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Abstract. 

Let A be a c* -algebra, G a group of lE -automorphisms of A and 'l a 

G -invariant weight. Assume that 'f takes finite values on a dense 

subset o1' A.+ .. It is shorm that there is a largest eleoent among the 

G -invariant weights o/. majorized by 'f and weakly adherent to the 

set of G -invariant continuous positive linear functionals majorized 

by "Po • HoreoYer this weight majorizes every G' -invariant continuous 

positive linear ~~ctional rnajorized by 'f • If A is a von Neumann 

algebra it is sufficient to assu::.e that 'r takes finite values on a 

0"- weakly dense subset of A+ to gE:t a similar result for nor1.1al 

functionals. Further characterisations of this weight are given in 

terms of the representation associated with 'f • 'l~is relation is then 

used to prove that if ~ is lower semi-continuous, the existence of 

G -invariant continuous positive linear functionals majorized by ~ 

is eq"Ll~.valent to the existence of fixed points in the associated Hilbert 

space lt and representation of G in Jt • 
Finally two examples ~~e diacussed· 
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1. Introduction and notations. 

Becently a great deal of information has been obtained about states 

on a. ~-algebra A, invariant under a group G of * -automor:phisms. 

Unfortunately the set of invariant states on A can be very small, in 

some cases it may be empty. So one may ask for the existence of 

Ei -invariant linear functionals on .A which are eventually unbounded. 

The concept of unbounded line ax functionals has been introduced in [ 1) 

and ( 2 ] • In this papeJ.' we will be conce:r·r1ed with weights aa defined 

in [1] which are invariant under a group of '*'-automorphisme. 

The theory of G -invariant weic;f.lts must make it possible to give a 

unified treatment of the theory of G -invariant states and the theory 

of traces. Indeed a state is a special case of a weight and a trace 

is a weight inv~iant under the group of inner autoJllor:phisma. In this 

paper we will show that the study of invariant weights can essentiallY 

be devided in two parts. The first of them being related to the theory 

of invariant states, the second being mol.~e similar to that of traces .. 

This fact will be dir-ocusaed in section 2 where lH:~ construct to some 

G -invariant weights 'f an other G -inva't'iant weight 4-'o with 

the property that 't'• is the largest weifP.t majorized by 'f which 

is the upper envelope of G -invariant continuous positive linear 

functionals. 

In section 3 we ;,·ill construct a G -invariant projection map of the 

set ~ of continuous positive linear functionals majorized by ~ 

onto the set J. 0 of G -invariant ele1::ents in ;. • 'I'his mapping 

will be used in section 4 where we give more :p:ro;perties of the weight 

'Po constxucted in section 2~ .Among othel's we will give a necessary 

and sufficient condition for the existence of G -invariant continuous 

positive linear funotionals majorized by ~ if the latter is lower 

semi-continuous. Finally in the last section we discuss two examples. 

lfe recall some notions and results as they can be fol.Uld in [ 1] • 

A weight on a ~-algebra is a funct:i.on f defined on A+ with values 
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in l 0 I""'] satisfying the following condi-tions: 

) ( ) ( ) .., , 4._ e. A-+ i 'f ( :x. -1- "! ) ::: '{' x. + ~ ~ for all ... ~ 

ii) \f ( X x.) -:;. >. \(> ( x . .> for all real numbers A ~ o 

( va agree that 0 ) 

The set of elements x e- A such that \f ('X~ ;c.) < "" is a 
+ 

left ideal 'lt in A. and the set of elements X:. E- A vi th 

\f (X) <:: c.0 is the positiVe part 'W{+ Of the subalgebra \.Vl 

defined as 'Vt ... ~ W • The norm closures 'llt and \t.~ of respecti----- - -~ 
vely '\i'( and \Vt s8.tisfy the rela-tion Wt :: Vt 4 V"t .... vt (\ 'lt • 
The subalgebra W't is spanned by its positive p~t and the restriction 

of t{ to 'Wt -t can be extended to a linear form o:n 'Wt f still denoted 

by 'f • With \f ia associated a Hilbert space de , a representation 

"Tt of A. and ·a mapping 1\ of \It into 1t such that 

i) 

ii) 

iii) 

(\ 'tYt is dense in 1t 
lf (x.. ... ~)-:. ( /\~ ~ 1\x) 
11: C x.. ) 1\ '} =. .1\ 'X 't for 

for all :'It , '} E- '* 
x.. f A 

Throughout the paper we will be concerned with a fixed weight 'f so 

that it is unnecessary to w:ri te 1'! l.p 1 Wt 'f etc. ; if we are given also 

another weight 't' we will write Y<y~ 1 .'VJ1'~··· for the objects 

associated with ~ • 

I would like to express n~ thar~~s to Prof. E. St~rmer for his kind 

hos:pi tali t;,· at the mathematical institute of the university of Oslo 

and for fruitful discussions. I am also ind.ebted to Dr. U .H. Peterson 

for helpful comments and to Dr. F. Combes for discussions concerning 

the subject treated in thie paper. 
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Let A be a ~-algebra a."'ld G a group of Jf-automol"phisms of A. Fix a. 

weight 'f on A and assume that it ie 'G ··invariant i.e. \f (~(xl) ~ f (;c) 
..... 

for all .x. ~ A and } ~ G" • itS might be expected there is a 

unitary re1ii'esenta-t;ion of G in 'lt that implements the auto­

morphisms. The following lemma is more or less known (see [ 4] lemma 

4·1 ) . 

2 .. 1 Lonna. Let \f be a G -invariant \·reic.h.t on A. 'llb.en 'W't and Vi: 

are G -invariant and there exists a -~itary representation ~ u.,_ } 
of G in 'Jt such that 

i) U.~ 1\ -x.. ::: 1\ ~ (x} for X:. E Vc 
ii) u., "tt t 'i ) U }1 -:: "Tt (g.. ( :1-- l) for 

Proof: The inva:riance of VC and W'f :follows tJ.•ivially from the 

invariance of 'f . From II A 9- (:t) II,_ -;;: 'f ( 9 ()() ~ g(:f.J)"' 'f (x~:t) 
1 t follows that the mapping 1\ :;c --;- !\ 1 ( l: ) is well defined, 

continuous and can be extended to an isometry uj- of '1-e 
Clearly 1.19 . .., Uj. = I so that ti.J i.s ·unitary.. It follows from 

a trivial calculation that 1 U ~ ~ is a representation of G a.nd 

·that the relations i) and ii) hold. 

2. 2 Defini tior1s a.:nd notations~ Fo:r ~' weight \.f on a cfE-algebra. A 

we will denote by 1- the family of continuous positive lineax functionals 

majorized by tf , i.e. ~ ( 'Z) -s 1.f (.z.) for all "Z G A+ and 

{ ~ l- • By "l< we denote the set of operators S t. 'tt (_A) 1 such 

that there is a positive real number ), EtUcb. that It S /\ :lt II ~ }. l) :.c. Jl 

for all ~ E vt If moreover 'f is G -invariollt we denote by 

'3- o and. d< o respectively the G -invariant elements in 3- and J< 
'lui:'u.r-.t 

on :1- and :1< in the ~v±er wey. This makes sense if we let G act 
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F1·oro the work of Combes ( 1 '] we mey e.xpect that l and 'J< , 
respectively '3- 0 and 'J<. , will be related to each other. We will 

olarify this relation without any restriction for the weight ~ 

Doing so we will be able to treat very general cases. 

