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Introduction: The purpose of these seminar notes is to show that

if U is a holomorphically convex open set of an arbitrary complex
space, thenevery point on the boundary is the natural frontier of

a2 holomorphic function of U. This was proved for connected open
sets in Cc™ by Cartan-Thullen in 1932 {1}, and it turns out that
~the essential idea of their proof carries over to the general case.
The gquestion wlhiether a holomorphicelly convex relativly campact
open subset of a complex space is a domain &f holomorphy, is of
importance in study of Levi's problem. In the papers of Grauert
and Warasimhan ([3] and ¥5)) +the problem is to estabish the impli-

cations:

1. U 1is strongly pseudoconvex —=—> U 1is holomorphically
convex, and
2. U is holomorphically convex —==> U is a domain of holo-

morphy.

In these papers, special properties of U are used to construct a
function that cannot be extended to a given boundary point, and th
technique is not always applicable., The main theoreg of this note
shows that implication 2 is always true.

This note is highly preliminary. There is a step in the rea
soning of Certan-Thuller that I dont understand, and it seems pro-
bable that if there is rot a lacuna in their proof, a stronger res

and a simpler proof in *he general case may also be obtained.



Part I: Notation and preliminaries.

In the sequel, we use the standard notation of set theory. N
denotes the set of natural numbers, snd € the field of complex
numbers.

Let U be a set, and (fi)ié T @ family of complex-valued

{X=® U fi(x) = 03y di® I,

It

functions on U, We write N«fi)iQ I)

To avoid ambignity, we sometimes add a subscript U, and write
Ny((f3)5¢ 1)+

Let x be a point inatopolcogical space X. NX shall denote
the set of open neighbourhoods of x in X. If A dis a subspace

of X. If A 1is & subspace of X and x<A, VX(A) is the set

of open neighbourhoods of x din A,

U &and V are open subsets of topological space X. We write

Uecgoe V iff U ds compact subset of V.
If E dis a subset of a topological space X, we write
0
- E, 1i.e. the set of frontier points of IE.
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For the notions of analytic and locally analytic sets of a
domain G 1in Cn,“and the basic results on irreducibility and local
cecomposition in irreducible components we refer the reader to £21§1
or to {6). Notice that if B is a proper analytic subset of an
irreducible gnalytic set A, then A -~ B dis connected, and B is
nowhere dense in A,

By a complex space, we mean & (reduced) complex space in the
sense of Serre. For simplicity; we always assume that a complex
gpace satisfies the second axiom a countabity. If A is a locally
analytic subset of X, the sheaf of traces of holomorphic functions
on A induces a structure of complex space on A, (Remark that open
subsets and irreducible components of X are locally analytic sub--

sets. )



When we consider A as a complex space, it is always with its in-
duced complex structure. By H{(X) we denote the vectorspace of
holomorphic functions on X.

When E is a relativly compact subset of X, £ —>Wfij , =
supE {£(x)! is a seminorm on H(X) . H(X), equipped with the topo-
logy generated by these seminorms, is a locally convex topological

vectorspace.

We say that a sequence (f_)

ey 0 H(X) converges u.e.c.

(uniformly on every compact), if it converges in this topology.
By [2J , Satz 28, H(X) is complete,

Let K ©be a compact subset of a complex space .

By K we denote 4x& X : If(x)i Hifl, ; fe H(X)}.

We say that f 1is holomorphically convex, iff K is

compact T2 Kistompack,

Part II: The theoren.

Theorem: Let X be a complex space, and U an open set in X.
U 1is holomorphically convex—p (*/ x€ U)(H fe H(U) T f is net

extendable tn a helomorphic functien in any neighbeurhood of X}

Pronf: We assume U =£ @. If not, the theorem is trivially true.

Let X =T Xi be a decomposition dinto irreducible camponent:
i1 .
. T -y fve v 5 , :
and (JS)SES = CET . Ve V 1is a connected componwm
of UM X, ¥

T o 1 f’ “ B
We may assume S =N, or 8 =-1...n%; n &N

The first step of the proof is to construct a function

f&H(U), such that:

i. (V sg}s)f fly 7~ 0, unless U, 1is compact}.
ii. ‘\T(f):J 7. (Closure taken in ).

