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1., Introduction. An algebraic curve C , say, of order n is

given by an equation F(x1,x2,x3) = 0 where F(X1,X2,X3) is
a homogeneous polynomial of degree n in the homogeneous coor-
dinates Xq9%p and x3 of points in a plane.

A point P , say, whose coordinates satisfy the equations
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where kX + 1 +m=r-1, k,1,m <£r-1 is said to be a singular
point of multiplicity r , (r is the highest possible number).
The number of different points of intersection between C
and a straight line is in general n , If the straight line
passes through P , however, P has to be counted at least =
times if the total number of intersections should be n . To
estimate the exact number of intersections at P between C
and another algebraic curve pessing through P , we may use the

development of Puisepux
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Another way is to use the concept of neighbour points

whichwillbe treated here. The neighbour points are introduced
by means of quadratic transformations and are very important
for birational geometry (a geometry treating properties of
algebraic curves which are invariant under birational transfor-

mations or cremona transformations), As some properties of the




cremona transformations will be used a short note on them will be

given

2, A note on the cremona transformations., Consider three homo-

geneous polynomials of the same degree '{1(x1,x2,x3) ,
({2(X1,X2,X3) and %‘3(X1,X2,X3) where =,,%X,, and X5 are

homogeneous coordinates for points in a plane, (-, The rela-

tions
1 .
X, = T1(X1,X2,x3)
1 A
Xy = {plxyXy,%5)
1
X5 = f5(xy%p,%5)

R
T~

establish a transformation from & to a new plane, G in

which the homogeneous coordinates are x;,xé,xé . Points ef
exception in € are those making all the %31(X1,x2,x3)(i=1,2,3?
zero, These are named the fundamental points or, briefly, F-points.

The F~-points are the base-points in the net
4 YT y [ =

(2) At folfat dsfz=0

It may be assumed that this net is irreducible and that the

curves ?1, %é and C{B are linearly independent.

1 f t 1 .
A straight line, « %, + A %, + 5{3X3 =0, say, in

o~ will by the inverse transformation be mapped into the curve

Aq gt 4 5 Pp + g5 =0

1
which is a member of the net (2) . A secend straight line in 6J

? !

1
1%+ Bo¥p + fog%y = 0
will in the similer manner be mapped into a second curve
i G ’2 (ﬁf" ‘8 =
ity t oot F55 =0

in the net (2) in & . A point P of intersection between
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P |
the two straight lines in will then be transformed by
the inverse transformation ’l‘"1 of T into the points of inter-
sections between the two curves in (2) . If then the least

number of intersections between two curves in the net (2) ab-
sorbed at the F-points is n2—1 ;, Tthe point P' will in general
be mapped by T"1 into one point P only. The transformation
is then one to one and is named a cremona transformation,

The reasoning breaks down if any two curves in (2) passing
through P have a fixed part in common. The locus of such points
is called the collection of fundamental lines of T or breifly

the f-lines .

3, On the neighbourpoints. Concider an algebraic plane curve

denoted by C , of order n having a point P as a singular
point of multiplicity r and a quadratic transformation, T , say,
having P as & fundamentzal point and whose fundamental lines
through P do not coincide with any of the tangents of C at P
Let the transformed curve of C by T be dencted by C1 , The
inverse transformation of T by T"1 end the fundamental

line of 1T enswering to P by v . ILet Py, Py, , ... ,P;

be the points of intersection between 01 and ©p different

1

from the F-points of T ' ., If P, (%=1,2...,1) are points

of multiplicities Ty , the curve C 1is said to have points
of multiplicities T, in the first neighvourhood of P . By
using a new quadratic-transformation Tq , having one of these
points Pq , say, as P-point and having no f-lines coinciding

with tangents to C1 in Pq 5 C1 may be transformed into a

new curve 02 meeting the f-line pq of the inverse transfor-

. -1 . . N
mation Tq answering to Po in the points Pq’1,Pq92, e
1

different from the PF-points of Ta . If the multiplicities

of P , P eve BTE T 4,T .o resvectively by 02 , the

a1 q,2’ s q,2’
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curve C 1is said to have points of multiplicities rq S(s=1.2,...)
s ,
in the second neighbourhood of P . As one of the points

