Matematisk Seminar Nr. 2
Universitetet i Oslo Februar 1963

AIGEBRATIC PROPERTIES OF UNIFORMLY CONTINUQUS FUNCTIONS

By
Jens Erik Fenstad



1.  INTRODUCTION

The objects we are going to study are real-valued uniformly continuous
functions o some uniform space. The space will be denoted by (X,?X,) and
the collection of functions by U(X, 21) , or shorter U(X) if no misunder-
standing is likely to arise about which structure oﬁ the set X we are con-
sidering.

The main purpose is to characterize the set U(X) by its algebraic
properties, and the present exposition is devoted to a report on a solution
of this problem, which we have récently obtainedo_ (The details will be pub-
lished elsewhere.)

A commutéative lattice-ordered group G is (i) & commutative group and

(ii) a lattice, wiich satisfies
(i44) alb =—=>» a+tcédb+e for a, b, c&G .

It is elementary to show that U(X) in the pointwise deéfined operation is &
commutative Il-group. In U(X) we may also introduce the pointwise defined
multiplication, but unfortunately U(X) is not in general closed under mul-
tiplication, an obvious counter-example being for X = R (the reals) the
function f(x) =x § f.f is not uniformly continuous.

Using the maximal l-ideals of an l-group (we drop the qualification
"commutative” in the sequel) it is not difficult to represent the 1-zroup
as an l-group on the maxime ideal space. Then one may give this set the
coarses®t uniformity, making all the functions corresponding to the elements
of the given Il-group uniformly continuous. The mein difficulty is to ob-
tain conditions that our functions be the set of a 1 1 uniformly contin-
uous functions in the structure introduced. To this end one needs an approx-
imation theorem for uniformly coutinuous functions, and our first main result
is a Stone-Weierstrass type theorem for U(X) giving sufficient conditions

on an l-subgroup G of U(X) to be uniformly dense in U(X) . Our theorem



-2 -

entails a version of the ordinary Stone-Weierstrass theorem for compact spa-
cese. |
The next main result is the characterization theorem showing that every
divisible (in the algebraic sense) and commutative l-group which is closed
under suprema of certain families of elements, can be represented as a group
U(X) for some suitable uniform space (X,?A ) « This theorem is comple#ed
by the determination of a maximal category of uniqueness for the represehta—
tion space (X, U , this category being representable as the class of all
closed subocts O products of real lines in the obvious induced uniformity.
Our theory is applied to the theory of proximity spaces, giving a solu-
tion of a problem which Yu.M. Smirnov stated in an address to the Stockholm
Congress. Otherwise our results on proximity structures are mainly negative,
as we give counter-examples to the "obvious fact¥ that the set P(X) éf real-

valued p-continuous functions is an l-group.

2.  APPROXTMATION THEORY

A family %-fil.iEZIE of uniformly continuous functions is called
uniform (or, in standard terminology, uniformly equicontinuous) if

\V/E_ > 0 there exists a V& ¢/ such that
7)€V = |f,(x) - ;| < £ for all i€I

A family {fili(—_l__?{ iscalled locally finite if for
each i&1I , [fil,\lfjl = 0 for all but a finite number of indices €I .
Let $ be a collection of subsets of X and let V & {{ . The family
{fAlAﬁgf?‘} iscalled separating of order V if
it is uniform and satisfies for each A EJ(C the requirements that O_éfA <

fA(x) =1 if x€A , and fA(y) =0 if yé&X-V(A) . With every uniform

space (X, 1() we may associate a cardinal number m(X) , the main property
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of which ié that if X 1is compact, then m(X) is the least infinite car-
dinal. m(X) is introduced in order to obtain an approximation theorem for
U(X) which will yield the Stone-Weierstrass theorem for compact s'paces°

Two conditions on an 1l-subgroup G of U(X) is essential for the fur-

ther development.

A(1): G contains separating functions, i.e. to each V& U. and each
subset-colledtion J§- such that card (¥ )<m(X) , there exists

L, c o~
a separatirg family if N [Aeé"} 6f order V .

A(2): G 1is closed under the formation of supremum of locally finite

uniform families of cardinality strictly less than m(X) .

It is important to note that the supremum is relative to G . Thus if ifig
is an admissible femily, by A(2) there exists in G a function f =\/Gfi
characterized by f 2 fi for all 1€I , and if g '>-fi for all iéI. s
where g&G ; then g>1I . It is not at all obvious that f is going to
be the pointwise supremum of the family { fii' , in fact, while it is true
for those l-subgreups G in which we are interested, the proof is some-
what involved. Thus, if G contains the rational constants and satisfies
A(1) , then, whenever {fi} i€l has a supremum in G , this supremum
is the pointwise one. This entails that

(Va6 = Ve, o)

iel

We are now in a position to state the main approximation theorem.

Theorem 1., Let G be an l-subgroup of U(X) containing the

rational constants. If G satisfies the conditions A(1) and A(2) , then

G__is uniformly dense in U(X) .

