ISBN 82 553-0464-9

Mathematics
No 16 - October 1981

A PEAK SET OF HAUSDORFF DIMENSION 2n-1
FOR THE ALGEBRA A(Q) IN THE BOUNDARY
OF A DOMAIN D WITH C  -BOUNDARY IN C%

Berit Stenseones Henriksen
Inst. of Math., University of Oslo

PRERPINT SERIES - Matematisk institutt, Universitetet i Oslo



A peak set of Hausdorff dimension 2n-1 for the algebra A(D)

in the boundary of a domain & with Cm';boundary in %,

Berit Stensgnes Henriksen

In this
papery) is a domain in ¢ and A(r_ff,") the algebra of functions
which are holomorphic in é() and continuous on & . A compact
set F&ag Lo a peak set for A() if there exists a function
g € A(H) with the properties: glp =1 and lg(p)| <1 whenever:
pEINTF,

We are interested in finding a holomorphic function £
in & continuous in & \F such that Re f(p) = °© when p*poéF.
Adding a large constant to f such that Ref>0 in @ and

letting o = g. we get a peak-function for F by defining g:%—}%,

The following theorem is the main result of this paper:

THEOREM ¢
When & 1is a domain with Cao—boundary in 6" there exists

a peak set for A(¥) of Hausdorff dimension 2n-1.

DEFINTTION:

J;,(fkls the Hausdorff measure with respect to the induced
Euclidean metric on 23%). A set Bcd+/ has Hausdorff dimension k

e 1T en . A
if #25¢(B) = 2o and z}tk+6(B) = 0 whenever ¢,8>0.

We shall show this theorem when & is strictly pseudoconvex,
Generally lemma 2 in [5] gives the existence of a point p€3®
and a strictly convex set COJ such that 3CN 3L contains a

neighbourhood of p in 3% . Since the construction of F is
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local the result for strictly pseudoconvex domains gives the
general result,.

First we find peak-sets F'c3% where dimF™ >2n-"1 -%
~
for each integer m>4. Then we let F = U F®  and then
. m=4
compactify F.

When & is strictly pseudoconvex Darboux' theorem [1] gives

the existence of real local coordinates o= (x/‘, oo ,xn"/l ,Y/*‘. ° e,yn—/l )7Z)

3 i 9 n-1
{‘_’t“' + X m} .
ayl 3z 1i="1

= {ni}g.::: generate T®aéﬁ . Let J be the complex structure tensor.

on d% such that the vector-fields {«%}2:':: and
oxT T

Furthermore each submanifold Nc3&% where TNPCTG aélﬁp

when p €N has the property: TNpﬂJTNp = {0} for each pEeN,

n-"1

This implies that Ny is a linear combination of {J'P"f}i—’l
X -

and {—%}?::{o If (p,U) is such a chart on 3« it is possible
dX B v
to find a neighbourhood w of U in ¢’ and a VECQO(w,lR)

where:
0,1
1) wNd3® =T
2) wnN2 = {p:vip) <0}
3) (x,y,z,v) are coordinates on w

o) o)
2 L = G .
b avla;c.-— J az\a-&}

This is possible because 5% £ T@ 22 and therefore J%ﬁfﬁac@,

so if we choose =z carefully J —59-2- is an outward pointing vector,

Let M= {pcw:v(p) =0 and y(p) =a", i =1,.0.,0-1}

where the ar's are constants and

Q a compact subset of N = MN {p: z(p)=D>bl.
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If m is an integer, m>4, e>0, we can find a function

©,_n- - |
yec (R? 1)., v+ R™ Towr with the properties:
€0,2): ¢ vanishes to infinite order on x(Q)

£0.2): l“%'i* ¥(®)| < V2 for cach reB
9o

1-1/m 1/10

0.4): ¥(E)ze

whenever d(g,x(Q))>e¢

Define T€C ™ (w) by

]

. 2 80 g iy2
Y (x(p)) +1i(z2(p) =) +2(2(p) -b) +%.2/’(y (p) -a™)
1=

u(p)

Then U|Q

]

O,

Using the same method as Wermer in 17.4 [7] we find a neigh-

w .
bourhood w, of M, W, Cuw, and a function ue€ecC (mo) where:

‘(9_«2,).3 u\M = G!M
(0.6): ¢ Suly = 0 for each multiindex «.

(0.7): If we let (aq,,“,an—/',b)vary over a compact set in R,

we can find a constant C>0 independent of e, (a/l ,.,M,an—/i,b)

and & such that:
Re ul(p) > 2¢d“(p,N) + § (x(p))

in w n¥ [27,
(0.6) implies that

(0.8): (ke u)‘,MaY(Imu) \),, when X and Y are vectorfields where JX ="
When Taylorexpanding u around N and using the fact that

3 _ _ i 9 .
57120 " T 55log a1 Ty - g e x5 ve eet:
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=7 . .
(0.9) u(®) = ¥(x(a)) +il(a(p) =b) - T x()(3*(p) - at)]

i=1

n-—’l
A (u)(q)(y (p) = at) = v(p) + 0(a%(p,N))
l:

where gq€N and "x(q) = x(p).

