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1. A theorem, and some comments.

The purpose of this note is to show how an o0ld trick from the
theory of partial differentlal equations in the complex domain
(Garabedian : [2] ch. 16,1) may be combined with standard
results on hyperbolic equations (H8rmander [3] sections 5,4- 5,6)

to glve a simple proof of the following

Theorem 1. Let A1’ oo An and B denote N xN- patrices
with complex entries, and I the N xN unit matrix. Let
f= (f1’ see fN) be an N~ tuple of vector-valued distributions,
defined on the real 1line IR, and taking their values in the
space H' = H'Gmn) of analytic functionals on ch. Suppose
that f wvanishes on R™ = {t € R, t < 0}.

Then there exists a unique . N -tuple u = (ug,eee,uy) of
distributions on IR, with values in H', vanishing on R, and

solving the partial differential equation
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Further, there exists a proper convex cone r¥ in IRX(En,

+
containing the half-line R x {0}, depending only on AysevesA

and having the following property

If all the values f, €H' of f, for ¢€ C(R), can be
carried by the compact K c cn, and if I< R is compact, then
the values u, €H' of u, for ECZ(I) can be carried by

¢ -~
any compact set K &€ © such that

IxE>(IxCHn (R x X) + 1%

(For the notation of carrier, see section 3).



The theorem will be proved by reducing it to a well-known theorem
on the existence and uniqueness of solutions to the Cauchy
problem for hyperbolic equations. Thils reduction is found in
section 4 of this note, while sections 2 and 3 contain some

preliminary lemmas.

Similar results, for f and u 1in suitable spaces of
continuous functions defined on R with values in H' (instead
of distributions) have been proved by Persson ([4]). His method
is very different from ours, and qulte complicated, but has the
great advantage that it works for equations with variable (analytic)
coefficients. I do not know whether this may be the case for the

present method.

The standard technique for reducing Cauchy problems for a
higher order single equation to an equivalent problem for a first
order system (Courant-Hilbert [1] pp 43-46) works as well in our
situation as in the classical one, so that the case of higher order
single equations 1s taken care of in our theorem.

If the right hand side f and the solution u are continuous
functions from IR to (H')N, the Cauchy problem is often formulated
as the problem of finding a solution u of (%) such that u(0)
has a glven value. This way of posing the problem may be reduced
to the one in our theorem jJust as in the "ordinary" distribution

case ([3] section 5,0 p 114-115).
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2. Preliminaries on partial differential equations.

In this section we work in B;+m, with variables denoted
by (t,x), te€eR, x e]Rm, and we consider a system of N 1linear

first-order partial differential equations in the form

(2.1) 12U+ ) A 2 U+BU=F
* ot 351 J axJ

N x N-matrices with complex entries,

where Al),no, Am and B are
1+m

and F and U are N-tuples of distributions on R

To shorten notations, we define a N XN-matrix P = {Pij} by

m
P(t,§) = It + | Ay & +B (1,£) eRI*™
3=1

and denote the matrix of cofactors (algebraic complements) in

co co
{Pi } by P or { P’ij}.

J

In view of the formula

(®PP)eP = P«(°°P) = (det P)-I

the N-tuple of distributions E = (El,'~-,EN) is a fundamental

solution of (2.1) if and only 1if
N CO
(2.2) (det P)E, = ( ) P, )6, 1 <3 <N.

According to [3] section 5,4 the differential polynomial

(det P)(i%’ g%) is hyperbolic with respect to the t-axils if the

hyperplane t = 0 1is non-characteristic, and i1f there exists a

number T > 0 such that
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£, - iB}

(2.3) (det P)(it+ iy,1g) = (i)Ndet{I(T+y)-+ ? A ]

j=1 9
considered as a polynomial in YyEC, has all its zeros in the
strip |Imy| < Too for every (T,E)eiRl+m. (The factors 1
in (2.3) occur because we have passed from differential to ordinary
polynomials by replacing (g%,a ) with (1,E) instead of with

X
(11,”5) as in  [3]).

A suffilclent, but, as simple examples show, not necessary

condition for (det P) to be hyperbolic, is given in the following

Lemma 2.1, If the matrices Al,---,Am are Hermitlan, then

the differential polynomial

(det P)(5>,:2) = det{I == + If A== + B}
3T 23X o L e,

is hyperbolic with respect to the t-axis.