The ·sets 3- , 1<. , "7 0 and 'l< • and the relations we are going to 

prove in the next lemmas will be extensively used throughout the 

paper. 

2. 3 Lemma. 

s ~ 'X 

suoh that 

~ G. (A>' J<. is a -invariant lef·t ideal in 1'c: • For any 

there is a unique vector o1... in the closure of .it C. Vr..''') )t 

for all }C. t?. \It • 

Proof: 

The relations 

l\T S {\_x..l\ :( n r n II Sl\x..\\ 

show that)< is a left ideal. The relations ll u.~lf $ u, 1\ x.\\:::. n s 1\,...(x)l\ 

and ll } (-x.l ll :: U :£. ll for 1 E- G' show that x is invariant • 

.Assume ll S 1\ .x. l) .; }\ 'X l\ • Let \ U).. ~ be a.n approximate 

left identity in 'Vt so tha·t; t ~ ~ uA • X for all x e- \Tt and. 

therefore ~ 1\ ("X.) S I\ u,.\ :: ~W... Sf\ x. u .A -::: S A x.. because S E- J< 

Let p = z it. ( ~. f' y. .be an arbitrary element in 
• l l 
C.'l::"l 

"tt { '\lt.c) X • From the relation 

"" 
( ( 1 s 1\ ')( • ) = l w.- . ~ ( l'~ 1 s 1\ :tl u ~ ) .... lu,.... c p J s 1\ l.(), ) 

. U:-t 

,.. 
it follows that 1.0 Cp) ~ ~ ( ~- 1 S 1\ x ~ ) 

.... l. 
defines a linear 

functional 1.o on 1't (\It •) 1t • !'Ioreover 

so that w is continuous 1 can be extended 

there exists a U."lique oL € 11:: t vt.•"l>t 
to rr ( Vt"' ) Jt and that 

such that w ( p) ::. C p J ~ ) 
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This means ( Y • S f\ :x. ) :; ( -rtl ~") Y 1 "'-) for all 1t e Vt and Y € J<. 
so that ~ l\ :x. = 1't ( x l o( for all x E- lJt . 

2. 4 Lemma. J< 0 is a left ideal in the fixed point aJ.gebra of 

~ ( A. ) 1 • For any S ~ i< 1) there is a unique G -invariant -'lector oi. E 1t. ( vt"' ) X such that S' 1\ x. -=- Tt ( l. ) .t. 

for all 'X E- 'Vt • 

Proofz The first statement follows trivial~v from lemma 2.3. By 

this lemma we have also the existence of ~ in 1'C ('IJ'L""-) Jt such 

that $ 1\ "(. :. "1'{ ( "- 1 ot. • As S t- "X. it j.s t. -invariant and 

s 1\ 'X. = u~ s u;" " )t •. u.,_ s " ~_. .. c ~ 1 

s U.} "!\ ( '-.-\ ( x )) ol. = "'t ( :r ) U.1 .t.. 

by the use of lemma 2.1. :By invarianoe o:f 'V't we have that aJ.so 

u.,. ot ~ -rc ( vt.:,~) '){ and by uniqueness that u, tX ::: "' 

This completes the proof. 

~2.5 Rema.r~. In the previous lemmas we gave a first characterisation 

of ::1< and 'J< 0 , in the nezt we will show the relation between ':k 
and 1-- , resp. "X 0 and 3-o • But first remar.k that :X::. n: (A,)' 

implies that 'I £: '1<. and so 1\ x.. = "r( ( :t) co(. for some o( ~ )t 

so that ~ ( x."" :a:} :::. ( 1c. (x ..,x) .! 1 ~) for al.l )C € iJt . 

"' It follows that ~ coincides on Wt with a continuous positive 

linear functional. Converstly this property would imply that 
$ ~ \ l \f t )t ~ ) :: ll 1\ k n ,; A u "t.. ll for some A > 0 so that 

'l: E: "X. and 1\: { A ) I -;.. ")<. • 

2. 6 Lemr:~a. For ar..y ~ ~ ~ there is a unique s E: J< such that 

t) ~ s '!£ "" 
and ~ Cx."":d : 1\ s 1\ ~ \\ l.. for all X. & Vt 

Conversely for a:zy s 4;: :k. such that 1\ 'S II ~ -1 there is a 

..f_E:.; such that ~(xi':d -::. 11 s " X.\\ t for all '1: E- vt • 
Similarly ·for t(l miD. ':k 0 • 



Proof: Ue prove the lemma for '4 0 and J< 0 .. I~et 

by ( [1] , lemma 2.3) there is a ~~ rc: n: {A. )1 

and .f { :t. .,. x) :. ( TD I\ x 1 A 'l. ) :Define 
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~ €: "t o then 

such that o ~ ~f s -1 
"1"-

"t l. 
e" s $'-1 and ns~~~~ = .J_lx 11 ,c) 

S'-;: Tf then 

s hlll llx.112. 
' 

so that s t )( . 
c: I l l If .:.- ia another element in 1't ( A.} such that o ~ S ·ff -1 

and ~ ( 'k "' ~) :. l\ S 1 f\ X \\ 2.. then 1\ S 1\ X l\2 :: 1\ S I /\, 'It \\"l. 

so that S 'L. : 5'2. and by uniqueness of the sq,uare root that 

S ~ $' • It then follows from the invariance of ~ that S is 

also G -invariant so that $ E- ~ • • Conversely let ~ E: J<f> such 

that \\ S \\ ~ 1 • By leoma 2.4 there is a. G -invariant «. .: 1e. 
such that S' !\ x =- "''t ( t l o<.. · • A trivial calculation shows that 

:.(. defined by ~- ( ~ ) ;. ( ~ ( '- J c( } oL ) for -z. E: A is in ':j. 0 

and satisfies the required relation. 

We will proceed in the same way aa in the proof of proposition 13.11 

of [ 3] in order to construct a largest G -inva.ri6nt weight lt' 0 

majorized by lf and with the property ·!;hat it is the upper envelope 

of G-invariant continuous positive linear functionals. Therefore we 

will need a property of :1- 0 called "i.-fil·tra.ting" by Combes (11. 

The following rcs·ul t can be found in (. (10 1 , lenl.11.1a. ).1) and is due 

to Dixmier. For sake of completentsswe write down the short proof 

given there. 

~·1 I.eoma. Let N be a left ideal in a von Neumaxm algebra M • 

For any two eleoents )1 I s'- in the unit ball of N and ~ > 0 

there is a S ~ 'N auoh that 

(.f·- i:} • S'. s. 
\ l. 

for 

Prooft Put T. 
\. 

';. c .. -te ) l"'- (-t - \:.) 
9' _, " 

S".: S:) si st" for (-;;1('1. 

