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Abstract
Let V., . be short range potential and Ai(a) analytic func-
. -2 n
tions. We show that the Bamiltonians H_ = -4 % ¢ ) ki(eﬁﬁ}%b—xﬂ)

converge in the strong resolvent sense to the poinl interactions
as €*>0, and if Vi have compact support then the eigenvalues
and resonances of H which remains bounded as € *0, are ana-
lytic in € in a complex neidhbourhood of zero. We compute in
c¢losed form the eigenvalues and resonances of He to the first
order in €,
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1. Introduction.

The point interactions were first studied in [1] where they
were introduced as natural objects in non-standard analysis,

In [2] and [3] some of their applications to physics were explored.
However the short range expansion or the approach to point inte-
raction remained a problem. To explain shortly we consider the
Hamiltonian of the form
n

H o= -a o+ e‘ziz1xi(e) V(3 (exy)) (1.1)
where Vi *  are short range potentials and ask if the limit exists
as e » o. This problem.was attacked in [4] where it was proved
that if Vi was of compact support and sufficiently regular then
HE converge in the strong resolvent sense to the Hamiltonian with
point jinteractions as e - o.

However for many physical applications it is of interest to
know what happens before one takes the limit, that is to try to
expand H€ in powers of €. For the one center problem i.e. {1.1)
for n = 1 this was solved in [5]. The amazing thing is that
{(1.1) is actually analytic in e not only for n = 1 but for
general n. This is what is proved in this paper, namely that the
eigenvalues and resonances of HE that remains bounded as ¢ - ©
are analytic if the Ai(e) are analytic, and the perturbation
expansion in ¢ 1is given and explicitly computed to first order
in e. This brings a completly new class of models into the range
of the solvable models.

We expect that this discovery will have application not only
in potential scattering but also in solid state physics. 1In solid
state physics we have a problem of the type (1.1) with n infinite.
The problem of the short range expansion for an infinite number of
centers is not attacked in this paper but in a forthcoming paper by

the same authors. The short range expansion for a charged particle is
studied in [6].



2. Convergence to point interactions

. . , 3
" Let x1,...,x be n different points in IR and Vi,...,V

n n

n real functions such that ijiR n L1(]R3) for ij=1,...,n where

R 1is the Rollnik class. (i.e. measurable functions on ZR3 such
that J]iv(m}v(y)llx—yl_zdx dy is finite. See Simon [7] for general
theory concerning Rollnik functions). Let further 11,...,An be

n real analytic functions defined in a neighbourhood of 0 with

A 0)=0ae=a (0) = 1,

Then we can define a family He of self-adjoint operators on

L2(2m3) by means of quadratic forms such that

H = - A +
3

for small €>0 where -A 1is the self-adjoint Laplacian.

e4a (e) Vil (-xy)) (2.1)

m
g 3

1

In the same way we define the self-adjoint operators

H. = -A + V,
j 3 (2.2)

Using the notations

) 2, -1
G, = (=8 - k%) (2.3)

with Imk) 06, and

1/2
., = | V. = . 8 V. 2.4
vy = 1vsI Y2 ug= vy san vy (2.4)

we have (Simon [71])

2,1 1

(Hj - k™) = Gk - Gk Vj(1 + uj Gkvj) uij (2.5)
2
when k ¢U(Hj)
Gy has an integralkernel which we denote by G, (x-y) where

eik|x~y|
Gk(x—y) - 411 K=y



We will also use the term Gk with Tmk £ 0 for the operator with
integralkernel given by (2.6). From Albeverio and Hgegh Krohn [4]

we take the following definition

Definition 2.1

Hj has a zero energy resonance if and only if -1 1is an eigen-
value for the operator uj Gk Vj.

Assume now that Hj has a zero energy resonance. Let ijLz(Hf%,wj#O,

be such that

(1+uijvj)@j =0 (2.7)

FromiAlbeverio,'Gesztesy'andﬁﬁ¢egh Krohn [5] we know that the so

called resonance function wj defined by

v, = G, V. @, (2.8)

H., ¢. = 0 (2.9)

in the sense of distributions,
But generally ¢j will not be in LZCR%L
We now distinguish the following cases for the operator Hj' j=1,...,n

(See Albeverio, Gesztesy and Hgegh Krohn [5]).

Case (I)

V.

- 1 is not an eigenvalue of ujGO 3

Case (II)

- 1 is a simple eigenvalue of ujGOVj and the corresponding

wj is not in L2(H23)



Case {(IITI)
- 1 is an eigenvalue of ujGovj with multiplicity Nj z 1,

and the corresponding ¢jr' Y = 1,00y Nj, are all in L?* (R?®).

