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1. Introduetion
Let C< P3 be a twisted cubic curve. Denote by

rcarass(1,3) 1its tangent curve (curve of tanpent lines)
and by che 53 its dual curve (curve of osculating planes).
The curve T is rational normal. of degree 4, while ct is
again a twisted cubic. The triple (C,P,0") 1is called a
(non depenerate) complete twisted cublc. By a degeneration
of it we nean a triple (G,7,8"), where € (resp. T, resp.
C*) is a flat specialization of € (resp. I, resp. C¥).
Thus we work with Hilbert schemes rather than Chow schenes:
let H denote the irreducible component of H11b>"T ! (P3)
containing the ftwisted cubices, ﬁ the corresponding
conponent. of M11b5™ 1 (F3) ana ¢ the corponent of
Hilh&”+1(Grass(1,3)) containing the tangent curves of

twisted cubles. The gpace of complete twisted cubles 1is

the closure % < H x ¢ x I of the set of non depmenceratbe
conplete twisted cubics.

In this paper we show how to obtain Schubert's 11 first
order depenerations ([S],pp.16um166) of complete twisted
cubics, viewed as elements of H x G x ﬁy "via projections®,
i.e., by constructing 1-dinensional fanilies of curves on
various kinds'of cones. In particular, we describe the
ideals of the degenerated curves. A sinilar study was done
by Alpuneid [A], vho viewed the degenerations as cycles
(rather than Tlat specializations), and wvho pgave equations
for the cormplexes of lines assoclated to the degenerated
cycles by using the thecory of conplete collineations.

An ultimate goal In the study of degenerations of
conplete twisted cubics, is of course to verify Schubert's
results in the enunerative theory of ftwisfed cubles. As
long as one, as Schubert does, prrnstricts oneself to only
inpose conditions that Involve polnts, tangents, and
osculating planes (and not secants, chords, osculating
lines, ...), the space 7 1is a compactification of the
space of twisted cubles that contalns enough informnation.
In other wvords, one would like to describe the Chow ring of
T in terrns of cycles corresponding to depgenerate conplete
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twisted cubics, and in terms of cycles representing the
various Schubert conditions. One appreach would be to
stuﬁy the Chow vring of H  and the blow-up map T =+ H. 1In
a Joint work with iilchael Schlessinger we prove that the
12-dimensional schene H  1is in fact snooth, and, norcover,
that N intersects the other (15-dinensional) conponent

' of Hiib P (p3) transversally along an 11-dinensional
locus (H' contains plane cubic curves union a point in 03,
and Hn H' conslsts of plane.cubics with an enbedded point)
This result, together with Turther investipgations of the
nap T + H, will be the subject of a forthconing paper.

Acknovledgments. This work was bepgun while the author was
a visitor of the Department of ilathenaticy, Universgidade
Federal de Penambuco, in March/April 1981. l!lany thanks are
due to Prof. I. Vainsencher for conversations that started
the vwork, and to CHPg Tor its financilal support.

2. Degenerations vlia projections

Since all twisted cubices are projectively equivalent,
we shall fix one, CC P3 = Tﬁ ( & alpebraically closed
field of characteristic 0 ), nilven by the ideal

I-= (KOXQnK%,X1X3mX5,KOX3"X1K2),
Hlence C has a paraneter forn

Xy = w3, Xy = u?v, X, = uv?, Xy = v3.

The tangent curve T of ¢, viewed as n curve in ©3% via
the Plilcker erbedding of (rass(1,3), has a parameter forn

(t = % ) given by the 2-ninors of

Tt t2 63y

hence by



The ideal of T in P> 1is
J = (Y3ﬂ3Y2,HYOY2~Y%,YOY&—Y1Y2§Y1YMNHY%,HYOYSmY1Yuj
Yq¥g Yol MY oY)

*.. X
The dual curve C'¢ P3 has a paraneter form given by
the 3-ninors of

1Tt 2 g3y
0 1 2t 3t2
o 0 1 3t/
hance by
EO = g3, §1 = 3uv?, %2 = Ju?y, ﬁg = ud.