T ":. -r:. + 1~ 

s ':: ( 4 + T rot~/t 1 41~ 



lie will show that $ is the 

shows that L -t - -c ) S'." S . 

desired element. Firat a trivial calculation 

\. ... 
I -i ¥- . ( --1 

:: •I - \.. -1 +- T 1 ) and S S' :- -1 - -1 +- T) 

so that ( -t - ~ J ~.,. S. < ... 
' ' 

" S' s s ..., 
Clearly 

and by 

I. '" ~J .. N 
l 

since tv 
T-'~ll 

T ,_ ~~ ~),. 
is a left ideal, so ~· 1v tv 

( [41, lemma 4~11) ~ kJ and therefore also S €- N . 

We can now :prove ou~· first main result. 

2. 8 Theorem. Let A be a c* -algebra, 'G a gi"oup of A-automorpb.isms 

of A and ~p a t; -invariant weight on A~ such that Wt is norm 

dense in A There exists a largest G -invariant weight I.J)0 

ma.jorized by 'P such that lf/0 is the upper envelope of a family 

of ts -invariant continuous positive linear functionals on A • 

Moreover ~~ majorizes every b ~invariant continuous positive linear 

functional majorized by 'f • 

.... 
Proof: Define the function \y~ on A by 

It follows directly from the definition that Ya ( A -:t ) :: .A 't' .. ( .t) 

for all real A> '0 and that 'f9 ( x_, 1- :c't) ~ ty, (x4 ) + tp 11 (x'lJ 

A+ ( for all x.,.. , x t. s "' • \fe claim that also 'Po :t,. ...._ X' ... ) ~ i.f'.((4 J + H r~t J 

so that 1.p 0 is a weight on A • 
Suppose first that 'flo ( x" ) -::. · ob , then fo:r every integer ~ 

there is a ~ t '3- 0 such that t ( x"'} > " and so 

\t'6 l "X."+ )(1.) ~ t ( ;("' + x.'t) > '\1\ • We get 't'o (X"+ :tt.} ::. eJJ 

So we may suppose that Y. (~A ) and l..fo C x ~ ) are fi:ni te ft 

For any CC '> o we find fo\ 1 .f-t. G ~ 11 suoh that l.p11 ("X~) - £ <.: ~.:(x~) 
for i :: -1 1 ~ • By lemma 2. 6 there e.xiat operators S'~ i:r1 J< 0 

such that o '(; S~ ~ -1 and ~~ (_ } ... '*) -;. U S'.; 1\lcj 11 

for all "J.-- f V<. By lelJl..ma 2. 4 ':k • is a left ide aJ. itt the fixed 

a.l b f ...... ( A' I J 7 point ge :ra o .... so we can app .y lerruna 2. to get an 
( ~ ~ 

S "- 1< 0 such that "''- Cf. i ~,: 'Si 10"' S' S -s -1 

.Again by lemma 2. 6 we find ~ ~ ~ 0 such that ~ (_ ~ .. 'J ) 
for all '}- E: \Tt • It follows that f -1- G:: ) ~·~ ( ,.,. 'j J 

t 
'"' ll s "~ ll 

s ~ (~. ~ ' 
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(A- ~ ) ( 'f'., ( X.t) - ~ ) ~ ( 4- 'i:) ~ ( ( :( ,. ) ~ ~ ( x_t,) 
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Swnming up we get ( -1.- f.c) ( '+'• ( X-t} -1- 'f. (X~) - t.t. ) ( r ( X-i+:ltl) S l.j).,{~+l'z, 
and this holds for all ~ > o so that 't'~ { x"') 4- o/ .. ( :t,) $ ~. ( ';(-t + lC t) 

and that lt.. is a. weight. 
To 

As '3-0 is G -invariant, so is 4>-o • If ~ E: '3-., then ~ ~ 'f so that 

(f'. ~ 'f . From the definition we have also that 'f.'0 is the upper 

envelope of G -invC;JXiant continuous linear functionals. 

Finally suppose that Y..c j.s another G' -invariant wei&ht majorized 
-t 

by 'f with this property. So for a:ny x. e- A. such t.b.a·t. 'i4 ( x. ) c::: ol) 

there is a G -inv~iant continuous positive lim~ ar functional ~ ,:; '+'-t 
such that "¥-t [ T.. ) - ~(d < -1 • :Sut I.V,. ~ lf implies ~ ~ 1-o 
and -t ('() ~ \flo (X. J so that 'f!.t [X ) < tv,. ( :t J + "' for all 
'X. "' Wt~ and therefore • A s in1i 1 ax argument holds 

for the case t.p.-f (.It J ::. .,z. ~ So the proof is complete. 

,2. 9, Coro 11 ary. 

For any weie;ht ~ on a rJE -algebra A such that Wt is dense in A 
there exists a largest weight If ma.jorized by tp and lower 

+ 
semi-continuous on A o This "trej.ght ruajorizes every functional i:n 

The corollary follows by taking for t; the group consisting only 

of the identity &1tomorphism. It is an extension of proposition 1.10 

of ( 1 ) • We next will show an analogous result for a tr -weakly 

lower semi-continuous weight on a von Neumann algebra. It is almost 

a consequence of theorem 2.8. 

2.10 Theorem. Let A. be a von Ncumanr. algebra~ G a group of 

~ 
..) . 

3E-automorphisms of A. and 'f a G' -·invariant cr--weakly lower semi-
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-t 
continuous weight on A such ·that ~"t 

There exists a largest G -invariant weight 

is v---we akly dense in A 
~o majorized by ~ 

• 

such that ly'. is the upper envelope of normal G- -invariant fu.nctionals 

on A • 

Proof; Define the function \jJ0 on by 

) ~ ( x ) , 4 € 1-a and ~ is normal ~ 

To prove that Yo is a weight we can use the same argument as in 

theorem 2. 8. By ( [3] , prop. 13.10) "rC is normal and all elements 

~ ~ '0- 0 co:nstrt;.cted in lemma 2. 6 are of the form wcl o 'Tt. ar.d 

hence are normal. Further in tj_is case we must use tho a--weakly density 

of W1 in A and the norL'la.li ty of ~ ~ and f to get C-1 - ~ l ./ ~ (;c.~) ~ ~ ( "li:J 

Apa:rt f'rom these two remarks ths proof carries over completaly. 

2.11 Remarks. Theorem 2. ).0 reduces partly to proposition 13p 11 of r 3 1 
if G cousists only of the identity automorphism. The proofs ~e then 

almost the same. 

Let \f and 'f'G be as in theorem 2a 8. Def'ine the function <p1 on A of 

by l.f<i ('x. ) :: lp ( t ) - 't'a ( l: I if "X e- \Itt -+ and t¥1 ( ~ } ""' c0 f OA x. f. Wt + . 
Clearly ~..p1 is again a G -invariant weight with wt't-4 .... Wt and 

~ s- 'f . If J is any "G -invariant continuous positive linear 

functional majorized by !.p, then ~ <; ~o and f ~ '-Po 

So for all 1t. '" 'Wr.. -f ~ ( .lt J -£ \fJo ()( ) and ~ { x ) £:: 't'~ ( ~) eo 

that 't. .t- ( ~ ) s \(' ( Y.) and t~ t; 'f • Similarly l'w'\ l < 'f 
for all poai tive integers '11- so that ~ ( X: } :::: o for 'C. t- "'Wt + 

and by continuity that .{. -::. o 

"We conclude that a G -invaria.z"l"t weight ~ such that can be 

decomposed into two b -invariant weights '-P .. and ~..., sucht that 

i) t.p ( "Jl ) :;. l.pG {X. ) + \fA ( X ) for 

ii) ty .. is the upper envelope of G" -invariant continuous 

positive linear functionals. 
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iii) '+'-1 majorizes no G -invariant continuous positive 

linear functional. 

