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Positive projections with contractive complements on C -algebras,

Erling Stermer

1. Introduction. In order to obtain a deeper understanding of the
structure of positive linear maps on C*—algebras it seems natural
first to study positive unital projections. Such maps, which are
central among positive maps, have many of the peculiar properties
of general positive maps, and are sufficiently simple to be anal-
yzed in detail, Inspired by a paper of Arazy and Friedman [2],

in which they classified the ranges of contractive idempotent

maps on the compact operators on a separable Hilbert space, a
systematic study of positive projections was initiated in [3] and
then continued in [9], [5], [4#]. In the last paper Robertson and
Youngson studied the problem of whether a positive unital projection
with contractive complement on a JB-algebra, see [1], is neces-
sarily of the form P = 4#(+ +6), where « is the identity map

and © a Jordan automorphism of order 2. They proved some
partial results in this direction and expressed a belief that it

ought to be true in general. In the present paper we solve this
problem affirmatively for projections on C*--algebras° Our proof
will be based on the techniques developed in [9] and consists
mainly of solutions to the problem in many special cases. It is
our belief that a rather tedious extension of our proof will yield
a solution of the same result for JB-algebras,

If A is a C*¢algebra we denote by Ah its self-adjoint
part. We denote by Mn the complex nxn matrices and by Qan
the diagonal matrices in M . To simplify notation*we shall
often write A =N if A is *-isomorphic to a C -subalgebra N
of Mﬁ. In our discussion we shall assume P is a positive
unital projection on a C*-algebra A such that +-P is con-
tractive on Ah’ To avoid discussion of the norm of 1+ -P on A_
we shall always mean that +-P 1is contractive on Ah when we
just say +-P is contractive. If B is a Jordan subalgebra
of Ah we shall often say P is a projection of A onto B to
mean that B = P(Ah). By a Jordan automorphism of A we shall
mean a positive unital linear isomorphism 8 of A onto itself
such that 6(x2) = 6(x)2 for all x€A, . 6 is of order 2 if 92 =
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2. Positive projections. In this section we state and prove

our main result.

Theorem. Let A be a unital C*—algebra and P a positive
unital projection of A into itself. Then 1+ -P 1is contractive
if and only if there is a Jordan automorphism 6 of order 2

of A such that P = +(+ +8).

The proof of this result will be broken up into some lemmas,
most of which prove the theorem in special cases. The first five
lemmas are concerned with projections onto JW-factors of type I.

The first is easily deduced from the literature.

Lemma 1. Let A be a unital C*—algebra and P a positive
unital projection of A onto the scalar operators in A such
that 1+ -P is contractive. Then AIZM2, and we have the follow-

ing possibilities:
(1) A =C and P =1,

(2) 4 =%, and P = 3(1+8), where 8(3 D) = (3 .

1]

(3) A =M, and P = #(++8), where 6 is the antiauto-

( & -0y

morphism e(i g) = (. a

Proof. By [#4, Prop.2.6] AcM, and P is the restriction to A
of the normalized trace T on My. Thus (1), (2), (3) are

immediate. Q.E.D.

Lemma 2. Let M be a von Neumann algebra, B a subfactor of N
of type I and P a normal positive unital projection of M on-
to B such that 1+ -P 1is contractive. Then we have the following

possibilities:



(1) M =B and P = 1.

(2) There exist two central projections e and f in M with
sum ‘1 and an isomorphism o of Me onto Mf such that
B = {xe+0(xe) :x€M}, and P = (1 +0), where 6(xe+yf) =

o (y£) +a(xe).

(3) M=M,, B=C, and P is given by Lemma 1 (3).

Proof. Since B is a subfactor . of type I there is a von Neumann
algebra N such that M = BON, where B is identified with
B®¢, By [9, Prop.6.2] P = +®uw, where ®w 1is a normal state
on N. ©Since 1+-P 1is a contraction when restricted to N,
NcM, by Lemma 1 and w = T|IN., If N = € we have case (1),
and if N =632 case (2).

