.1. [z1,...,z,]* = % formn>1

Proof. We prove this by induction. The case n = 1 is clear. Assume the
proposition is true for n — 1. Then

Zi(xlv ,(En) o
Zi(x27 7xn) B
0125 (20, ., p) £ ZF (23, ..., 1) B
ZE (29, .y 1) -
Z%* .
T + (x37 7xn) _
Zi(x%'“axn)
1 J—
TUE P apean)
A (x37~~~:33n)
1
T+ =
[xQ’ 71:71]i
[1'1, 71.77,]i

O]

Proposition 3.1.2. Z*(zy,...,x,) = Z5 (21, ..., Tpn_1)2n £ Z5 (21, ..., Tp_2)
forn > 2.

Proof. Again we proceed by induction. The case n = 2 is obvious. Assume
it holds for all £ <n . Then

Zi(xl, B

wlZi(:L‘Q, ey Tpy1) £ Z(3, ey Tyl

:Ul(Zi(a:Q, coey T )Tyl £ Zi(mg, O

(anZi(xg, ey Tpy) Zi(ﬂi‘g, ey Tp—1)

(lei(:zg, vy Tp—1) Zi(xg, ey Tp—1)
Zi(azl, oy )Tyl £ Zi(xl, veey Ty

—_
~—

where we use the induction hypothesis in the second equality. O
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Taking a short break from the general theory, we will also need the following
result, a proof can be found in [PPQT7].

Lemma 3.1.3. Assume X\ > 1 € Q has HJ-fraction A = [(2)™,n1 +
3,(2)™,ng + 3,...,(2)™s+1]” where n; > 0 and (2)™ denotes m; consec-

utive 2’s, where m; > 0 (i.e. an empty string of 2’s also gives a m; ).
Then ﬁ = [m1+2,(2)",ma+3,(2)"2,mg+3,...,ms+3, (2)", msy1+2]".
Example 3.1.4. If A\ =[2,2,2,3,4,2,2,3]" then

m1:3, mQZO, m3:2, m4:0

TLl:O, n2:1, n3:O

so 127 = [5,3,2,5,2].

Using the above, we prove the following result on lengths of HJ-fractions
which will be needed later.

Proposition 3.1.5. Let ¢ = [by,...,b,]”. Then

s = 1+i(0i —2)
i=1

where ﬁ =[e1y 0™
Proof. Setting A\ = %, we have that ﬁ = d%dk, so the continued fractions

are related as in Lemma [3.1.3] Consider all ¢; # 2 (i.e., all ¢; > 3). Assume
there are t of these. From Lemma [3.1.3] each of these contribute ¢; — 3 to
the length of the HJ-fraction of %. Also, each of the ¢t + 1 (possibly empty)
strings of 2’s each contribute one to the length of the HJ fraction of %. From
the lemma one thus sees that the total length s =t + 1+ Zi,ei;&(ci —-3) =
1+ > cz2(ci —2). Since 37, . _o(c; —2) = 0 we can add this, yielding
s =14 ,(c; —2), which was what we wanted to show. O

It turns out that this result is also in [Oda88l Lemma 1.22].

Back to the general theory, given a 2-dimensional lattice L = Z? and a line
I through the origin of Lr with slope A € Q, one can consider the cone
generated by the positive x-axis and this line. In fact all 2-dimensional
strongly convex rational polyhedral cones are of this form:

Proposition 3.1.6. Given any 2-dimensional cone o one can choose a basis
{e1, ea} for the lattice L such that in this basis o = Cone(ey, key+dey) where
d>k>0 and ged(d, k)= 1.
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Proof. By Proposition we can always choose a primitive generator of
an edge of o, v, as the first basis vector of our lattice. Let (e; = v,¢€))
be a basis for the lattice. The other facet of the cone will in this basis be
generated by a vector w = ae; + be,. Now let d = |b| and k = a mod d,
where 0 < k < d.

Then w = (a — k + k)e1 + sign(b)de, = key + d(sign(b)ey + 5 e;). Thus we
see that in the new basis {e1, e2 = sign(b)el, + %el}, w = key + des. O

Definition 3.1.7. We say that a cone o is of type (d, k) if it can be written
as in Proposition with parameters d, k. We will use the method from
the proof above to turn a cone into a (d, k)-cone.

Note also that some literature, notably [CLS11] and [Ful93|, use a different
convention for a (d, k)-cone, so that results sometimes look a bit different.

Now assume that the lattice we are in is the familiar character lattice M
with basis eq, ez, we also have its dual N with induced dual basis e}, e3.

Proposition 3.1.8. Assume oV is a (d,k)-cone in Mg with respect to
{e1,e2}. Then o is a (d,d — k)-cone in Ng with respect to the basis

{e3, €1 — €3}

Proof. Recall that the dual is defined as 0¥ = {m € Mg|(m,u) > 0Vu € c}.
Since 0 = Cone(ey, ke; + dez), we see that xel + ye; € M is in oV if

x>0

dy+kd >0
This is exactly Cone(e, dej — ke3) = Cone(es, (d — k)es +d(ef —e3)) O

Now given a (d, k)-cone o C Ng, we can consider the supplementary cone o
which is Cone(—ej, (d, k)). That is cUoy is the halfplane y > 0. Rotating the
coordinate system 90 degrees clockwise turns oy into Cone((0,1), (d, —k))
which is isomorphic to the dual cone ¢V, by Proposition Thus the
dual will be isomorphic to the supplementary cone.

Define K (o) = Conv(c N (N \ {0})). Let P(c) be the boundary of K (o),
V(o) the set of vertices and E(c) the set of edges. P(o) is a connected
polygonal line with endpoints coinciding with the generators of . We index
the edges such that the first edge E7 is the edge bordering the z-axis and
then clockwise along the boundary.

Let Ap = (1,0). Define A;, i > 0 as the sequence of integral points as one
goes along the enumerated edges of P(o). Since A is rational this is a finite
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sequence, the last point we denote by A,;q. [CLS11, Thm 10.2.8] shows
that the primitive generators of OA; is the Hilbert basis of the semigroup
ocNN.

By construction and Lemma we see that each pair (OA4;, OA;4+1) is
a basis for N. Also the slopes of the set {OA;} have to be increasing with
increasing i, since A; are on the boundary of a convex set. Thus we have
relations:

rOA;—1 4+ sOA; = OA;41
tOA; + uOA;11 = OA; 4
= (rt+s)OA; + (ru — 1)A;41 =0
=rt+s=0,ru=1

If r=u=1we get s=—t and
sOA; + OA;—1 = OA;11

But this contradicts the increasing of the slopes. Thus we must have r =
u = —1 and s = t resulting in the relation

OA;,_1+ OAZ'+1 =b;0A; (3.1)
By convexity we must have b; > 2.

Proposition 3.1.9. OA; = Z7 (b1, ...,b;i—1)OA; — Z~ (b, ...,b;—1)OAy for
i > 2. In particular the slope of OA,4+1 = X in the basis (—OAg, OA1) equals
[bl, ceey br]_.

Proof. The first assertion is proved by induction on ¢. For ¢ = 2 this is just
the relation above. For general i we have

OAiy1 =b;0A; — OA;

— 0(Z (b1, s bi_1)OAy — Z~ (bay ooy b1 )OAp)
—Z (b1, bi2)OAL + Z (b, oo, bi2)OAg

= OA (B Z (b, oo bit) — Z (b1 ooy bis))
—OAo(B:Z (b, oo bi1) — Z (o ooy bis))

— OALZ (b, ooy b;) — OAGZ ™ (b, ooy bi),

where the last equality is by Proposition [3.1.2

That [by, ..., b,]” is the slope in the chosen basis follows directly from Propo-
sition [3.1.1] dJ
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Observation 3.1.10. If now [by,...,b,]” = ? for some e, f, then we see
that the line OA, 41 is generated by both (k,d) and —fOAg + eOA;. Since
d >k, OAy = (1,1) in the standard basis, hence (k,d) = (e — f,e), which

results in [by...,b,|” = 4.