Since ' is also equal to the tangent curve of ok
(under the canonical isomorphism Grass(lines in P3) =
Grass(lines in £3)) and C 1s the dual curve of C* (see
e.g. [P],85), any type of depgeneration (C,T7,C%) gives
another type - called the dual degeneration - by reading
the triple backwards.

Let AC P3 be a linear space, and choose a
complement R < P3 of A. By projectineg C ontoe B from
the vertex A we obtaln a depgeneration of €: we construct
a fanily {Ca} of twisted cubics, contained in the cone of
the above projection, over Speec k[al-{0}. This fanily has
a unigue extension to a flat family over 3pec k[a], and the
"limit curve” CO is thus a flat spccilalization of € = C]
(see also [H], p.259, for the case A = a point). HNote
that interchanging the roles of A and B pives a linit
curve equal fto the curve € obtained in the simllar way
by letting a » «, and C_ has the dual degeneration fype
of CO’ e type of degeneration obtained depends of c¢course
on the dimension and position of A and B w.r.t. C.

To £ind enerators for the ideals of the degenerated
curves, for chosen A and DB, we start by writing doun a

paraneter form of C a#® 0. (It is often convenient to

o2
introduce new coordiﬁates at this point.) Then we
deternine enocugh generators for the ideal Ia of Ca’ 50
that they specialize (a = 0) to generators for the ideal
I0 of Con (Uhenever C0 acaqulres an enbedded point, it
turns out that a cubic generator 18 needed 1in addition to



the (thrae standard) quadratic ones.)
The parameter fornm of Ca’ a % 0, nives a paraneter

Torm of T its tangent curve. As above we [ind

P
genepatorsdfor the ldeal Ja of Fa that specialize to
penerators for JO’

Similarly, one could work out the ideal of Cg,
However, hy a duality argunent 1% is clear that CG will
have the degeneration type obtained (from C) hy inter-
changing the roles of A and B. That is, Cg will be of
the same type as C_, or, the degeneration type of o* s
equal to the dual depgeneration type of €. Top cxanple,
consider the degeneration type Ai: A is a (general) point,
B a (general) plane. VWhen C degenerates along the cone
over it, with vertex A , onto the plane B , 1ts osculating
nlanes dereneratc towards the plane B . In §3, this neans
that C; degenerates on the cone with vertex the plane
Ac @3 towards the point P& P3. This depencration type
wve call A" In gencral, we shall denote the dual
degeneration by a "prime' in this way.

3. Schubert's 11 demencratlons

Ve now give a list of Schubert's 11 types of
degenerations, In his order and using bls nanes for themn.

A A = general point (not on C , not on any tangent)
B = general vlane (not osculating, not containing
any tanpgent)
Take A = (0,%.0,1), B: X3+}{1 = 0,
and new coordinates:

XU o= XX

J\O 2
Then Ca’ a % 0, is piven by

Wy r w7 Vi r
O, A-I = }\3"'1\-}, 1’;2 = nz)‘“.[x()_, }\ = _(\.3 A—l 3

= uv 2+u 3, Xy = av3itauly, X5 = uv?-ud, Ké = yi-uly,
- 2y _ o rays - (Xiop¥1y?
Ia (s (KG \2)(AO YQ) (\1 akB) 5

Y12 a2¥02 42 (yiayiy2 _yiy: 1y
A,«‘ 3 )‘L:_-s a (,. O‘!‘I ?) 3 }.}J’L,{?'ﬁ'axo}\j,

)(X;+3Xé)2wa2(X5+Ké)3)

Wy

\\' T
P an
02



X42,%%X8,3 ";,A'2(Y ~%3) - YéQ(X6+Xé))

3
— —
~—

ar r 2 r ., J L s r
Ko #K )2, (K440 ) (Xa=Ky ), (X3, ) (X)),

vy 2 » r oo z
XO(LB ,{1-]) }xg(}\g AO) )
Hence: C is a plane nodal cubie with a nonplanar

0
embedded point at the node.