Assume N = I."I2° Then T = 42(t+6) with 6 as in Lemma 1(3).
We may write M as 2x2 matrices over B. Since P = 1®T1 we

have

b
P2 D) = #3590, ab,c,a € B.

In particular if Db €B, P(O,.. 8) = O, Since 1+ -P is contractive
”X2” = {IP(X2)|| whenever P(x) = 0, x€l, (4, Thm.2.4]. Thus

we have

BIZ = 1 DI = 12CCs DI = #Ibb* + b,

If B #C let b be a partial isometry in B such that Db*b
is a projection orthogonal to bb*. Then Z||bb*+b*b|| = +#£1= |lb||2,
a contradiction. Thus B = €, and M = N = IM,. Q.E.D,

Lemma %5, Let M be a von Neumann algebra and B a reversible

dW-factor of type I contained in M such that the von Neumann
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algebra B" generated by B is a factor and B # (B" )h" Suppose
P is a normal positive unital projection of M onto B such
that 1+ -P is contractive. Then M = B", and P = 4#(1 +6) with

8 an antiautomorphism of order 2 of M.

Proof, By (6, Thm.8.2] B" is a factor of type I, hence there
is a von Neumann algebra N such that we may write M = B"®N,
As in Lemma 2 NcM, and P = Q®r7, where by [9, Prop.6.2] Q is
the unique normal positive projection of B" onto B, described
in the proof of [3, Thm.2.2]. We have to show N = €, Assume
first N =@2 o Let e and f Dbe the minimal nonzero projec-

tions in & o Then for a,b €B",
P(a®e + b®f) = +Q(a+b) ®1,

In particular P(e®e-a®f) = 0, so by [4, Thm.2.4]

Ha|[2 = ||a®e - a®i‘!.[2 IP((a®e - a®f)2)H

- Hlaa®+a®)| = Q)] < |a)?

for all self-adjoint a €B". In particular Q is an isometry
on the projections in B". Since Q = +(t+6) with 6 an anti-
automorphism of order 2 of B", this means that |p+6(p)|l =2
for all projections p din B". In particular, if p is a minimal
projection so is 6(p), hence p = 6(p). Thus 6 = t, a case we
have excluded. Therefore N £ @2 o

Suppose next N = My. Write M as 2x2 matrices over B",

As in Lemma 2

9

by .,Q(a+d) O
P(g ¢) = ?(Q(g+ ) Q(a+d)’

so if b is self-adjoint then P() g> = 0. Again by [4, Thm.2.4]
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2

o) = 1 212 = 128 %21 = e < v,

so Q is the identity map as shown above., Thus N # M5, so that
N = @o QanDo

Lemma 4, ILet M be a von Neumann algebra andy BcM a reversible
JW-factor of type I such that B" is not a factor. Suppose P
is a normal positive unital projection of M onto B such that
t~P is contractive. Then M = B", and P = 3(¢ +8), where 0

is an antiautomorphism of order 2 of M.

Proof. By [7, Cor. 3.5] there are exactly two nonzero minimal
central projections e and f din B", e+f =1, and (B"e)h::Be,
(B"f)h = Bf, Furthermore, as pointed out on [9, p.35] there is
an antiisomorphism X : B"e -~ B"f such that

B = {ae+x(ae)f :awE(B"e)h}. Since B"e 1is a type I factor con-

tained in Me’ Me = B"e®N for some von Neumann algebra N

acting on eH, where H is the underlying Hilbert space. ILet p
be a minimal projection in B"e. Then g = p+x(p) is a minimal

projection in B, Since P(g) = q, P restricted to Mq is a

positive unital projection of Mq onto €q with 1+ -P contractive,
By lemma 1 ch:Mg. In particular Mﬁ is one dimensional, so p
is a minimal projection in M. Since this is true for all minimal

projections in B"e, B'e = M.