(G is uniformly dense in U(X) , if for all f&U(X) and all & >0 there
exists a gé&G such that |f(x) - glx){ € & , x€X . ) The proof, while

simple in its conception, is not at all easy to carry out, and we refrain
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from giving any indications of the details. Theorem 1 entails the Stone-
Welerstrass theorem, the deduction being a rather straightforward exercise
in how to reduce open covers of compact sets to finite covers.

For the representation theory a modified version of theorem 1 will be
better suited. A family {11 jit—:I_% is called bounded if
there exists a real constant M such that |f, |€M for all i€I.
ifi ’iéi?} is called admissible if it is either locally

finite or bounded. The modified conditions reads:

N o
A (1): G contains separating functions, i.e. for each V'EEZJL there
exists a uniform family {fx ' XGX} which is separating of

order V .
¢
A (2): G contains the supremum of any of its admissible uniform families.

Let us recall the definition of a divisible commutative group: G 1is called
divisible if ti. =quation a = nx has a solution in x for ever

a€CG and uatural mmber n .

? L.
Theorem 1 . Let G bea divisible Il-subgroup of U(¥! con-

? ¢
taining the identity function. If G satisfies A (1) and A (2) , then

G__is uniformly dense in U(X) .

3. REPRESENTATION THEORY
It will be necessary to recasll scine properties of l-groups. fm 1 -
ideal I in G 1is a subgroup of G such that

aél and b} E;,{a|

S bel .

: e

By a homomorphism we understand a homomorphism both as group and lattice.
The group is simply ordered if any two elements are comparable; it is called

archimedean if na <b for all n implies a £0 . It is rather well-
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known that if M is a maximal 1l-ideal in G , then G/M is isomorphic to
an l-subgroup of R . If >0, e FfM , then the isomorphism dPM can be
so chosen that dPM(e) =1 |

The main definition needed for our representation theory is the follpw-
ing: (E,e) iscalleda normal pair inan l-group G 11? B
is a collection of maximal l-ideals in G such that | |E= 0§ and
ecG satisfies e > O and e(’.i_UE o

Obviously a normal pair is & substitute for the wanting multiplicative
structure of U(X) .

If (E,e) is a normal pair in G one may associate with each a@G .

- . % . ; .
a reali-valued function & ¢ E—sR in the usual way:

00 = Qya)

£: 66 isan isomorphism; S =1.

It is well-known that
G 1is supposed to be divisible, hence every equation ng = me  where
(n,m) =1 and n>0 has a2 unique solution gq , unique because G is a com-
mutative l-group. Let Qe be the set of all solutions. Then QeJt is the

rational constants in G© .

The notion of admissible family carries over to general l-groups. It
will be convenient to restate the definition of a bounded family: %_ailielg
is called bounded if there exists an a >0 in G such that ,ai} < a
for all i&I . If G is supposed to contain the supremum of the admi‘.ssible
families in Qe , then it i1s easily verified that the set Re of such supre-
ma is isomorphic to R by the x ~Map. |

The last preparation needed for our representation theorem is a defini-
tion, within the context of general I1-groups, of uniform families.

There exists for each M&E a uniquely desfined map a_>a.M satisfying
(1) 2= s - v for some rek_ , and (ii) e , Indeed, let r be

the unique element in Reﬂcj;_ 1(%})‘\4(&)) . For each NE&EE an order relation

< is defined by
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Define the subset V(g,a) , >0, g€ Q, and a€&€G :
M
V(q,a) = {(M,N)l E l %q},

A family iai l iEI} in G iscalled undiform if for every
q>0 in Qe‘ there exists a finite set of elements b1, coo bn < G
? L
and a q >0 in Qe such that
¥ ;
. . .
Ve € () waey
j=1 iel
Now we have our main theorem on the algebraic structure of uniformly con-

tinuous functions.

‘Theorem 2. A commutative l-group G is isomorphic to an

1-group U(X) for some uniform space (X, {f) . if and only if G is

divisible and there exists a normal pair (E,e) in G relative to which

G cont,‘ains the supremunm of any of its admissible uniform families.

There is one subtlety to note. The definition of uniform families
presupposes the definition of Re and that Re is isomorphic to R for
each (iDM » Hence we need a modification stating the theorem as we have
done. Re must initially be defined as those suprema a, in Qe which
exists in G , and the map a-——>aM cannot be taken to be defined on all
of G but only for those a such that Reﬂ(‘tMJ(('n‘,\M(a)) L@ . TItis
then fairly simple to show that we, in fact, obtain what we need for our
theorem.

Concerning the proof, it is very easy to show by means of the approxima-
tion theorem that G% is uniformly dense in U(E) when E is given the
coarsest uniformity making the functions in Cr:t uniformly continuous. To
obtain that G- is actually all ~f U(E) requires a somewhat more in-

volved argument.
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Concerning the problem of uniqueness of the representing space of theo-
rem 2, we have obtained the following result. A uniform space (X, U ) is
called functionally complete if it is complete and
has the coarsest uniformity making all the functions in U(X) -uniformly,‘

continuous.