At A
I3

reneral plane

i

general point

Take A: X3+K1 =0, B = (0,1,0,1) and coordinates as

for .
T, = (XH-XH) OE4XL) - (aX]-X3) 2, a?Xj2-X32-(X4+X4) 2,
XgRY = aXixy)
- - 2:," 23"\: 2 onr 2_._ ‘\r 2
IO (1{6 Jxé {; 713."_) H (X(' .115)) .:’xT X%)
= (B X = (Rg=X )2, X0 (XK ) s (XgXy ) (XX )

llence: Cop 15 the union of three skew 1ines through
the point (0,1,0,71).

To find the degenerated tangent curve PO of A (or of
A

r. s given (in coordinates Yé,ena,Yé on P° corres-

ponding to Xj,...,Xs on P3) on parameter forn

57

vh o= vie2ulviiut, YYo= Nauwvd, ¥4 = -avithaulvZiau®,

vh o= virhuZvZeut, Yho= Audv, Y= avit2au?viiau®.

Fo = (V3=2YL, Y32, VWL, VA2 T2V TYIY ) TYAY 4TIV AVL,
v LOVIYVE ViV hev TR Y rr vt ey, a1 2y 2
YO ]-RY YL ﬁ113,(1( \3) F12Y8(Y-T4)-37)7)
~(GYi4lviy2 2y v2

Hlence: T is a wnlane tricuspldal dquartic, with embedded

0
points at the cusps.

K A = point on a tangent, not on C
B = plane contalning a tanment, not osculating.

Take A = (0,1,0,¢), D: %y = 0. Then Coo @ 0, 1s gilven by

Xo = u?, X, = aulv, X, = uv?, Xy = v,
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o Ly 2
Ia (?t X()i\.2 J‘L] ,[11{3 akz,ax [q X-in?,l:OX X )
- 2
IO ({T’X Y?,g 3,AOYq A?)
Hence: C0 is a cuspldal cubie, in the plane X1 = 0, with

a nonplanar embedded point at the cusp.
g! A = plane containing a tangent, not osculating.
B = polint on tangent, not on C.

Ta

i

JLUxXE‘“a x\.-] ,ﬂ}x XB }L2)1\0r3‘”ax1}:2)o
I

I

(X, X, %2, %, %)

0 072272073

0 is the unlon of the line X? = X? = (0 with the

douhle line XO = X2 = 0 {(doubled on a quadratlc cone with
vertex (0,1,0,0)).

Hence: ©

The tangent curve T of « (or k') is given by

a
To = V', ¥, = 2auv?, vy = au?y?,
¥a = 3u?v?, ¥, = 2udy, Yy = av't.
— x5 <7 LT3 5 2 73
To = (Yo, Y2, ¥,V 0, ¥ Ve, ¥ Ve, ¥ Y, 277 Y3AY3) .

5

Hence: T, 1is a cuspidal cubie, in the plane

Y. = ¥, = Y. = 0, wyith a nonplanar embedded point at the
-E “ »l

cusp (1,0,0,0,0,0) (this point corresponds to the Tlex

. - 2 Y = Y = =

tangent of CU), unnion the line YO Y, lg Y3 0,
intersecting the cubic in its flex (0,0,0,0,1,0)
(corresponding to the cusp tangent of CO)°

A = point on G

B = pseulatling plane

Take A = (0,0,0,1), B: X3 = 0,
C a @ 0, is piven hy

a)
Xo = ud, ¥y = u?v, ¥, = w?, X3 = av?,
Ia - (!LO p“'} 1{. }\’g ﬂ.l .-3, 0 »-s“‘an }o
- vy H1r i w o .
IO (1\01\2 .I‘.'I "AOX:'}’JJI‘“;;)