Now we finally can relate this to toric varieties. Given a singular affine toric
surface U, we will describe how to resolve its singularity.

Definition 3.1.11. Given a singular variety X, a resolution of singularities
is a smooth variety Y with a proper morphism ¢ : Y — X which induces an
isomorphism on the smooth locus: Y \ ¢~ (Xsing) = X \ Xsing-

A resolution of singularities for X is called minimal if for every other res-
olution of singularities ¥ : Z — X there exists a p: Z — Y such that the
diagram is commutative:
Y
Rt
= lcb

7YX

For surfaces, being a minimal resolution of singularities turns out to be
equivalent to no component of the exceptional divisor £ = ¢~!(O) having
self-intersection -1.

In general resolutions of singularities exist in characteristic 0. In the toric
surface case this can be constructed explicitly using the above. Given o
construct the points A; as above. Let 0; = Cone(OA;). Let ¥ be the fan
with 2-dimensional cones Cone(o;, 0;—1) for i = 0, ..., 7. The identity map on
the lattice N induces toric morphisms U,, — U, which glue to a morphism
qb : XE — Ua.

Proposition 3.1.12. The morphism ¢ is a resolution of singularities for

Us.

Proof. As remarked above, each pair OA;, OA; 1 is a basis for the lattice,
hence each cone in the fan ¥ is smooth. Thus Xy is smooth. It is the identity,
except at its singular point, thus it is a resolution of singularities. O

In fact it turns out that this is the minimal resolution.

Proposition 3.1.13. The exceptional divisor ¢~(0) has r components
Dy, ..., D, and the self-intersection of D; equals —b;. Hence ¢ is the minimal
resolution.
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Figure 3.1: Left: Fan for P(1,1,4) Right: Fan for H,.

_ det(OA;_1,0A;41)
det(OA;_1,0A;)det(OA;,0A;4+1)"

det(OA;—1,0A4;) = det(OA;,0A;11) = 1, since both pairs are bases of the
lattice. Since OA;_1 + OA;11 = b;OA; we get that

Proof. From Proposition|1.8.3|we see that D;-D; =

det(OAi_l,OAi_H) = det(OAi_l,biOAi — OAi_l) = det(OAZ'_l, bZOAZ) =

That ¢ is minimal follows from the fact that b; > 2. O

Example 3.1.14. Consider P(1,1,m). Its normal fan of this will have 1-
dimensional cones generated by u; = ej,us = ez, u3 = —e; — ney, where
e1, e2 are the standard basis vectors of the plane.

Cone(u,uz) and Cone(u1,us) are smooth, so the only place one does any-
thing will be Cone(u1,u3) =Cone(ez, —e; — nes). We see we have to add
ug = Cone(—ez) to get a smooth fan. The resulting smooth variety is called
the Hirzeburch surface H,,.

Turning Cone(u,uz) into the form of a (d, k)-cone we use the proof of
Proposition Choose new basis v1 = e1,v2 = —e; — ea. Then the
singular cone will ba a (n,n — 1)-cone with respect to this basis. Picking
m =4, we get a (4, 3)-cone. We see that

)+ (o) =+(2)

which comes from the fact that ;25 =4 = [4]~.
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Euclidean(ordinary) continued fractions also appear in this setting, giving a
sort of duality property. Again we must first do some work.

Assume ged(d, k) = 1. Let % = lay,...,a,;]" and define associated integer
sequences P; and @; for 0 < i < r by

Ph=1,P=a, P=a;P1+ P
Qo=0,Q1=1, Qi =a;Qi—1+ Qi
Proposition 3.1.15. The P; and Q; are increasing sequences of natural

numbers satisfying a1, ...,a;]t = % and P;_1Q; — P;Q;—1 = (1) for 1 <
1 <r

Proof. The first equality is proved by induction on the length ¢. Observe
that continued fractions are well-defined for all rational numbers a;, hence

assuming the equality for n we get [a1,...,an11]T = [a1,...,an + 1+1]+ =
n
1 Pn_1
(a"+an+1)P"_1+P"_2 _ P"+an+1 _ Gny1PntProy _ Paga
(an"!‘ﬁ)Qn—lﬁ‘Qn—Q Q”J’_S:i;ll an+1Qn+Qn71 Qn+1 :

The second equality follows directly by induction since

PiQiv1 — PraQi = Pi(ain1Qi + Qi—1) — Qi(air1 P + Pim1) = PiQi—1 —
QiPiy = (—1)"*! O

Now given a type (d,k) cone 0 C N defined by a line [ one can consider
also the cone o/ = Cone((0,1), (k,d)). Let ©® = Conv(c N (N \ {0}) and
© = Conv(c’ N (N \ {0}). Then construct vectors as follows:

Let u—1 = (1,0),up = (0,1),u; = Qu_1 + Pug for i« = 1,...,7. Then we
have:

Proposition 3.1.16. © has vertex set {u, }U{u;|j odd } while ® has vertex
set {u, }U{u;lj even }. For alll <i <r u;_su; is and edge of the respective
convex hull containing a; + 1 lattice points.

Proof. We prove this by induction on r. Since u, = ku_1 + dug and d > k,
the ray starting at w_; and going through w; = u_1 + ajug intersects the
line [ at a point between u_1 + L%J ug and u_q +(L%J + 1)ug. Since L%J =
we see that the segment u_ju; is an edge of ©.

By Proposition [3.1.15| (u;—1,u;) is a basis for all 0 < i < r. In particular
uo = (0,1),u1 = (1,a1) is a basis. Now

(o) =#() r1a=200 ()
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Then we can repeat the entire process above in this new basis. Then we

want the continued fraction of d_ilfml = éial = lag,...,ar]T. We get the

same vectors u;, thus by induction the vertices of ©, 0’ are given by u;.

Now u; — uj—2 = a;u;—1 hence the edge has a; + 1 lattice points. ]

From this we see that ordinary continued fractions give the vertices of the
convex hulls of both a cone and its dual, while HJ-fractions give all the
lattice points on the edges of one of them.

Example 3.1.17. Consider P(1,m,n). The normal fan will have 1-
dimensional cones generated by v; = e;,v2 = eg,v3 = —ne; — mea where
e1, es are the standard basis vectors of the plane.

Assume without loss of generality that m > n. Then Cone(vi,v3) is a
(m,m — n)-cone with respect to the basis {v; = ej,v9 = —e; — ea}. By
considering the continued fraction of - we can apply the previous result
to the third quadrant to obtain vertices u; on both sides of the vector vs.
Consider the set of all lattice points {A;} on edges u;—ou;. Refine the fan
by adding Cone(OA;) for all j. Then the fan is smooth, hence this will be
the minimal resolution of singularities as constructed above.

For explicit calculations, pick m = 7,n = 4. Then 7%4 = % =[2,3]". Doing
the procedure above we get

Ph=1 PA=2 P=7

Qo=0 Qi1=1 @Q2=3

1 —1
ien=) w0

-1 —4
up = v1 + 202 (_2> ug = 3vy + Tvg = <_7> )

since this is with respect to the basis {v; = ej,v2 = —e; — ea}. To get a
smooth fan we have to add all the u; as well as cones generated by lattice
points on the interior of edges u;_su;. The edge u_ju1 has a; +1 = 3 lattice
points and the edge ugug has as + 1 = 4 lattice points, thus we will also
have to add cones generated by the additional vectors, i.e.

0 -2 -3
-1 -3 =5/’
adding all these cones, produces a smooth fan, see Figure [3.1

Of course we could also do this cone by cone using HJ-fractions, consider
our (7,3)-cone, then —— = T = [2,4]~. The first added 1-dimensional cone
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Figure 3.2: Left: fan for P(1,4,7) Right: Resolution of singularities

will be generated by w; = v + vy = (0,—1) the rest have to satisfy the
recursion relation so we = 2wy —wy = (—1,-2), w3 = 4wy —wy =
(—4,—T7). The other cone Cone(vy,v3) is a (4, 1)-cone with respect to the
basis fo = (0,1), fi = (—1,—2). Then, since ﬁ = % =[2,2,2]", we must
have cones generated by zp = fo = (0,1),21 = fo+ f1 = (=1,—-1),20 =
221 — 20 = (—2, —3),23 = 22’2 — 21 = (—3, —5),24 = 223 — 29 = (—4, —7).
This is exactly the cones we found using Euclidean continued fractions.