F S Loreeehy
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The principle of comstruction, which goes back to Cartan-Thullen 117
is as follows:

1. Choose a sequence (X% i)i#»N of points in U, with every
point in U as an accumulation point.

sequence (fi)iG-N in H(U), such that:

2. Find a
a. (¥ se8), iy 7= 0, unless Us 1is compact].
e 3 S (el
b. f.(x = 0,
b (=) =0
s
C. b f. converges u.e.c. in T.
i:'|~ gl
Then N( ¢ | f,) = '/ N(f;) , so £ ="' f. satisfies i and i
i=1 i=1 i=1
Let (Vi)iﬂiN be an increasing sequence of open sets in U,
with
V.o U, i€,
£y . . s
V.U =% ¢ , for i s.
LoV =T © Set V. = K..
i=1 * i 3
Choose a2 dense subsequence (y.) of U , and for each Jj, a

j’ielN
o 4 ( o 3 ) .Y
fundamental system (‘L j,k)k§5N of neighbourhoods of yJ

\

Ziliew

Choose a seguence T.) .
. que ( 1>1<:N

) 3 e ~
Let be an ennumerstion of (”Jj,k)(j,k)éiN % 0

, such that Xiéj(C}if\U) - K.

Obviously.ixi:ié N}::U.

1% Ry

h h.
- | B Ve = —
(Ze=w) i ( __}___)eg_ e llj Set (- = )G = gigo

and f. =1 - g; o DNotice that fi,O(Xi) = 0.

If X dis irreducible and U is connected, f; 1is the sought
9

no. ) N "\
function, because Zfi o = Thg = 2 85 05K1 converges for
I BT R b= B
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T
every 1> - f; , converges u.e.c. on U, (Just as in L11).
i=1 ’
In the general case we must modify fi o to get a. satisfied,
b
without destraying property b and c.

We are going to comstruct inductivly two sequences (gi n)n5>o
. P

e - - T \ - B -
and (fi,n)nfbo of functions in H(U), with g8i,, o8 defined above,
and

ey
g =1 - > g.
i,n oy i,k .

(fi,n)n;:o and (gi,n)ngao shall satisfy
A, f. -7 . i .
- 1,nf US - 0 for s< n+i, unless Us is compact.
E. 1,nkXi) =0,
c. le; ol s t

Heisn Ki+n 511
D I i LI o
= Hei,netil Uiy SnT i,nli e for 0<sg&1Li+n,

1 K
1
and US noncompact.

Let fi,o e fi,n S R gisn;g;h(U), satisfying A - D,
be given.
Case 1. If i+n+14 S, Ui ypn,q 1s compact, or £, Iy 7 0,
—— 7 = e i+n+1
set Ei,n+1 = 0, (and fi,n+1 = fi,n)‘ A - D are verified.
Case ’ - Let 7, U, - K.
Case 2. Ty pyq f- = 0. Lot 23 141 Yimer ~ Biamer

i+n+
— " ., .
L ) ! 7 P~ i i 3
(Fhy per © H(J'ﬁ-fhi,nﬂ 25 e > lIBy paq] K e
*4n+1
- ( 5 nn+ T

Thus hi,n+1 hi,n+1\Xi) is nonconstant on U, ...

o - = o 3 SR ] o ’ :

