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The present seminar report represents a continuation of the work reported

in ((7)) . Consequently a number of mistakes will be patched up, all of

which were due to ((7, Lemma 3.3)) , in which we, as pointed out by L. In-
gelstam, forgot about the quaternions. Terminology and notation will be as
in ((7)) and will not be repeated here. Just recall that a JC-algebra
(resp. JuW-algebra) is a uniformly (resp. weakly) closed Jordan algebra of
self-adjoint operators on a Hilbert space. A JW-factor (or Jordan factqr)
is a JW-algebra whose center relative to ordinary operator multiplication
is the real scalars. Such a Jordan algebra is of type I if it has minimal
projections, and more specifically, of type In if there are n orthogpnal
minimal projections in it with sum the identity.

Jordan, von Neumann, and Wigner ((2)) have classified all ("abstractly
defined”) finite dimensional irreducible Jordan algebras over the reals. In
the present note we shall classify all irreducible JW;algebras,and all JW-
factors of type I . The results are then quite analogous to that in ((2)) ,
except we do not get hold of the Jordan algebra Vﬂ,g of that paper, hence
we obtain as a corollary a well known result of Albert ((1)) that Vw.g
has no representation as a JW-algebra. The results can be summarized as
follows: every irreducible JW-algebra is of type I ; those of type In 5
n = 3, are roughly all self-adjoint operators on Hilbert spaces over
either K , C or (@ , where these letters denote the reals, com-
plexes or the quaternions respectively. The dJW-factors of type 12 are
quite different; they are the spin factors (see ((9)) ), and except whén
the dimensions are small, are exactly those JW-factors which are not revers-—
ible (i.e. which are not the.self—adjoint parts of real operator algebras).

This note is void of proofs, only rough indications will be given.

Recall from ((7, Lemma 2.2)) that if ([ is a JC-algebra and U

denotes the set of A in (1 such that BAC + CCARY € U for all
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B,C in /})L oo , & (1) = the wniformly closed real algebra generated
vy L, then :j is a Jordan ideal in ([ , and is a reversible

JC~algebra. We defined Q% to be totally non reversible if :j is

zero. We recall ((7, Theorem 2.4)) .

Theorem 1. Lett U bea JW~algebra. Then there exist three
central projections E, F, and G in (O with E+F +G=1I such
that

i) E Ol 1is the self-adjoint part of a von Neumann algebra,
ii) F (¥l 1is reversible and N (FOL) N i J\j (Foz) = % 07? 5

iii) G Ot is totally non reversible.

Corollary 2. A JW-factor is either reversible or totally
non reversible.
These results divide the study of JW-algebras into three groups, one
of which is at once taken care of by the theory of von Neumann algebras. If
(U is a JW-algebra we say two projections E and F in (U are equi-
valent if there exists a self-adjoint unitary operator S in (3¢ such
that SES = F . If there are at least three orthogonal equivalent non zero
projections in (?[‘ then there is a great deal of freedom with respect to

multiplication in (T . As a result of this we obtain the key to the

whole theory.

Lemma 3. Let  bea JW-algebra such that there exists a
family % ET?G’GJ of orthogonal, non zero, equivalent projections in

O with Z;JEQ, = I,and card J »3 . For 0, p € J let
(o

GEQT e = EG_OZ EP o Then the following relations hold:
i) 0 if T £ i

Cor © :'gﬁ’p it T=r ,0#tp
G}’/w?,gfo- for all(Pif c,»:{O;éz:___?
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‘s s v .
ii) @cr'p =@/g-p @po— gc'/a if O—EA [0

i
iii) If o # <o, let C’YG"' be the uniformly closed real linear space

generated by E:O/C,,(D (\“;/FCT‘ o Then O?G‘ is a real self-adjoint

algebra with identity E 4, 076— is independent of (O and

@ZGSA - GJO'O‘
iv) (= if o £
B4 @(O?)E{o = N ap f)
Oy ir o= P

) @7, is reversible.
As a first consequence of this we have

Lemma 4 . A totally non reversible JW-algebra is of type 12 o

We have thus reduced our problem to either reversible JW-algebras or
those of type I, . In order to classify the latter we follow Topping ((9))

and define a spin system to be a set @ of self-adjoint unitaries # +I

such that ST +TS =0 for S,T in 53 and S#T . If g2 is a

spin system let j< denote the weak closure of the real linear space

99

spanned by . If a JW-factor can be written in the form R I & K

with (K as above, it is said to be a spin factor.