3.2 Euler-obstructions from HJ-fractions

Now we can return to task of calculating the Euler-obstruction of the vertices
of the polytope P giving P(k, m,n). We have the following proposition.

Proposition 3.2.1. [GS82] Let p € S be a normal cyclic surface singularity,
and X — S a minimal resolution of p with exceptional curves F;. Then

Eu,(5) =322 + E;i - Ei)

We will prove this for toric surface singularities.
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Proof. Given any toric surface, consider a singular vertex v . From Remark
1.11.8] we have that Eu(v) = 2 — Vol(eV \ K(c¥)) where ¢ is the cone
corresponding to v and K (c¥) = Conv(c" N (M \ {0})).

Assume oV is a (d, k)-cone, then o is a (d,d — k)-cone. From Proposition
3.1.13| E; - E; = —b; where % = [b1, ..., b,]”. Using the construction of K(c")
from above, and that each OA;, OA;11 is a basis for the lattice, so that each
such pair will contribute a triangle of normalized area 1, Vol(cV \ K(cV)) =
1+ s where s is the length of the HJ-fraction of d%‘lk. Thus what we wish to
show is that 2 — (1+s)=1—-s=> .2+ E;- E;) =) _;(2—b;). But this is
just Proposition [3.1.5] ]

Combining this with Proposition [3.1.13] we get the following corollary.

Corollary 3.2.2. Given a (d, k)-cone in Mg (equivalently a (d,d — k)-cone
in Nr) and let v be the singular point, write

d 1
B
ko by

br

Then Eu(v) =i 1(2 —b;).

We can apply this to make our earlier calculations easier. Consider again the
case P(m,n,m+mn) from Proposition In this case we have the familiar
polytope P. As remarked before for each vertex v, Cone(P — v) = oV,
where o is the cone of the normal fan corresponding to v . From the proof
of Proposition we see that for v = (n(n + m),0,0) we have basis
e1 = (—m —n,0,—m),es = (1,1, —1) for the lattice. Then the other edge
emanating from the vertex is generated by (—n,m,0) = e; +mes, hence it is
a (m,1)-cone. Since F* = [m]~, by the remarks above Eu(n(n +m),0,0) =
2—m.

More generally we consider P(k,m,n) for arbitrary k,m,n. Look at the
vertex v = (0,0, mk) of the polytope P. From Lemmaone sees that the
edges emanating from v are generated by (0, —n,m) and (—n, 0, k). Now we
wish to find a basis for the lattice containing one of these vectors. Without
loss of generality pick e; = (0,1, —m). Now we wish to find a second basis
vector, one way to do this is as before: let (1,a,d) be the point in P with
minimal a. Then es = (1,a,d — mk) will be a second basis vector (this
generates the line through (1, a,d) and (0,n, mk —m), the first lattice point
along the edge generated by e1). Now

(—n,0,k) = —ae1 + neg
Hence it is a (n,n — a)-cone. Thus if "~ = la1,...,a;]” then Eu(v) =

22— a;).
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Similarly for the vertex (0, kn,0) pick lattice point (b, e, 1) with b minimal
to obtain the basis e; = (m,—k,0), ea = (b,e — kn,1). Then the vector
generating the second edge is (0, —n,m) = —bej +mes. Thus it is a (m, m —
b)-cone. Letting " = [b1,...,bs] ", then Eu(v) = >_.(2 — b;).

For (mn,0,0) pick lattice point (f,1,¢) with ¢ minimal, obtaining basis
e1 = (—n,0,k), ea = (f —mn,1,¢). Then (—m,k,0) = —ce; + kea. So it is
a (k,k — c¢)-cone. Letting ﬁ = [c1,...,¢¢]” then Eu(v) =) (2 — ¢;)

Observe that finding lattice points of the polytope (1,a,d), (b,e,1), (f,1,¢)
with minimal a, b, ¢ corresponds to finding minimal a, b, ¢ such that

E+am=0 (modn)

n+bk=0 (modm)
m+cn=0 (mod k)

Collecting this together we get the following way of determining the degree
of the dual variety of a weighted projective space.

Theorem 3.2.3. Given P(k,m,n), find minimal natural numbers a,b,c
such that
k+am=0 (mod n)

n+bk=0 (modm)
m+cen=0 (mod k)

Let 325 = a1, a]7, 5% = [br, b7, g = ler ol

Then degP(k,m,n)" equals

r s t

3kmn—2(k‘+n+m)+Z(2—ai)+2(2—bi)+Z(2—Ci)

=1 =1 =1

Remark 3.2.4. As we only wish to get the singularity into the form of a
(d, k)-cone, any basis will suffice for doing this. Our choice of using a vector
with one coordinate equal to 1 is just one choice which always will work.

Proposition implies that a (d, k)-cone gives an action of a finite abelian
group on C2. By the dicussion in [CLSII, Prop 10.1.2] this will be of the
form:
Us = (CQ/Nd
(d : (:L‘a y) = (Cdxv (,;ky)a

where pg are the d-th roots of unity, and (; is a choice of primitive root.
In the case of P(k, m,n) with coordinates (z¢ : x; : x2), consider Xy =
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{zo # 0}. By the above this set comes from a (k, ¢)-cone, where m+cn =0
(mod k), thus the action is given by

Gk - (w1, 2) = (G, G, “T2),

By applying the above n times, we have that the orbit of (z1,z2) also can
be decribed as :

(Cra1, G a2) = (Grw, G wa)

Thus we recover the action on affine coordinate rings we described in
(with switched coordinates, this corresponds to choosing minimal ¢ such
that m + cn = 0 (mod k). If we instead chose ¢ such that em +n = 0
(mod k) we would have coordinates ordered normally).

Using Theorem [3.2.3] it is easier to find closed formulas in special cases.

Proposition 3.2.5. For k > 1, degP(2k — 1,2k, 2k + 1)V = 24k3 — 20k + 3

Proof. We wish to find minimal a, b, ¢ satisfying

2k—1+a2d=0 (mod 2k+1)
b2k —1)+2k+1=0 (mod 2k)
c(2k+1)4+2d=0 (mod 2k —1)

Some easy algebra shows that a, b, ¢ must satisfy

a=-2 (mod2k+1)
b=1 (mod 2k)
2c=—-1 (mod 2k —1)

Resulting ina =2k —1,b=1,c=k — 1. Now

2% + fliJE21k— 1)~ %; =L
Q;f =122
2k —21]{—_(11: 1) 2kk:_ S= R
Combining these yields the formula. O
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Proposition 3.2.6. degP(m,n,m+ 2n)" = 6mn®+ 3m’n — Tn — Jm + 2

Proof. Following Theorem we want minimal a, b, ¢ such that

m+an=0 (mod m+ 2n)
mb+m+2n=0 (mod n)
n+ (m+2n)c=0 (mod m)

One sees that a = 2,b = n —1,¢ = m2_1 (m has to be odd, if not then

ged(m, m+2n) # 1). Now 220, — 9_mizn—F _ 9 Iﬁigﬁ‘i =12,..,2,3]"
where the 3 is by induction, since 2 = [3]7. The HJ-fraction T =
T = [n]". Also mj% = % = [2,28]7. Combining these yields the
formula. O

The following Python code will for any given k,m,n, calculate the dual
degree.

from math import x

def deg(k,m,n): #Calulate the degree

a=minsol (k,m,n)

b=minsol (n,k,m)

c=minsol (m,n, k)

A=fracsum (n,n—a)

B=fracsum (m,m-b)

C=fracsum (k,k—c)

deg=3xk+ms#n—2x(k+mtn ) +A+B+C

return deg

def minsol(x,y,z): #Find a,b,c
for i in range(1l,z):
if (xt+y*i) % z = 0:
return i

def fracsum(d,k): #Calulate sum 2—Db_i
sum =0
HJ=frac (d,k)
for i in range(len(HJ)):
sum += 2—-HJ[1i]
return sum
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def frac(d,k): #Find HJ—fraction of d/k
HI= [)
while k != 0:

g=int (ceil (d/float (k)))
HJ.append(q)
r=q*xk—d
d=k
k=r
return HJ

3.3 Gorenstein singularities

Definition 3.3.1. A variety is called Gorenstein if the canonical divisor is
Cartier.