Suppose p, and p, are two minimal projections in B"e
with p.p, = 0. Let p =p,+p, and q = p+¥%(p). Then Bq is

isomorphic to Dy - the JW-algebra consisting of all matrices of

t

the form (g gt) in M, with awE(Mé)h and a’ the transpose

of a, see [6]. Furthermore, by the previous paragraph M cly.

q
If we combine the restriction P]Mq with a positive projection
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of 1M, onto Mq we obtain a positive unital projection of N,

onto D2° By [99 Lem°505]
P(pax(p) +x(plap) = 0 for all aEMq.

Since this holds for all p, and Pos and P is normal,

P(pMf) = O, and again by normality P(eMf) = O. But then the
conclusions of [9, Prop.6.4] are true, as follows from an in-
spection of its proof. Thus there are normal positive unital pro-

jections Q:M~-B" and R:B"=B such that P=ReQ, Since R is

the restriction of P to B", t+- R is a contraction. If
x €M, and Q(x) = 0 then P(x) = 0, so by [4, Thm.2.4]
1] 219G 2 IR@QEE)D] = IBGH] = [1%7]
hence [|x2|| = HQ(XE)“, and 1-Q is a contraction by [4, Thm.2.4].

Since M, = B"e, M. = B"f, and P(eMf) = O, it follows that
Q(x) = exe+fxf for x€ENM,

Let R, and R. be the projections of B" onto B described

in [9, Prop.6.4], i.e.

Re(a) ae + ¥ (ae)f

]

Rf(a) af+x'/'(af)e.

Then R:)\Re+(’l->\)Rf with 0<A<1, Let x = ae-x(ae)f €B".,
Then

R(x) = (2r-1)(ae + x(ae)f) ,
hence
(1=R)(x) = 2(1-1)ae - 2rxx(ae)f,

and ||(+-R)x!| = max(2(1-1),20) ||| > lx]| . Since 1 -R is a
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contragtion . A =%, and R = %(Re+Rf).

We assert that M = B". Suppose M £ B". Since Me = B"e
and similarly for f we have eMf ;Z 0. Then there are minimal
projections p in Be and p' in Bf such that p~p' in M.

Since B # (B" M, = B"e®M  for some n>2, hence we can

)h’ e
choose a minimal projection q in Mf such that p~q and

ax(p) = 0. Let v be a partial isometry in M such that vv*=p,

v*v = q, and let a = v+v*., Then a€ll, 82=p+qEB" and

has norm 1, and P(a) = 0 since a = eaf + fae. Thus

i

1P| = [P+l = 3R, (D) + Ro (@]

Hp+x(p) +a+ x"q(q)‘.l = %,

since all four projections involved in the last expression are
mutually orthogonal. Since Hazn = 1, we have contradicted
(4, Thm.2.4], so that M = B", as asserted. But then if 8 is

the antiautomorphism of order 2 of M defined by

8 (ae+bf) = X"'/I(bi)e+ x(ae)f, a,b€M, then

P = $(R+R.) = #(146). ~ Q.E.D.

Lemma 5, Let A Dbe a unital C*-algebra and B a nonreversible
spin factor contained in A, Suppose P is a positive unital

projection of A onto B. Then 1+ -P cannot be contractive,

Proof., We may assume A is the C*-algebra generated by B,

hence A 1is the CAR algebra on a finite or infinite dimensional
Hilbert space, see [8]. Let T Dbe the unique normalized trace

on A, so T restricted to B is the same on B, ILet e be a
minimal projection in B. Since B° 1is not reversible, Ae is
either M2n with n>2 or the infinite dimensional CAR algebra,
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so in particular AeDM2n, n>2. Suppose «-P is contractive.
Since P(e) = e, P restricted to Ae is a positive unital pro-
Jjection of Ae onto €Ce with 1+ -P contractive. Hence by
Lemma 1 A c1M,, contradicting the fact that A:3M2n for some

n>2, Q.E.D.