For each s, Us 1s an irreducible complex space. fi,ni Us

T W(Ey n !Us) is nowhere dense in TUs. Therefore fi,n‘ Usn V-

. .. . I
if n+izlps, and Jf; f yon > O
v

n
2



v ) i siti onstant . -
Te may find a pos t1ve1c i,n4+17 i,n+1 24,041
I '/ ———————e
hy n+1(Xi)ﬁV pltn+i and
’ *i4n+1 ;
P, i
cLopntl '
T, ih. - hso o (x )iy -2 e, 4o for
i,n+1871,n+1 i,n+1 71 aKl» Us 4 l’n!Klngs
0<8.,17i+n and Us noncompact.
: . . x.)) isfi 0 s
&1, n+1 ri,n+1(h1,n+1 hl,n+1( 1)) satisfies £ end D.
. X.) = X . ) .
fl,n+1( 1) n( ) gl,n+l(X1)
e Sy ] > (1 11) c
i % . - P - oo .
ST, n+T Us‘wvl’ i, ni Js.t‘j gl n+1j Us 'Tl ottt i,ny Us:
T . I, . ! . A - ' ists uences
nus fl,n+1 , gl’n+1 satisfyes A D , and there exists sequence

satisfiing A - D.

For every compact K, we can find a Ki+ containing K.
When n:m, fgi nu K: i n *K < iln , SO < 8 , converges
’ ‘ “4n 2 n=0 ’
u.e.c. on U ageinst a g. “=H(U).
. - 1 - v 4 (%,
n}%%wafi,n = 1 g; = f;. Evidently fl(yl) and
';gi#K.‘~zii1 . Let O0<s:x1 , and Us mnoncompact. If di+nz1l
i
no £ Mo Tnilf I g b (1= . )
W i,n+1hUs K, =7i,n (UsK 3 n+1 {UsV K, n+1
1 1 1 2
i ¥
4T3 nll Us ™ Ky
By inductien and going to the limit, we get’ T. ﬁ Us+ .,
. e Ky -
N . “’W-“;— 1 1 \ .
T P N (1 = - Lo (1— ) dis com
T isaUst Kl s=1 2n+s . g=1 n+s
vergent with positive limit, so f. #- 0 on Us. Now form
e y 1 <
' ) ] i — L . ”«L ry
. i GE K, 5T {;ag'fl Tz, converges for every 1

-

such thet sr
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n
lim TT f, converges u.e.c. against. a function .= H(U).
N o i=1

G N ( = i ! \ 3 3
Let Us Dbe noncompact, NUS\f) » NUS(f./. NUS(fi) is nowhere

dense in Us, so by Baire's category theorem NUS(f) # Us and
a fiUs — 0. f dis 0O on every Xis i¥ N, and therefore satisfies

ii .

Now let x££ U. x dis element of finitaly many irreducible

components of X, say 'X1 ees X and has a neighbourhood 0 that

n,

does only meed Xq ven Xp,

There are two possibilities:

Cagse 1. (Bi)(1<ian)(WWelhy )] W-X,NU £ & & Wr X, o £ 8.

- s - N - Q\
Case 2. (/)< isen)(ZWe i), WX, VU =g VW XN TU = g.]

Proof of the theorem in case 1: Suppose f may be extended to a

function ?zZH(UkJW), for some WQ.N:X.
Let V ©Dbe the connected component of x in W(\Xi. V must meed

some Ug, 8o T cannot be — 0 on V, Nv(?) is nowhere dense

in V, so V - N,(f) must contain points of both U &and LU .
v

Nv(f) is closed, so V ;n(f) is contained in the disjoint union
Q..

of V.U =and V¢ LU, which are open in V. Contradiction.

Proof of the theorem in case 2. Suppose I may be extended to a

function T H(UwLW), for some W???ix.

()

x=U=2(70 & M (W) (1<ien) L onm XU = g

Thus by possibly shrinking W, we get that for some 1 , 14£idn
f"o'-

WAX, MU A @ and W L, LU o= 2 , that is, Wi X, 0 LU =

* %ZQ) QDY‘Q‘Q\-",T\ 2))

WfiXifﬁ U.
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Let V Ybe the connected component of x in WMX.. V must meet
£ i

some U so T =40 on V. NV(?);nv:wi;U,

S’
Wow we want to construct a onefdemensional locally analytic subset 4
of V, and an open set D on A, with compact boundary in A4, such
that T MLU = ixb.