For an affine toric surfaces, it is easy to classify which are Gorenstein.
Proposition 3.3.2. [CLS11, Exc. 8.2.13] An affine toric surface U, is

Gorenstein if and only if o is a (d,1)-cone.

Proof. Assume o is a (d, k)-cone and the canonical divisor is Cartier. Then
there exists Cartier-data m, = (x,y) such that

(Mo, (1,0)) =1

(Mo, (k,d)) =1

The first equation gives x = 1. Since ged(k,d) = 1 the second equation can
only be true if either « or y is 0. Thus y = 0, which forces k = 1.

Conversely, if we have a (d, 1)-cone, (1,0) will be Cartier-data for the canon-
ical divisor, hence it is Cartier. [

We say that a singularity of a surface is Gorenstein if it is contained in an
affine open neigbourhood which is Gorenstein.

Proposition 3.3.3. [CLS11, FEzc. 8.3.2] A weighted projective space
P(qo, ..., qn) is Gorenstein if and only if ¢;|qo + ... + qn for all i.

Proof. This follows directly from the facts that the canonical divisor has
degree —qgp — ... — q, and that the Picard group is the subgroup of the
classgroup generated by lem(qo, ..., gn)- ]
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From this one can easily find the Gorenstein planes.

Corollary 3.3.4. The only weighted projective planes which are Gorenstein
are P(1,2,3), P(1,1,2) and P(1,1,1).

Also we can generalize Proposition to arbitrary surface singularities.

Proposition 3.3.5. A toric surface singularity has Euler-obstruction 0 if
and only if it is Gorenstein.

Proof. Let the singularity be given as a (d, k)-cone in Ng. Let ﬁ =
[b1,...,br]. By Corollary the Euler-obstruction is 0 if and only if all

b; = 2. Now if the singularity is Gorenstein, then k& = 1, so ﬁ = d%‘ll. It is
easy to check that the HJ-fraction of d%‘ll is a chain of d — 1 2’s.

Conversely if the singularity has Euler-obstruction 0, then all b;’s are 0,
but by the above this implies that in Mg it is a (d,d — 1)-cone, so it is a
(d,1)-cone in Np. O

3.4 Weighted blow up

In example we defined the classical blow up Bly(C™) as a subvariety of
P"~1 x C" and saw that it can be realized at the level of cones. We now wish
to define a weighted blowup, and relate this to the resolution of singularities
presented earlier. The idea of this comes from [ABMMOG14], where this is
done in coordinates. Here we will translate into the toric language of cones
and fans lying in vector spaces coming from lattices.

Definition 3.4.1. Given a fan ¥ € Ny and a cone o € ¥ with dim(o) =
dim(N). We define the weighted blowup of Xy, with respect to the weights
(q1,---,qn) in the point corresponding to o as Xy where ' is defined as
follows: Let o = Cone(ey, ...,e,) and set eg = > ., gie;. Then X' is the fan
consisting of all proper subsets of {eg, €1, ..., e, }.

Remark 3.4.2. This is a special case of what [CLS11] calls the star subdi-
vision, which they use to construct a general resolution of singularities for
toric varieties of any dimension. Since we here are interested in an explicit
resolution for the 2-dimensional case, we will only need the weighted blowup.

Example 3.4.3. To motivate this definition, do a weighted (qi,...,qn)
blowup of C™ at its maximal cone, i.e., at 0, to obtain the variety Xsv.
Then by Remark we see that the divisor corresponding to the new
1-dimensional cone o = Cone(eg) = Cone(D ;- gie;) is Star(c). This will
be the fan in Z/Z(q, ..., ¢») with cones generated by the image of all proper
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subsets of {eq,...,e,}, which is exactly the fan for P(q, ..., g,) by example
Also Xy \ D, = C™\ {0}, so we have a morphism ¢ : Xy» — C" such
that ¢~1(0) = P(q1, ..., ¢n), which is an isomorphism away from 0.

The following is proved in [ABMMOGI14], here we do our own proof using
toric methods.

Proposition 3.4.4. Given a (d,k)-cone o C Nr. Then the resolution of
singularities ¢ : Xy, — U, constructed in Proposition is obtained by
a sequence of weighted blowups.

Proof. Recall that one way of constructing the Hirzebruch-Jung continued
fraction of ﬁ was the following: Set r_1 = d,r9 = d — k. Inductively
find r;, q; such that r;_1 = 7;¢;41 — r3+1, where 0 < r; < ¢;. Then ﬁ =
[qlv ceey QS]i-

The blowups resulting in the resolution of singularities will be (r;, 1)-blowups
for i =0,...,s — 1. Starting with Cone((1,0), (k,d)) we first do a (rg,1) =
(d — k, 1)-blowup, giving

— 1

i)

Then we perform a (r;, 1)-blowup on the new Cone(4;, (k,d)) giving the next

cones
aaz(w—m(m_l)
a1

—~ q1q2 —q2 — 1
= ((d—k)q —d
@ = (@~ K- ) (12 )

We see that u; isn’t a primitive vector. Recall that the resolution of sin-
gularities constructs 1-dimensional cones vg, v1, ..., Us, Us1-1 that satisify the
relation v;_1 +v;11 = ¢;v;. We will show that w; = z;u; for a natural number
z;, such that the wu;’s satisfies w;—1 + u;4+1 = qyu;. This will imply u; = v,
thus the sequence of weighted blowups gives the same fan as the resolution
of singularities.

We will prove this by induction on the length s of the HJ-fraction of d%'lk.
Based on our calculations of the first cones, our induction hypothesis will
be that z; = r;_o, for ¢ > 1 , in other words that @; = r;_su; for some u;
satisfying u;_o + u; = ¢;_1u;_1. Assume this holds for ¢. Then

—

k
Uit1 = <d> + Tl = TioUp — Ti-1Ui—1 T
by the induction hypothesis. Now by definition r; + r;_o = q;7i—1, S0 7;u; +

Ti—oU; = QiUiTi—1, giving wit1 = qiuiri—1 — ri—1ti—1 = Ti—1(qiu; — ui—1),
which is exactly what wanted to show.
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We will now give formulas for intersection of divisors on the weighted blowup.
This is also proved in [ABMMOGI4], but again we give our own proof by
toric methods.

Take a 2-dimensional simplicial toric variety Xx. Let X(1) = {p1,..., pn},
with minimal generators u, ..., u, and associated divisors be D1, ..., D,,. Per-
form a weighted (p, ¢)-blowup at a maximal cone o, without loss of generality
let 0 = Cone(p1, p2), to obtain a new fan ¥’ with a new 1-dimensional cone
7 with associated divisor F/, and a morphism ¢ : Xy» — Xyx. Let the divisor
on Xsy associated with p; be denoted D). For a divisor D = Z?Zl a;D; on
Xy, let D' =3, a;D} be the corresponding divisor on Xy, this is called
the strict transform of D. Assume we have written o as a (d, k)-cone, with
p1 as the first basis vector. Set e = ged(dg, p + kq). Then we have:

Proposition 3.4.5. In the above setup, let D =" a;D;, C =" | b;D;
be any torus-invariant divisors on Xx. Then

a1p + azq

¢D =D + g
#*D-E=0
E2:—i
alc(lapq ase
D’-E:d—q+%
Do —p.o_ @bp byt ash  axbyg

dq d dp
¢o*D-¢*C=D-C

Proof. After performing a (p, ¢)-blowup at Cone((1,0), (k,d)) we get that 7
is generated by (p + kq,dq). However this isn’t necessarily primitive, so a
primitive generator will be v = %(p + kq,dq). From Proposition we
have

1 e

D E=———=—

! det(ui,v) dg
1

Dy BE=— =°

det(v,us)  pd
D;-E=0wheni=3,..n

B2 _ det(uq, usz) B _i
~ det(ug,v)det(v,ug)  dpq
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From Proposition we have that

Zaz ma7 >E

where m, = (z,y) is Q-Cartier data of 0. By definition this has to satisfy:

(mo, (1,0)) = —ay
(Mg, (k,d)) = —aq
implying that x = —aq, y = ‘“I‘?T_‘”. Then we get

Z D+ alp-l- a2qE

Using the intersection numbers listed above we get

2

n
* a1p+a2q .o aie aze aip—+aq e
D.E = N D etk Rt A T el e Y
¢ ;az i e dqg  dp e ( dpq)
Next we use that
D’:¢*D—a1p+a2qE
C,:¢*C—blp+b2qE
e
thus . .

