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ABSTRACT

We construct the asymptotic expansions in powers of the
coupling constant A\ for the asymptotic fields and the scat-
tering operator S for self-coupled Boson fields with space
cut-off polynomial interaction in two space-time dimensions.
These asymptotic expansions are then used to prove that
S*¥S = 88* =N  in the sense of asymptotic power series in ),
on a dense set of states.

The results apply also, under the additional assumption
of an ultraviolet cut-off, to large classes of boson-boson,
fermi-boson and fermi-fermi interactions as well as to boson
nonpolynomial interactions (in all space-time dimensions).

November 1972.



1., Introduction.

Whereas the existence of the basic quantities for a mathe-
matical description of the scattering of particles has been proven
for a number of interactions, both for systems of finitely many
and for systems of infinitely many particles 1), the problem of
the unitarity of the scattering operator has been tackled success-
fully only for certain quantum mechanical systems of finitely
many particles and very restricted forces 2) and, as far as field
theoretical models are concerned, for the case where no pure crea-
tion terms are present in the interaction i.e. for models without
vacuum polarization [61. 3) 1In this paper we study the S-matrix
for the space cut-off polynomial boson interactions in two space-
time dimensions [7]. These P(w)g interactions have been studied
intensively in recent years, especially by J. Glimm and A, Jaffe,
and shown to have limits, when the space cut-off is taken away,

which satisfy all the Wightman axioms for a local, relativistic
covariant theory of quantized fields.

In (8] one of us has constructed the asymptotic fields for these
models, for the case of a space cut-off interaction, 4)

In this paper we prove that these asymptotic fields are equal, in
the sense of asymptotic series, to a power series in the coupling
constant A, on a dense domain of the Jock space.'5)

The scattering operator S 1is defined in terms of the asymptotic
fields, Using the asymptotic series for the asymptotic fields we
then prove that S is asymptotic for A = 0 +to an asymptotic
series in powers of A, on a dense domain, This yields then
asymptotic series for all S-matrix elements between dense sets

1) See e.g. [1],[2] and the references given therein.
2) See e,g. [27,[3] and 47,757, and the references quoted therein.

3) References for models somewhat inbetween the two mentioned
classes, like e,g. external field models and lee-type models
are mentioned e.g. in [16].

4) Related results for the special case P(w) = w4 have been
obtained also in [9].

5) Such asymptotic expansions have been derived in [10] for space
and ultraviolet cut-off relativistic fermions interactions.
The case of Nelson's type models is treated in [1b] and the
case of non polynomial boson models in 711b]J.
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of states, In particular it follows that the S-matrix is not
trivial, The asymptotic series for S are then used, in section4,
to study the operators S*S and SS* on a dense set of vectors.

Ve prove that ©S*S and ©S3* are both asymptotic, for small val-
ues of X, to the identity operator, on the chosen dense set of
states, This then proves the unitarity of the S-matrix in the
sense of asymptotic series. The results use essentially a strong
control on the Hamiltonian, such as the one provided by Rosen's
higher order estimates [12], and the existence of the asymptotic
fields [8]. The same information is available for a large class
of space and ultraviolet cut-off interactions, in any space time-
dimensions, Our results extend therefore to such interactions,
including the bose-bose, bose-fermi and fermi-fermi polynomial
interactions of [10], the Nelson's type interactionsof [1] and

the non polynomial interactions of [11].

2. The models, the asymptotic fields, the wave operators and

the scattering operator.

Tet 5? be the Fock space for scalar bosons in two space-

® g

F
o

. . . Z . . 17
time dimensions, with mass m > 0 . & is the direct sum F = ]

n

n
where 3? is the space of all symmetric square integrable

functions of n (momentum) variables.

The time zero boson field o(x) is given in terms of annihilation-

creation operators on ér’by

o(x) = (4m)72 [M ¥ ax (1) va (k) Ju(x) Fax (2.1)
where u(k) = \/k2+m2 and x,k run over the one dimensional space
IR. The annihilation~creation operators satisfy

la(k),a*(k")] = &6(k-k') . (2.2)
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Let H, be the free Hamiltonien in & ana

o= A | g(x) : P(o(x)) 5 ax (2.3)
Ir

be the interaction, where \ is the (real) coupling constant,
g(x) is a smooth non negative function of compact support, P(a)
is a polynomial bounded from below, and : P(w(x)): is the corre-

spondent Wick-ordered polynomial in the field (see e.g. [7]).