DEFINITION :
B(Q,8) = pcF: 1yt () -ati<s?, i -1,...,01, [v(p)| <o
n-1 . . .
end |z(p)-b- T x (p)(y(p)-at)l<8ln{ged: a(x(a),x(Q)) s},
1=
IEMA 1:

There exists a constant K, independent of (a/‘,“.,a 5D,

such that |u(p)| <K& whenever p€B(Q,5).
Proof:
This followé immediately from the fact that x}:oxGCOO(N) va-
nishes on Q and un is spanned by {J——a-}g_l:jl and {-——-——}l ,] o
If we let Q = {pelN: d(x(p),x(Q)) =< e/l//\os a="1- M&“

and assume that C<1 we get:

LEMMA 2:

e wam———

lulp)| Z%éa whenever p €% \B({, =--—=) N e

Proof:
Point (0.9) together with (0.3), (0.4), (0.7) and (0.8) implies

lemma 2.

Let B EICZO(LNO,,IR) be equal to one in a neighbourhood of Q,

5>0.
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-
la (u+ e/l—(’l/nm)) in W\ Q
If H_ =-
}O elsewhere
5 . _ o
H, = - e,\~(,]/nm))2 in a neighbourhood of @ which implies

X . = <
that H_ G.C(O’,l)(.;{}) and dHe = 0. |H| o <lE I, so by [4]
there exists & constant incependent of ¢ and a g_¢ cc™ @) such
that 32g, = L, and lgll o <B. Add a constant to g, such that

Reg <-1 and let

B
S = =S eapunrac - g
N e’lmCl/mIU

u

m

Then 3s, =0 in & and Res_>1 which implies that

= e A@)INCT (@) .

€

-
1 l
'

) » 11(“.\4_ (-"/‘ (/]/vlm)
(2,4) "S‘;E";‘ =4

- (’lfmn)> when pe€w no

Blp) - (p)(ulp) +¢

1 kil
";‘G')-‘)- when peEw \u)o o

Lw
(2.M)impliess (2.2) || >“Z‘L"“ when p €Y “B{Q, Sx=),
Se(p) T C
ZY5 T, - u-l.:?"n:nl-\mjm—
(2.3):Let £, = (Se) ; 2 % ,then f_ EADINC (@ .

LEMMA %

) ’
(3.1) Refe(p)324m when p €B(Q,¢)

(3.2) Efe(p)l iEmee when p €B{(Q,¢)

g ~ a
(3.3) 12, 2 e N/2 imen peBB@, &5

(3.4) !fe(p)‘l > C, ¢ where C_>0 is a constant independent of €.

Proofs

This is a consequence of Lemma 1, Lemma 2 and (2.2)
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oo}
Choose a sequence of positive real numbers {QJ}J o con-
verging to zero and lim €., 1 '.6 = for each 6>0.
j—bw J- J

Define:

z(1-(1/m))
]

€

b<39m> = LJ q(""a“—)
J

when j>15; if J =1 put 2 dinto the equations instead of

Finally we let e(j,m) = (b(j,m))zo

1]

Tet r‘(’j {0OYcR and r‘g-= U I‘g.l(t)

fer.
) € J g
€. %

{t+Xk “’%—’Iﬁ’j" k, 1is an integer Of_kqf_b(j,m)

where: I‘rg(t)
and S?C]‘R:

-€(J,

-11cR

m)

m
= {01, Sj = {k2 %‘%j‘m‘j'a k2 is an integer, O<k2<6 —m;—m-

Let Q = o ([0, 7125
e :'O = Cp (\-O9€'O J A{(Oﬁ,ooa,O)}X{O})a

Let 7 - {r?ln“/‘ xsTe®t iz (al,...,a% " ) o.(a,b) € B2
we let

0 . = %~n~1 .,
,(a,b), d =@ (LO,GO | x{\a,b)}ﬂ(}j_/‘

where
/|
3= N {p€ad: ""e >z b- T x aty>de )
Y (a b)eRJ V(a,p),3M (P 5>2(p) - 2 L) (p) —ah) 5.
and
Va,b),5 = pedl:e (X(P)’a°b)€Q(a,b),j? ejziyl(P)-alZO

n-1 . . .
and e;>z(p)-b-% x (p)(7*(p) -a*) >0},

-
1=

Fi I?. ~ T _’\’m.
inally we let RJ {(a,b) CRJ. where Q(a,b),j £ 3.
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2 where FY= U A

; 3 a,myer® (2:0),5°
J

o0
Define the desired set oo n

j=o

ILMMA 4

F® is a peak set for the algebra A(D).