Proof. According to (2.3) we have to prove that for some
T, > 0, independent of (t,8) Gjﬁl+m, all the elgenvalues vy

of the matrix
m
It + A - 1B
T L M

satisfy the inequality |Imy| < T, -

We denote the Hilbert space norm and inner product in @N

by ||| and <,> respectively, and let Yy be an eigenvalue,

vec' a corresponding eigenvector, with |v] = 1. Then we have
m

y = <yv,v > = <(iB - It-TI Ajgj)v,v> = 1<Bv,v> -1~ I gJ<AJv,v>
J=1

When the A are Hermitian, <A,v,v> are real, and we get

J J
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|Imy| = |Re<Bv,v>| < |B]

for every <1,§>€]R1+m. This proves the lemma.

We denote by A the principal part of the differential polynomial

(det P )3 by homogeneity, we have
a(t,E) = 1Naet{TT + 2 nyEy}

If (detP ) 1is hyperbolic with respect to the t-axis, then
so 1s A ([3] th.5,5,2) and in that case the cones T(A) and

r*(a) are defined by

r(a) = ((1,E)€RY™; A(r+y,£) = 0 = y < 0}
and

r*a) = {(t,x)eR™; o+ Z x;E; 2 0 when (1,£) €I (8)}
Y >

They are both convex cones containing the vector (1,0), T is

open and P* closed, both T and, except for the origin, r* are

contained in the half-space {(t,x); t > 0}. ([3] section 5.5).

The exlstence theorem we need is obtained by combining lemma 1

above with theorems 5,6,1 and 5,6,3 in [3]. We state 1t as

Lemma 2,2. If the matrices Az"'.’Am are Hermitian, the system

(2.1) has a unique fundamental solution E with supp E<{(t,x);
t Z.O}’ and in fact supp E 1s contained in the proper convex

cone PﬁA) .



3. Distributions and bilinear functionals,

2n

The usual identification of R and Cc" by

(3.1) (x,y) + x + 1y , x€R, yeR"

makes the space H = H(E™) of entire analytic functions on c"
a subspace of Cmﬂﬁzn). It follows from Cauchy's formulae for
the derivatiwes of analytic functions that the topology induced
on H from CwGRzn) coinc}des with the usual topology of uniform

convergence on compact sets. (Tréves [5] p.90).

An element of the dual H' of H 1is called an analytic
functional on C". By definition of the topology on H, a linear
functional f on H 1is in H' if and only if there exists a
constant C and a compact set KeC" such that

|<£,¥>| < € sup, g fv(z)] , Y € H.

Such a set K 1is said to carry f. (Definitions of carriers vary
soméwhat in the literature. Thls one 1s good enough for our
purpose).

In the proof of theorem 1, it will be convenient to work
with the space B = B(CZCR),H) of separately continuous bilinear
forms on C:CR) x H(€") instead of the space of distributions on R
with values in H' (that is, the space of continuous linear maps
from C”(R) to H'). It follows from Tréves [5] Prop. 42,2 (2) that

o)
these two spaces are canonically isomorphic.

We identify JR" with € by (3,1) and introduce the

notations
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The obvious definition of derivations in B by duality :

<%%3¢,w> = ‘<f’¢'sw>’ <%§;9¢’w>=‘“<f’¢’%§">
J

etc.,then gives the Cauchy-Riemann equations

(3.2) 35-=0 1 <j<n. f€B
3‘z‘J. -J 2

Lemma 3.1. Let I be a compact subset of R, and let f

be a separately continuous bilinear functional on C:(I)><H(©n).

Then there exists a compact set Ke €  which carries the

analytic functionals

£o1 ¥ > <E,0,9> veH

for every ¢ € C:(I), and there exists a distribution F € "g,'CIhan)

with supp FQ I x K, such that

<f,0,9> = <F,¢~¢>
for ¢€C:-(I) and xpeﬂ(«:n)ccwaR2n).

Proof. Since C:(I) and Hare both Fréchet spaces, a separately
continuous bilinear form on their product is simultaneously
continuous ([5] corollary to theorem 34,1). The existence of X then
follows directly from the continuity.

Further B(C:(I),H) is canonically isomorphic to the dual of
C:(I)ég H, which 1s a subspace of the Fréchet space c®@m1*2n)

™
([5] prop. 43,4 and th. 51,6). The lemma then follows from the

Hahn-Banach theorem.
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Lemma 3.2. Let fEB(CZCIR),H) be given, and let {Iv}T

be a locally finite sequence of compact sets 1in IR, the

interliors of which cover IR.