Case (IV)

- 1 is an eigenvalue of ujGij with multiplicity Nj; 2,

and at least one of the corresponding wjr’ r = 1,...,Nj is not
2 3
in L (R).

In case (IIT) and (IV) we will assume that the eigenfunctions

w.. , r =1,...,N. are chosen such that
ar J f
. Q. = 0 2.10
(mjr, sz) 0 for r # s (2.10)
and r,s = 1,...,Nj where
©._ = @, sqgnv. : 2.11
mjr wjr d J ( )

With some additional assumption on the potentials Vj we have the
following useful criterion to decide whether wj is in LZ(H{3)

or not,

Proposition 2,2

Assume VER and |-IVGL1(IR3) and let w€L2(1R3), w += 0,
satisfy
(1+uGOv)w =0 (2.12)

With ¢ = Govw we have the following:

weL2 (R3) = (v,p) = 0 (2.13)

Proof: See Albeverio, Gesztesy and Hgegh Krohn [5]

Following Grossmann, Hgegh Krohn and Mebkhout [2], [3] we now define

the self-adjoint operator -A where X = (%X,,...,%_} and
(X,a) 1 n
_ | . _ 2y -1 ,
a = (a1,...,an} € R by its resolvent ( A(X,a) k™) with
integral kernel
2 -
(-4 x4 Vx,y) = (2.14)

(X,a)



T ik N o vq-1 _
Gy (x-y) + % i1 Gy (x-x%,) [(ag— iy )agj.- Gy (x, xj)]zj Gk{xj v)

for Imk > 0, k2¢o (-4 ), where B (x) = G (x) if x #0

(x,0

and 0 otherwisd.

( We have used [a .]_ | to denote the %,3"th element of the in-

25723
inverse of the matrix [agj])'

The self-adjoint operator represents the formal Ha-

-4

(X,0)
miltonian with § - potentials situated at X = (x1,...,xn) with
strength o = (ai""'an)'

With these definitions we have the following theorem

Theorem 2.3

1 3

3 (R7) for Jj=1%1,...,n,

et ViR’ SR fulfill (1+101)2 Vi RNL
and assume that for every j the operator Hj is either in case
() or (II).

Then the operator HE defined by (2.1) will converge in strong

resolvent sense to the operator - A(X o) defined by (2.14) where
I

» in case (I) '
= (2.15)

] o -2 .
at{o . . . . n case (II
}(0) (mj, mj)l(vj,w3)1 i (II)

Remarks

1. aj = «» means that the point xj shall be removed from the
definition of - &(X,a), i.e. we use - A(g’g) with X consisting
of the points in X which are in case (II). If all points have

0. = o we get i i i.e, - = -
i g the free Hamiltonian, i.e A(X,a) A



2. The theorem is proved by other means in Albeverio and
Hgegh Krohn [4] under the assumption that the potentials have

compact support,

Proof:

Define the operator A = [Azj]z 5=1 on the Hilbert space
,i=
e
2
L= 1w’ by
3=1
= W v (2.16)
Agj ngk Vj A
for %,3 = %,...,n where Gj, Wj are given by
T.(x) = u. (£ (x~x.
50 = 0 (2 (xmxg)
~ _ 1 (2.17)
v,.(x}) = v, (= (x-x. !
5 (x) 5 (5 (x=x4))
Folx) = e 2 AL (e)0, (%)
J 1l J
As in Simon [7] we have for Imk sufficiently large that
2, -1 o m 0 ~ e oM
(H = k%) =G, + ¥ (-1 [G, (X v.w.,) 1l G
E k m=1 ) k=1 j j) k
P 65, [ = oy By g -eeBy j]'x}'j@k (2.18)
K =t 9,9=1 S PRTRS N 14 3132 m-2
1§j1,...,jm_2§ n
(For m = 1 the last bracket is defined to be 6£j’ and for
m =1 it is defined to be Ang
. n
We now introduce the operator B = [B .1 ~. _: K_+ K, where B .
2378 ,3=1 23
has integral kernel
Bﬁj (x,y) =€A£ (e) u, (x)Gk(e(x—y)-+x2~xj)vj(y) (2.19)



for ££,3 = 1,...,n. In addition let Cj’ Dj : LZCR3)g+ L2(1R3Y

have integral kernels

Cj(x,y) = Gy (X—ey—Xj)Vj {y) (2.20)

Dj(x;y) Aj(s) uj(x) Gk(ex+xj~y) (2.21)

(we suppress the ¢ and k dependence for the moment to simplify
the notations).