Hence: Cy 1s the union of a conie, in the plane K? = 0,
uyith the line XO = X1 = Q,



w' A = osculating plane
B = point on C
- W _va o 2 v v
Ifl fiol\.Q A _,c"tf\..i}lg X2,?IJ\OK3 £ 12).
- oo 2
To = (XXX, Xq0,,X2).
Hepce: C, 1s the triple line X, = Ly, =0 (tripled on a
quadratic cone with vertex (0,0,0,1)).
The tangent curve T of w {(or w') 1is piven by
Yo = av', Y, = 2auv3, Y, = u?v?, Ty = 3aulv?,
Yy = 2udy, Ve = u't.
To = (Vg Y3, 0 Y)Y Ve, Y Vo, ¥ ¥ =¥, ¥, I, Y ~Xf).
Hence g 1s the union of a conic, in the plane
YO = Y.| = YS = 0, wlth the double line Y1= YB“ Yu= Y5 0.
0 To obtain this degeneration, we choose A o be &
"line--plane® (L,U), s.t. for some x « ¢, x &€ I, < U,
tgx U, Lo th, U not osculating -~ and B a
point-line" (P,L'), s.t. for some x & C, L' < ose,
P} = L' ~ tEy, X * P, P + C. Then we form a
2-dimensional family {C,1 b}, where the parameter a
oy
corresponds to projecting € from U to P, and b
to projecting from L to I.'. Taking a = b we
obtain a 1-~dinensional fanily {Ca e
,(_
Take L k 3 =X, =0, U: X, = 0 and L': X = X1+K3= 0,
P = (0,0,7,0). 1In new cooprdinates XgsXy = X1HX2,
v oowr = - 3
Ag,fi = X +k3, Ca,b is given by XO = abu?,
X! o= au?veavd, X, = uv?, X = abulvtabv?
1 2 3
To,b ™ (HabX ;¥ 5= (X '4bh{)2 (X3+DX)) (X3 vhn1)maa2b2x§,

XO(X'

By letting a = b,

a =
I

0, we obtaln
(XO u\,,) (}

<
Js.

O=

bli' )0 b(i(" +hi

w1

™

rewriting the pencrat

R SO 2
))(X14h3),(n1 Yg) .

ors,

XO((X1

X\,XO(Y'ubV')Q Ha3h3¥3)

and letting

%)
3

2 ar ar

“AO 1\2

).
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Hence: CO is the union of a conie, in the plane X3+X3= 0,

with its tangent line at (0,0,1,0), and with that point as
a nonplanar enbedded point.

! A = Ypoint-line"
= "line-plane¥.
Tap = (Nbxoﬁgwa(hxgli’)Q,az(bY':‘:)(hx‘ XJ)

— 7 2 7 - — hid ] xr
43, abX o (DX L-X] )= (bXL+X])Y,)

Taking a = b and a = 0 pgive

T, = (4Y. 1 n(x1ux%)?

Ollr) "’JL})IL?,

llence: C5 1is the 1line X1qu = X, = 0 tripled on a
quadratic cone with vertex (1,0,1 O)
The tangent curve T of 8 {or 6') (for a = b) is given

a
by
Y, = aviean?v?, ¥y o= haZyvd, o= vhulv?,
vy = 3a3u2v 2453y, 7}, = 2audv, vE = -3a?u2v2+a2ut,
J =

1 0

YAYL, Y42, 08y, "’é,Y'Yé,MYéYéquszhg).

7t
o = (I3,73Y3.%9%,7]
llence: PO is the union of a conic, in the plane
Yé = Y{ = Y§ = 0}, with the two llines Y{ = Yé = Yé =
= Y62+Yh2 = , with the cormmon point of intersecction,
(0,0,1,0,0,0), as an enbedded point (this point corresnonds

to the line - tangent to the conic - of CO)°

8 A = a line, not contalned 1n any osculating plane,
and Intersecting € 1in exactly one point.
= a line, not inftersecting €, contained in
exactly one osculating plane.
Take A: XO“XE = Xy o= 0, Py YutE, o= iq = 0 and change

1inates: X! = Ko + . The 1s
coordinates: A5 YO 2,11, -5 Y Xg, 3 hen Ca

piven by

Xy = vieuwv?, X o= oulv, X o= and4+auv?, X, = av3.
A

I, = (X32-a?X)2-ha?x] NaX, X ~(Xj-aX})?,

a 2T 0 1 13T 0

(Xi+ax!