P «e. may be situated on the transformed line of p

q,17%q, 2
it is to be noticed that a point may be both in the first and
second neighbourhood of P , Again a new g-transformation
T _(s=1,2, ...) may be used having P as F-point and
ds8 q,8
with no f-lines coinciding with any of the tangents to 02
in Pq,s . By Tq,s 02 is mapped into a new curve 03 . If

C meets the f-line D of the inverse transformation T"1
3 a8 q,8

. . - o
in the points Pq,s,1’ Pq,s,Q"“ different from the F-points of

-1 . 7t o
q,s having the multiplicities rq,s,1’ rq,s,2’

points are said to be in the third neighbourhood of P . Thus

T «es o these

we may continue, After the series T,Tq, Tq,s""’Tq,s where

T is a g-transformetion having the point P

q,S,...,1,k q_,89voo,1,1{

situated on the f-line »p as F-point , the curve C

QySyeaayl
is transformed successively into the curves 01’02""’0t—1’0t .

-1

If ¢
oF T g,8,u0u,1,k

meet the f-line p

t q,S,...,1,1§

answering to P in the points P

q.’s”"’1!k q’S’ologl,k91

different from the F-points of p

P
q’s’v-~’1,k~

AsSyeeesl,k,2°°°°
these points are said to be in the neighbourhood of order ¢t
of P.

The handy concept of the neighbour points is as well known
due to M, Noether The connection between the concept of
the neighbourpoints and the development of Puisenux is treated
in the books |[1] and | 2] of Eneriques end Chisini and Van der
Waerden, O, Zariski has in E?] treated the singular points by
means of modern algebra, The work of Zariski has been carried
on and generalized by Northecott [Aztand Hironaka {éj . We have

also works of Pierre Samuel on the matter [6}. The simplest

description of the singular points, at least by plane algebraic
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curves, is by means of the neighbourpoints. A problem arising
in this method is whether we get another description by changing
the series of q-transformations. Professor Aubert has pointed
out to me that the rwoof of the invaeriance of this descriptoin
is not regarded as obvious and a gimpie and elementary proof
seems to be lacking., The aim of this paper is to give a such
proof, The proof is independent of the development of Puiseéux
and belongs strictly to the berational geometry. It is inter-
esting, therefore, not only in connection with algebra.

The proof may be carried out by means of induction. Consider
therefore the points in the first neighbourhood of a point PO
having the multiplicity r on an algebraic curve Co in a

say, having P as

plane 7. By a qg-transformation T o

0,17
F-point but with no f-lines coinciding with tangents of CO
in PO , the curve Co is transformed into the curve C1 . in
b
the pleme o, 4, . Let the f-line of T;11 answering to the
2 4 9
i =) s7 A :
point PO be denoted by A9, B1,7 where A1,1 and B191 are

the TF-points, The distinct points of intersection between C,
9

and this line different from A_,i ; and 31 4 may be denoted
H 9
1 1 1 1

1 . i s
by P191, P192, P193, eeo and their multiplicities by r1’1, r1’2,
T, =5 +e.y Tespectivily.