We make use of the Remmert-Stein local description theorem. A
neighbourhood V' of x may be mapped by a biholomorphic mapping

i,

P onto an analytic subset of polycylinder Pn = Pd x Pn-d in

F(x) = 0. By choosing V' and P, ~suitably, we may assume that

there are n-d pseudopolynomials

. i (1) 159
~i(Z1 LI Zd) = Zi + a1 (Z»} ¢« 00 Zd) : Zi + s +
(1) .
lj_ (LI1 o v 6 Z‘d) 9 d+1<’;; l'\x.: 119

with agi) (Z1 e Zd) holomorphic functions in Py , such that

).

We may also assume that the projection i N(pd+1 cos pn) ——z P

[0

F(V) 4is an irreducible component of N(pd+1, see P,

is surijective, proper, and with discrete fiber, and that
I3, 9 g s 9 9

=

a(g)(o ce. 0) =0, d+i<i<n , 13 1; , such that

70, wauy 0) =0, .u., ON ={B(x}  (T2] 0.255).
B = i F(NV,(?)) is a lowerdimensional analytic subset of Py, so
there is en y«#Py - B. Set I = fgecdig=xt a(y-x): R= e,

) in a neighbourhood of O, Lé;B::i?'g1;L vor Bl

B = N(gTV.a. 8y

are not¥identically 0, so for at least one 81 the zeros are discr

3

Thus we can find r >0, such that when Lr :‘QzeaL s Pl Lorr,
T.B = dof, Set ,ﬁj(Lr) = D'. D' is compact, and
D'y F(Wy, (F)) =107, Define D = (DY), and A = P ( T€1(Lerd)

A 3y D has the properties we want.
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Assume that every h< H(U) may be extended to a holomorphic function

n in Ui‘vh’ where Vh is some neighbourhood of x, depending on h
L

h induces an holomorphic function on D, while Eth. The maximum
principle is valid for every complex space (Grauert-Remmert 2] ,

so (Y no HU)) | ini = ﬂhﬁ,'é. This means that D -{x}CD, so
5 5 4 3

Se

cannot be compact,
Contratict an. Q.E.D.

Part I11: Scetch of an alternative proof of the theorem.

We comnserve the notation of part II, In essentially the same

B

way construct a sequence of points of U (Xi)i%:T and functions of

H(U) (f-i )i T 0 such that {Xi PoXg A ij = fT("‘ans
Xif;H<¢1 N fi-T) 5 ;_; f;, converges
T u.e.c, on U,
Set f = | f..
i=1

? ?
¥ a 1 . ). L i
e also construct sequences (xl e oend ( 1)1E:E , W}jh the same

properties , and such that xiéiN(f), 12 N. Set T = j ETE
Tvidently £ and f' cannot be extended to boundary pggits of
type 1. Let x be a boundary point of type 2. We may suppose that
W is a . neighbourhood of x, such that f and f' may be extended
to T and ?', holomorphic in UL, Wf“XifﬁiiU:Jﬁ . and that
N(F) W and N(?q);;w consist of finitely many irreducible com-

- ponents, TLet A4, '"“An be the irreducible comporents of
i

N(E)r Wi X, and By ... B, the irreducible components of
-—? _ .. - "
W(f ywoX, different from A, ... A .
. n T
Then U W li T S (hK,.Bl))_
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r “
But ‘! {4 7 B, is nowhere dense and does not disconnect Ak‘
i B
Ay - U is therefore connected, and NU(f)fiXi{YW has the irreducible
S 0S - o e .A. - Ta
components A1 U, ooey n U

On the other hand Ak - U must consist of infinitely many irreducibtl:

components, for if x, & WX, Xié} N( i fj).
| j i .
J Contradicticn.

In fact, we have proved a slightly strongecr result:
° 1
for every x &U, either f or T may not be extended to a function

holomorphic in a neighbourhood of x,

inal remarks.