This x·esul t enables us to devide the theory of t; -invariant ;.;eights 

into two parts. In the first case we mey assume that the weit;ht 

majorizes no t. -invariant continuous positive linear functional, 

in the second case we may assume that the weieht is the upper envelope 

of such functiona.ls. It is clear that the last case will be treatable 

by the use of kno;.rn results for 'G -invariant states. 

In the next section we will const.:ruct a unique normaJ. G -invariant 

:projection ma.:p ¢ of the ultra weak closure 5( ~ 'J< onto the 

ultra. woak closure X o of X \tl Ue follow closely the arguments 

of ( t6 J theorem 1). He will have that p is also a projection map 

of 'J< onto '1< 0 and of i< ._. 1<. onto )< "v. 'k o e 'l'herefore it will 

be possible ·to define a uniq'li.e G -inva't'io.nt projection map ¢ 1 of 

':1- onto ~0 that is v.)~-continuous on bounded sets. The map f will 

be used to ~ove more results on Y{ in section 4· 

3..-.: ~ G -inva:rian~t. r;..rojection map of .j. onto l.o • 

~.1 Nolliions. Let 'f be a G -invariant weight on A • 
We will denote by Eo the projection onto the fixed points in 1t . 
So we have \..\~ l:E o -: E 0 for all -~ E: G" a.nd. therefore also 

E'~ U.\ ~ E" o • Mol.""eover there exists a net of convex·_,_ combinations, 

trhich we denote by ) ~ ).~ Cfr? U. ~ ~ ~ *=- I. , converging strcng~y 
to 'E:c. 7 ( 'L7] sect •. 144), ( .\' ro.·e functions on G with value~ in 

[O,l] such that ~ l ( 3--) :: o except on a finite set and -z )._'· (a-) ... 1 ) • 

:By 't~ we w2ll denote the :projection [ n t A~ E.') 1-t 'J ; clearly 

!:" G "11:. (A )1 and t;., is G -inva:riant because Tt: [ 1-'\) and E 0 1{ 

are so. 

). 2 Prouosi tion~ Let "t' bo a t; -:l.nva.riant weight on A • There 

exists a unique normal G -invariant positive projection map of :k 
¢ 
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onto "l< 0 , the u1 tra-weak closures of ~ and "'J<o. We have 

rp( S) t:. ::::. Eo S 'Eo for a...>zy $ t- ':k ·• In particular ~('"k.) -:. J<. 
a.l1d ¢ ( 1< ... J<. ) = 1<(.:· j(· • 

Proof: We first define ,S on 1< , then we :prove strong continuity -of f5 on bounded sets and extend it to "j( • Let S ~ 'X , by 

lemma 2. 3 there is a. vector o.l such that S t\ x :. l'( ( ~ J -L for all 

":(. £: \1l • Let { :E A~(a) U.a ~, ..... be a net of convex 
G. "" ~ \. (: .... . 

combinations converging strongly to E0 .. For all :x. 4C \l't and all 

\.. E- r we have 

' 
'Because the net \ '2." ), 1 

{ 9) {.A' S () ;" 1 ~ E- 7 is bounded, it then 

converges strongly to an operator tJ { s) f 1t:. l A l 1 such that 

'¢Cs) 1\x.-:'lt(-.}ta~• So U ¢Cs)J\x. i' ~ 1\'lt..\\ lltoDLl\ 

and ¢ ( s) f 'J< • .As ~ ti ,;_ is G" -invariant it follows by 

a. similar calculation that p (!I) is 'G. -invariant. Clearly p5 
--i 

is linear and positive. If S E:- J<. then U~ S 0..~ :: S for all 

} " G so that ¢ ( s) = S ~d rJ is a positive projection 

map of 'J< onto Jc 0 .. Now let ~ E:- 6' then S 1\ .,_ = 11 ( x J .,( 

implies Ul ~ U\-f l\ x. ::. "1T ( x. \ U~"' and flt.t' 5 u7-") /be. = 
"lt,( )t_) ~ .. u1 ol =- ~ (X.) E"o ol... ") {) 

that ? ( u, .s u;1 ) =- ¢ ( 5) and tl ie 'G -invariant. 

We also have that 
• rf (S )E, -::. sh·, ti~. ~ A._ {f) U9 S llf~ 1 £o 

~ E I l r.G 
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Using this l~t relation we prove that r;! is strongly continuous on 

bounded sets. Take S" E 'Xo , by lemma 2. 4 thel'e is a G" -invariant 

vector cL E. dt such that s-.. Ax.. ~ ...,..c ( x..) olo ~ Let S" :;. U IS., l 
0 ~ ~ 

r Th...,.., IS~ I"-.~"'" 1' 41 So •---- n.(ll)'' ..!o be the :polar decomposition of .J o • ....... ~ n " ~ n... !,A. 

and as S'., is t; 

G -invariant. It 

Now let ¥ f. 'Jt 
..... 

vector .~ T, Y ~ 
L&.of 

where T. € ~ (.A I . 

I I.,. • 
-invariant, we have also that u and U. o( 0 are 

follows that ~ I S., I ; I So ) and 

, then ¢ C J) Y ~ .?f ( S) E-1 Y 
60 s 0 I=;( :. s 0 

and there is a 

E: it' (A ) Eo dt such that U F.-\ 'r" - ~ Ti Y~ ll < -1 , .... 
and Y. E E;, 7{ 

< 

""' So \\ ¢ ( s) 'r' U ..... \\ ¢c s) E"" V i\ ~ il ¢ c .s) II + n fj' .s' z T~ Yi u 
i.:. ., .... 

!5 \l S \\ J:. 2:. ll T i l\ 1\~) 1( 1\ 
\:"" 

But ¢(s)Yt =-- ¥cs)E=r:."f.:. = E 0 St; 0 Yt-:.. E. SY, and therefore 

\\ ~ ( 5) }' 1\ -s: ll S \\ + i_- 1\ T i II 0 S Y; II 
~ :E"" 

and it follows from this relation that ¢ is stron&lY continuous 

on bounded sets. 

So by oontinui ty we can extend >6 to the ultra weak closure :X of 1<. 

The extension is still denoted by ¢ . Clearly yf will be a . G -in­

variant projection i!lap of 1< onto 'ko and still satisfy ¢c5) E'.,-:. e-. tE,. 