(& &

=0

combining this with the above calculations gives the desired result. The last

claim is proved by applying the previous ones, we have:

¢*D-¢"C =

¢*D-(C’+blp:b2qE):

¢*D-C' =

Do PP o
€

atbip  aiby +agby  agbaqg L a1p+02q(b17€ 5276) -D.C
dq d dp e dq dp
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Now we can prove the the claims made before Proposition [1.9.5 Take a
surface Xy, and let X5y be the minimal resolution of singularities. By the
above, this is obtained by a sequence of weighted blowups, let the exceptional
divisors be Fjy, ..., Es. Then we have that

Hxs, - Dp = ¢* Hxy, - 9" Dp

now, ¢*Hx, = —> D, + i, cE; for some coefficients ¢; € Q. By
Proposition [3.4.5] a pulled back divisor intersects all exceptional divisors
trivially, so we get

S
~> "D, +> cE)-¢"Dp=-Y D, -¢"Dp=
p i=1 p

S
~> D, ¢"Dp—) E;-¢"Dp = Hx,, - ¢ Dp
i=1
which shows that #x,, - Dp = 5 Xy ¢*Dp, which was what we wanted.

From the above we could also recover the self-intersections of the minimal
resolution of singularities. For a (d,k)-cone in Ng, the first blowup is a

d
(d — k,1)-blowup. Then e = ged(d,d) =d,p=d—k,q=1,s0 E? = -4

Now if this continued fraction has length 1, say ﬁ = [I]7, we get that
E? = —] as before. Otherwise we could do further blowups, and check that
we would get the same self-intersections, however we will not do the details
here.

3.5 Going to 3 dimensions

We will attempt to look at the Euler obstructions of some singularities of
3-dimensional varieties.

From [1.10.3] we get the formula for the degree of the dual variety:

deg XV = 4Vol(P) — 3A(P) + 2> _ Vol(e) Eu(e) — Y _ Eu(v)
esP veP

where A(P) is the sum of the normalized areas of the faces of P while e the
is collection of all edges of P, and the last sum is over all vertices v of P.

Again the hard part is finding the Euler-obstruction of the vertices. From
Corollary [L.11.3] we get

Eu(v) = P)RSVz(P,v)—)» Eu(f;) RSVz(fi,v) Eu(e;) RSVz(ej,v),
J j
j
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where f; loops over all facets of P containing v, while e; over all edges of P
containing v.

By Proposition RSVz(ej,v) = 1 for all j and by Corollary
Eu(f;) =1 for all i. RSVz(f;,v) will as before equal Vol(f; \ Conv(f; \ v)).

If we now assume that the singularities are isolated, we get that Eu(e;) =1
for all edges e;. Combining all this, we have reduced the calculations to

Eu(v) = RSVz(P,v) — Y _RSVz(fi,v) + #edges

Combining Proposition [3.2.1] with Proposition we obtain that
RSV (fi,v) = 2+ >.7_1(bi —2) = 2 — Euy,(v) where the edges emanat-
ing from f; form a (d, k)-cone and % = [b1,...,bs] 7. By Euy,(v) we mean the
Fuler-obstruction of v considered as a point of the affine variety associated
with the cone generated by f;, which is not the same as Eu(v).

The only remaining term turns out to be problematic, since RSVyz(P,v) =
Vol(Conv((P \ {v}) N M)) is difficult to calculate in general. There isn’t
even a unique minimal desingularization of 3-dimensional singularities, as
the following example from [CLS11] shows:

Example 3.5.1. Let N = 73 with basis ej,ez,e3 and take o0 =
Cone(eq, e, e1 + €3, €2 + e3). Then we have the de-singularizations:

Y1 = {Cone(ey, e2, e3 + e3), Cone(ey, e1 + e3, e2 + e3) and their subcones}

Y9 = {Cone(ey, e2, €1 + e3), Cone(ea, e1 + e3, e + e3) and their subcones}

Both 31 and ¥4 are desingularizations, but there is no map between them.
If we also let 7 = e1 + e3 + e3, then

Y3 = {Cone(ey, ez, 7), Cone(ey, e; + es,7), Cone(eq, ez + e3,7), Cone(e; +
es, ea + ez, 7) and their subcones} is a common desingularization.

There are different ways of computing resolutions which are canonical in
some form or other, see [Dai02], but, as far as we know, none will yield
formulas for the Euler-obstruction as we want.

However if we restrict ourselves to simple cases, we may compute this.

Consider a polytope P = Conv(py,...,ps) € Z*. Let 0¥ C M = Z3 be
Cone((1,p1), ..., (1,ps)). Assuming the cone has an isolated singularity, we
can compute the Euler-obstruction, by the formula above.
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Since the polytope P lives in height 1, the term RSVyz(cV,v) will equal the
area of P, which we can compute by Pick’s formula Proposition [1.9.3

RSV (0", v) = 2|Int(P) N Z% + |0P N Z?| — 2

The sum — Y ;_; RSVy(f;,v), where f; are the 2-dimensional faces of o
equals the sum of the areas of f;. This equals —|0P N Z?|. Thus we obtain:

Proposition 3.5.2. For an isolated singularity of the form described above,
we have
Eu(v) = 2|Int(P) N Z% — 2+ s

We could also have calculated Euler-obstructions for non-isolated singular-
ities, but calculations get pretty messy and our primary example (see the
next section) has only isolated singularities.

3.6 P(1,k,m,n)

Going back to the case of X = P(1,k,m,n). From |[RT11l Prop 1.22]
we have that a polytope P for X will be the convex hull of the points
(0,0,0), (mn,0,0), (0, kn,0), (0,0, km) C Mg for a 3-dimensional lattice M.

We find the first terms needed in the formula.
Volz(P) = k*m?n?
A(P) = kmn + k*mn + km*n + kmn? = kmn(1 4+ k 4+ m +n)

E(P)=k+m+n+mn+kn+km

By Proposition the singularities are isolated if and only if ged(k,m) =
ged(k,n) = ged(m,n) = 1. Since we assume the weights are reduced, this
will always happen. By the discussion in the previous section, we have that:

Eu(v) = RSVz(P,v) — RSVz(f1,v) — RSVz(f2,v) — RSVz(f3,v) + 3.
This can also be formulated as
Eu(v) = RSVz(P,v) + Euy, (v) + Eug, (v) + Eug,(v) — 3.
Choose v; = (mn,0,0). Then we have 3 edges emanating from v, e; =
(=1,0,0), e2 = (—n,0,k) and e3 = (—m, k,0). Cone(es, e3) will as before

be a (k,k — ¢) cone where m + cn =0 (mod k). Since

(—n,0,k) =n(—1,0,0) + £(0,0,1),
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we get that Cone(ep,ez) is a (k,n’)-cone where 0 < n’ < k and n = n/

(mod k). Similarly since
(—=m, k,0) =m(—1,0,0) + £(0,1,0),

Cone(ey, e3) will be a (k, m')-cone where 0 < m’ < k and m =m’ (mod k).
As usual we get similar results for the other vertices by cyclicly permuting
k,m,n.