In order to prove the theorem we shall go to the second dual
A** of A and restrict the extension of P to maps onto sub-
algebras of the form B e with e a central projection of the
weak closure B~ of B such that B e is a JW-factor of type I.
Since e 1is not necessarily a central projection in A** we
encounter some difficulties which will be treated in the next

lemmas, The next lemma is immediate from [4, Prop.2.8].

Lemma 6. Let A Dbe a unital abelian C*-algebra and P a posi-
tive unital projection on A with ++-P contractive. Then

P = 3(1+8) with 6 an automorphism of order 2 of A, In parti-
cular, if e is a minimal projection in A then either P(e) = e
or P(e) = #(e+e') with e' a minimal projection in A ortho-~
gonal to e,

*)

Proof., ILet 6 = 2P-1t, We have to show 6 is a Jordan homomor-
phism., Going to the second dual A** of A, since the minimal
projections there separate A, it suffices to show 8(e) is a
projection for each minimal projection e in A**, Iet e he a
minimal projection in A**, Then ep(e) # 0. Indeed, if eP(e) =0
then (e—P(e))2 = e+P(e)2 has norm at least 1, so equal to 1
since 1 -P is contractive. Since P is faithful by [4, Lem.2.3],

B = P(A**) is a JC-subalgebra of A** by [3, Thm. 1.4]. Thus

P(e)2 €B. But for a general projection e,

(*) This proof will only appear in the preprint.
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P((e-P(e))?) = P(e) - 2P(eP(e)) + P(P(e)?)

P(e) - 2P(e)‘2 + P(e)2

P(e) - P(e)°,

Since by the previous computation P((e-P(e))g) = P(e) +P(e)2,

we have P(e) = 0 contrary to assumption., Let

P(e) = Ae+g with O<Xj1, g EAX*,
and eg = O, We have
A(1-\)e +@-g°) = P(e) - P(e)®
= P(e)(1=P(e))
= P(e)P(1-e)
= P(P’e) -=P(e)e)
= P(e-P(e)e)
= (1-2)P(e)

= x(1=Me+ (1-M)g.

Thus g2= \g, So g = A with f a projection, and P(e) =

21‘,

A\(e+f), Let x = e-P(e). Then P(x) = 0. Since x°=(1-A)%e+A
||x2|| = max((’l-).)g,)ﬁ) or O, if f = 0. From the above compu-
tations P(xz) = A(1=2)(e+f), hence has norm A(1-A). By [4,
Thm,2.4], HP(X2)|| = Hx2H, so that either f =0 and A = 1,

or A =%. If A =1 P(e) =e. If X =%, P(e) = +(e+f), and

8(e) = 2P(e)-e =1, Q.E.D,

Lemma 7. Let M be a von Neumann algebra and P a normal posi-
tive unital projection of M onto a JW-subalgebra B with 1+ -P

contractive., OSuppose F 1is a minimal central projection in M.
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Then there exist at most two mutually orthogonal central projec-
tions e, and e, in B such that eF £0, i=1,2, If

F £ B one of the following two cases must occur:

(1) There exists a minimal central projection e€B with F<e,

in which case P(F) = Ze.

(2) There are two minimal orthogonal central projections e and

f in B with F<e+f, in which case P(F) = z(e+f).

In particular, if there exists a minimal central projection g

in B with g<F then FEB.

Proof. ©Suppose there exist three mutually orthogonal central pro-
jections e , e,, ez in B such that Fe; £0, i=1,2,3,

Since MF 1is a factor there exist nonzero projections pi:iei in
MF such that pi’”pj, i,j = 1,2,35, Let e;5 =Py and eij be
partial isometries in MF such that {eij :1<i,j<3} is a
complete set of matrix units for a subalgebra of MF isomorphic
to M5° Let x =T e;.