We show that the extension is also :positive. Therefore let S ~ 1< 

and o -EO S' s -1 ; if F is the largest projection in 'J< -·-we have S :: S F. ~ F 5 F .. So S E ~ -n. ( A. ) ' 'F ~ ?< 1< · 
By ( [8] leoma 2.2) ";k"" 'J<. is ultra wealdy dense in J<"' i< and 

by the Kaplansky density theorem we have th~t the unit ball of the 

hermitian }:art of 1<."" J< is strongly d.fmse in the unit ball of the _ ... -
hermi tia.n i-·ar·~ of 'K 1< • So S is strongly adhel'ent to 

~ T \ T ~ 1<-1< ~ T ~ T .. 1 il T li ';! ~ • We then have that St. is 

strongly adherent to ~ T t ) ~~ t: -x .:,Joe 1 1::::. T ._ ) II Ill~ -1 ! 
and ·by the work of Kapl.ansky t9"J that S:::. ts'·/1t is strongly 

edherent to ~ \ T 1 1 T t 1<."' J< ) I:. T"', uTn ~1} • .tiS '1<. is an 

ideal T ~ '1<. ¢ "X im:plios I' ~ 1< and l T l €. J< so that 

S is stronc;ly adherent to \ \ ~ T '= X 1 o $; T -c: -f ~. We mey 

conclude that p is :posi t~e and so that J6 is a normal G -invariant 

positive p~ojection map of 1< onto J< 0 .. The normality follows 



- 13-

from { [ 5] , appendix II). ~3:Ra.ll;y: If ~ is another normal 

G -inve.riant projection map of J< onto :k" then for axzy S E. X 

¢.; ( "2 ~: (~) Uq .S u.~" ) -= i C s ) 
3 €G " j 

and by continuity jl1., ( ¢ C S) ) = )/, C ~2 = p (S} • So 

coincide on }( a:nd therefore also on "X • 

To complete the :proof we must show that c/ ( J< - 1< } 
,. 

::. 'J(, "X 0 

Take S € )( such that 1\ 1' f\ 'X. \\ ~ \\ '>l \\ then 

s""s u;" ~,.,.Jf\~J ... 2:. >..;C<JJ 11 s-~- .. ,p .. ll't 
J ~46 J 

:; Z: A\, C~ ) ll s A '--~ ( )t l V ,_ 
S•Gi 

~ ~ A,· (' ) Q X II 2. = U :t II ~ ,.G 
So that ( ¢ ( S ~ 5 ) 1\ l. 1 1\ ). ) S II it ll l..and r/ ( .5 "'J) -11'< f- "k., 
and r/ ( .5 4 5) E ':K .... '1<. • J..s · 1<• "1< · is spanned by its 

tl 
positive elements and those elements are of the form S J with S' ~ 1< 
( [ 4 '] lemma 4.11) we get r/ ( 1< •1( ) t 1c.,. :k o • T"nis completes the 

proof • 

...b3· Corollarl• 

-Let F and F~ be the largest projections in reap. 1< and J< .. ' 
the ul t:ra-weak closures of X and ic., , then ¢ ( p J : F 0 

Proof' As 

.As ¢cF) e 

that ¢ (. V) 

F C) €- '1<. we have 

:k, and o ~ 

:::. Fo , 

and ~() ::. f'/ ( F"., } "- r1 ( ,::-) 
we have !/ ( J=") € Fo ao 

3e4 Proposition. Let 'f be a G -invariant weight on A • Then 

there exists a t; -invariant projection map ¢' of 3- into ~0 
satisfying ¢ 1 ( .f-c + ~t) ~ ¢'lJ.t l + </'( /d and /(A~) ~ ..\ ¢' { / > 

for all ~ 1 ~", ~- '- €: ':1- and positive real numbers A • If moreover W( 

is norm dense in A , then ¢ 1 is onto 'j- 0 , was. -continuous on boWlded 

sets and unique. 
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\II •• 

Proof: Firat" define p{r (~ ) for .f ~ "3-- • Given ~ E- 'a there is 

a. unique 5 E- j( such that o 6 S ~ -1 .and ~ (x •x.) ~ (s"s 1\~, tl.x..) 

by lemma 2.6. Then </C SttS) e ";k: j(~ by proposition 3.2 a.nd 

¢ ( S •s } #t E:- X. by ( [4] lemma 4.11). By lemma 2. 4 there is 

a unique invc-.ri<mt vector ""' t: Tt ( Vt."') d{ such that 

¢ ( .s ~ .s ) '1t. l\ x -:. "tt ( 1l. ) e< for all :c. E: V't .. Define (;J1(4) 
by ¢ 1CJ.I (T-J - C "Tt (";U .ol J ttl) • Clesrly ¢ 1 maps J-
into ._. 

V'o 

Let 4~ 1 ~'t. t 1- such that J.,. = A ~.,_ for a real number A ~ o 

It is clear that the corresponding S~ , S ~- E::: K. satisfy ~ ::. .!\fit. S t 
and that "'--i ::. ..\ if/l. ~ ~ for the corresponding vectora. Then 

)1J 1 ( fA) ::. ). ¢' ( ~ 'l ] • Further suppose t, 1 ~ t 1 4 t- '3- such that 

t"' ~I\ + ~ 1.. • ~fe then have s 'Its ;.. s,.~ s., + s.; s.,_ for the corresponding 

eleoents in :K • By linea.ri ty of ¢ we get J6 C s • .5) ::. ~ C s_;" S4 ) -+ f( s/ 5,_) 

.As in the proof of ( [5] th. 1 p. 85) we ca.n find ope;ators 

u1 ) u 'L E: 'ft. (A, }1 such that 

• -fl u. i' rj ( s s) ll 
~ fo:r .: .:. 11 L 

and lc s" s > -1/'- = f ( .s .. .s ) -fit 

Let -£<1 I eJ.. '\. l el be the Yectors in -rt ( V'c) X correspor.ding 

to r/c s-,"s, > ~~l. . . \ . 8lld y5 ( .S ., S f'h • Then 

"Tt{ ~) ~~ ::: 
...1 " ·AI<. ...1 • ""14 ~.p(St' Si} 1\ X : U; p(S ..5) ftll 

'=" -n:(~l ut .L 

So that t1. ~ ::: 4.\ ,..,_ by unici ty and invm-ianoe of 1"L { Yt. ~) It 
.... . 

A similar argument shO"IfS that t:J.. ::. (. u..._ v.." + IJ..'l u.l.) ol... 

We apply all this to find the following 

[ ¢' ( J"' } + p{ I (~~ ) ] Cz. ) :: 

- ("''t("t.)cl,J 

( "tt ("t. j ..J.,._ ~ ..,l"" ) + (_'Tt ("t) "'-,_I !Jl~ } 

~ ~ u_. u"' "'- ) "" (""'" ( -z.) o{ , ul. u..'l al , 

for all 'Z €: A , showing rJ 1 ( /A. .;.. ~ ,_ ) =. ¢ 1 (.fA ) + ;/1 (It J • 
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vle next show that it is a projection map. Let ~ bt! in the image of ¢ 1 • 

Then there exist a S' t- 'ko and a G -invariant vector eJ. -e 1t cvr:."'i X 
such that ~ ( x..,. x.) = ( J ~ S 1\:tt J 1\ :r.) J S 1\). :::. 7t (l )"' for l'.. E L"t 

and ~ ( -z. ) ~ ( "tt ( ~ } ~ 1 eL ) for z f=- A • Then r/ ( J ~ 5 ) .c::. .S • J 

and ¢ 1 ( .:IJ( ~} -:. C "t" { "l. J o1) Ooc! ) for -z ~ A .. The G" -invariance 

of ¢1 follows straight forward. from ·the G -invaria..."lce of r} • 
So we proved the first part. 