It is proven (see e.g. [7]) that H = H + AV 1is essentially self-
adjoint on the intersection D(HO) N D(V) of the domains of the
self-adjoint operator HO and the symmetric operator V ., DMore-
over the following power estimates have been proven by L. Rosen
[12]:

Hi < a(H+b)2 . Ej < aj(H+bj)j ,

(2.4)

H(me1)™® v(Ee) P <o,

the latter for the case a+8 >p , 2p being the degree of the
polynomial P(a) which gives the interaction. N is the particle
number operator, a, b, aj, bj are constants, j =’1,2,... .
For h in 571 the annihilation-creation operators a#(h) , Where
a# stands for a or a* , are well defined closed operators on
a domain containing the domain D(ﬂ%) . They are related to the

a"(k) by the usual formal relations
a™(n) = [a" (k)n(k)dk .

The a(h), a*(h) are mutually adjoints and satisfy the commuta-

tion relations

la(h),a*(g)] = (h,g) , (2.5)

on a domain containing D(N) .

In Ref, (8] the second named author proved the following:



Theorem 2,1

a1
For any h in F and any time <+t € R , the operators
. Lo AtH . -itH
i - o—itH %aT(h)e o itH
1 L
ing the domain D(H+b1)2 of (H+b1)“ , and converge strongly as

a are closed, with domains contain-
1 L

t -t on D(H+by)® . Call aj(h) these strong limits, They

satisfy the same commutation relations on the domain of H as do

;‘Li_
a”(h) on the domain of Hj, i.e.
o, (1),a(2)7 = (n,e)

Moreover H and af(g) satisfy the same commutation relations

as do H_  and a#(h) , in the sense that
itH _# -itH _ _#
e ai(h)e = ai(hit) ,
where ht(k) = eit“(k)h(k) , and + goes with a¥* , - with a,

Let Q ©be the eigenvector to the simple, isolated, lowest eigen-
value E of H . 6)

Let c?; be the subspaces generated by applying all polynomials
in ai(i) to Q . Then 5? can be decomposed as a tensor product
QZ'= :9; ® V+ , Where Q ® V+ is the closed subspace of ng anni-
hilated by ;+(h) for a11 h € F 1 . Relative to this tensor de-
composition t;1e operator H-E has the form H-E = H§®11 + 1 ®H_?_,
where Hg is the free energy operator in <§Z and 1 ® Hi is

the restriction of (H-E) +to the invariant subspace Q ® V+ 5

which is positive, with finitely dimensional spectral decomposi-
7)

tion on the interval [0, m-e] , for any e > 0 .

6) For the proof that the bottom of the spectrum of H is a
simple, isolated eigenvalue, see e.g. [7].

7) See e.g. [7].



For any operator A , given in terms of the annihilation-creation

operators a#(p) , we set

. itH -itH .
At _ e-ltHe e oeltH ) (2.6)
Let now A Dbe of either of the forms
A= [V(tJ)s[V(tJ_'])s"-9[V(t1)9B]00-]j or
(2.7)
A A S (A CIONI CHD (TP I CAT{w CHIE:5 DI O
o itH,  -itH,
where a (t)(C) = e Ce , Tor any operator C , and V(t) =
-itH itH
= o%(=t)(V) = e Ve © and B = a*(h1) cee a*(hk) , with

h, € 52” , i=1,...,k . We make also the convention to allow
for the value j =0 in (2,7), setting A = B in this case,.

For j=1,2,..., call DiQ the domains of the operatovs
(H+bj)j/2',

Let again 2p be the degree of the lower boun-

ded polynomial ©P(a) which gives the interaction. For any
Y o€ D. the following estimates are a simple consequence of

Jbtm
the higher order estimates (2,4) and the fact that the aﬁ(hi)

are closed operators with domain containing D;
2

jp+}v§
lag¥ll < €33 0ng 0l wun NIyl [T(Expg 0 ) Y (2.8)

9

where C(j,k) dis independent of Bs¥styseeests s hyyi= ook

J
These estimates are thus, in particular, uniform in the time vari-

i’
ables t t 9 o o b J L4
9 1 9 9 J

Lemma, 2,1

Let F be any bounded operator on é? and

. itH itH .
= o 1tHg °Fe 0gitH . Then F, converges strongly as

Ft =



t - £ oo to bounded operators Fi .

