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1 • INTRODUCTION 

The objects we are going to study- are real-valued lJ::J.iformly continuous 

functions orl. some uniform space. The space will be denoted b;y (X~ 7~) and 

the collection of functions by U(X~ cU) , or shorter U(X) if no misund(;;r-· 

standing is likely to a:l:'ise about which structure on the set X 1oJ"e are con-

sidering. 

The main purpose is to chax'ctcterize the set U(X) by its algebraic 

properties, and the present exposition is devoted to a report on a solution 

of this problem, which we have recently obtained. (The details will be pub

lished else.,.,.here.) 

A commuta.tive lattj ce-ordered group G is (i) a commutati·ve group and 

(ii) a lattice, wl:ich Datisfies 

(iii) a Zb --_:;,a+ c Lb + c for a,· b, c ~ G 

It is elementary to show that U(X) in the poinh!ise defined operation is "'" 

commutative 1-group. In U(X) we may also introduce the point·htise d.e;fined 

multiplication, but unfortunately U(X) is not in general closed unJ~r mul

tiplication, an obvious counter-example being for X = R (the re~ls) the 

function f'(x) = x ; f .f is not uniformly continuo1..:.s. 

Using the mo.xirnal 1-ideals of a.r... 1-group ( v;re drop the qualification 

i'lcom.mutatj_ve'; in the sequel) it is not difficult to represe:::1t the l-6::: oup 

as an 1-group on the rna.xir;1e ideal space" Then one may give this set the 

coarsest unifo:~mity, making all the f1mctions corresr:-onding to the elen1ents 

of the given 1-group uniformly continuous. The m~in d~fficulty is to ob

tain conditions that our fnnctions be the set of a l l uniformly contin

uous fu_Ylctions in the structure introduced. T:::J this erd one needs an approx

imation theorem for uniformly cor1tinuous functions, and our first main result 

is a Stone-Weierstrass type theorem for U(X) giving sufficient conditions 

on an 1-subgroup G of U(X) to be uniforrruy dense in U(X) • Our theorem 
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entails a version of the ordinary Stone-\.ITeierstrass t.heorem for compact spp.-

ces. 

The next main result is the characterization theorem showing that every 

divisible (in the algebraic sense) and commutative 1-group which is closed 

under suprema of certain families of elements, can be represented as a group 

U(X) .fot some suitable w"liform space (X, 7./ ) . This theorem is complet,ed 

by the determination of a maxL~al category of uniqueness for the representa

tion space (X, ?J.J , this category being representable as the class of all 

clooed euboeto of' products of' real lines in the obYious L"lduced, u."'liformity. 

Our theory is applied to the theory of proximity spaces, giving a solu-

tion of a problem which Yu.M. Smirnov stated in an address to the Stockholm 

Congress. Otherwise our results on proximity structures are mainly negative, 
I 

as we give counter-examples to the ~~obvious facti' that the set P(X) of real-

valued p-continuous functions is ru1 1-group. 

2. APPROXTHATION THEORY 

A family of uniformly continuous fm1ctions is called 

u n i f o r m (or, in standard terminology, uniformly equicontinuo~s) if 

V f_ > 0 there exists a V E. ·v_, such that 

for all iE I 

A family {fi j iE.I} is called 1 o c a 1 1 y f i n i t e if for 

each i~I 
' tf.j;\jf.l :::: 0 for all but a finite nu1nber of indices jEI 

l J 

T c. ~et J be a collection of subsets of X and let V 6 lJ. . The family 

{fA I A E. g: J is called s e p a r a t i n g 0 f o r d e r v if 

0 

c-
it is uniform and satisfies for each A E.]- the requirements that 0 ~fA~ 1 

fA (x) = 1 if x € A , and fA (y) 0 if y f.X-V(A) With every uniform 

space (X, t() we may associate a cardinal number m(X) , the main property 
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of which is that if X is compact, then m(X) is the least infinite car-

dinal. m(X) is introduced in order to obtain an approximation theorem for 

U(X) which will yield the Stone-Weierstrass theorem for compact spaces. 