Assume now that "1\rt. is nox·m dense in A. .. r:_.£ €:- a- 0 there exist 

a S t- 1< tl and an invariar1t vectox oL .:- 11: ( V'"('') 1t such that 

~ ( 'll "" -=-. } .. C ~ "".S )\ x 1 1\ ~ ) and S 1\ 'lt.. ::. Tt ( :t ) .,t. for x. ~ vt .. 
Then qfcs""J) =- S,. ~ aDd. r/'Cf.X.-z.J-::. (1f("~)...t,.t.J for ~e-A 
But also .f. ( 'lit." x.. ) -=- ( "ft. ( k .. 'lr.. ) eJ- 1 ~ ) for x. E: V't • and it 

follows by the density of wt in A that ~ ( 1:.-) : ( "Tt (-r..) o/. 1 ~ J ~ j/1(J! (t! 

for all <:. E: A • So ¢ l is a projection map onto 'f.., • To complete 

the proof it remains to show that ¢ 1 is w ~-continuous on bounded 

seta for then a similar argument as in. proposition 3.2 provides the 

uniqueness. 

Let ~ ~ be a sequence in j- cor1verging to ~ in the • w -topology 

and Sl-tCh that U ~ \ It ~ -1 • tie must show that ¢'(f~) ('t.) 

to s/ 1 Cf. ) ( -z. ) !or a:tJ3 "l. e: A • Denote by 

corresponding elements in JK 
corresponding to In/ S;; >"/t 

cUld by ~~ 1 bL the vectors 
a.nd f!5 ( s "'J ) '1/t. • 

Take first oz -c. )(.. • x:.. wi.th ~ E.- ~- • 

From the relations 

the correspond.ing oncea for e 
that eu..... f 1 C/~ ) ( )(. - .t ) .:: 

- ( ~ ( s 1 " J1 J A k J I\ :c ) 

and the normality of 
¢tl-t!J (k-"".1(_) ~ 

converges 

the 

in ';t 

we get 

.As W't. is linearly spanned by elements >c. • lt. vi th ~ E- lit we 

have that ~u,..,.... f 1 ( f ~ ) ( <. ) ~ ¢ '( /) (z:.) for all z ~ m_ .. 
Then by the fact that H rj 1 ( J;) II i: n .f.~ n ,:; 1 a:nd ·the density 

of 'W't. this relation holds for <.tll 'Z. " A . 
So the proof ia complete. 
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4. More properties of the UJ?I'!er e,nvelo;pe of 3-o • 

In this section we will get some more information about the G -invariant 

Yeight tp,. , constructed in theorem 2.8 and frorn now on called the 

upper envelope of ~ <~ • We will also relate the existence of fixed points 

in ~ to the existence of non-trivial elements in ~0 • Finally 

we will consider the set of weights majorized by 'fo • In this section 

again F= and F6 will stand. for the largest projections in the u1 t:ra-

wea.k closures 'R and 1< 0 of resp. J< and "J( f> • 

4.1 Theorem. Let.~ be a G -invariant 11eight on A such that Wt. 
is norm dense in ·A • Let F0 be the largest projection in the Ultra~ 

weak closure j( 0 of '1< • and t.yc. the uppe:t> envelope of ~ 0 • Then 

t.p, [ )l ~ x ) :~~: C F'0 A :c. , A ~ ) for all 1C. E: V!. • 

Proof; By lemma 2.4, d( 0 is a left ideal in t.he fixed point algebra 

S of 1'l { A l' • Then by ( t4] lemma 4.11) J<..o,. "l<~ is a facial 

subalgebra of ffl~ and ul tra~wea.kt,dense in 'J< 0'" 1< 0 -=- \='0 6\ Fl.) 

by ( [8] lemma 2.,2). So by ( L81lemma 2.) ) there is an increasing 

net ~ T ~ ~ \. • "1: of positive elements in i<. 0 .,. 'J<. 6 tending 

ul tra.-wealdy to '1:. e Again by ( [ 4] leoma 4.11) the.re exist S L ~ Jc 0 

such that T. ::: s-.• s, and by lemma 2o6 there exist 
I. l l 

f( ~ 3' G . 

such that ·+1. C. x ... ~ ) = ll S i 1\ ~ 1\ for all )(. E: Vt 
So ( F o 1\ x 1 ~ x ) ~ .,uP c r;.., ! ~ 1\ x. 1 A x ) .. -?o..•, f,: ( ~ "" x ) 

t. ~:r ~er 

:But ~ ~ G- j-. 0 so by definition and C F" l\ l 1 1\ ~ ) ~ 'f' .. ( l • ~) 

On the other haxui if ~ ~ ~ o there exist a S" ~ 'X 0 such;; that 

c ( S ~ -i and {. ( x. • ~ ' ...,. ll S 1\ x. ll t by lemma 2. 6. 

This implies that 5"' S ~ F~ and so that ~ ( )l • 1r. j -'G ( f"0 A 'W. 1 II. 'lt ) 

It follows that also 't'" ( >t. f lC. ) 

This completes the :proof. 

:;. ~u..~ ~ ( X.., X ) ~ ( Fft 1\ ll. I "')t l 
"3-o 

A.• 2 Coro ll a:ry. 

kny weight \f on 1\ , such that 'W"t. ::. A 1 is lower semi-continuous 

on 'W'L-+ if and only :i.f 1C is ul tJ.·a-weakly dense in Tt ( A ) 1 
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Proof: Let G be the group consisting onlY. of the identity auto-

morphism, then j- 0 :::. 'a- , 1< o -::; 1< a.."ld f-' =- F o 

If J<.. ::. 1t. (A } I then f= ':.. ':I: a.nd 'f Q ( :t."' X.. ) :. c. 1\ 'X.. I All } ::. ce ( ~ f' 1(. ) 

It :follows that 'f is lower semi-continuous on 'W"' .... + • If on the 

other ha.nd \f is lower semi-continuous on Wt . .+, then by ( [ 1:!, prop.l. 7) 

'f t wt. -t is weakly adherent to j- so that 

( l\1t 1 1\x)-= 'f(:t .. x.)::. \fl. (x.,x.) = C~~~l\:t 1 1\~) 
\ 

So that F 0 ~ ~ ~ .J: and ';]( -::. ':rt ( A. ) 

4.3 Corollary. 

Let 'f be a G -invariant \H:Jit;ht on A , . assume ~""t norm dense in It 
and 'f lower semi-continuous on 'Wt 1" ~"then F 0 -::. C '1't t f\ ) E • le J 
Moreover ~ majorizes no non-zero G -invm·iant continuous positive 

linear 1unctional iff 'X has no fixed :points. 