Proof: By Theorem 2.1, a%(h) + at(E) converges strongly as

t - £ ©, hence by the Trotter convergence theorem ei(ai(hhat(ﬁ))
converges strongly. Therefore for any continuous function F of
the time zero field ¢ we have that Ft converges strongly. But
these operators are strongly dense in the space of all bounded
operators, Having the strong convergence for a strongly dense
set, we get strong convergence for all bounded operators using
the uniform boundedness of the mapping F - F, (since HFtH =

= 7D .

Lemma 2,2

d
For any ¥ € D and hy € 9ncw(1{0) , one has
ot s isk -is
Ay = Av -] 67%M[v,e e
0
where the integral is a strong one,

is
©7et Hygg )

Proof: The proof is completely similar to the one of Lemma 2 in

Ref.[8] and uses (2.8) together with the essential self-adjoint-

ness of H on D(HO) n D(V) .

Proceding now as in the proof of Theorem 2.1, given in Theorem 1

of Ref.[8)], we first prove the following:

Lemma 2.3

Let A be as in (2.7). The following estimate holds in the

case where all the functions hT""’hk belong to the dense sub-
1 20, . . . .

space of F consisting of COCR) functions which vanish in a

neighborhood of the origin:



itH -itH ~itH .
[lV,e  “he Tl = f1v(s),Ale vl <,k M, ) (1487,
for any ¥ €D . , any integer W , where C(j,k,M,¥) dis inde-

Pﬁﬂﬁg
pendent of t,t1,...,tj .
itH -itH itH i‘tHO

Proof: One has [V,e CAe °ly = ¢ O[V(t),A]e- Y. A
is given by the multiple commutator (2.7) and expanding these
commutators and Wick ordering after expansion every term we get

A as a sum ’ A of Wick ordered monomials Pi.s)
The commutator of V(t) with any term P, is itself a sum of
terms, After Wick ordering of the terms there remains, since V

is spatially cut-off, terms of the form:
» .JC AY4 AV
0. = [£(p,ppeeep ) et M (Pax(p) x5
a(pgyq)...alp )dpdpy...do,. ,
where f is a square integrable function (which may depend
also on some of the variables t1,...,tj and on the h1,...,hk)
of compact support in p and vanishing in a neighborhood of
p=0. Such a term is estimated in the wsual way (see e.g. [8],
[91,010]) vy

1 -
Iz, (o)~ (02 < o (1] 51,

where C,. is independent of t .

M
itH -itH
Since [V,e”  Oae °] 1is, by above argument, a sum of finitely

many terms of the form Ti , the Lemma is proven. ¥

Lemma 2.4

1
For any h; € & , i =1,...,k , the strong limits as t -

of the operator A, defined by (2.6), (2.7) exists on the domain

8) For definitions, see e.g. [7],013].
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D . Calling A+ these limits we have, for any Y€ D

.k .
pi+s bity
T isH  -isH_ |
ALY = s-lim ALY = AY - i em8Hry 67 0pe T 07etSHyag |
t-t® o)
where the integral is strongly convergent.

Moreover the following equality holds:
--isHo isHO
v = (e A e )+Y .

Corollary: Call ‘fa the polynomial algebra generated by the iden-
:’-".' il
tity operator and all possible monomials a“(h1)...af(hk) , with

1
arbitrary hi e & , 1 =1,...,k and arbitrary k . TFor any

e_itHeitHoB e_itHoeitH

B € ﬁawm have that B converges strong-

‘t =
ly as t - + © on a dense domain, Dk/2 , where k 1is the degree

of the polynomial B .

Proof: The lemma and its Corollary are immediate consemsnces of
Lemma 2,2 and Lemma 2,3, in the case where all the hi belong

to the dense set of 571 described in Lemma 2.3, The extension
of this convergence to the case of general hi in <§71 is a

consequence of the uniform bounds (2.8). The last equality is

proven by observing that, on one hand, s-1lim e'iSHAteiSHY =

= e‘lSHA+eiSHY , on the other hand e
—isH; isH

(e Ae )

-isHO isH

(e he  9) v,

'iSHATeiSHY

Y, hence the strong limit is also equal

S+T

Define now the wave operators W+ as the isometries which
are the unique extensions of the operators defined on a+(h1)...
..aW(hk)Qo by