% -
> O)Aq Eh{ (X 8}\.6))1



-9 .

By changing the generators, we see

- 2 ¢ r 2.w2.0Y
To = ({(XgtX5)?, (Kg#¥,)Xg X2-X5-2X X3) .

llence: €, 1is the union of the line Loty = Xy = 0 with
the double line XO+X2 = X3 = O, and 1s contained in a

snooth quadrie.

n
-
H]

(a2x52“xé2uax%,uax1x3n(aXéwK5)23
Ty Yy LW wi_w
a(aX2+AO)A3 k1(anz AO))

= Y, 2 oo 2 - T r 2
0 ((AO -‘{2) 9(}10 Xe)x'i )X-i) (}\O K?;}"})

et
i

Htence: ¢y 1s the triple line XOMXQ = XT = 0 (tripled by
taking its 2nd order neighbourhood in £3).

The tangent curve Ty Tor & (or 6') 1s gilven by

vy = alvi43a2u?v?, vy o= 2auv?, vh = an?vZ.aut,

vy = ~avit3autv?, Y o= Gaudv, YL = ulvZiolt,

Jo = (P4, Y] (RYJ+Y) YL (2Y1+Y)) , Y (2V+Y)),
Y52+Yi2,Yﬂ(Y§~2Yé),Yé(Yén2Yé))

Hence: FO 1g the union of the two lines

5 o= Y‘%+Y'2 = 0, with the double

x - [ TR U
Ty o= 2UIHY) = YL-2Y 2
t = Y = f = Vb o=
line YU = Y} = ¥4 = ¥} = 0.
7 A = general line, i.e. AN C =@,

A not contained in an osculatilng plane

B = general line (same conditions as for A,
since these are self-dual!)
Take A: XO"KB = X1+K2 = 0, B: XO+X3 = XTMXQ = (3, and

change coordinates:

Lo KA, RbPom FoX,, KL o= X o= XN, T
KO Y X3 RIS X4 7o, 3 }’O+;3 hen

Ca s piven by

XY = wdeyd, X = anly-auv?, Xy = w2viuv?,

7', = audtavi.
o
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i
|

{ (aX} +}(3)(a;\'i ) (l;+a\')2 (Xg+ qX})(\'nan)

4 0
~(aX5-X1)2, V%Q a2"02¢n2152+f‘2)
= r{+ 2 vyt ry 2 = v p

Hence: €4 1s the tripled line X,-i, = X0+X3 = 0
(tripled as in &%),

7' is of the same type as =n, since the conditions on
A, B are self dual.

The tangent curve L of n 1is wiven by

7y av "+2auv3-2audv-aut

¥! o= —a?v*+2a?uvi+2a2udv-ay’
) = 2au?v?

Yé = HauZy?

vh = vi2uvi+2udveo®

YL = ~av*+2auvi-2audviant .
- t v 712 Vivie wvivyt Iy Y w12
JO (Y -3Y, ,& 1,1 &1f2,i1& oY L1Y&+3f2 s
uer 6yeyr+?Y62 Y72)
fence: T4 1s the union of four lines in the three-space

-

’é-3Yé = Y{ = 0, with an embedded point (sticliing out of
that space) at their cormion point of intersection.

o

Remark: By choosing other A's and I's we can obtain
further types of depenerations. Por example, consider the
degeneration obtained by taking A = a chord of C , B = an
axis of C (i.e., the Intersection of two osculating
planes). hen GO is the union of three skew lines,
rneeting in 2 points, whereas its dual 1s a triple line (2nd
order nbhd. of a 1ine in £3). The tangent curve r, is

the union of two double lines.