In specific cases we can use computer programs, here matlab, to calculate
the missing term RSVy(P,v), as in the following example.

Example 3.6.1. Consider P(1,2,3,5). The polytope P has vertices vg =
(0,0,0),v1 = (15,0,0),v2 = (0,10,0),v3 = (0,0,6). Using matlab we calcu-
late that

RSV(P, Ul) =4
RSV(P,v3) =5
RSV (P,v3) =6

We have e; = (—1,0,0),e2 = (—=5,0,2),e3 = (—3,2,0). Using the above we
get ¢ = 1 thus Cone(ez, e3) is a (2, 1)-cone. Also since

5=1 (mod 2)

3=1 (mod 2)

Cone(eq, e2) and Cone(ey, e3) will be also be (2,1)-cones. A (2,1)-cone has
Euler-obstruction 2 — 2 = 0, thus for all facets f; we have Euy,(vi) = 0.

Summing up we get that Eu(v;) =44+0+0+0-3=1.
For ve we have edges generated by (0, —1,0),(3,—2,0), (0, —5,3) that
5=2 (mod 3)

thus both facets involving (0,—1,0) are (3,2)-cones, which have Euler-
obstruction 0. Solving 5+ 2b = 0 (mod 3) for minimal b gives b = 2, thus
the third facet is a (3, 1)-cone, which has Euler-obstruction —1. Summing
up we get Eu(v2) =5+0+0—-1-3=1.

The edges generated by vs are generated by (0,0, —1), (0,5, —3), (5,0, —2).
Then we have a (5,2)-cone, giving Euler-obstruction —1 and a (5, 3)-cone
also giving Euler-obstruction —1. Solving 2+ 3a =0 (mod 5), we get a = 1
and Euler-obstruction 0. Summing up we get Eu(vz) =6—-1—-1+0—-3 = 1.
Thus

degP(1,2,3,5)Y =4 %900 — 3 %330 + 2 x 41 — 4 = 2688.
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This example is very interesting, as it shows a variety with only isolated
singularities which has Euler-obstruction constantly equal to 1. In dimension
two [MT11] shows that for toric varieties coming from polytopes, the Euler-
obstruction is constantly equal to 1 if and only if the variety is smooth. They
conjecture it will also hold for dimensions n > 3. Assuming our calculations
are correct, this is a counterexample to this conjecture.

Example 3.6.2. Consider P(1,2k — 1,2k,2k + 1) for kK > 1. By using the
calculations of Proposition [3.2.5 and the above methods to get in general

Eu(v1) = RSV (P,v1) — 4k + 4

Eu(vy) = RSV (P,v2) — 2k — 1
Eu(vs) = RSV (P,v3) —k —3

Using matlab to calculate RSVz(P,v;) for k = 1,...,6 we get the following
candidates for the Euler obstructions

Eu(vi) = 2k* — 6k + 5

Eu(vg) =1
Eu(vs) =1

To prove this in general, one would have to describe the 3-dimensional convex
hull in some systematic way.

Matlab-code computing the convex hulls: Note that this is a brute force
method, we find all lattice points of the polytope and compute the convex
hull when we remove a vertex, already for pretty small values computa-
tions takes time. Since we only are interested in what happens close to
the vertices, we could restrict ourselves to each of the regions containing a
vertex, and compute using only a selection of lattice points, thus speeding
computations a lot.

function [w.1,w.-2,w.3] = chull(k,m,n)
A=novertices (k,m,n);

A=[A;0 0 kxm; 0 k#n O;m«n 0 0];

[K.1 v_1] = convhull(A(l:end —1,:));

[K.2 v_2] = convhull(A([l:end—2,end] ,:));
[K.3 v_3] = convhull (A([1l:end—3,end—1:end] ,:));
M=k " 2xm”™ 2xn " 2;

w_1 M-6xv_1;

w_2 =M-6xv_2;

w_3 M-6xv_3;

end
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% find lattice points except the vertices:
function A = novertices(k,m,n)
Ne=n=#mxk ;
A= [];
for x = 0:mxn—1
for y = 0:nxk—1
for z=0mxk—1
if ksxtmxytnkz<=N
A=[Ax y 7 ];
end
end
end
end
end

85



Chapter 4

Counting curves on weighted
projective planes

4.1 h-transverse polytopes

There has been a lot of work in recent years in enumerative geometry, trying
to answer the following question. For an irreducible surface, in a given linear
system L, how many curves with  nodes pass through a sufficient number of
general points? This is called the Severi-degree N°. For smooth surfaces
this question has been solved, with the result that the Severi degree is a
polynomial in the four Chern numbers K?,L? L - K, cp, where K is the
canonical divisor, L is a divisor in the linear system and co is the second
Chern class. In the case of singular surfaces there is not much data yet, but
one would hope to obtain similar results. This relates to our interests by
the following characterization of the Severi degree N1

Consider a (non-defect) variety X embedded in a projective space P via L.
Then the dual variety is a hypersurface in the dual space (P)". Intersect-
ing XV with a general line in the dual space gives a number of intersection
points equal to deg XV by Bezout’s Theorem. A line L C PV corresponds to
a 1-dimensional family of hyperplanes in P. The hyperplanes H C P corre-
sponding to a point in L N X" are exactly those which contain the tangent
space of a point x € X, in other words those which intersect X in a singular
curve. By choosing L sufficiently general, one gets that all singularities will
be nodes and that L intersect XV transversally, hence N1 = deg XV.

In [ABI13] Ardila and Block, using tropical geometry, showed how to calcu-
late severi degrees for singular toric varieties coming from polytopes which
are h-transverse, meaning all the slopes of 1-dimensional cones of the nor-
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mal fan has integral (or infinite) slope. Their answer is a polynomial in the
slopes and lengths of the polytope, however this isn’t as satisfying as one
would hope. In [LO14] Liu and Osserman improves on this for what they
call strongly h-transverse polytopes (meaning h-transverse and Gorenstein,
see below), giving polynomials in the number of vertices with a fixed de-
terminant. They also have correction terms which gives formulas for the
general h-transverse case.

Translating this into our language, we will see that the h-transverse condition
constitutes quite a restriction on the toric variety. Given a polytope P, it
either has a unique top vertex v, or there is a horizontal edge at the top
and similarly for the bottom vertex vy, (if it exists). All vertices except those
at the top or bottom are called internal vertices, and they are quite special.
Choose an internal vertex. The edges emanating from the vertex must be

generated by
(i) (%)

for a,b not both 0. By turning this into a (d, k)-cones, we get that they are
all Gorenstein singularities or smooth.

If there is a unique top (or bottom) vertex then it is generated by

() ()

Since (:?) = (_bl> + (a+b) <_01> this is a (a + b, 1)-cone in Mg, which
isa (a+b,a+b—1)-cone in Ng.

If there isn’t a unique vertex on the top, there are two vertices along the
horizontal edge. The rightmost will be generated by

-1 a
()5
which is smooth. Similarly the other vertex will also be smooth.

Thus we can conclude that a h-transverse polytope has at most 2-non Goren-
stein singularities, which have to correspond to (I, 1) and (k, 1)-cones in Mg
for some [, k. The strongly h-transverse condition mentioned above is simply
requiring all singularities to be Gorenstein.

Using this we can classify the weighted projective planes which are h-
transverse.