Wi_a—x‘(h»]).ooa*(hlc)go = a’i:(h‘l)"'ai(hk)ﬂ 9 (2°9)
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where Qo is the Fock vacuum, Q is the lowest eigenvalue of H
1
and h, are arbitrary in F , 1 =100k, k= 1,2,... . The

. ol
wave operators W+ have therefore domain ¢ and range 5?;

Lemma 2.5
Let A any operator of the form (2.7). Then

WA = A0,

where A+ are the strong limits of A as t = + oo, given by
Lemma 2.4,

Proof: We first prove the lemma for the case where A is of the

A A 1
form A = a"(h ...af(h , with h, € & , 1 = 1,..k . One has
1 i

4L #k )
— gl i . -
then A, = at(h1)"'at(hk) and, by Lemma 2.4: A.Q AiQ as

t = + 003 similarly, with A' = a#(hz)...aﬁ(hk) one has

A%Q - ALQ , Where all convergencesare strong. On the other hand,

by Theorem 2,1 for any & € D,

),

(2,8%(ny)... a3(n)0) = (a,(H))e,410)
converges, as t - 4+ 2©, to
(ai(ﬁ1)§,A£Q) .
. = * ] _
This proves ai(h1) AiQ = AiQ .

Iteration of the same argument yields then

= * o~ * _
ai(h1) cos ai(hk) Q=40 . (2.10)
. ¥ vl .
On the other hand, since the aj act on af+ N Dk/z in the same

way as free annihilation ~creation operators, one has
= ¥ = ¥~ _ * * A

and this, together with (2.10) and the definition of W, , ylelds

the equality of the Lemma, for such A .
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On the other hand any operator of the form (2.7) is a sum of

operators of the form

Ai = Jf(p‘l 9 @« e 0 QPI')a%(p‘I)O . .a*(ps)a(ps_l_'] )0 [ oa(pr)dp-] L .dpr 9

where f is a function in érT

. By estimates of the form (2.8)
we have that Ai(H+br)'r/2 is bounded, Moreover by Lemma 2,1
(Ai)t(H+br)-r/2Q converges strongly to the limits (Aﬁi(H+br)_rﬁ%%
as t - + o, On the other hand (Aﬁt(H+br)—r/2Q is uniformly
norm bounded in t . Since the mapping f = (A:.L)JC(H+bI,)"'r/2 is
norm continuous, because of estimates of the type (2.8) , from
f in FT into the set of all bounded operators on o , and
moreover uniformly norm bounded in t , we can approximate strongly
the vectors (Ai)t(H+br)—r/2Q by vectors which are linear com-
binations of vectors of the form (a#(h1)...a#(hr))t0 , and this
approximation is uniform in t .
Since we have proven above that

(a¥(ny)...a¥(n)) 0 = (af(ny)...af(n)) 0 -

3 # ¥ 5
_Wia(h1)...a (hr)Qo as % + 2,

an % argument and the fact that the W+ are bounded operators

complete the proof of the lemma.

We now define the scattering amplitude for n incoming particles
d
with momentum distributions B1seees8y in éf and m outgoing

vad
particles with momentum distributions h,,...,h =~ in F |, as

Sn,m(g1 Y-S h1‘“hm) = (aﬁ(g1)...ai(gn)ﬂ,af(h1)“.af(hm)Q), (2.11)
which, by (2.6),is equal to
¢ kS ¥* ¥*
(a*(g1)...a*(gn)no, WA _a (hq...a (hm)QO) . (2.12)
Therefore the scattering matrix is given by the scattering operator

5 = WEW_ (2.13)
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defined on the whole Fock space izﬂ.

— o
S maps . into o , and is a contraction: ||S|| <1 . Moreover

S commutes with Ho: [S,HO] =0 .

3. The asymptotic series for the asymptotic fields and the

scattering operator,

Since all the integrals we shall consider will always be under-
stood as strong ones, we shall mostly omit to write this specifi-
- cation in the considerations of this section.

Let A be any operator of the form (2.7).