1J
i#3
e ° P(y). If i#j we have ejye  + e ye; = 4ei °(ej°y), so that

- By [9, Lem.4.1], if y€M P(e °y) =

P(eiyej-+ejyei) = He, © (ej°P(y)) =0,

since the e; are central projections in B. Thus P(eiyej) =0
for all y€M when i # j. In particular P(x) = O. Now
2 7
X = € q+€nntE55 + e, .
11 22 33 i,3=1 ij
.)<2, hence ||P(x*)|| <2, This contradicts (4, Thm.2.4],

has norm 4, while P(x°) =

3
2P( T e.
i=1 1
so the existence of e,, €r, €3 is impossible.

By [9, Lem.%.1] P maps the center Z of M onto the center

C of B. If A is the abelian von Neumann algebra generated
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by 2 and C, P is a projection of A onto C with contractive
complement. By Lemma 6, since Fg£€B, P(F) = #(F+F') with F'
another minimal projection in 2. If F<e with e minimal in C,
P(F)<e, so is a multiple of e, hence equal to 2e., If F<e+f
with e and f minimal projections in C, and F # e,f, then
P(F) = \e + uf, hence equal to +(e+f), since ||P(®)|| = %.

If there exists a minimal central projection g in B with
g<F then P(F)>g so [||P(F)|=1, while [P(®)|| =+ if F£B.
Thus FEB., Q.E.D.

Lemma 8, ILet M be a von Neumann algebra with center Z. Suppose
P is a normel positive unital projection of M onto a JW-sub-
algebra B with 1+ -P contractive, Suppose e 1is a minimal
central projection in B such that Be is of type I. Let E be
the central carrier of e in M. Then E€B, and either E is a
minimal projection in 7, or there exist minimal projections F
and G in Z belonging to the von Neumann algebra B" such that

F+G = EFE = e,

Proof. If E minimal in Z, E€B by Lemma 7. Assume E is not
minimal. By [9, Lem.Z4.1] P(exe) = eP(x)e for all x€M, so P
restricts to a projection with contractive complement of Me onto Be,
Since E is the central carrier of e and ME is not a factor,

M, 1is not a factor, Thus by Lemmas 2, 3, and 4 there are minimal
central projections f and g in Me such that e = f+g, If

F and G are central carriers of f and g respectively then

MF and MG are factors since I, and Mg are, and E = F+G,

Let A Dbe the abelian von Neumann algebra generated by 72

and the center C of B, Since F is minimal in Z2 and e in C
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it is easy to see that f = Fe is minimal in A, and similarly
g = Ge is minimal, Thus by Lemma 7 applied to A,f,g and the
restriction of P to A, P(f) =P(g) =2e. If F=f and G =g
then e = f+g =F+G =E and we are through.

Assume either £ #F or g # G. By symmetry we may assume

f' = F-f £Z 0., There are three cases,

(i) If B"e is - not .a factor then by Lemmas 4 and 5 Me = B"e

and P restricted to M, is of the form 2(1+8) with 6 an
antiautomorphism of order 2 of M,. Since P(f) = P(g) = %e,

8f = o

(ii) If B"e # Be and B'e is a factor then by Lemma 3 M, =B"e,

contrary to the fact that IM_ is not a factor.

(iii) If B"e = Be is a factor then by Lemma 2 either M, = Be,
contrary to assumption, or Me = 1"12 with B = €, contrary to
assumption, or M, = Bf +Bg, and P(af+bg) = %(a+a_1(b))f+—%(o.(a)+b)g,
where o 1is an isomorphism of Mf onto Mg.

From the above cases we may conclude that Me = Mf+Mg,

o is a Jordan isomorphism of Mf onto Mg such that P(af+bg) =
$(a+ra™ (01 + 3 (a(a)+d)g.