Proposition 4.1.1. The only weighted projective planes which come from
a h-transverse polytope are P(m,n,m +n) and P(1,1,n) for m,n > 1.
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Proof. Consider P(k,m,n). We will split into 3 cases. First assume that
k,m,n > 1, so there are 3 singular points. Then one singularity has to be
Gorenstein, assume it is the vertex with determinant n, while the other 2
have to be (I, 1)-cones in Mg. Using Theoremwe must havea =1,b =
m—1,¢c=k — 1, in other words

E+m=0 (modn)

n+(m-—1)k=0 (modm)
m+(k—1)n=0 (mod k)

The bottom two can be reformulated as
n=k (modm)

m=n (mod k)

The planes P(m,n,m + n) obviously satisfies this. Checking if there are
other cases, we get kK + m = ns for s > 1. Inserting this into the the other
equations we get s = kt +1 = mr + 1 for some ¢,r > 0. Since ged(k,m) =1
we get s = mkl + 1. Inserting this back in the original equation we get
k +m = n(mkl + 1), for which the only integral solution is [ = 0. Thus
we have found all that could possibly be h-transverse. Choosing the basis
v =(1,1,-1),w = (n,—m,0) one checks that P(m,n,m + n) is in fact
h-transverse:

The edges of the polytope are generated by (n, —m,0) = w, (m+n,0,—m) =
muv + w, (0,m +n,—n) = nv — w. The normal directions of these will have
slopes 0, m, n, so it is h-transverse.

Assume then we have one smooth vertex and two singular ones. If the
internal vertex is the smooth one, we get the same restrictions as before
with n = 1. So we have

k—1=1 (mod m)

m—1=1 (mod k),

giving k — 1 = ms and m — 1 = kt for s,t > 1. Inserting one into the other
gives m(st —1) = —1 —t. The righthand side is negative, while the lefthand
is > 0, thus we have no solutions.

If instead the smooth vertex is at the top or bottom, assume here top, we
have m = 1. Then we get

E+1=0 (modn)

1=n (mod k),

88



—

m

Figure 4.1: h-transverse polytope giving P(1,1,m).

giving k +1 =mns and n — 1 = kt for ¢,s > 0. Inserting one into the other
yields n(st — 1) = ¢t — 1. This can have solutions if and only if t = s = 1.
Thus P(n—1,1,n) is the only possible solution. Choosing the same basis as
the previous example works also in this case.

If there are 2 smooth vertices, it is easy to find a 2-dimensional polytope
which is h-transverse which gives P(1,1,7n) (see figure ). O

4.2 The number of curves

The Severi degree N% can be computed in terms of coefficients Q*, where

Nl = QB! and NP2 = w, where d = deg L € Cl(X). There are
formulas for Q%9 for larger ¢, and polynomials in them giving larger Severi
degrees , but the combinatorical calculations get very messy so we will not
consider that here.

In the smooth case one has from [KP99)
QM =3L*4+2L - K + ¢

QM = —42L* —39L - K — 6K — Tcy

For a h-transverse polytope one can calculate the coefficients QPP for suf-
ficiently large polytopes P, meaning that the lengths of the edges of P is at
least 6.

By combining examples 8.2 and 8.3 [LO14] we have
QM =3L% + 2L - K + 4 — tdet(P) — bdet(P) + v}

QM2 = —42L2—39L- K +8idet(P)+C(tdet(P))+C (bdet(P))—9v}| +2vh—76

where tdet(P) (bdet(P)) is the determinant of the unique top (bottom)
vertex if it exists, or 0 if not, idet(P) are the sum of the internal determinants
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and v, are the number of internal vertices of determinant ¢. C(0) = 0 and
C(p) = 19p—18 for p > 0. The intersections can be calculated by computing
lengths and areas by Proposition

Going to the case of the weighted projective plane P(k,m,n), recall that
the polytope P gives the divisor Dp with deg Dp = kmn. Hence we can
calculate the Severi degrees for d = lkmn,l € N, where multiplying by !
corresponds to multiplying the polytope with [, or equivalently multiplying
the divisor Dp by [. Also note that intersections are more convieniently
computed by Bézout’s Theorem [2.3.7]

For P(1,1,m) we get d = Im (I > 1 for § = 2 by the restriction that the
length of the edges must be at least §) so

This gives:
Proposition 4.2.1. For P(1,1,m) we have
QPP =31%m —2lm — 4l —m + 4

Q'PP2 = —491%m + 39lm + 781 + 19m — 94

giving the Severi degrees

NPPL — 3121 — 2lm — 4]l — m + 4

1
NP2 — 5(9z4m2 —1213m? — 2413m — 21°m? — 2% m

+161% 4 4lm? + 31lm + 461 + m? + 11m — 78)

Note that setting m = 1 in the above correctly reduces to the smooth case.
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For P(m,n,m + n) we similarly get
D% = mn(m + n)l?
Dp-K = —=2l(m+n)

bdet(P) =n
tdet(P) =m
idet(P) =m+n
v =0
/

v, = 0 unless m = n = 1, in which case vy =1
yielding
Proposition 4.2.2. For P(m,n,m + n) not equal to P(1,1,2) we have
QPP = 3mn(m +n)l®> —4l(m +n) —m —n +4
QPP = —42mn(m + n)I% 4+ 781(m + n) 4+ 27(m +n) — 112.

If m = n =1 we get almost the same formula, but the constant term of
Q'PP2 s —110 instead of —112.

Note that setting [ = 1 in the above gives back the dual degree we calculated
before, as expected, see for instance Proposition Larger [ corresponds
to the dual degree for the variety X;p.

Note also that the formula for QP! above is easily deduced from our old
formula for the dual degree. As noted before one may have a number of
Gorenstein singularities, each contributing an Euler obstruction of 0, one
may have a number of smooth vertices each contributing 1 and the top and
bottom contribute 2 — tdet(P) and 2 — bdet(P). Thus

Z Eu(v;) = 4 — tdet(P) — bdet(P) + v}
as expected.

Then we can ask if we can find new topological numbers to replace the ones
that appear in the smooth case? For QPP:l ¢, is replaced by the sum of
Euler-obstructions of the vertices. Trying this in the formula for QP72 gives
no satisfactory candidate for K2. So it seems difficult without more data to
make qualified guesses, since the singularities of the h-transverse varieties
aren’t very general.

4.3 Resolution of singularitites revisited

Given the singular surface P(k,m,n), one can as before construct the res-
olution of singularities, here denoted X. This is a smooth surface, so we
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can calculate the Severi degrees by the ordinary formula. The topological
numbers needed are calculated by well-known results.

Using the facts about Chern classes from [CLS11), Ch. 13.1] one has that for
a smooth complete toric surface Xy, the Euler-characteristic e(Xyx) = [3(2)],

the number of 2-dimensional cones. This also equals the second Chern class
co by [CLS11, Prop. 13.1.2].

Theorem 4.3.1. [CLS11, Thm 10.5.3, Noether’s Theorem]| Let X be a
smooth complete projective variety with canonical divisor Kx. Then

K% =12 —¢(X)

Thus for a smooth toric surface K% = 12—cy. The computation of Q1 Q%2
then reduces to
QM =3L +2L - K + ¢

QM2 = —42L2 —39L - K — 6(12 — ¢) — Tey = —42L% — 39L - K — ¢y — 72

Now given the polytope P for P(k,m,n), let X5, be the minimal resolution
of singularities. By the remarks at the end of section [3.4] we have that
DIQD =D?and D-Kx = Dp- Kx,. So these numbers will be equal for both
surfaces. What remains is to describe ¢y in terms of k, m,n.

What we need to determine is the number of 2-dimensional cones in the
fan ¥, this equals the number of 1-dimensional cones. By the construction
of ¥ and Proposition this will be the original 3 plus the number of
exceptional divisors in the resolution of each singularity, i.e. the length of
the appropriate HJ-fraction. Using the notation of Theorem [3.2.3] we see
that we will get

co=3+r+s+t

where as before

n _ m k

n—a = [al, ...,CLT] m = [bl, ...,bs] ]{; e

=lc1y .y ]

Alternatively this can be formulated in terms of the continued fractions of
the form ﬁ: By Proposition Im we have r =1 — 3" (2 — d;) where
o= [dy,...,d,] and similar results for s and ¢. Summing up we have the
following.

Proposition 4.3.2. Given P(k,m,n), find minimal natural numbers a, b, c
such that
k+am=0 (modn)

n+bk=0 (modm)
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m+cn=0 (mod k)
Let % = [dl,...,au]i, % - [617“'761)]7 k = [flﬂ"'afw]i and XE be th@

e
minimal desingularization of P(k,m,n) and cy its second chern class. Then

v w

Ca=6-Y 2-d)—> (2—e)=> (2-f)
i=1

i=1 i=1

Remark 4.3.3. It is not clear how to interpret this formula if one or more
of the vertices of P(k, m,n) already are smooth, but if we by convention set
the corresponding continued fraction equal to [1]~ we obtain a consistent
formula, for instance for P(1,1,1) we set d; = e; = f; = 1 giving the correct
answer co = 3.