By a change of variables (x P% (x-%))in (2.18) we obtain the following

expression
2, -1
(H - k%) .
o0
=g + 3 (-D™ 5 ec

K b B,. B. . ...B, .]Dj

=1 pa=t Pagnd ., P31 I3 Ip-27

TE3greessdp g S0

N
=g, + ¥ (-1 £ ec. I[B
m=1 % 3=1

n ()
=G, -¢ £ Cplz (-1)
2, 9=1 m=0

m

n
-1
=G - € £ C[1+B] .D, (2.22)
2 ,3=1 % #33

Remark the great structural vesemblance with the resolvent of
- A in equation 2,14},

(X, ) : (2.14) )
The validity of (2.22) extends to Imk>0, k éo(He) by analytic
continuation of both sides.
What remains to be found is the limit of B,Cj and Dj when ¢

tends to 0 and therefore we introduce the ¢ dependence:

B =B, ¢S =c¢. and Dt = Dp,.
j j j j

From Albeverio, Gesztesy and Hgegh Krohn [5] we have that

n
£
c; > | G (- xj)><vj[ as ¢ + 0 (2.23)
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where the operator S = |f >< g| 1is defined by Sh = (g,h) £.

Similarly
D % |u.»<G_ (x,~-+)| as e- 0 (2.24)
] 3 k]
introducing the operators E° = [Ezj] and F° = [ sz] with
integral kernels
€ - -—
Egj (x,y) = %j A, le) u, (%) G ) (x-y) vy (v} (2.25)

Fogxry) = (=80 dp(eluy (x) 6 (elx-y) + xp-x v (y)  (2.26)

we see that
1T+ B =1+ E +¢F (2.27)

1

To find the limit of (1+8%) " we see from the following

computation that it is necessary to find the limit of e(1+E€)-1,

e (148%) 71 = ¢ (14ES+eF®) 1 =

(1+e (1+E) 1 F%) =1 ¢ (14+6%) 7] (2.28)
To this end we expand Eij around € = 0,
Because VEER(1L1(IR3) we have

Ag(e) u, Gek v, T ugGo v, + ELQ + oleg) (2.29)
for ¢ = 1,...,n where

L, = lt(O)u G v + K [u >< [ (2.30)

g T Mgt b Ve T Ty 1R 7 Yy ¥
and of{e) 1s a bounded operator such that % Hote)]] +~ 0
as =« = 0,
From Albeverio, Gesztesy and Hgegh Krohn [5] we have that

e(1+e+u,G_v., ) | = P, + o(1) (2.31)

} o 3 3
where o(1) 1is a bounded operator such that |[[o(1)]|] » 0
as e » 0 and
0 in case (I)
P, = (2.32)

J >, .
l?l&_fll in case (ITI)

('6] l(pj)



Using this and the expansion (2,29) we obtain

e (1+E° )—1

= +e+
0 el1+e uzGov

E+5(L£—1+0(1))]*1

1 1

[1+e (1+c+u,G_v,) (L£—1+Q(1D]_1e(1+e+u£GOv£)—

1

[1+(P,+0(1)) (L,=1+0(1)) 1" (P +0(1))

1

- -1 -1
(1 + (1+P L -P,} o{1}] (1+P£L£—le (P£+o{1))

-1 e
—Pz) Pg + 0(1) (2.33)

8]

(1+P2L£

which implies that

c(+E) V2 as € 5 0 (2.34)
where
- o -1
K= {ng(1+PRLE Pz) Pgl (2.35)

According to Albeverio, Gesztesy and Hgegh Krohn [5] we have
-1 0 1in case (1)
(1+P L =P} 'P = (2.36)
LRtk ik 2 0 o~ e "
[X;I(Vzrwg)l -Ag(O)(wE,mg)l lw£><wnl in case (II)

So far we have only been using the assumption that VjGRnL1{IR3L
but from lemma 2.4, proved after this theorem, we have under the

assumptions that (1+|-|)2vjeRnL1(m3) that

FC §F° as ¢ -+ 0 (2.37)

where

o ~ '
F = [Gk(xg—xj)lu2 >< va] (2.38)

From (2,.35) and (2.36) we see that the norm of K can be made
arbitrarily small when Imk 1is large, and (2.44) implies that

[{ F*l] is uniformly bounded.