Theorem 3. Let (LL}“'be the category of functionally complete

- . ' . 0 - 1 . -
spaces. Then 1}J is a category of unigueness in the sense that given any

two structures (Xil l{i)e:lﬂj’i i=1.2, there exists a uniform isomor—

phism Vi (%, UM)&(XZ, 1A.) . if and only if there exists an _1-
) el { < .

Qi?’is 8 _max-

isomorphism ‘C¢>:,'U(X1),Q§U(X2) such that C?(1) =1 o

imal category of uniqueness and may be represented as the category. of

closed subsets of products of real lines in the induced uniformity.

The third part of our work is concerned with the relationship between
uniformity and proximity. The positive result is a characterization of
those subsets of P(X) , the class of all real-valued p-continuous func-
tions, which are the subsets U(X) for some compatible uniformity, -
theorem 2 is an immediate answer. Otherwise, as we have remarked in the
introduction, our results are counter-examples.

To state the result on P(X) we recall some definitions. An ndmissible
family %:fil ié?Ig in some subset G of P(X) is a family which is
either locally finite or bounded. DBounded is here, as above, used in the
sense dominated, i.e. {fi { 1¢I§  is bouaded in G if there exists an
fEG such that [fi | £f for all i€I , A uniform family is defined
by the property that for any & >0 there shall exict a és:> 0 and func-

tions Bys Eps cec gnE;G such that
'g%(x) - gj(Y) l< o for j =1, o0e , 1
J

N |50 - 5,0 [ < £ for all i€I .

—————
id
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The answer to Smirnov's problem is now

r\
Theorem L . Let (X, 53) be a proximity space and let P(Xijfl

be the set of all real-valued p-continuous furctions on the space. A sq@:

set G _of P(X) is an l-group U(X) for some compatible uniformity

(X, L) . if and only if G is a divisible l-group which contains the et

P_(X) of bounded functions in P(X) and is closed under suprema of ad-
D :

missible uniform families.

L.  CONCLUDING REMARKS

Given a U(X) we have a natural exact sequence of l-groups and l~houo~

morphismse

0 ——>UB(X) —>0(X) —=A —0

where UB(X) is the 1-ideal of bounded functions in U(X) and A is the

?
quotient group. The group UB(X) is a group C(X ) for some compact space,

vizoe X? = i where we complete with respect to the totall& bounded uniform-
ity deduced from QJ\ ; hence UB has some very natural algebraic charac-
terizations.

A is a divisible l1-group without any torsion elements, thus by general

theorems A is a weak direct sum of rationals
- Fa
v/ = L le .

An open problem is to "fcompute®™ the group 1 ‘Q , 1.e. to compute the
cardinality of the index set of the sui.
Thus combining informations on UB and the quotient ‘ \Q we could

obtain algebraic characterizationc of the groups U(X) .
This requires that we discusc the problen of l1-group extensions. Let

A and B be two l-groups, then X and an l1-homomorphism (x) is an
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extension of A by B 1if we have the exact sequence
0 —=B —=X-—>4A-—0 .

Our groups U, are divisible, hence in the category of abelian groups X

B
ypuld be gniquely:detgrmined to within ordinary group isomorphisms. The
'éituation in our casé is rather more complicated as the following example
| Let, R = EO, -—>> , then there exists a map (:t) : UR") — U(R")
s?qh thqt“C$? is & group isomorphism and a lattice isomorphism on UB(R+) R
Buﬁ (#5l is not alattice isomorphism of U(R+) .

Define f (x) =x and £.(x)=x it 0<x &1, £,(x) —xF ir x> .
Lgf f FF% be the identity on UB(R+) , then we can extend it to a map of
the groups (not 1-groups):

ey e S .
“S#} : UB + (rli) —%>UB + (rfi) s i=0,1,

where réB; and . 4;(1"1’0) = r.f, , C%)?(r.f,]) = r.fo « Owing to the fact
that if B. is a divisible l<subgroup of A and x€A - B, then the sum
B ; (x)  ié-airect, we may extend the isomorphism (t; to a group iso-
mbfphism | 4}:' U(R+) —i}ﬁ(R+) . The map Cb is not a lottice
j:somorphi_sm°

Next,'iff A= l (Q and we have an extension of A by some group UB

Y -+>UB-—4>X-—e>A —>0

is then ;f‘an l—grdup U(X) ﬁﬁich aaﬁits Uy &s its group of bounded
functions?{v | ) | |

We have not yet had time to study the probléms outlined in these con~-
cluding remarks; but we suspect that our theorem 2, giving an algebraic
characterization of U(X) as a comuutative, divisitle l-group, may be of

use in obtaining some of the answers.