We have f' = F-f < 1-e, hence P(f')<1-e, BSince Be is
of type I, so is B"e by [6, Thm.8.2], hence M., therefore MF are
type I factors. We can thus find a minimal projection' pXf in M
and a partial isometry v in MF such that v*v = p, vv* = q<f',
Let x=v+v*+p-a(p). Then P(x) =0 since v = (1-e)ve,

Now x2 = q+2p+v+v*+a(p), which can be identified with the

3% 3 matrix

O a2
(© BN\ AN
- O O
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which has norm %(5+ﬁ), hence l|x2H = -3—(3+ﬁ), But we have

P(x%) = P(a) +2+4(p+a(p)) +3+@(®) + o (al(p)))

]

P(a) +3p +2a(p),

3

which has norm % since P(q) is orthogonal to p and a(p).
Thus [IP(X2)|| < ngl!, a contradiction, and we have shown that F = f,
G =g, hence E =g+f = e, Q.E.D.

If u is a unitary operator in a von Neumann algebra M we

denote by Adu the automorphism x —-> uxu*.

Temma 9, Let M be a type I factor and B a JW-subalgebra

of type I which is not a JW-factor, Suppose P is a normal
positive unital projection of M onto B with 1 -P contractive,
Then there exist two nonzero projections e and f in M with

sum 1 such that B =M_+M., and P = (1 +Ad(e-f)).

Proof. We may assume M = B(H) - the bounded operators on a com-
plex Hilbert space H, 8Since 1 1is a minimal central projection
in M and B is not a dJW-factor there exist by Lemma 7/ two
minimal central projections e and f in B with sum 1. We
assert that 1M, = B'e and M = B"f, Suppose for example that
M, £ B"e, Now M, 1is a factor of type I and Be a JW-subfactor
of type I and P a projection of Me onto Be. By Lemmas 2, 3
and 4 the only possible case is when M = M, and B"e = C.
St{ppose Me = M2 and let p be a minimal projection in M..

Let {eij :1<i< j<3} be a complete set of matrix units for

M such that e = €41+ oo and p = €330 Then

e+p
P:M — Me’l’l + e22) +Mf and P(e55> EMf, Let x= €qp* Cpq+ ez + ez
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and let T be the normalized trace on Me‘ Then by Lemma 2
P(x) = 'r(e,|2+ 621) +P(e(e,]3+ea,])e+i‘(e,|5+e3,])f) = 0. Now

x2 = 2e 4+ op + 8oz + €35 + €33, which is twice a 2-dimensional
projection, so has norm 2. By Lemma 2 applied to eqq and e

we have

P(x2)

i

P(e + e’l’l) + P(833> + P(e23 + 652)

1]

e+ 3e+ P(eBB) y

which has norm 3/2, contradicting the assumption that 1+ -P is
contractive [4, Thm.2.4]. Therefore B"e = Me and symmetrically
B"f = Moo
We next assert that Be = B"e and Bf = B"f, Since

B'"e = M, = B(eH) there are three possibilities [6], namely:

(1) Be = B"e, and we are through, (2) (resp. (3)) Be is the
JW-factor such that (Be)p is isomorphic to the real symmetric
matrices (resp. self-adjoint matrices with entries quaternions)
whenever p 1is a finite dimensional projection in Be. Assume
Be #B"e. Then dime>2, We first show dimf = 1. Indeed, if
dimf>2 let p<e, q<f Dbe 2-dimensional projections in B.
Then Mp+q can be identified with 1, so that if we write M4
as 2x2 matrices over IM,, then p is identified with (10)

and q with (O,l). Let v Dbe the self-adjoint unitary 2x2

matrix (_g é>’ and let

If Bq is the 2x2 real symmetric matrices then P(OV) =0

[9, Lem.6.1]. In the quaternion case B_ = Rq, so again by

q
(9, Lem.6.1], P(Ov) = O. Since p<e, q<f, we thus have

P(x) = 0., Now x2 = (:} ;), which has norm (3 -}-ﬁ), while
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P(x2) = (g g) has norm 2, contradicting [4, Thm.2.4]. Thus
dim f = 1, as asserted.

Since dimf = 1, M

o+t can be identified with M3° Let

:1<4i,j< i i i =
{eij :1<i,j<3} be matrix units for Mp+f as above with ez, =f.