Proof:

For each Q(a,b),j there exists a function f(a,b),]

as in (2.3).

cc €.

We define f(p) = % pX 3 and have to show
. T .

j=o (a(,b)eRIS.l (a,’b),a(p7

that: 1) f is holomorphic in & and continuous in &\ F"

2) Ref(p)=- > wnen p'*poe}?‘mo

(1): When K is a compact subset of I\ F" there exists an integer

2¢ @
‘Q . m
Jg such that pEB‘Q(a,b),j’ 3 ) for each (a,b) GRJ. when
JZJg, and since:

-0 Gj
z ?ER@ Tf(a b) j(P)l
J 9 9

Since |f(p)i <
j:o (a’b

lemma 3% implies that

dJ
-1 =
1£(p)| < T T+ s > o r(n-1)72

J=0 (a7b>€R' o J

< T,

The uniform convergence of the series on each compact subset

of TNFL gives (1).
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We observe that B(Q(aq,bq)’j, ._g_)nB(@,(a2’b2),j, .-_sl-)C =g

each time (a,] ,b,]) A (a2,b2) and
E_G..xf. \ € (a.,b) ERm
B85 p), 50 8 Bla 0 ), 510 Tg-1) MRORETER BERIES

.cV c Ao
nd Qap),5 V(ag,py), -

If p is near T but pgF" there exists an integer

J, =% when p-p,€F" and (aj,bj)eR‘;, j53,, such that
B i1 . . b) € &Y
D <Q(aj,bj>,a" Poutp £B(Qe, 1,y 5 €4) for eny (a,b) € R}

sdy d
wher §>J Thig impli 5 2¢%y .
e J Zdge SRS implies that pr(Q’(n.h);j‘ o) it

(a,b) # (aj’bj> when ,j_f_Jp and for each (a,b) € R:> when
J
i>J 4+ 2.
J=<p
~ 2"0'
i = J_+1 cB 25y for noi
If 3 o pE< (Q(ao’bo)’a, c—) for at most one choice

m
of (ao,bo) € Rj’

oe} e.Ref .
Since Re f(p) = T dJ (a«b>..‘|(p>

!f(a,b>,j<p>12

lemma 3 implies that

LEUBM

Re f(p) > T jsng y— - I . _ +(n-1)/2
j=o 27 €, j=o (a.b)#(a.,b.) I
J J* g
- X eq.+(n"'/|)/2 . OZC 5 €’|+(n—’l)/2
o J C . hus) J

(a,b)ERJpM 0 =Ty,p B}

(a,b);é(ao,bo)

J T 14(n=1)/2
Z 729'115 -g - X & fs - °

2 0 J=o0 R, J

J
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i? €.1+(n~1)/2
. m o j

=0 R.
I=0

C is a constant,

o <2¢ and Jp-*CO whenever

p-*pOEFm so Re f(p)~ © whenever p"pOGFm.

LEMMA 5

The Hausdorff dimension of F" is >2n-1-Z.

Proof:

This follows from Lemma 3% in [67:

Let ECR be the intersection of a decreasing sequence of
sets {Ej}i? with EO of length 1 and Ej the union of a
finite set of intervals of length 63, where {6j}i? is a sequence
of positive numbers monotonously converging to zero. Assume that

for j>1 the following conditions hold:

1) The distance between any two of the segments in Ej is not

smaller than

2) In each segment in Ej_1 there is not contained less than

(53_1/63)OL of the segments in Ej'
Then é;ia(E):—*O°

And the following theorem which is a consequence of 2.10.4

and 2,10.7 in [3]

THEOREIM ¢
Let EC]RmxIRn, E compact, Ex = {y: (x,y) €E} and m(E)

be the projection into RE,
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If dimE_> 8 whenever x€m(E) and dimn(E) >y then

dimE >B + Y .

Choose {Gm};lo#,ras a decreasing sequence of positive real
numbers converging to zero. And let {am}$4 be a sequence

1
in R converging to a point a such that a_, ., -2 > (e™)Z,

Fcr each m let ¢ be the above €5 and replace o

by Fm+pm where the n'th coordinate of cp(pm) is a,  and

the rest is zero.

e
Finally we let F = (U F)Up where p = lim Py~ Then T
m=4 m- 0
is compact.

PROPOSITION

F is a peak-set for the algebra A(Q) and the Hausdorff

dimension of F is 2n-1.

Proof:

Since every point p€ 3P is a peak point for A() when &
is strictly pseudoconvex with Coo—boundary F dis a countable
union of peak sets and F is compact,Bishop's theorem implies

that ¥ 1is a peak-set,

Jf >0 there exists ann such that %<a and

1@ 2 BT 0 so ind » 2.
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