1 e, -1

(1+e (1+E®) "' FE) 7' =

1 1 -1

(1+KFP) ™1+ (14 (1+ES) TTR%) " V(e (14E5) T 1RE-KFO) (1+KFO)

(1+xF°)”" " as e » o0, (2.39)

i



_‘]0_

Using (2.34) and (2.39) we obtain

e(1+13.5}'1 8 {1+KFO)—1 K (2.40)

Taking the limit in (2.22) when ¢ tends to zero and using
equations (2.23), (2.24) and (2.40) we finally obtain after a

short computation that

(HETkz)"1 § (_A(X’a)-kz)“1 as e > 0 (2‘41)

where a = («a .,un) is given according to (2.15) and remark 1.

,‘;..
=}

To establish eguation (2.37) we need the following lemma

Lemma 2.4

Let V,, V, be real fuctions such that (1+|-|)2vj erRnNL (R
and define vy = [Vj[1/2 and uj = vy sgn‘lj. Let further A
be a real analytic function in a neigbourhood of 0 with X(0) = 1.
It aEZR3p a # 0, and F®  is the operator with integral kernel
FE(x,y) = A(e) u,(x) G (e(x-y)+a)v,(y) (2.42)
where Gk is defined by (2.6) and Imk > 0, then
Fe 3 F° as € > 0 (2.43)
Proof:
There is no lack of generality to assume that Afe) = 1,
First we prove that ||F®|| 4is bounded by estimating the Hilbert-
Schmidt norm I]']]Z of F° - F°,
ik|e (x-y)+a] iklal 2
2 1 e e dxd
|17 - P95 = —5 [fIv ) [V, (v | - Y
16m | e (x-y)+] lal
1 lal-le(x-y) +al ik|e(x-y)+a]|?
< -§[IIIV1(X)IIV2 (y)} e dxdy
81 |e (x-y) +al |a]
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ik]e (x-y) +a]| ik]a] 2
+ l"“““ljfﬂv1 (x) || v, (y) | | e - e dxdy]

1
a

(1+1x1%) (1+]y[%)
< —;Ml_f [Ulvq(x) v, (v) | | h?f axdy + 2||v, l[1llv2\|1]

4n |x-y+la|

1

= W [‘l(1+|°12)v1”R ” (1+]'I2)V2”R+ 2“ V1 ”1 ” V2”1 ] (2‘44)

is the Rollnik norm,

. 1/2
wnere ||Vl = [151veo 1l vig) Hxey] ™ axay]

From this uniform bound on the norm of F° we only have to prove

that  |[(F°-FO)gll» 0 as e > 0 for f€CT(R?)

| (F -0y £]|? = J|V1(X)|II(Gk(E(X"y)+a)—Gk(a))vz(y)f(y)lez dx

1 2
= I(1+1xl)2lv1(x)|[———— S {6, (e (x~y) +a) - Gk(a))vz(y)f(y)dyl] dx  (2.45)
1+H1x

For each x€IR3 we have from Lebesdue”s dominated convergence theorem

that
J(G, (e (x-y)+a) - G, (a))v, {y) fly)dy > © (2.46)
as ¢ » 0 because f has compact support.

[ J(G, (e (x-y) +a) = G, (a))v,(y)fly)dy]|s

1 »
- _ K _
4nTa[[U ia[]i?}ify\{l;?ti ot | (x-y) +al v, (V) E(y)dy| +

U(eik[s(x-Y)’fal - eiklal)v2 (y)f(y)dYI]

o iyl v, [l £(y) ] v, (y) £ (y)]
= Znla [2I|V2(Y)f(Y)[dy +J [x-y+a/e| dy + [x[J [x-y+a/e] dy]
< C(1+]x])

{(2.47)
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. ' 2 3
where C is a constant independent of € since TTT'Elﬁoc(n{)

(and | -£Ei__§ is bounded independently of bEEfB) and
| x-b]|
suppf

£, vszL2(1R3) using HOlder”s inequality.

| -

From (2.45), (2.46) and (2.47) we conclude, using dominated convergence,

Vo

that F® 2 F° as ¢ + 0 thus proving the lemma,

We will now strengthen the conditions on the potentials but also im-

prove the conclusion of theorem 2.3, treating all cases (I) to {(IV}).

Theorem 2.5

Let V ,Vne R be real-valued with compact support.