By Lemma 2.4 we have, for any VY € D x ¢
p(J+1)+%

10 . isH  -isH .
a¥ = avar] e[y et %ne T ©1eM%Myas | (3.1)
- (0]
Hence
(oe]
. isH -isH -

Ay = A v-in] ety e One T ©7eM%Mvas (3.2)

- 20

e have also, from Lemma 2,2:

. isH -isH .
ALY = A&-ikfe‘lSH[v,e %pe 01cisHyqg | (3.3)
0]

Introducing therefore on the right hand side of this equality the
expression obtained from (3.1) for AY in terms of A Y , we

obtain:
- isH -isH .
AtY = A_Yadlj e'lSH[V,e %pe O]elsH
o)
T, isH -isH .
- ixj elSH[V,e %pe O]elSHYds = (3.4)
o

t . -
= ay-in] e*[ve Che Cle
- -0



isH -isH isH ~-isH
Set now A [V,e Che °1 ., Then [N e °[(s),Ale °,

nence Al1) is of the form (2.7). Hence by Lemma 2.4 applied
to A1) we obtain:

-0
. iocH -iocH .
A(l) y = A(1)x-ihj e~y o 0, (1)g °1e1%yas (3.5)
(6]

for any % € D .
. . k
p(j+1)+7
Choose now Y to be any element in the dense subset D K
p(J+1)+7
ok C Then eitHY belongs also to D and intro-
Dj+s p(J+1)+5

ducing X = eitHY 5 A(1)

of D

X as given by (3.5) into the last

integral in (3.4), we get:

t t
ay = ay-an] e IR ISy g oy y_ gy et (Deisly gy

+
- -0 (3.6)
t L ioH —i0H . .
_ (ix)gjds e’lSHjtioe'lgH[V9e oA(1)e O]elﬁHe18HY .
-0 ©
Hence, since all integrals are strongly convergent,
+co
gy = av-in] emtoHa (T eistyag
-0
(0] . .
+ (—ik)zjdse—iSHT(ive-iGH[V,elGHoA(1)e_loHo]eiOHeiSHY .
-0 -0

Changing now the integration variables in the last integral, we

gets o
v = &_v-in]as emHSEA(1)ioHy |
oo S -OD. H i s H s H s H (3'7)
‘ -is is / -is is
+ (-ix)zjds J ds,e L [(V,e 1 OA&1)e 1 ©1e 1 Y .

-0 -0

is H -is.H
We remark that 4(%) = rv,e ' °%(Me 109 g equal to

is1H

e O[V(s1),A(1)]e , and hence is again of the form (2.7).
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Therefore we can derive (3.5) with A(g) instead of A(1) , for

any ¥ €D K Hence if the original Y dis chosen to be
p(J+2)+5
is1H

in D 1 s then (3.5) with ¥ = e
p(Jj+2)+%

Y and A(g) instead

of A(1) permits to replace the third term on the right hand side
of (3.7) by the sum of two terms. Proceeding in this way, for

Y €D we obtain the similar formulae, involving A(l) R
p(Jj+n)+7

where A(l) are defined recursively by

is H -is H
A(l) = [V,e 1-1 OA(1'1)e -1 °] for 1 =1,2,...,00 .

By lemma 2.4 one has
-isH

isH
x = (e )e

oA(l

g~1sH Afl)elsH O)_x , for any X €D I
p(Jj+)+%
These relations are used to rewrite the expressions involving

A(l) according to the following example:

® ® _LisH isH >
st e'lSHAE1>elSHY = st(e OA(1)e O)_Y = st[V(s),A]_Y .
-co -0 -0

We formulate now the

Theorem 3,1

Let A Ybe any operator of the form (2.7) (in particular any
operator of the form a’(h) or a#(h1)...a#(hk), with
1
h, € & , i=1...k).

i :
. itH -itH .
Then A, = e~1tH™ o0 0g1tH converges strongly on
D( )1{ tO .A.+ as t—’im,N=19290co °
PN+T+] +5 -

The limits for t = + 2 and those for t - - c© are related to
each other by the following asymptotic expansions:
N 17
— 4 '| E ,
A% = A a TGN ) 6,400 D) Y atyLnidty s (3.8)
1= t) <wn Sty W (a )y
L PR S
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for any V¥ €D , where {TV(%y),...[V(%9),40...31_ ¥ =

p(N+1+j)+%

. itH -itH_ .
= s-lim e™T e’ O(rV(ty),...,(V(t,),4]...00e  Oei™y  ang

t= - co

L \N+1 [ _-ioH 1OH -
Ry, (a0 = (-i0)F [ e HeT0rv (o) 1V (), .. L [V (54) AT,

-icH . .
.. e 0100y 45 at,...dt. .
1 N

All integrals are strongly convergent. The remainder RN+1(A+)Y

satisfies the estimate

Lk
N+1+3)+
I N+1 p( z
Ry q (ALY < I Cop g NP5 (4 5y e v, (3.10)
with GN+1 independent of A and VY .
lMoreover the operators At and their limits on D x @8
p(N+1+] )+

t - + c© are expressed in terms of the time zero quantities A

by the asymptotic series:

N

g 1=1

for any t <o and also for t =+ oo, with At=a>° A+ , and
for any Y € D x °
- p(N+1+3)+%

1

The remainder RN+1(At) is given by

-1 -isgH is

t S X
] _ .y \N+1 ! r
RN_I_1 (At) - (-lk) Iods JOdST s o0 J‘O dSN_e e

NHo

iSN-THo}

-is H
{e N-1 O[V(SN—SN—'l ) 5 EV(SN_,I ) 5 e ,[V(S)gA]- o ]e

-is H ds,H
e N O Ny,

and estimated by
N«
N+1
p(N+ +J)+ZY”

N+1 9 | N
| HED o) (1143 41 i

IR |
IRpq (¥l < I N1

with C&+1 independent of A and VY .
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Similar formulae hold for + - - <o instead of t - + ©,

Remark: For the case A = a#(h) these expansions are of the
form of the so called Dyson-Schwinger ones. Each term is given
here in terms of known quantities, namely the time zero fields
and the interaction in the interaction picture. Hence these ex-
pansions provide a way to compute, in the sense of asymptotic

series, the asymptotic fields (and e.g. polynomials in them).

Proof: (3.8) has been proven already before the statement of the
Theorem. Note that the expression for { }_Y as strong limit
holds because of Lemma 2,4, The estimate on the remainder (3.9)

follows from the fact that A4 = [V(o),[V(tN),...[V(t1),A]...]]
.y LK
~ - N —
satisfies [|A(N+1) (p(ﬂ+1+3)+g)ﬂ < (] t]) U as a consequence
of the higher order estimates (2.4) (as seen similarly as in the

proof of Lemma 2,3) and
pGWMﬁﬂ+§
2p(N+1+3)+k

—QﬂN+1+j)+§) ~-icH

@) e | (H+D

OelGH‘i’!! ,

< const.,

by the same estimates,
The asymptotic expansion (3.11) is established in a similar way

as (3.8), starting form (3.3) and inserting in this relation the
isH -isH
expression for AN [V,e Che ©1 given by
s . icH -icH .
AE;)X = A(1)x-ixj e'lOHEV,e OA(1)e O]eloﬂxdc , for any
0

x €D X @g
D(N+1+3) +7
Consider now the scattering operator S =W *W,6 , Since it is

- T+
bounded, it is determined by its values on a dense set of states.

By linearity it is sufficient to compute S BQ_ , where B = a*(hy)..

Y '1
..a“(hm) , with hi € é?’ , i=1,.00,m , and m arbitrary. We
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include the case BQO = Q by the convention that B stands for

o)
the identity for m = 0 .

We have
—_ ¥* ]
SBO,=W*V_BQ (3.8)
and since, by Lemma 2.4,
W, B0, =B, (3.9)
we get
- W %
SBa, =W*B.0. (3.10)
On the other hand B+Q is given, according to Theorem 3.1, by:
B.Q = T (cin)d g V(t5), 00 (V(5),B]... 1} Ndtpdty + (3.10)
=0 t.<. <t
Lo + R B )Q
. - ;+1r ~ion 19H, ns1(By)
with Rn+1(B+)Q = (-1i)) ] e e
-iocH
"V(0),[V(t ),l...[V(%,),B]...0e  © 1OHQd0dt coldt
where all the integrals are strongly convergent.,
By Lemma 2.5 we haves:
{[V(tj)g'l:'--s[v(t'])gB]s--O]}_Q =
(3.13)
=W {Iv(t,),0.e..,IV(t,),B]...7¥0 .
- j 1 0
Inserting this into (3.11) we get
n °
B,n=7Y% (- 1k) - W {fV(t Yoleo o [V(t,), BJ...J}Q dt,...d%. (3.14)
+ té < 1 1
=0 e tl 1(B )Q

and hence, from (3 10), using that W¥ is bounded

n .
5Bo, = T (-in)d | WAT_{IV (%,
J=0 tj§".§t1

+ W ‘R

rw+1(]3+)Q *

But W*W =1, since W is an isometry.