On the next page, ve give a fipure showing Schuhert's
17 degenerate complete twisted cubleg. BEach triple should
also be read hackwards!



v
o>
0
;T
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. Some remarks on H and T

Let TK,TK,,.a denote the closure of the set of
points in T corresponding to degenerations ol type
AyK .00 , and let Hh’”ﬂ’”' denote the sinilarly defined
gsets in H. That the degenerations A,x,... are of flrst
order, mneans that TK,TK,gu, are of codimnension 1 in T
this is easily seen to be true by counting the paraneters
of each of the corresponding {ipures. Only Hh and H
are of codinension 1 in H, so the (birational)
projection map =: T » H blows up the other sets

B

)

NERLEE For example, IIK has codinension 2 (there

are 10 plane cuspidal cubies in P3), and for a given
¢ HK, (8 =

K?

— m* e
3 [AA b = \ i 150 ,
{(ﬁ T,67): T = a (uniquely determined) cu°pidal}
cubliec union a line through the flex

Since "a line through the flex" corrcsponds to "a plane
containing the cusp tangent of € ¥, we see that
din == 1(0) = 1.

The set Hn (=H5,) has the larpest codinmension,
narely 86: all depmenerations without an embedded point
sbecialize to these. In this case, n~1(C) has dinension
7: the tanpent curve is determined by choosing 4 point-
planes throupgh the line ﬁred , vhich satlsfy one relation
between the cross-ratios (of the points and planes) (see
e.e5. [A],p.206, or recall that the four concurrent lines
?red span only a P3),

et N den9te the nornal sheaf of € & Hn in P3.
One can prove. c¢.f. by taking a presentation of the ideal
of €, that din 19(M,C) = 12. It follows that I is
snooth at T, since din i = 12, and hence all points of
Hwﬁh (1.0., those corresponding to Cohen-MHacaulay curves,
i.e., curves without an embedded point) are snooth on H.

How consider on Any point 1in it can be specialized
to one corresponding to a plane triple line with a
nonplanar ermnbedded point, e.e. piven by the ideal
(X1X3,X2K3,i%,X?)‘ In the work with . Schlessinger, cited
in the introduction, we nrove that such a point is smooth

on I, and hence that H 1s smooth.
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Remark: fThe results din HO(N,T) =12 if T ¢ Hn, and

dinm HO9(N,C) = 16 ifr € 1s a plane triple line with
enbedded point, have also been obtained by Joe Harris; he
also glves a list of possible degeneration types of a curve
C € H (private cormunication).

As a final cormnent, let us rnention an advantage of
vworking with Hilbert schemes rather than Chow schemes: the
existence of uvnilversal fanlilies of curves, which allows the
following way of expressing Schubert's various conditions
as cyeles on 7. iHanely, let

. 8 v
€ p3xT ! C Grass(1,3)xT C} < P3xT
—
Py L 9y Uy
T T T

denote the universal families (pulled bhack to % from I,
G, ﬁ respectively). The condition, denoted v Dby
Schubert, for a curve € to intersect a given line L, is
then represented by the cycle T, = P, (CnIxT): the
condition, Schubert's p, that the curve touches a given
plane U, by Tp = q*(efmo],1xT), where 0131 is the
2-plane in Grass(1,3) of lines in U, and so on. Ve plan
to return to the auestion of determining the relations

between these cycles and the cycles TA’TK’°°‘ -~ and to a

study of the Chow prinp of .

Bibliography

fA] A.R. Alguneid, "Analytieal ddegeneration of complete
twisted cubles", Proc. Cambridme Phil.Soc. 52(1956),
202"‘2080

[H] R. Hartshorne, Algebralc Cconctry. Hew Yorlk-lleldelherg
~Derlin, Sprinpger-Verlag 1677.

[P] R. Piene, "Munerical characters of a curve in
projective n-space'. In Real and conplex
sinpgularities, Oslo 1976. Ed. P. Holm. Gronlngen:
Sijthofl and Hoordhoff 1978: pp. H75-105.

[8] H. Schubert, Kalkiil der abzihlenden Ceonetrie.

B.G. Teubner, Leipzig 1679, (Hlew editlon: Springer-
Verlag, 1976.)