1;---

L3
If Hj is in case (III) or (IV) assume in addition that li(O) # 0.
Then the self-adijoint operator HE defined by (2.1) will converge in

norm resolvent sense to the self-adjoint operator 'A(X %) defined
I

by (2.14) where o = (a1,...,an) is

[ o in case (I} and (III)

! ~ -2
oy = }\j(O)((pj,ij)](Vj,(pj)l in case (II) (2.48)
N.
V012 | v 0 ) 12 @0, 07171 in case (1v)
J r=1 ] Jr jr’ Jr
Remarks
1. aj = o means that the point Xj shall be removed from the de-
finition of the operator _A(X,a)’ i,e. we use dA(?,E) where

¥ @ X consists of the points in case (II) and (IV).
2. Albeverio and Hg¢egh Krohn [4] have proved strong resolvent conver-

gence in case (I) and (II), but in case (III) and (IV) they assume that
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the potentials have definite sign,

3, If Aj(O) = 0 in case (III) and (IV) we will not in general have
norm resolvent convergence, see Albeverio, Gesztesy and Hgegh Krohn
[51.

Using the following proof we can also slightly weaken some of the
conditions on the potentials in the one-center case, i.e., when n = 1,

in Albeverio, Gesztesv and Hgegh Krohn [5],

Proof:
The proof of this theorem will closely follow the proof of theorem 2,3.
From Simon [7] it follows that Rollnik-functions with compact support
are in L1(]R3) and therefore we can use the proof of theorem 2.3

till equation (2.31)

Instead of (2.32) we now have

1

e(1+e+u.G v.,) ' = P, + o1 .
% j) 5 (1) (2.49)
where
0 in case (I)
lp.><5., ]
P, = ¢ __%___l“ in case (II) (2.50)
:] ((pj!'(pj)
N. , ~
3leg oo, 1
z ~- in case (III) and ({(IV)
r=1 ‘(wjr;wjr)

We still have

e,—1 n -1 -
e (1+E") > {élj(1+Pij Pj) Pj] =K as € -~ 0 (2.51)
but now
0 in case (I)
-1 ik 2 ' s -1 ~
14P.,L.-P. P, = { 0. - . e . . .
(4P L-Py) Py (5 [(vjfwj)l A (0) (950 ] Imj><w}| (2.52)
in case (II)
LT ey <@
- — 3 — in case (III)
A l0hE=T {00y, )
N
ik oy -1 e
rz - [ (04 v 5) (V3005 D=2 (0) (D, v0 ) ]rsler><(ojs|
C ’

in case (1IV)



....15_..
gative eigenvalue E{c) with 0<M1§|E(E)|§‘M2< o for small € > 0.

Let {cn} by a positive seqguence converging to zero and let

ki (Imk >0) be an accumulation point for {E(en)}. Then is a multi-

valued analytic function k({e) with k{0) = kof i,e.
k(e) = k_ + ge/T) (3.3)
where ¢ is analytic, g{0) = 0, and re¢ N, such that kz(e) is

. . . 2 . .
is a negative eigenvalue for He and ko is a negative eigenvalue

3 -A .
for (X,0)

We have the following expansion of ki{g)

k(e) = k_ + 1 k, + o(e!/T) (3.4)

where k1 is a solution of the implicit equation (3.34) if r =z 1

or (3.3%) 4if r = 1,

Proof:
Let pfle) = VE(g), Impl(e} > 0.

From (2.19) we see that E(e} 1is a negative eigenvalue of HE iff

-1 is an eigenvalue of the operator BE’k with k =ple) where we
have introduced the € and k dependence for the operator defined by
(2.19).

We expand the operator BE’k in powers of €

£,k

B =5 + €T + ole) (3.5)
where
S = [§,. . G v, 3.6
(644 vy G V5] (3.6)
and
_ ! ik e _
T = [(Aj(O)ujGovj + 4ﬂ|uj><vj[)égj + G, (x, xj)’u£><vj|] (3.7)

and

% | ote)]] = 0 ‘as € + 0. (3.8)



From our assumptions (3.2) concerning zero energy resonance we have

that

= : 3.9
Ker (1+S) = {(a1w1,...,anmn)l aj c ¢} ( )
where Ker is the kernel and we recall from section 2 that mj is

the eigenfunction satisfying

1+u. G v.)o. = 0 3.10
( 5 GoV4ley ( )
From proposition 2.2 we see that it possible to normalize wj such

that V. o= 1.
( j’w])

Introduce
X0=Ker {1+S) (3.11)
‘HT = Ran (1+8) (3.12)
Then I - |
P, ><P
P = [%jfi—&‘” (3.13)

(recall $R =0, sgn‘Jg) will be a projection onto JFO.