143

Let another qg-transformation having PO as a F-point but
with no f-lines coinciding with the tangents to CO at PO ,

be denoted by TO 5 . It may at first be assumed that no F-points
9

of T are situated on any f-lines of TO g The curve C
H

0,2 0

is mapped by TO 5 into a curve 01 5 situated in a plane
9 9
T4 o+ The f-line of Tg19 enswering to P, may be denoted

9
A, 3. . vhe &, - are -poi
by A Rt re A1’2 and B1’2 re the TF-points., The
distizel o7 dntzriection between this line and 01 > which are
ool s
i . Ly i . o 2
difrerent lron the F-points may be denoted by ]?1 1 P? s P1 IR
H 9 ’

—




and their multiplicities by ©° ,,r° .,7° .,...,respectively.
1,1:T1,2:71,3

It will at first be proved that the lines A1 5 B1 5 and
H 9

A1 1B1 4 are corresponding lines in a cremonatransformation.
9 9

Consider therefore the transformation K7 established between

the points in ¢, , and §, , by the transformations T;12
P | § s

1

and T put together, in that order. S; is & cremonatrans-

0,1
formation, The F-points of the inverse transformation S1
are therefore the base-points of the net of curves which are
the transforms of the straight lines in §?192 . Now, these
lines are transformed by ngz into conics in fg having PO
as basepoint, but not the other F-point of To,1 . This systen
of conics is therefore transformed by To$1 into a system (1?1)
of curves of order 3 in the plane z€1’1 where the third
F-point ])191 say, of T;11 is a basepoint of multiplicity
2 ., The two other F-points A191 and B1’1 will be base-points
of multiplicity 1 . This net defines, then, the cremonatrans-
formation S1 . In similer manner it is seen that the transfor-
mation 8;1 is defined by a net ((F;) having A192 and ]3192
as base-points of multiplicity 1 , the third F-point D1,2 say,
of TSZQ as base-point of multiplicity 2 and the two trans-
formed PF-points distinct from PO of To,1 by To,2 as
base-points of multiplicity 1 .

The straight line A191B191 has one point of intersection
with the curves in ( yd) different from the F-points of 8, .
Points on this line will therefore be transfomed into a straight
line in _F1’2 . In order to find which line, we may consider a
point on this line different from the F-points and not situated
1

on the f-lines of S; . Such a point, not situated on 4, ,B,
$

will be mapped by T;12 inté e point in f different from the
9

9 &

F-point and the f-lines of To 1 . By T it will therefore
]

0,1
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be transformed into a point not situated on- A1 1B1 4 - The only
H 9

. 1 .
possible line is then A1,2B1’2 as A1,2D1’2 and B1’2D192

are f-lines of 811 . The straight line A1 1B1 ; is then
9 9

transformed into the line A1’2B1,2 in §?1’2 . Also, as the
curve C1 ] is transformed into the curve 01 09 the points
9 H
! ! are transformed into the points P2 2

P1,15‘P192:00. . 1’1’p1’25.‘. L
If not, some of the first mentioned points also are situated on

a f-=line of S Because of the restriction on the f-lines

1 L]
through PO this is not the case, however. As corresponding

points in a cremonatransformations have equal multiplicities on

corresponding curves the integers r1 ,r1 ,r1 s «s. are equal
1,1271,2°71,3

to the integers r2 ,r2 9 r2 s00s respectively if the latter
1,17271,2 1,3

are arranged in a certain order.
If the two qg-transformations I and T have
0,1 0,2
F-points situated on the other f-lines , the equality of the
multiplicities and the cremonian relatien between the distinct

points of intersectisn appearing on the f-lines answering to

PO when using To,1 and To,2 may be seen in this way:

Let T denote a g-transfermation having PO as PF-point

but no other on the f-lines of T or TO o From the
9

0,1
preceding it is known that the statement is true when using the

transformations TO 1 and T and also when using To 5 and T ,
H 9 :

The statement is therefore also true when using To . and TO 5
g 3

as two cremonatransformations put togeher is a new one.
To prove the general case, consider the two series of

g-transformations with distinct F-points T T

LR 9

. -
0,1 1,1

T4 (i = 1,2) mapping C, into the series of curves

C C C in the different planes &, 4, f5 55 +ev s

2,40 0t 0 Vg4 y

respectively. TS i has a F-point PS i which is a
9 9

1,17




point of 1ntersectlen between As,iBs,i and Cs—1’i . As.iBs,i
. . -1 . . .
is the f-line of Ts—1,i answering to the point Ps—1,i .
. -1
If As,i and Bs,i are F-points of Ts—1,i R Ps,i are supposed