Two conditions on an 1-subgroup G of U(X) is essential for the fur-

ther development• 

A( 1): G contains separating functions, i.e. to each VEL{ and each 
(;-- r-

subset-collectiort J- such that card ( J.) <.m(X) , there exists 

a separatidg family bf drder V • 

A(2): G is closed under the formation of supremum of locally fini~e 

uniform families of cardinality strictly less than m(X) • 

It is important to note that the supremum is relative to G • Thus if { fi 5 
is an adrrdssible fcnrrly, by A(2) there exists in G a function f =~fi 

characterized by f ~ fi for all if: I , and if g ?. fi for all i E I , 

where g E:. G 9 then g > .L It is not at all obvious that f is going to 

be the pointwise supremum of the family f f .. l , in fact j while it is true ._ l..) 

for those l-subgr•ups G in which we are interested, the proof is some-

what involved. Thus, if G contains the rational constants and sa.tis.fies 

A(1) , then, whenever has a supremum in G , this suprFlmum 

is the pointwise one. This entails that 

( ( \~fi)) (x) :::: v(f_, (x)) 
iE-I .L 

V·Te are now in a position to state the m..a.ii.-'1 approximation theorem. 

T h e o r e m 1 • Le:t-__9__ be_§g__1-s.ldf?£I'.9Ul? of UCX2 containing thE} 

.r~tio~n.§ta:nt_p.-!'...-_l.L . ..2 ___ .§atisfies th..§...S2D£9.1-.i.gp..§.._~i1l_~~<L-!l2l . i then 

(G is uniformly dense in U(X) , if for all fE:-U(X) and all [> 0 there 

exists a g E.G such that I f(x) - g(x) I ( E, Y x E:X • ) The proof j while 

simple in its conception, is not at all easy to carry out, and we refrain 



- 4-

from giving any indications of the detailso Theorem 1 entails the Stone-

Weierstrass theorem~ the deduction being a rather straightfonrard exercise 

in hOI'V to reduce open covers of compact sets to finite covers. 

For the representation theory a modified version of theorem 1 vdll be 

better suited. A family is called b o u n d e d if 

thet·e exists a real consta...'1t M such that j fi j ~ N for all iE I • 

is called a d m i s s i b l e if it is either locally 

finite or bOlli'1ded. The modified conditions reads: 

1 
A (1): G contains separating flli'1ctions, i.e. for each V E. U the:re 

exists a uniform family ~~ich is separating of 

order V • 

? 
A (2): G con+,ains thG supremum of any of its admissible uniform families. 

Let us recall the definib_rm of a divisible commutative group~ G is called 

d i v i s i b 1 e if t~ , 9quation a :::::: nx has a solution in x for ev<::.:..'y 

1 
T h e o r e m 1 

3 o REPRESEJ\"''ATIOJ'J THEORY 

It will be necessary to rece,ll so;ne properties of 1-groups. Ln 1 -

i d e a 1 I in G is a subgroup of G such that 

at: I and 

By a homomorphism we lliJ.derstand a h•Jmomorphism both as g1·oup and lattice o 

The group is simply ordered if a.n.y two elements are comparable; it is called 

archimedea.r:t if na ..::. b for all n implies a ~ 0 • It is rather well-
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kno"Wl.'l that if rvr is a maximal 1-ideal in G 

I 
' 

then G/M is isomorphic to 
I 

e>O an 1-subgroup of R . If 
' e~J!I ' 

then 

CpM( e) 

the isomorphism cpM can be 

so chosen that = 1 . 
The main definition needed for our representation theory is the f'ollpvr--

ing: (E~e) is called a normal p a i r in an 1-group G if E 

is a collection of maximal l-ideals in G such that and 

e E.G satisfies e ?.. 0 and e o/=- UE • 

Ob\~ously a normal pair is a substitute for the ~rcmting multiplicative 

structure of U(X) • 

If (E~e) is a normal pair in G one may associate with each 

a real-valued function ~ E ~ H in the usual ''ray: 