We have

* _ ~ ~
Ker (1+8%) {(a1m1,...,anmn)|aj€¢} (3.14)

thus making
Ker P = Ker (1+8%)7 (3.15)
The Fredholm alternative implies

¥ o4
X1 = Ker (1+S )™ = Ker P. (3.16)

i.e. we have that JQ is the direct sum of J{o and Afi' We can also
conclude that (1+S) : Ran (1+S) » Ran (1+8) is a bijection,

We now split the operators S,T and o{e) by defining

s00 = PSP (3.17)
s10 = (1-P)SP ' {3.18)
s01 = PS(1-P) (3.19)

S

11 (1-P)S(1-P) {3.20)



-17 -

and similarily for T and of(e).

= = = = 3 Elk
Then SOO = =P, 810 801 0, thus we can write B
as
-1 + s:TO0 + %0 {e) ST‘D1 + 001(e)
Bg,k - ' {(3.21)
€Tig * O19l€) 819 * €Tqq * Oqqle} ]
using the decomposition of é{ into &(o and 3{1.
We define the operator a;e,k by
- 1
1+ Tog * & 9pgle) €Ty + 0gq(€)
Bex - (3.22)
1
Tio ¥ & ©10(8)  Bqq * eTyy * ogyle)]
Then we have that
evk, | v 1 _ erky [¥,]
1+B 0 = g{1+ 0 3.23
( b le? | 7 o B 0] (3.23)

for e > 0 which shows that E(e}) 1is a negative eigenvalue for H€

Bﬁrp(s)

iff -1 tis an eigenvalue for where opfe) = VE{e), Imple)>0.

When £ = 0 we have that

] Tan¥
(1 + BOrK, { O} = { 00"0 (3.24)

vy Tig¥o + (145140 ¥y
and if
wo = (01@1""’ann) with cieit (3.25)
then
@ n .
L ik ~ n
TogV, =- (——— Z [la, - 3=)6,, - G (x -x)le.), _
00 "o (@, ,0,) 3=1 2 4 23 | S j e =1 {3.26)
L'
Now
T10 Vg * (1+S11) b, = 0 (3.27).
iff

_ -1
Yy = [(“S)Iét’.,] Tyo Vo (3.28)




Therefore -1 1is an eigenvalue for d3°'k iff Ker T00 # {0}

and by (3.26) this is the case iff k2 is a negative eigenvalue for

- A .
(X,a)
If we define the analytic function
£(e,k) = det, (1+8B°%) (3.29)

where det2 is the modified Fredholm-determinant (see e.g. Simon [8])

then f(s,p(e)) =0 for small € > 0.

Let ko be an accumulation print for {p(en)] where {en} is a

positive sequence converging to zero. Then f(O,ko) = 0 which shows
2 ' . .

that ko is a negative eigenvalue for A(X,a)'

The analytic function £{+,0} is not identically zero, and from
implicit function theory {(see e.g. Rauch {9])we know that there is a

multivalued analytic function k() with k{0) = ko' i.e.

kie) =k _ + g(e1/y (3.30)

with g analytic, g(0) = 0 and r€é M such that
0 (3.31)

fle,k{e))

for small ¢ > 0. k(e)2 is then a negative eigenvalue for HE

Returning now to the operator pE Kk and putting = k(eh), we
r

have an analytic Hilbert-Schmidt operator B® % (€) with -1 as

an eigenvalue for e small (for ¢ =0 BO'k will always have -1

as an eigenvalue independently of k as will be seen from the defi-

erk (2.19) and the assumption {3.2) on the potentials.)

nition of B
By first reducing the problem to a finite dimensional space by standard
methods (See e.g. Reed and Simon [10] ch.XII sec.t and 2) and using
a theorem of Baumgdrtel [11] we can find an eigenvector ®° with

e b §° analvtic such that

er,k(e) e _
{14B }y &7 = 0 {3.32)




£
ATON
£ £ ! j

Let @° = (¢y,...,0 ) and put 0y = 5 I€=O.

