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Some necessary and sufficient conditions in the

theory of Vitali coverings.

Erik M, Alfsen

The paper 51} was published after the seminar lecture, but be-
fore the final preparation of the notes. Complete proofs are given
in [1], and so we shall restrict ourselves to present the following:

Summary of results., A covering JQ' of a set A 1in a measure
space is called a Vitali covering if it consists of measurable sets
of finite positive measure and if for all finite collections
Kyseee K, from S the set of members of K not meeting
K1L);-.L)Kn is a covering of A\\KqL)...{JKn. Recall that in the
classical case the space is required to be metric, the members of

3( are required -"to be closed, and every point is required to
be in members with arbitrarily small diameter., This information,

however, is used only through the simple consequence, which is

taken as a general definition above,

A Vitali covering <ﬁ( of a set A is star-regular (with para-
meter A £ ® ) if for every disjoint sub-collection XK of K
with R = | [, .o K, there shall exist a set Q& Kdisjoint from R
such that the JQ -star

52 (@) = |{Kjxe K, xnq = ¢, KnR- g,

satisfies
*
(55 (Q)) & A @)
It is not hard to verify that the set of all closed sets (or
even rectangles) in the plane is non-regular, whereas it becomes

regular if there is imposed a lower bound on the ratio between

diameter and volum,

Theorem 1, If c?( is a star-regular Vitali covering of a set
A din totally finite measure space, then there exists & disjoint
(hence countable) sub-collection covering A almost entirely.
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Every collection y{ of measurable sets of positive finite
measure determines a largest (possibly empty) set A}, such that
K is a Vitali covering of that set,

Theorem 2. A Vitali covering \,7< of g set A 1in an arbi-
trarv measure space admits a countable, disjoint sub-collection
Qoverlng A almost entirely if and only if K is countably stag-
regular in the sense that there shall exist a seqguence Kr of
star—regular sub-collection (the parameters may tend to 1nf1n1ty)

eagh of which confined to a set of finite measure such that AK }

co\fers A almost entirely.

Corollaries are the classical theorem of Vitali, Charathéodory
and Banachi the theorem of A,P. Morse for metric spaces with a
"halo operation" defined by an abstract "disentanglement function",
and also a recent theorem of Comfort and Gordon on Vital coverings
of homogeneous spaces,

The Theorems 1,2 may be rephrazed modulo null sets (i.e. within
the measure algebra). This is particularly convenient for appli-
cations to martingales with directed index sets,

We recall that if {:B } is an ascending stocastic
base on a probability space (T -dlreoted), then 13‘8‘,})i eT is
a fine covering of a set A if

A C ess, lim P

y ¥
We define a sub-base 1 j? f T by requiring that every

F e J)d/ be an essential union of members of :’j/ . Note that if
{F ™ is a flne covering of A relatively to {‘Bd’ }JET’
Wlth sub-—base { Ty a,&TT then
= '
K j?_‘_gr_,)qK]K < ‘/o” , K< F/)’ (mod.),-u)} |

is a Vitali-covering of A (mod 7,{_;1_/)

This is how the Vitali coverings appear in the present context,

Now define a sub-base 5} to be regular (with parameter M) if
for every fm } ep » Where n"‘(a,(; ;fd, there shall exist
a Qe U mf suoh that

2
MR U s UK £ A M(Q)
for all Ky,...,K € ) n’e?r or only for K,...K < J mX , if
geT >y

Xq € T is some index such that mX == ¢ only for ¥ 2 X1
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The weakening permitted by the last addition is perticularly
usefiill if T' is linearly ordered. If méfebVet T is well t
ordered, then yq may simply be thevfirst*gﬁgé?'fér which Mﬂﬁ,#; @.
If T = {0,1,2,.4.,..}, and if ja, are partitiorns, then the subs | -
base is automatically regular._ .

If on the other hand T is a tree , then the possibility of
choosing a y, indicated is worthless: C |

In between these two extremes is tHe case where the measure
space is an infinite dimensional product, J' is the directed set
of finite sets of factor spaces, and JBJ is the corresponding
Borel-field of cylinder sets.

The main theorem in this connection is:

Theorem_B, An ascending stochastic base generated by a regulgr
sub-base enjoys the strong Vitali property of Kricheberg and Pau0'§" |

-

Recall that {ijgg }erj* enjoys the strong Vitali property
if for every fine covering {F8:L¥€ ™ of a set A < %%ﬁiar
and every ¢ > O , there is a finite set {Xj""’<Yﬁ?’ from T’
and an essentially disjoint sequence {N1...Nnj such that

N. € N.CF (mod. ) for i=1,...,n, and such that
i 1-88,1 ’ i (Yi /A/ ’ s L1y

MANT U e LN) < E

This property is important since it implies essential conver-
gence ("almost certain convergence") of the integral representation

of any martingale of bounded variation with base {JB,?;EP
¥y

{fx:}xe ™
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