Then for every index v there existsa compact set Kv < gt

and constants kv and c, such that for all ¢€iC:(Iv), Yy € H,
k

V
<£,0,05] < e, ( I super 1689063 Isup, g [9(2)]
j=0 v v

Further, there exists a distribution F on ZR1+2n with

I

(3.3) supp F Cg I,* K>

and such that for ¢e€CJ(R), yeHc c®(®°?) we have
<f,¢,w> = <F,¢0¢>

Proof. The flrst statement follows from lemma 3.1.
To prove the second one, let {ev}T be a C: partition of unity
on IR, with supp evc:Iv ,and define the functionals fv on
Co(Iv) xH by

<F0,0> = <f,000 9> ¢ ECT(I ), yeH.

By Lemma 3.1, each fv can be extended to a distribution Fv

on 2Rl+2n, with supp Fv CiIv X Kv' Since the family of supports
of the Fv is locally finite, the sum EF“ converges in
QD'GR1+2n), and it is clear that its sum F has the properties

stated in the lemma.

Corollary. Let f be as in the lemma, and suppose that f

vanishes on R~ = {(t,x), t <0} that is
<f,0,0> = 0 if ¢ €CJ(R), suppécR, ¥ eH.
Then supp F < {(t,x,y); t >0},
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Lemma 3.3. Let Utiéa'GR1+2n) be glven, and suppose that
for any compact ICIR the set
K = (I1xR?™) 3 supp U
1s compact. Then the "restriction" u of U to C,(R) xHE™),

defined by
U, $,9> = <U,¢°y>

is in B, and for ¢ €C (I) the analytic functionals
u¢: Y + <u,$,P> can be carried by any compact convex nelghbourhood
Of KI.

<

Proof. For ¢€CO(I), we have

n o B
U, ¢,¥> < C(le SUPI|¢(J)I)‘Xsup|%; %; Y(x+1iy)

and the result follows from Cauchy's integral formulae.

4, End of the proof, and a supplement.

The proof is built upon the fact that in B equation (%)

has exactly the same soiutions as

(4.1) Isg

ubﬂﬁ

) y2u 1 179U
) A, - A))z==—]| +Bu = ¢
L 5%, T 2T 3 ]
J Yy
where Kg denote the transposed and complex conjugate of the
matrix AJ.
This is seen by adding to (%) the equation

(4.2) ?;\ 52' = 0

which 1s an immediate consequence of the Cauchy-Riemann equations

(3.2).

To solve (4.1) we consider it as a system of equations in

ZRl+2n, replacing the bilinear functional f by a distribution F,
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according to lemma 3.2. Then we have supp F < {(t,x,y); t > 0}

and supp FN (I xIRzn) is compact whenever I<cIR 1s compact.

Since the matrices %(Ag + Kg) and 5%(AJ - Kg) are Hermitian,
it follows from lemma 2.2 that (4.1) has a unique fundamental
N
solution E = (El"°°’EN)€ E@ 'GR1+2n)J with supp EC{(t,x,y);
t > 0}. The properties of F then ensure that the distribution

(4.3) U=E *F (= (E1 * Flf---,EN * FN))

is defined and that supp U C {(t,x,y), t > 0},

1+2n
k]

Since supp E 1is contained in a prcper convex cone in R we

also have that supp Ufﬁ(IXXImzn) is compact whenever IcIR is.
Therefore U 1s defined on functions of the form ¢ ¢, ¢ eC:GR),

q:eC“GRzn), and we can define u €B by

<u,$,y> = <U,¢s9> ¢ €C (R), VEH

according to lemma 3.3.
It 1s then easily verified that u solves (4.1), and in view of

(4.2) also (%*); and that the last statement in thecrem 1 holds

To show that u is unique, it is sufficient to show that 1if

F vanisheson test functions of the form

(t,%,5) » ¢(t)p(x+1y), ¢EC M), VeH

then so does U. But this follows from (4.3).

This ends the proof of theorem 1.
With this method of proof, it 1s possible to transfer much more

of the information from [3] Section 5,6 to the situation described

in Theorem 1.
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We shall,however, caontent curselves with sketching one such result,which

has been proved earlier by Persson, in [H].

Theorems 2,3,4 and 5,6,3 in [3] imply that the components

E of the fundamental solution E to (4.1) is in B. pGRl+2

J
with

H]

¥ o -1
p(T,E) = (det P)(1,8)|( ) Py ) (1,8)
k=1 J -

(notations from [3] section 2.2). Since (detpP)(7,§) and

() coPJk)(T,E), considered as polynomials in T, are monic,

k

and of degree N and N-1 respectively, theorem 2,2,8 in [3]

imply tke following proposition

Proposition 4.1. If the right-hand side f of (%) 1is a

c®-function from R to H', then the solution u 1is a chtl_

function.
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