From (3.32) we see that if € = 0 we have

o)
1+u.G Vv, . =0 (3.33
{ 3% J) @ )
By taking the derivative x + 1 times in e = 0 in (3.32} and taking

~ 1
inner product with @? we obtain the following equations (k1=K(O))

r > 1
ik, o , Vo
W((pﬁ.’vﬂ.) (Vgr(pg) - A,Q,(O) (('py,l(pp’) (3.34)
ik, n ik |x,-x.] . '
1 oL Ty o o = _ o -
+ 4'” jZ=1 e (LDR,’V,Q,) (Vj’(pj) + j%ﬂ‘le (X,Q, Xj) ((D.Q;’VR;) (vjl(pj) 0
r = 1
k2
" ~D O o) -O : o]
=Xy (0) (@ ,00) = 70— JIB_(x)v, (x) |x-y|v, (y)o, (y)dxdy
! 0,2 ! ~o ! iko o !
+ 2Xg (@) ay [ (v, ,00) [T = 23, (0) (B ,0,) + 522000 ,v ) (v )
1l
-0 O
- o (%- i : 3.35
+ %rEIII(DQ(X?VR(X)VGkO(XR xj) (% y)vj(y)wjty)dxdy { )_
78
ik, n ik |x,-x.]|
1 o'k T3 o o
+ ZTT E e ((pﬁ'lvg) (le{pj)
i=1
no o '
+ 2 ‘Z Gy (xg—xj)(wg,vg)(vj,wj) = 0
j=1 o}
(In the r = 1 eguation we have used the egquation one cbtains by

taking the derivative r times in € = 0 in (3.32) to simplify the

eXpression).
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We now want to reverse theorem 3.1 by starting with an eigenvalue
for -~ A(X o) Using the norm resolvent convergence we can formu-
r

late the following theorem

Theorem 3.2

Assume that k2 (Imk >0) 1is a negative eigenvalue for - A
o o} (X,0)

with multiplicity m.
Then there exist m (not necessarily different) multivalued analytic

functions kj(e) in a neighbourhood of 0 with kj(O) = ko, i.e.

1/rj
kj(g) = kO + gj(g ) (3.36)

with gj analytic, gj(O) = 0, and rjEIQ such that {ki ()}

are all the eigenvalues for Ho in a neighbourhood of kg for all

sufficiently small ¢e.

We have the following expansion

1/r, 1/r.

. - + :] . + :] 3.37
k](e) kO £ qug ole ) ( )

where Kk 3 = k1 is a solution of (3.34) if rj > 1 or (3.35) if

Proof:
From the norm resolvent convergence proved in theorem 2.5, we can
conclude using the convergence of the spectral families that there

are m functions Ej(e) where Ej(s) is an eigenvalue for H
. 2
converging to ko‘

As in the proof of theorem 3.1 we obtain the multivalued analytic

functions kj(e) and the expansion stated in the theorenm.



4, Resonances

In this section we will use the same assumptionson the potentials

as in section 3, i.e.

(i) VjE R and supp Vj is compact (4.1)
(ii) Hy = - 4+ V. is in case (II) (4.2)
From (2.22) we have for 1Imk > 0, k2 QOWHE)

‘ n
-k =g -¢ I C

-1
[1+B]) . : D.
k 9 3=1 L 23 3 {(4.3)

But recalling the definitions (2.12-21) of the operators B'Cﬁ'Dj

we see (because of our assumption (4.1)) that the right hand side
of (4.3) is a meromorphic function of k also for Imk £ 0., In

analogy with the properties of negative eigenvalues, we define re~
sonances as follows. (We now introduce the ¢ and k dependence

£,k

for B, i.e. B = B)

Definition 4.1

We say that k{e), Imk(e) < 0, is a resonance for HE if and only

if =1 1is an eigenvalue for Bs'k,

For the operator —A(X o) negative eigenvalues and resonances are
[ .

in complete analogv.

Definition 4.2

We say that k, Imk < 0, is a resocnance for =-A if and only if

(Xfa)
det [la,- ) 5 . = & (x,-x.) 1" =0
2 4n 23 k' %97 72,9=1
This definition makes it possible to study how the resonances vary

with o = (u1,...,an) for simple geometric arrangements of
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X = (x1,...,xn). See Albeverio and Hgegh Krohn [12] for details.

With these definitions we can formulate the following theorem,

Theorem 4.3

Assume that HE has a resonance (g) with,

EA

M., € for ¢ small

0 < M, 5 |Imele)]| = [K(e)] 9

1

Let {en} be a positive sequence converging to zero and let k_ be

an accumulation point for {K(sn)}. Then there exists a multivalued

analytic function k(e) 1in a neigbourhood of zero with k(0) = ko,i.e.
k(e) = k_ + gt/ Ty (4.4)
with g analytic, g(0) = 0, and r € N, where k(g) 1is a resonance
for H and Kk is a resonance for -A . We have the following
€ o] (X,Oﬁ)
£ expansion
k(e) =k_ + /T k. + ofe'/T) (4.5)

o 1

where k1 is a solution of (3.34) if r > 1 or (3.35) if r =1,

Proof: The proof is identical to that of thecorem 3.1 except for one
fact., For eigenvalues we have to appeal to (4.3) to say that -1
!

is an eigenvalue for B® k, for regonances this follows from de-

finition 4.1. The assumption [ImK (e)l 2 M1 > 0 enables us to say

that Imk0 < 0.