= 

It is 1-vell-known that 

G is supposed to be divisible~ hence every equation nq = me where 

(n~m) = 1 and n> 0 has .J. unique solution q , unique because G is a com· 

mutative 1-group. Let Q be the set of all solutions. Then Q x is the 
e e 

rational constants in G* • 

The notion of adnussible fanuly carries over to general 1-o-ruu.os. '"' ~ 
It 

will be convenient to restate the definition of a bounded faTily: - I ~ 1_ a.i iEI,.) 

is called bounded if there eyj_sts an a ~0 I a.) z. a 
' 1 --

G i:n such that 

for all i E I • If G is supposed to contain the supremur.o. of the ack'-·:.ssible 

families in Q , then it is easily verified that the set R of such supre-
e e 

rna is isomorphic to R by the 

The last preparation needed for our representation theorem is a defini-

tion, within the context of general 1-groups~ of ux1iform families. 

There exists for each H E:E a uniquely defined map satisfying 

(i) M a a - r for some rER , B.nd 
e 

the U.'"lique element in Re n cp-1 CcfM(a)) 

if is defined by 

( 1. 1. ) J!-1.,.. 1 -a -.::.. .vl 

For each 

Indeed, let r be 

l\T EE an order relation 
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Define the subset V(q,a) , q>O , qE Qe and aE G : 

V(q,a) = { (lvl,N) I 

A fanri.ly in G is called u n i f o r m if for every 

q > 0 in Q8 there exists a finite set of elements b1, 

and a 
'I 

q >O in Qe such that 

n V(q~ ,b.) L n 
j=1 J i E. I 

V(q,a.) 
l 

b E G 
n 

Now we have our main theorem on the algebraic structure of uniforrr~y con-

tinuous functions. 

Theorel!l 2. ,b._S,~Etati ve _ _l-E.r.£11.12 G is isomor:J2hic to an 

l..,.group U(X) for some lli""~_iform spa~e (X. UJ . if_and onl;y_if G is 

divisibJe and there exists a normal £?ir iE 2 eL in G relative to whlfh 

G contains the supre~~' of any of its admissible uniform farrQlies. 

There is one subtlety to note. The definition of uniform fa.-rnilies 

presupposes 

each <=P:tvr . 

the definition of R and that R is isomorphic to R for 
e e 

Hence we need a modification stating the theorem as we b8,ve 

done. R must initially be defined as those suprema e in Q e which 

exists in G , and the map JVI a ~a cannot be taln;n to be defined on <1ll 

of G but only for those a such that R n+ ,-1 C<hM(a)) -/- ¢ . 
e 'f.tv1 1 .1. 

It is 

then fairly simple to show that v.re ~ in fact, obtain what we need for our 

theorem. 

Concerning the proof 9 it is very easy to show by means of the approxiJna

tion theorem that G*- is uniformly clense in U(E) when E is given the 

coarsest uniformity making the functj_ons in G::t uniformly continuous. To 

obtain that Gx is actually all rf U(E) requires a somewhat more in

volved argument. 
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Concerning the problem of uniqueness of the representing space of thee! 

rem 2~ we have obtained the following result. A uniform space (X, 1{) i~ 

called f u n c t i o n a l l y c o m p l e t e if it is complete aDd 

has the coarsest uniformity making all the functions in U(X) ·uniformly 

continuous. 

T h e o r 0 m 3 • Let 1V...__. ~e category of function,gly comple~e 

spaces. Then w-- is a ca_tegQr,;y of un;j,..9_12._§ne9S in the sense that gi ve!L~.Y 

there exists a uniform isor'lor-

.J2h.ism 'f ~1..L.. 'U ... 1~~~ .....i if and_ onl,;y if' there exists an 1-:_ 

isgmorpffism ~: ...... U(X1J ~UQ:~~t±fb_.iha:f cl?i1l...:::~ 1.Jris a max-

i.'lila}. category of unique;aess and may be r§J?r~~:ted as the category of 

cl_g.§.§...d=subsets of products of real lines in the induced uniformity. 

The third part of our ~rork is concerned with the relationship between 

uniformity and proxi..rnity. The positive result is a characterization of 

those subsets of P(X) , the class of all real-valued p-continuous func-

tions~ which are the subnets U(X) for some compatible ~~iforiT~ty, 

theorem 2 is an innnediate answer. Other1-Jise, as we have remarked in the 

introduction, our results are counter-examples. 