Theorem 5. Let (O Dbea JW-factor. Then the following are

equivalent:

i) 640 is of type 12 5

ii) (1 1is a spin factor.

If dim Ol as a vector space over R is greater than 6 then the

above conditions are equivalent to
ii1) (O is totally non reversible.

It is clear from the above that from some points of view the interesting

JW-algebras are the reversible ones (J{ such that (K(O’l)f") i(R(DY) =§O§ .
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In order to prove that every irreducible JW-algebra is of type I the fol-

lowing lemma is essential.

Lemma 6. Let 0:2 be a uniformly closed real self-adjoint
operator algebra with identity acting on a Hilbert space. If 0{ fij_éz::{O%
then for all A,B & 1% , lavriBl > max:{’lAl‘ , HBi } . Moreover,

42 %«j.&g is a C* -algebra.

From this and the Kaplansky density theorem we have

Lemma 7 . If (O is a reversible JW-algebra then the von Neu-

mann algebra generated by (Y equals RM)™ +1i R (O~ .

It is now a easy matter to prove

Theorem 8. Every irreducible JW-algebra is of type I .

From now on we consider JW-factors of type In with n 27 3 and make
use of Lemma 3 applied to orthogonal minimal projections. Such projections
are all equivalent ((9)) . The first main result towards the complete
characterization of such JW-factors is the following modification of a

result of Kaplansky ((5)) .

Lemma 9 . Let GQL be a real self-adjoint algebra of operators
Y

on a Hilbert space such that every self-adjoint operator in (A is a

scalar multiple of the identity I . Then Cﬂ? is characterized as follows:

i) K=1RR 1.
i) R=C 1.

ol
OO

9
iii) There exists a minimal projection P in the commutant of
TR ?
f%L with central carrier I such that P zﬁi = Q. P .
iv) There exist two non zero projections P dmd Q with P +Q = I

such that (R,:%'AP+;,\:Q: e T Y.

In the notation of Lemma 3 we then obtain
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Lemma 10 . Let (U be a JW-factor of type In,n2,3,ar_id
with orthogonal minimal projections %EO_ f o¢ g+ Then the Ol are

all spatially isomorphic, and each (J{ s is one of the following algebras:

i) Mg = KEs -

3i) Og= C By .

iii) There exists a projection p' € @L' with central carrier I such
that if &7, 1is replaced by P'OL “then Ol.= @ Eg o

iv) There exist two non zero orthogonal projections Py and Q with

sun E, such that Oy = { A Po +§Qo, : Ae }

It turns out that in case iv) > P, and 2 Qs belong to the
center of O’(_r o Hence, if (J7 1is irreducible case iv) cannot occur,

and we have

Theorem 11 . ILet O be an irreducible JW-algebra of type

< -
In s, 23 . Let <E (7}0’6 g Pe an orthogonal family of non zero

abelian projections in U7 with 2_ E,=1I. Let @070 = EO_OT E(o
a€d

for o # (:) . Then every operator in (9/0.(3 is a scalar multiple of

a partial isometry of E onto B . If W - is a partial isometry

(U

in @;G—/v then one of three cases occur:
. ~ ¢ ‘ .
i) Lf-;o,r, = R Wep  forall O £ p > and din By =1
ii) & —_—_— C wcr(o for all G~ # (° » end din Ep =1 o
4
iii) (\‘\olu..(o = (D( Wcr(: for all O # (o , and dim E- =2 .