Fd
©
>}
cTr
—
«
~
&3]

e begin by mentioning two immediate consequences of the theorem.
Let X Tbe complex space. We say that X 1is K-convex, if for every

x <X, we can find £, ... fpzl H(X), such that if F = (f1 .,.fp) :

¢P , x is an isolated point of F~1(F(X))n

X

Suppose D . i.X , X vcomplex space. D is (strongly) pseudoconvex

ii%¥fXFLD)(§?V:;ﬁ5X)(Z?f? : 7 —= R)L ¢ is (strongly) pseudoconvex
_d - -
and continuous, and V3D = & \j-we , O ) 4 .
D is globally (strongly) pseudoconvex «<==>(= V) (I % : V —= R)

1V is an open neighbourhood of U , ¢ is (strongly) pseudoconvex,

and V&~D = 23—1(3 -, 0T ),

(s}

y 5] , Theorem I, D is strongly pseudoconves —=>D ig holomorphi-

cally convex,

By 17, Theorem 2, X 1is K-convex and D 1is globally pseudoconvex
=D 1s holomorphically convex,

Py the theorem, in these cases D is a domain of holomorphy.

This does not seem to be wellknown, aend in these cases the usual

proof of implicaticn 2 breaks down.
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In [4], B. Malgrange gives a much shorter way of proving the theorem,
for X a complex manifold. He obtains the stronger result (just
as Cartan-Thullen) that there is a f<€ H(U) that can not be extended

to any boundary point of U. We may form the function

ey .
F=1{1Ff ® hesa 0 of order i at ;. If M is =& o™ -
i=1

Manifold, and f a ("= function on M, then for every né& N,

éXiiM ¢ X 1s a gero of order n of f}' is closed in M. Suppose

°

. - - H(U ere 7 < N ‘

x U, and f may be extended to f*ﬁH(U"V)’ where ¥ < Hy.  Then,

for every n=N, x 1is an accumultaion point of zeros of order =n

of £5thus i a zero of order n of f. T must be identically zero
L

in some neighbourhood of x. Contradiction.

Supprose x 1s element of a complex space X. By MX we denote

the maximal ideal of the local ring J_ of x., If for every

e

( - PR AU o .
x e X fx € M, ¢ is closed (f, dis the germ of f at x), Malgrange:
~ - L e

proof would carry over to the general case, because f“} Mg = iOE.
But I dont know whether this is true - . -
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Correction. October 1965,

In general there is no reason to believe an irreducible
complex space is locally irreducible, or that an open connected
subset of an irreducible complex space is irreducible. This was
mistakenly assumed in these seminar notes, and therefore some

detzils must be changed in order to get a correct proof.

1.) Let (LLS)S c s be a decomposition of WL into irreducible
components. Fach L s is closed inYL , so if K dis a com-
pact contained in W. , list K is compact. Thus, if 1L
is noncompact, 'LLS is not contained in any compact subset
of L.

The construction of §T is then to be made with {}L S} s &S
Defined above.

2.) Instead of the construction given in the notes, we use the
following resﬁlt (Abhyankar (44.29, p. 414):

Let a be a point in complex space X. Then exists a neigh-

1
bourhood V of a, and a fundament system of neighbourhoods

|
{ i EN of a in V , such that:

¢
v J h ‘
1
i.) XMV has finitely many irreducible components
? ! ! 1
Xy e Xp , and X, .., Xp are the (distinct) irre-
a a
ducible components of X_. (Aa denotes ‘the germ of A

at a, for any A C X).

' .
iil) X I Vj is irreducible for any i, j; 1€ i< p, J € N.

In the notes we may suppose that all neighbourhoods in

1 1
question are contained in V , and substitute Xi for Xia

L]

It is easily seen that a compact UL s is also an irreducible
c?mponent of X, and sincéydoes not meet (UL , we may suppose
Vrﬂ”LLS = @, for any compact 11 g+ Therefore U ., NV # g
implies that f #Z o on ). M V.

With these changes, the res% of the proof goes through,

The neighbourhood W may be chosen in Vj s, and V =W Xi’

Reference: 8. Abhyarkar: "Local Anslytic Geometry.%Academic
Press 1964,