'l'o state the result on P(X) vre recall some definitions. An :v3;nissible 

family in some subset G of P(X) is a family which is 

either locally finite or bounded. Bound0d is here~ as above, used in the 

sense dominated~ i.e. is bow1ded in G if there e:r.ist3 an 

fEG such that I fil .C:..f for all iei • A uniform family is defined 

by the property that for any c >O 
~ 

there shall e::d.;:;t a c)>o and fu.'lc-

tions g1' g2' ... 
' gn E:.G such that 

for j = 11 ••• , n 

I f. (x) - f. (y) / < [ 
l l 

for all iEI 
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The answer to Smirnov?s problem is now 

T h e o r e m 4 . 

A su.'br-
--,~ 

~- G of P(X) is an l-gr_£lJ.l?_ U{X2 f~j;.ible unifo.r_mit_z. 

Qc_. U. L ~ if and only li G is a divis}ble l:;Er.2.ill?. which contaips_il:J&_ s;=t 

J::D(X) of bounde~tions in P(X) and is cl,9§.§d under sugema of a.d; 

missible uniform families. 

4. CONCLUDING REJ~KS 

Given a U(X) we h~ve a natural exact sequence of 1-groups and 1-~omo-

morphi:ms ~ 

where UD(X) is the 1-ideal of bounded ftmctions in U(X) and A ic the 

quotient group. The group UD(X) 
? 

~ 

is a group C(X ) for some compact space 9 

viz. X = X >vhere we complete with respect to the totally bounded uniform-

ity deduced from {)L ; hence UB has some very natural algebraic cnarac-

terizations. 

A is a divisible l-group without any torsion elements~ thus by general 

theorems A is a weak direct su~ of rationals 

An open problem is to 11compute11 the group ioe. to compute the 

cardinality of the index set of the surno 

Thus combining infornations on UB and the quotient U Q 1ve could 

obtain algebraic characterizntionc of the groups U(X) • 

This requires that 1-Je discnso ·':,b.e problem of l-group extensions. Let 

A and B be two 1-groups, then X and Em 1·-homomorphism 
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extension of A by B if we have the exact sequence 

0 ~B -?X.iA ~0 
Our groups UB are divisible, hence in the category of abelian groups X 

wo1.1ld b~ Uniquely determined to within ordinary group isomorphisms. The 
e • • ' ' : '_- ; ~ 

situation in our case is rather more complicated as the following example 

Let 
-~ .. ' ' 

sv.c;h 

[_o, ~) , then there exists a map tP: U(R+) ---?-U(R+) 

is a:. group isomorphism and a lattice isomorphism on UB(R+) 

but not a lattice isomorphism of 

Pefine f 0 (x) = x and f 1 (x) = x if 
1 

0 ~ x L 1 , f 1 (x) == x2 if x.>-1 • 
I 

CD be the idenL::. ty on UB(R +) .I B 5 then we can extend it to a map of 

th~ g:pq~ps (not 1--groups): 

Owing to the f~ct 

th~t if .B . is a divisible l .... subgroup of A and x E. A - B , then the rru.111 

B + (x) :iF! direct, we may extend the isomorphism cp to a group iso-

moJ;>pl),:l,;sm cp: U(R+) ---;>U(R+) . The map cb is n 0 t .a l<Jttice 
I 

:i, $ OTllOX'phi 13m • 

Next,· i,f, A = liQ &'1d we have an extension of A by some group UB 

0 ->U ~X -~A __,~" . B . - --;>'"V 

is then :X: . an 1-group U(X) •:thich actiqtE3 UB as its gr01lP of bounded 

functions'? 

~ve have not yet had time to study the problems outlined in these con-

eluding remarks 5 but we suspect th9.t our theorem 2 9 giving an algebraic 

characteriza..tion of U(X) as a com:r;mc,at:.ves divisible 1-group, may be of 

use in obtaip..ing some of the answe!'s. 