Proof! From the proof o'f proposition 3. 2 we know that for a:ny $' t- 1<., 
ve have 5' c E 1\ ";;: ! o where E'4 -:. t '1\. ( A) Eo '")t '1 
:By continuity we get F' 11 ~ \:'"" o From corollary 4. 2 we have ~ :::. "J: 

So again from proposition 342 and corollary 3.3 we have 

F' 0 t.0 -;:. ¢ c =:- > t:: <) '1:. E \) '1: t:: o s E u • .As F o € 7e. £ A l' 

we get F 0 T E~ "' T E" o fo.r all T ~ -n:. !. A) so that 

also Fo ~ tc"" • The laat statement then follows from 

the :relations 'f. l )( • :t.) ""C ~="~ !\ :x 1 f\ X ) and FQ -= [ 'TC CA) E 0 1t 1 

Remark that tb.e existence of non-zero elements in -=j- 0 implies trivially 

the existence of fL~ed points. The converse however is not so clear • 

.4.o4a Corollary. 

Let \f be a G -invariant weight on A such that Wl :::: t\ 
Then there is an increasing net i ~ ~ in t 0 such that , t ~ i• ~ 

o/. (~) '::ll~.tp ~,(-.;.)for all 4 ~A-+ such that ~ .. (~J ~ ~ 
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Proof: From the proof of the theorem 'there is an increasing net 

) J . L in ~ 0 such that 
);j-~,1~tt::r:: 

In applying this result to the 

't'o ( 'Z.) : "'lu.JI J l, ( l:.) 

'C. 1?1,.(.~ 

~f. 7: 
weight 

for all 

for all ~ E lit 

we get 

for z C. A 4 such that 

Applying cor. 4~4 with trivial 

on A such that m -:.. A 
[; to any lower semi-continuous weight 

we get the existence of ~. increasing 

net ~ ... j_ 
t:: 7 such that 'f ( "'l:. J -;:. .-:M. ~ 4 ~ ( z. ) for all "Z €: ll/(. 

.4.·2~ Corollapy. 

+ 

Let 'f be a 

is a family 

ti -invariant weie;ht on A such that W't '"::. A • .Assume there 

1 b . L in ~ such that w ( ')t } ""' 

.~ 1\. (:JC) 
l~.,. 

-J f ~ 1 ~ s, 'I: T 

I a~ :x:. &- 'Wt + • Then there is a family ~ .I.' '- . _ 
:h. T~,~ 

in "3- 0 such that 

for all 't. '" 'Wt + • 

tf'o (;x) = :E J.o(-:.) 
lf.'l: l 

Proof: :By lemma 2 .. 6 we get operators ~~ E- 'k ._'X. such that 

'{-> { x.'" ~ ) =- . :;[ C. 'T" l t\ 'It 1 f\ ~ ) : ( A ~ ; A. x ) for -x: t- vt 
\-\1: 

So that 1: =- ~ T· 
;.-.:~: \. 

is lower semi-continuous we have F = :t by corollary 4 .. 2 

by corollary 3.3. 

So by the normality of ¢ we get 

and so 

'f'o ( X.,. A: ) ::. ::. .Z. ( 9f (. 1, ) 1\ t 1 II l ) 
~IS. t 

l:. .~ ~~(/:) ( )(~x.) fCA. )(. E:- yt 
l "·r 

,by the use of proposition 3. 4· 
the corolla:ry. 

we proved 
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~6. Remark. In theorem 4.1 , as well as in the corollaries 4·4 and 

4.5 we find that t>vo lower semi-continuous weights coincide on wt + . 
It is nog yet known if this implies that they uill coincide on all 

of A ( C 1 J , :p. 7 4) 4 However if we assu&·ue the existence of a two 

sided ideal 'It'\ contained in '1/?... and dense in A then this 1reights 

will coincide everYlfhere. Ir~eed there exists an approximate identity 

~ t.l). ~ in \It_...' ~ for A • So for any 

is a net in wt-t tending to ~ from below., 

A -t ' "A ,, "'It t_ 
-z:.~ '\'l. "'A"Z' ; 

(see also t 2 J, cor. 3. 2) 

4~7 Pro,E:?Si tlo!).. Let lf be a G -inva:ciant weight on A such that 

'tit is norm dense in A • For ar..y G" -invm.·iant I E: "tt l A 1' such that 

O ~ T" :£ F o there is a ti -invariant weight 4' such that 

'f" ~ lf• and y ( .t. "' L ) ;.: ( I A 'll 1 1\ 'lC ) for all ~ £- ~ 

For a:ny G -im· ari.-mt weight o/ such that 4' 1i- 4-'o and lj) 
. 1 '•1"1' -+ ... 1s ower semi-continuous on w~ l ~; 1 ~ is the upper envelope 

of a familY. of G -invo.riant continuous positive linear functionals. 

For a:ny weight '-y on A such that is 

the upper envelope of G -invariant continuous :positive linear 

functionals there e:x:ist an operator T E- 'Tt' ( A) 1 aucht that I 
is invariant, o 5 I ~ f=' • and '+' ( ). • 'K ) c ( I i\ ')( 1 A l. ) 

for =t ~ 'It • 

Proof: First let T ~ 11..lA.l' such that 0 ~ ,- ~ f. • Define 

the func·tion '-Y on A-t by 

t.pC )t) ("T "I~ 1\ ~ .f/L J 'Wl-t -:. 1\ X. } for X. '" 
... ~ for )( (- A+ .)C t ~+ ~ 

Clearly t.;" ( ~ :t ) - .A 't' ( .lC ) for all real A > -o and 

t.p ( '(. ) ~ lJ F" 0 1\ )(. "1'1. If ~ JJ A it 4~ /1 "yf x/for X f ~-+ 
We prove that 'r ( }( -+ :J j -=.. y.; ( .\ ) + -.y {'I ) for all 'c 1 ~ E- A "' 
It is clearly sufficient to show it for )t 1 ~ e wt "t 

.As F 0 ~ F we have T ~ t= a.:.""ld 

T e F ,_, {A) F -::. i( • i< -=- ~ by ( [ 8] lemma 2. 2) 

So ,.. is weakly adherent to elements of the form 

"" 2 
v. 

S· T· with S'\ T. ~'"'k \. L 
' ) \. 
l.:4 
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:But C "A.. "'A) ljJ ( :t ) :. "i 1\ x ) 1\ "X. and if o( 1 {> ~ are the 

vectors in it corresponding to st' ru-..J 1: . (lem."lla 2. 3) we also have 

that .... 
~ 2: ( ir ('It) p.. oi. J 

• ' J i 
(:: 1 

+ 
So giYen X 1 d .,.. if: wt we can find vectors o/.l• 1 ~; EX such that 

I l..p C "l. } - .~ ( 1T l >e i f.., i 1 ~; ) \ < 1 for z equal to 
\ '\ ., 

X 1 '-J &A )t -4 ':} • So we get ' \f' ( X t 'a ) - '"P ( 'l ) - 'r' { ~ ) l < l 

a.nd by homogenui.ty that 'f-' { }( + ~ ) -:: 'P ( x ) + '+-' { 't ) 
If moreover T is G: -invariant then r is clearly G" -invariant. 

So we proved the first part of the proposition. 