Applying this to our h-transverse polytopes, we get for P(1,1, m) the desin-
gularization H,,, see example|3.1.14] P(1,1,m) has two smooth vertices and
the last a (m, m—1)-cone in Ng. Since -4 = [2,...,2]” we get ) (2—-2) =0,

S0 ¢co = 4. Thus for H,, with D being the pullback of Dp we have

QP = 31%m —2lm — 4l + 4

Q' = —421*m + 39Im + 781 — 76

For P(m,n,m + n) we have a = 1, b = n—1 and ¢ = m — 1. Thus
ca=6—(2—m—n)+0+0=4+m+n which gives

QP =3mn(m +n)l> —4l(m+n) +4+m+n

QleQ = —42mn(m + n)l2 +78l(m+n)—m—n—"76

4.4 Further research

Some directions could be investigated further.

One could try to do more computations in the 3-dimensional case, at least in
the case of P(1,k, m,n), or for other 3-dimensional singular varieties. The
general 3-dimensional weighted projective space seems difficult to handle,
since its polytope will be embedded in a 4-dimensional vector space the
same way the polytope giving the weighted plane is embedded in R3. To
handle 3-dimensional polytopes one would need a systematic way of handling
3-dimensional convex hulls. The numerical data suggest that it should be
possible to find closed formulas in at least some cases, for instance P(1, 2k —
1,2k,2k +1).
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In the surface case one could continue to do calculations on other families
of singular varieties or one could try to say more about curve counting
on the weighted projective planes, as we tried in the last chapter. Ardila
and Block [ABI13] write that they suspect Severi degrees of all large toric
surfaces are polynomial, however for the time being, using tropical geometry
to count curves only works in the h-transverse case. The results of Ardila
and Block give polynomials in lengths and directions of the polytopes, while
[LO14] have polynomials in the Gorenstein case involving determinants of
vertices. Since all singularities of h-transverse polytopes only depend on one
variable (i.e., either are (d, 1)-or (d,d — 1)-cones) we suspect that a formulas
for general toric varieties might have two parameters for each singularity
(instead of 1, direction/determinant), as well as some glueing parameters
describing how the different cones are related.

The success of the Euler-obstruction as a modified ¢y in the formula for Q%!
leads one to hope that it should work for higher Q% as well. Under current
knowledge this seems problematic, at least if we still want only 4 topological
numbers, since no suitable candidate for K? exists. For instance, consider
QP72 in the case P(1,1,m), letting ca be the sum of Euler-obstructions force
K? = 11 — 2m, but this doesn’t fit in the formulas for QPP3 and QPr4,
computed by Florian Block (private correspondence).

In [Dai06] there is proved a Noether’s theorem for singular surfaces

Proposition 4.4.1. [Dai06, Proposition 4.9] The self intersection of the
canoncial divisor on a singular toric surface Xx is

di—ki+1 di—ki+1
K}, =12-S2)+ Y d? o 24 ) (b B),
o; v j=1

)

where the sum is over all singular cones o;, o; is a (d;, k;)-cone, d_‘ﬁk_ =
7 K3

[b1,...,bs,]” and k; is the unique integer 0 < ki < d; such that kik; = 1
(mod d;).

One might hope that this could hint at a suitable candidate for a modified
2. Since we are counting curves, we need an integer value, while on the
general surface intersection products take values in Q. Other invariants that
are integer valued might be what we need.

One could also do more computations and experimentation on the resolution
of singularities, hoping that the formulas for the smooth resolved surface
might be related to the singular case. As seen in Proposition cy for
the resolved surface is related to the Euler obstructions of the duals of the
cones in the fan. Maybe this invariant may appear in a general formula.
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Another possible approach to work more on this, is to consider the covering

map (23]
P? — P(k,m,n)

(X:Y:2Z)— (XF:ym: 27

Using the results for the smooth P2, one might attempt to use this map to
say something about the Severi degrees of P(k,m,n).
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Appendix A

Lattices

We will give some well known results on lattices and bases of them. Given
a lattice M of dimension n in a vecor space, we wish to know when a
given set of linear independent vectors by,...,b, € Mr = M ® R is a basis
for the lattice. Consider the set of points in My given by T'(by,...,b,) =
{31 cibil0 < ¢; < 1}. We have that:

Lemma A.0.2. by,....b, is a basis for the lattice M if and only if
T(by,...,bn) N M = {0}

Proof. Assume (by,...,by) is a basis. Let x € T'(by,...,b,) N M. Then = =
Someby = >0 mb; for 0 < ¢; <0, n; € Z. Thus 0 = D70 (¢; — ng)b;.
Since the b;s are linearly independent this implies that ¢; = n;, hence ¢; = 0.

Assume T'(by, ..., b, )NM = {0}. Pick a lattice point 2 € M. Since by, ..., by, is
a basis for the vector space Mg we can find d; € R such that x = Z?Zl d;b;.
Let d; = n; + ¢; where n; € Z and 0 < ¢; < 1. Then = — ) " | nib; €
T(b1,...,bp) N M = {0}, hence ¢; = 0 for all i. Thus by, ...,b, is a basis for
M. O

Sometimes we are also interested in different bases for the same lattice.
Given n linearly independent vectors B = {by, ..., b, } define the lattice gen-
erated by B as L(B) = {>. | Zb;} = {Bxz|z € Z"} where B is the matrix
with columns b;.

Lemma A.0.3. Two bases B, C for Mg generate the same lattice L if and
only if B = CU for a matrix U with integral coefficients and determinant
==+1.

96



Proof. Assume that B and C generate the same lattice. Then we have equa-
tions b; = Y.J_, aije; which is equivalent to B = CU for a matrix U with
integral coefficients. By switching the roles of B and C we get C' = BV, thus
B = BVU. Taking determinants we get 1 = det(V)det(U) which implies
that det(U) = +£1 since U and V has integral coeffiecients, and therefore
also integral determinant.

Now assume that B = C'U for a matrix U with integral coefficients and
determinant = 4+1. Using Cramer’s rule on the equation Ux = e; one shows
that each column of U~! also has integral coefficents, and the determinant
also equals £1. Hence we have B = CU and C = BU~!. Thus £L(B) C £(C)
and L(C) C L(B), hence they are equal. O

Remark A.0.4. In particular n vectors generate Z" if and only if their
determinant equals +1.

We can define the determinant of a lattice as the determinant of a basis. By
the lemma above this will be independant of choice of basis. This will also
be the volume of any fundamental domain 7'(by, ..., b,) where {b1,...,b,} is
a basis. For our purposes we usually want to normalize the lattice-volume
such that the volume spanned by a simplex is 1, and this equals w.
We will also need the following result:

Proposition A.0.5. [Cas97, Cor.8 p. 14] Any lattice vector v =
(V1 ..oy Uy) € Z™ with ged(vy, ..., vy) =1 can be extended to a basis for 7.

Definition A.0.6. Given a lattice L = Z", we define its dual lattice LV as
the following set:

LY ={x € Lg|{z,y) € ZVy € L}

where we use the normal inner product on Ly = R"™.

From the inner product on Li we inherit a pairing
LxLV =17
which induces isomorphisms
LY ~ Homgz(L,7Z)
L ~ Homgz(L",Z)
Proposition A.0.7. The dual of the lattice N = Z" /(qo, ..., qn) is

M = {(mo, .., mp) € Z" > " miq; = 0}
=0
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Proof. NV = Homgz(Z"*/(qo,...,qn), 7). This amounts to, for each basise-
lement e; of Z"*!, assigning a value m; € Z. However, since the element
(90, ---» gn) must map to zero, we must have y ;" ;m;q; = 0. O
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