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The purpose of this summary is to sketch the proof of

the following:

Theorem. A continuous and bounded real (complex) valued

function f on the Chogquet boundary OX of a real (complex)

sup-norm space L over a compact Hausdorff space X can be

extended to a function in L if and only if:

(1) There are no singular Shilov points for f,

(ii) f is annihilated by every IL-orthogonal

boundary measure.

Recall that X 1is the smallest representing boundary

for L, i.e, the smallest subset Y of X for which there

exists a 6 -field ?J containing Y and all Baire sets, and
—

a map x> X of X into the probability measures on f“ ’

such that for every x X :

(1) i (¥) = 1
(2) a(x) = fa d/“’x , all ael .

It appears that ©OX is a natural set for prescribtion

of boundary values.
When Y = OX , we mav as well chose <f +to be the o’ -field
?:o generated by oOX and all Baire sets. A measure on F

which vanishes on C@X , 18 called a boundary measure. A

measure is said to be L-orthogonal if it annihilates all

functions in T .

Recall that Q§X is the Shilov boundary for L . A point

x¢& 99X 1is said to be a gingular Shilov point for a bounded

real valued function fon X if

(3) sup {a(x)’a[@ X‘éf} < inf{b(x)lfgb I aX},
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where a,b are in the space I‘r of real parts of functions
in L ., Similarly x is singular for f = f1 + i f2 if it
is singular for either f1 or i‘z (or both). Note that a

point x € @ X is non-singular for every continuous and

bounded function f on DX , and that every point XEDX N X
is singular for some continuous and bounded function f on QX .
Clearly (i), (ii) are necessary conditions that f be
extendable to a function in L , If DX is closed, then the
Eondition (i) is automatically satisfied, In the general case

it is non-redundant.

r ample. Tet X = [0,1) u{’i}u{-i} ,

and consider

L ={feom|2r(0) = £(1) + £(-1) } .

Here 79X = X\{0} , and there is (up to a constant faétor)

ohly one L-~orthogonal measure on X , namely

Y =2 éo - éi - €_; + The function f which is identically
zéro on JO,‘I] and is 1 on i and -i , will be uniformly
continuous on X , but it is evidently not extendable to any
function in L , Observe that O 1is in fact a singular

Shilov point for f .
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The proof of sufficiency is based on a general "lifting"
technique. Let M(Q X) be the Banach space of (real or complex)

Baire measures on QX and define maps

M(IX)
s,
x L, ¥ — C

¢

as follows:

4)  D(x)(a) = alx) , all a€L,x€X

(5)  ©(u(a) =/a as all a€lL, MEU(DT)

(6) P = /?a}», a1l pEN(ST)
BX

where f is the continuity extension of f from 99X to 23X .
(Note that (i) entails uniform continuity.)

Finally:

(7) (/ﬂ'(q) = ff dm

2X

where m 1is any probability boundary measure which represents

the linear functional q , i.e. for which

(8) q(a) = [a dm , all a€l .
29X

Note that (i) entails F -measurability of f , and that
the definition of ({)' is non-ambiguous by virtue of (ii).

Clearly (/),9 ,30 are continuous w.r., to the given
topology of X and the w*-topologies on I* and M(TX) .
The w¥*-continuity of qlg' is the crucial point., We shall
derive it from the continuity of CID and 9 after proving

that the diagram is commutative,
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The proof of commutativity is based on certain norm- and
order- preserving properties of the linear functionals on L .
Specifically, I* admits a Jordan-decomposition with bounds

on the norms, and we shall have a general estimate
) e V2 pl el . pencm,

and a more special estimate

2 o
(10) | (9 () - P = /(bj-ajmw :
J, k=1 =%

= =%
Where/us M(3X), /«L:/A/,I + i/«bz , £=£f,+1f, eand aj,bj
are functions in Lr ‘such that

(11) aj|ax__4=fj_-_<= bj|ax, j=1,2.

The estimate (10) is useful if aj,bj can be found such
that bj - aj is small on the support of /LL « In the sequel
we shall approximate a given measure on '5—}'(' by a sum of
measures for which this is possible. The inequality (9) will

take care of the remainder term,

Let M(3X) and £> 0 be arbitrary. For every
Baire subset B of B3 X we define CP(B) to be the (possibly
empty) set of all quadrouples (a1,b1;a2,b2) from I’r satisfying
(11) and |

(12) b B-aj|B;5, j=1,2.

At this point we invoke the requirement (i) in an essential
way to construct a sequence {Bn} of mutually disjoint Baire
subsets of QX such that @(Bn)%‘é¢ and {Bn} cover @ X
up to o /Lt—null set. Then we can find sequences {ag.l}’, {b?},
3 =12, from L, such that




(13)  e%|8x £ £, = v1|3x, i =1,2,
n| n n n g _
(14) bj‘B - JlB <& ’ j = 1,2’

and
0 X

where }&n is the restriction of /L to B .

We shall not go into details concerning the inductive
construction of the sequences, but we observe that by (10),

(13) and (14), we shall have the following inequality for

every n : 2
(16) [ (@)= P o) f‘_]}; (w5-a)a| Ul
Zae |pEY .

Now choose a natural number N such that

(17) Z I/ul(Bn)<£,

| n>N
and define /4b = 2;;; fén .
By (9) and (17):
N
o ® (-l 2 2 i -
Salizl+ fubbe.

Since £ >0 was arbitrary, this completes the proof

that the diagram is commutative,
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To prove W*.—-continuity of clo' , we consider a closed
subset P of |R . We observe that © maps the unit ball

M1(aX) onto the unit ball LT ;s hence by commutativity:

I (@) (@) = ¢, (FTN @7 (F))

By w*-continuity of @ end @ , and by w¥scompadthess
of M, (X)), the set L;‘n (CP')_1(F) is closed, Hence cl)'l]‘_.;e
is proved to be w*-continuous, l

By the Theorem of Banach- Dieudonné (or Krein- é/mulyan),

90' is w*-continuous, and so there is an T € I such that
;ﬁ'(q) = q(f) for every qé& v,
By definition
E(x) = Y@ = 9 (P ) = ff an
X

where m is any boundary measure reprecenting l/)(x) . If

x&3X , then we may choose m = £ to obtain T(x) = f(x) .
X

Hence T & L is the desired extension of f ,

Note that [ 2] contains a metrizable version of the above
theorem in the "geometric" case (for affine real valued functions
on a compact convex set). Note also that A, Lazar and E., Effros

have proved that metrizability can be avoided in the case of a

Choquet simplex (3] ,[4) .

A complete proof of the theorem is given in [1] "
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