Let
0O i i
X = "i O i o
-i-i O
Since B equals the 2x2 real symmetric matrices or R
®11*e22
we have P(x) = 0., But
2 1 -1
¥ = 1 2 1],
-1 1

so has norm 1 +V"§ « We have

/
1

P(xg) =P

o a2

/]
2
o)

o O O
+
e/
o
o

Since H(% ;)H = 3, l|P(x2)H <3 <1+ JB’ , again a contradiction.

Thus Be = B"e = M_, and Bf = B"f = M.. Therefore B = Mg + 1M,

e’? bl

and for x€M we have

P(x) = P(exe + fxf) = exe + fxf

= #(x+Ad(e-f)(x)). Q.E.D,

"

Lemma 10, Let M be a von Neumann algebra and P a normal,
positive unital projection of M onto a JW-subalgebra B with
t-P contractive. Suppose e is a minimal central projection

in B such that Be is of type I. Let E be the central carrier
of e in M., Then EE€B, and the restriction of P to ME is
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of the form +(1++6) with 6 a Jordan automorphism of ME of

order 2,

Proof. By Lemma 8 E€B, so P:ME —>BE., If E = e the lemma
follows from Lemmas 2, 3, 4, and 5. Assume E # e, By Lemma 7

f =E-e is a minimal central projection in B. By Lemma 8

E 1is a minimal central projection in M, hence ME is a factor,
and therefore Me is a factor. By Lemma 5 Be is reversible,
hence by [6, Thm.8,2] B"e is of type I, since Be is., Since
P:Me -> Be 1is a projection with contractive complement, Me is
of type I by Lemmas 2, %3, and 4, But then ME is a factor of
type I, hence so is Mf. Let N denote the commutant of Bf

in M., If a>0 in N and b>0 in Bf, then P(a)°b =
P(a*b)>0 by [9, Lem.4.1], so P(a) is in the center of Bf by
[9, Lem.3.1]. Thus P is a projection of N onto € with
contractive complement. By Lemma 1 Ncl,, so B"f is of type I.
By [7, Thm.6.4]| Bf is of type I, hence so is B = Be + Bf, and

the lemma follows from Lemma 9. Q.E.D,

Proof of Theorem, If P = 2(1+6) with 6 a Jordan automorphism

of order 2 then 1 -P = 3(1 -0) is a contraction. Conversely
assume P is a positive unital projection on the C*-algebra A
such that +-P is a contraction on A . By [4,Len.2.3] P is
faithful, so by [3, Thm,1.4] B = P(Ah) is a JC-subalgebra of Ah“
Define 6 = 2P- 1, Then obviously 62 =1 and 0 1is a self-
adjoint linear isomorphism of A onto itself., It thus suffices

to show e(x2> = e(x)2 for each xfEAh.

Going to the second dual we may assume ACA**, Tet M = A**

and extend P to a normal positive unital projection of M onto B~
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also denoted by P. By Kaplansky's density theorem 1+ -P is a
contraction on M. ILet p be a pure state on B, Then p has

a pure state extension to. A, hence to a normal pure state p

on M., Thus the restriction of § to B~ is normal pure éﬁate
extending p. Let ea be the minimal central projection in B~
such that >§(ep) = 1 (for this see also (1]). By [7, Thm.4.3]
B'ep is a JW-factor of type I. Let Ep be the central carrier
of € in M. By Lemma 10 EPGEB" and P maps MEp onto B'Ep
and is of the form %(t-kep) with ep a Jordan automorphism of
order 2 of MEp. In particular 2P-1 restricted to MEp is

a Jordan homomorphism for all&pure states p of B. Since P is
faithful by [4, Lem.2.3] and the pure states separate B, the

2) _

projections Ep separate A, hence if 6 = 2P-1 then 6(X

e(x)2 for all XGAh. Q.E.D.



%.
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