We want to investigate case iv) of Lemma 10 further. We do this by
classifying all JW-factors of type In s n >3 . This requires more
analysis than the preceding. It is necessary to consider cyclic projections.

This is done by classifying them in terms of abelian projections.

Lemma 12 . Let (O %bea JW-factor acting on a Hilbert space

'a'f o Let E Dbe a projection in G’L and x a unit vector in E .
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Assume [(C?)x] = I, where ((J]) denotes the c* -algebra generated by
O1 . Then E is abelian if and only if E < [x] + I - [_OZX_] .
Moreover, if O{ is reversible then the above ir: egfiality is equality.

It is well known that a von Neumann algebra, which is a factor of type
I , has a faithful representation as all bounded operators on a Hilbert

space. An analogous result holds for JW-algebras.

Lemma 13 . Let (M Dbe a JW-factor of type In s, n 72 3 . Then
there exists a representation of Q:Q) which, when restricted to ~€7{ , 18
a faithiul normal representation as an irreducible JW-algebra of type In o

The proof consists of finding an irreducible representation t7ﬁof
(OD due to a pure state extension of a pure vector state of (J7 , and
show 79 is injective on C?7 , which is easy, and then show q? is
weakly continuous on the unit ball of C?Z. o For this we make use of Lemma
12 together with a result of Kadison ((3)) . It is now an easy application
of ((6)) , in which all c* ~homomorphisms of c* -algebras where shown to
be sums of homomorphisms and anti-homomorphisms, to classify all JW-factors

of type In,n7/3°

Theorem 14 . Let (O bea JW-factor of type In,n7/3,

acting on a Hilbert space 36 o Let gE be an orthogonal

¢
asoé& d
family of non zero abelian (i.e. minimal) projections in (J{ with

~— - .

2_Eg =I1. For O #£ @ 1let (&p =5 _ClEs . Let W o,

o€y T ' o T ! of

be a partial isometry in (95_(-, o Then one of the following four cases

(-

oCccurse.
i) ©sp = K oo for all TEEE

ii) @_GT:) = C Wd‘ro for all & # (O .
' ? t
iii) There exists a projection P & Ca"(. with central carrier I such

LI
that if 7 is replaced by P T then @/073 = @ TI\IQ__{,\.J

for all o # p .
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iv) There exist two non zero projections Por and Q4 with :
~J y Y ) ~
Py.+ Qg =B, such that (s,G.,(, = L APt A QO_)WO_(O : AeC s
In this case there exist a Hilbert space K , @ normal x -iso-
morphism ’¢/1 , and a nbrmal * -anti~isomorphism %V 5 ofcg Ck:)
into 6?7 (3/{5 such that (\},’1(1)%/2(1) =0, and such that Q7 is
. X i . /} - .
the image of the €7 -isomorphibm Qy1 + ﬂ+ 5 of &S(j\)SA into

B, -

We complete this note by a discussion of the global case. If E 1is a

projection in a JW-algebra (7T  its central carrier is the smallest cen-

tral projection in (71; greater than or equal to E . CTZ is of type
I if and only if there exists an abelian projection E in (J{ with
central carrier I ( E is abelian means E (0{E is an abelian JW -
algebra). We have shown (Lemma 4) that every totally non reversible JW -
algebra is of type I . From the developed techniques we can show an |
analoguz for JC -algebras of Kadison's result ((4)) , that every irreduc-
ible c* -algebra is algebraically irreducible. Using this and techniques
on CCR -algebras as developed by Kaplansky and Dixmier we can show the
following relationship between the types of JW -algebras and their envelop-

ing von Neumann algebras.

Theorem 15 . Let C?l. be a JW -algebra. If the double com-
" ‘ ‘
mutant O is a von Neumann algebra of type I then Cl  is of type

",
I . Conversely, if (97 is reversible and of type I then Ot is of

type I .
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