Let· t.y ba a G -invariant weit;ht, majorized by lf and lower semi-

continuous on Wt -t , then by ( (11 pro:p. 1. 7) y.> I ~4 is weakly 

adherent to the f~ily of positive continuous linea.r functional.s ~ 'r 
So by ( [ 1] lemma 2. 6) T is weakly adherent to the family 

l, S e ~1t1< ) o ~ S ~ T ~ . where i is the operator in it C. A l' 

such that '¥ ( It"'" 1r. ) = ( T 1\ '1. 1 f\. )f. ) for x ~ lll ( [l] lemma 2. 3). 

So we mey apply )6 and use i t.s normality to get that ~ (I) is 

vea.kly adherent to \ r/ ( t ) ~ S E ':i-< • '..;: > o .s; S < I i 
:But as \( is G' -invariant, so is I and ¢ C I J ::: T • Also 

r/ ( '7<• J<} .:: '1< 0 .,. i~. so that I is weakly adherent to 

\ ~., \ S".. ~ "k.:."' 'j(.. 1 o ~ ~., ~ T T" Again by ( [1 J le!lllila. 2. 6) 
we have that \t'o t wt• is weakly ad..'J.erent to the family of ti -invariant 

continuous positive linoar functionals majorized by ~-

To prove the thixd part, let tf be a weight such that 'f ~ 'f and 

'f l Wt -t is the upper envelope of I; -invaricmt continuous positive 

linear fu.."lctionals. By ( ( 1) lel!lJIIa 2. 3) there is a T E- '1'C ( A. l1 

such that o 5 T ~ -1 ar..d. l.f' l lC ._ ".t. ) ::. ( T h X 1 A.~ ) for x e- Vt 
Then again by ( t 1] lemma 2. 6) I is weakly adherent to the family 

\ ~ ~ ":>\ .. e i< • \ o ~ S ~ T ) . So T e- 'J< .. ~ i< o o;; i("'.,. '1(-~ 
by ( (8] lemiil.a 2.2). It follows that !" ~ F-", I 'F" 0 s; F 0 
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.4·~ Corollary •. 

-Let 'f be any weight on A such that m.. • Given 

such that there exists a weight \f -& Lf such that 

for all x. f: 1ft 

Proofr Apply the first :part of prop. 4. 7 ·to the case where G is 

trivial. 

i·~ Remarks. Corollary 4~8 is in a sense the inverse of ([ 1] lemma 2.3) 

On the other hand lerr~a 2.6 shows a similar relation for the set 

~ S $ S '= '"k ""'1< ) o ~ l ~ -t} and the set of continuous positive linear 

functionals majorized by 'f . One mczy ask if for all T 6- '1t ( A l' 
such that o ~ I 1E -1 there exists a weight ~ such that 

t.r :!i 'f and tr ( :t • JC } ~ ( I /1 1t 1 1\ :t ) for all ):. f. Vt 
It can be shown to be true if A is a von Neumann algebra. Indeed 

the only trouble is to show that the function 't' defined on A .,. 
by Lj/ ( }(. J ::. ( I 1\ X "It .I ll ). 'f/tj if }C. ~ wt + and o/ ( k ' :: t>b 

if ~ E- A-t but )( ¢ Wt"" satisfies Cf he .. + y J ::: ¥-" r~ J +y.)ryJ . 
If now A ia a von Neumann algebra we can again find operator~ u 
and I)" f. A such that 

4.{ "A 
i) X "t. u. ("k..+j) t. 

~-~A -1/ - 1,;"' (>t-ry) .l.. 

0< +- 'J/"1 - ..f/: 
ii) ( lA.'' u. ..,. v-)1 v-) ( .\ 'f'j) t ::. ) 
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5 e Examples. 

5.1. Let 'G be a compact group acting as .» -automorpb.isma on a von 

Neumann aJ.gebra 1\ • .Assume tha·t the function ~ --"" ~ ()!)is 

strongly continuol.m for all 'X E- A • Let \.f be a {:; -invariant 

ul tra.-weakly lower semi-continuous weight on A such that W't. is 

ul tra.~weakly dense in A • We will show that 'f I Wl is weakly 

adherent to the set of 1:5' -invariant normal functionals majo:rized by \.f ~ 

Consider T t ':k • 1<. , there e.xist S; 1 It e 1< such 
...... .._. 

that T ~ ""i. S,, T ~ . ' " • By lemma 2.3 there exist vectors 
l ~ "'i 

Clf..:: ' r~._ ~ '7{ such that S' \ " 'll .::. '1'(. ( ,_ ) ..t. ~ alld ,...~ h ~ ... "t. ( \:. ) ~ ,' 

for all x f: V't. • :F'or all ~ t- ·t; and .')(, ~ ~ V't we have 

( '!!'{" (' {; • A J) A i I -'.· ) 

By the normality of it ( [3] prop. 1),10) we have that the function 

' ~ u1- 1 T u,_ is weakly continuous. 

So we cc::..n define for all I E:- '1<. .. 1<. a.n operator ~ ( T) by 

¢.. L T l =- f u;i T u~ J, 
li 

where J ? is the normalized Haa.r measure on G .. 
It is clear that ¢_, is a linear positive G -invaria.l'lt map into the 

fixed points of it ( A)' • Consider now also the projection map ¢ 
of proposi tj.on 3. 2. .As \.f is ul t:ra-weakly lower 

d<. "" J<. is dense in '1'1:. ( A. ) ' ( ooroll ary 4. 2) and 

on ii: ( A 1' • :By normality and G -inva.riance of 

semi-continuous, 

¢ is defined 

tj we get 

On tha other hand p (¢A (T)) :: ¢-t ( T) because {6 is 

& projection map onto the fii.ed points of '1t ( A ) 1 .. T'.tl.erefore 

cj_., :; ¢ l J< ,.. 'I< • Let S eo( 

elements in '1< • 'J< tending to 1: • 

be an increasing net of positive 

Clearly by the defin.i tion of 

~ we will have that f!-t ( S ..1. ) ~ 

On the other hand ¢-4 ( r-'. ) ::: ¢ {. f.,< ) 

I. 
and is normal so that 

)I ( J..i ) ~ ¢ LI ) • By corollary 4.2 we have and 
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by corollary 3~ 2 that ¢ ( r= I ::. Fo ~ .It follows at once that 

Fo -:.. "r 

'f I W't =- 't'o 
G -inntriant 

w..d by theorem 4.1 we get that 

where 1...y., is the upper envelope of normal 

continuous lineer functionals. 

5.2. In our first example we found that the weight 'f was upper en-

velope of invariant normal functionals. It is not hard to find 

an example for the other extreme. Let A be a aemi-fini te von Neumann 

algebra with no finite po:rtion, i.e. wj_th no finite non-zero central 

projection. Let t be a faithful nol'mal serJi-fini te trace on A • 
If ti is the group of all inner automorphisms, then \(' is a G -inVDX'iant 

tr--we clcly lower semi--continuous -weight on A and W\. is rr -we a.kly 

dense. 

Since A is properly infinite there axe no finite normal traces on A 
The weigr.t ~~ constructed in theorem 2.10 is the upper envelope of 

normal finite traces majorized by 1.f , hence lf.. ::. cp . 
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