If we want to have an analoque to theorem 3.2 for resonances, we
cannot use the same sort of proof because we do not have the spectral
projections for resonances. We can now instead formulate the

following theorem which is also valid for eigenvalues.
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Theorem 4.4

Assume that k {Imk <0) 1is a resonance for -A . Then there
Q o] (x:a)

exists a multivated function k(e) in a neigbourhood of 0 with
k(o) = kof ioe-

k(e) =k, *+ g(c'/%) (4.6)

where g is analytic, g(0) = 0, and r€ N, such that k(e) is
a resonance for H for small e > 0. We have the following expansion

81/r.+

: o(e'/T) (4.7)

k{e) = ko + k

where k1 is a solution of {(3.34) if r » 1 or (3.35) if r = 1,
Proof:

The proof will depend heavily upon the proof of theorem 3.1 and we
will use the same terminology.

Let

£(e,k) = det, (14 B Xy (4.8)

where 03€’k is defined by (3.22).

k

From the properties of B Er we have that -1 1is an eigenvalue for

d}o’k iff k is a resonance for "A(X o) which implies that
r
- 4.9
f(Ofko) 0 ( )

£(0,k) #£ 0 (4.10)
From implicit function theory (See e.g. Rauch [10]) we have that there

exists a multivalued analytic function k(e) with k(0) = ko and

fe,k(eg)) = 0 {4.11)

for small . We are now in the situation covered by theorem 3.1 and

we obtain the same expansions,



Acknowledgement

We would like to thank.the professors Sergio Albeverio,
Tai T. Wu, Fritz Gesztesy, Mohamad Mebkhout and Alex Grossmann
for interesting discussions and valuable contributions during
different stages of the research presented here. Two of the
authors (H.H. and S.J.) would also like to thank professor
Lennart Carleson for his kind invitation to the Mittag-Leffler
institute and professor Mchamad Mebkhout for the invitation to

Faculté des Sciences de Luminy, Universit& d"Aix Marseille II.



References

£1] S.Albeverio, J.E.Fenstad, R.Hgegh Krchn
Singular perturbation and Nonstandard Analysis
Transactions of Am.Math,Soc. 252 (1979), 275-295

[21 A.Grossmann, R.,Hgegh Krohn, M.Mebkhout
The one-particle theory of periodic point interactions
Commun.Math.Phys., 77 (1980}, 87-110

[3] A.Grossmann, R.Hgegh Krohn, M.Mebkhout
A class of explicitly soluble, local, many-center
Hamiltonians for one-particle guantum mechanics in
two and three dimensions I
J.Math.Phys. 21 (1980), 2376-2385

f41 S.Albeverio, R.Hgegh Krohn
Point interactions as limits of short range interactions
Bochum/Bielefeld preprint 1980
To appear in J.Operator Theory

[5] S.Albeverio, F.Gesztesy, R.Hgegh Krohn
The low energy expansion in nonrelativistic scattering
theory
Bielefeld preprint 1981

[6] S.Albeverio, F.Gesztesy, R.Hgegh Krohn, I .Streit
Charged particles with short range interactions
Preprint Inst. fir Theoretische Physik
Universitdt Graz, Austria

{7] B, Simon
Quantum Mechanics for Hamiltonians
Defined as Quadratic Forms
Princeton Univ,Press 1971

[8] B.Simon
Notes on Infinite Determinants of Hilbert Space Operators
Advances in Mathematics 24 (1977), 244-273

[9] J.Rauch
Perturbation Theory for Eigenvalues and Rescnances of

Schrddinger Hamiltonians
J.Func.Anal. 35 (1980), 304-315

[10] M.Reed, B.Simon
Methods of modern mathematical physics
IV Analysis of operators
N.Y. Academic Press 1978

[11] H.Baumgirtel
Analytische Stdrung isolierter Eigenwerte endlicher
algebraischer Vielfachheit von nicht selbstadjungierten
Operatoren
Monatsberichte Deutsche Akademische Wissenschaften
Berlin 10 (1968), 250-257

[12] S.Albeverio, R.Hgegh Krohn
Perturbation of Resonances in Quantum Mechanics
Bochum preprint 1981