-1

to be different from these points, The third P-point of TS_1 i
1

may be denoted by D . The f-lines of T are not supposed

s,1 s,1

to coinside with any of the tangents to C_ . in ©P_ .
s,1 s,1

Suppose now that P and P (s=1,25... ,t=1) are
S,1 S,2

H

corresponding points in cremonatransformations TS defined by

| .
g > - i
a net ( qs) vbetween the planes g s, 1 and KIS,Z mapping
C into C In this case we are going to prove that the

S, 1 sg2 °
distinct points of intersection between A B and C
t,1 71,1 t,1

and between At,ZBt,E and Ct,2 are corresponding points in

a new cremonatransformation mapping Ct 1 into Ct o
§ ]

Consider the transformation T;1

-1 -1
§-1,27 Tgoq 804 Ty gy

mation and it is therefore possible to find its order by consider-

ing a general straight line in ? £.1 ¢ This line is by T;11 1
H oy

obtained by putting

T together, T;1 is a cremonatransfor-

mapped into a conic passing through ?t—1 1 s and the two other
H
By - .
F-points of Tt-1,1 » If the order of T, , is denoted by =n, ,

and the multiplicities of ((f; 1) &t the F-points of T, ,
- =l

different from P by &t _1 and bt—1 , the conic is by

t-1,1

Tt—1 transformed into a curve K of order Znt_1 - a1 - by 470

This curve is passing through Pt 1.0 * If the multiplicities of
~ly

K by the two F-points of Tt-1,2 different from Pt—1,2 are

denoted by t and t transformed into a

1 2 t-1,2
i 2 _ , i 3 s
curve “ft of order n, = 2nk - t1 -t2 -1 . The multiplicity

K is by T

of the curve at At,2 will be n, - 1 - t1 and at Bt’2 the

miltiplicity will be =n, - 1-t, . The net ( (%

-1

curves defining TJc has then the same order as( iy
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and B are base-points (F-points of the transformation) of

£,2
. . . .2
multiplicities n, - 1 -t1 and n, - 1_u2 . The curves in ((?t)

will therefore intersect the line At 2BJG » 1n one point differ-
9 8 =

ent from the base-points of ((fi) . Hence A, , B, , cannot
9 H

1

be a f-line in T; and according to the usual ruels of cremona-

transformations it will be mapped into a straight line in ? .1
9
In the same manner it is seen that TJG is defined by 2

net ( QQ) where the curves intersect the line At,1Bt,? in one

point different from the base-points. At 1Bt ; is therefore
9 9
mapped into a straight line., To find which line, assume that

this line is different from At ZBJc o Such a line will have
9 E

a point not situated on At 2Bt o Or on any f-lines of T;1 .
§ 9

From following this point through the transformations T%11 P ,T;11
] -

and Tt-1 , it is seen, however, that this point is transformed
9

-1 . . .

t into a point not situated on At,1Bt,1 . As At,QDt,Z
. f—1 3 - = - —_ 3 = at+ &

and BJc’QD,G’2 are f-lines of J% if t1~.t2- 0 1t.folkwsﬁhaUﬁTﬂE%s1

by T

is transformed into At,ZBt,Z . As also Ct,1 and Ct,2 are

corresponding curvesin the same transformation, it follows that

the points of intersection between A B end C correspond
t,17%,1 t,1

A B

to those between A end C A and BJG 5
9

t,28¢,2 g,2 0 By, 108,008y 1
are excluded. The points have also then the same multiplicities
and our statement is proved., If t1 and t2 are different

from zero the same conclusion follows by inserting an auxiliary

g -~ transformation.
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