), Lo [V(59),B1.. . 100 dty . dty
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Hence

SBO =
0 .
J

I

(=12)d J {[V(tj),[...[V(t1),B]...]}Qodt1...dtj+ (3.15)

(e}
T35 e Sty + R .(SB)a,

n+1
where Rn+1(SB)Q = WfRn+1(B+)Q and thus, by (3.9):

. 1 s icH
R, q(8B)a = Wr(-1n)PH [ em10HeT 0
OSbpSee S8y (3.16)
-icH .
(V(0), IV(t,) pen, [V(,),B1...0e %o aodt,...at, .

We have the

Theorem 3,72

The scattering operator S , defined by (2.13), has an asymp-
totic power series expansion in X when applied to any vector VY
of the dense set of vectors of the Fock space, obtained by apply-

ing the polynomial algebra JD to the Fock vacuum Qo . The ex-

pansion is given, for V¥ = a*(h1)...a*(hm)00 , by
hif .
Sa%(h1)...a*(hm)90 =_2 (—IK)J J
J=0 + <".§t1

{[V(té)ga lo[v(t—])9a*(h1)oo.a%(hm)]o-c]}Qodt1oo.dtj

W_'_'](Sa ( 1)'-oa*(hm))Q 9 (3-17)
. N _iofg 1oH
where Ry q(Sa*(hy)...a*(h ))0 = (-1 )T s * 5 e™t%e O
G<tN<.‘.<t1

V(o) [V(tyg) s ene s LV(Ey) 8% () v ua¥ (b )Jee1le B 1OHQdodt1...d1-N

All integrals are strongly convergent.
There wxists an € > O such that for all 0 < X < ¢ the remain-

% o . )
der RN+1(Sa*(h1)...a (hm))Q satisfies the estimate:
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N+1

ok (3.19)

HRN+1(Sa*(h1)...a*(hm))QH <\ Fa

where Cﬁ+1 is a constant independent of ) .

Proof: The expansion coincides with (3.15),(3.16), with B =

ne1(SB)Q = Ry 4 (Sa*(hq)...a*(h )0,

and hence has been proven already. The estimate on the remainder

= a*(n)...a*(n ) , N =n , R

is obtained as follows. Wje is partial isometric, hence, by

(3.16) and (3.10):
pT+1) +7

N+1CN+1”GH*@pm¥D+k) afl, 6.20)

IRy, q (Sa¥*(hy)wa*(n )0) ]| < |1

where C is independent of X .

N+1
But HQ = EQ , and the lowest eigenvalue E is known to be boun-

ded uniformly in A for A in a finite interval [0,¢] . 9)

loreover b2p(N+1)+k is also bounded for A € [0,e] (see [141]).

N+1)+5
Hence ||(H+b )p( )+EQH < const., where the constant is

2p(N+1)+k
independent of X , for A € [0,e¢] . This then, inserted into

(3.20), proves (3.19) and the Theorem.

From Theorem 3.2 we have immediately the asymptotic expansion of

the S-matrix

Theorem 3.3

The S-matrix is determined by matrix elements of the form

(a*(gq)...a%(g )0 ,

* \ -
(a (g'])o--a (g1’1>QO 9

Sngm(g1 o .gn;h1 o e chm)
a*(ng) ...a%(n )0)
sa*(hy ...a*(h )0 ) ,

9) It is even known [14] that the Rayleigh-Schregdinger series for
I is an asymptotic power series in X, uniquely Borel summable
to its sum E., Also the asymptotic expansion for Q is
known [147. This could also be inserted for O in the expres-

sion (3.18) of RN+1(Sa*(h1).,.a*(hm))Q .
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1 ol
where 85 € 57 5 hj eF ,i=1,00eyn5 J=1,00.,m .,

These matrix elements have asymptotic power series expansions

in X given by:

N
L1
Sa,m(B1 e Bty iy) = T (0T [ (a%(gg). . a% (g,

1=0 1 Seee <ty
(3.21)

[V(E)s ..o DV(8),8%(hy) e e va®(hy) Ten T0 80 00 by + Ry (S, )

) = (8%(gq)en%(8,)00, Ry, q (5a% (b )ra¥ (1 )0)) =

n,m
N e [ —iom T9HG
= (=-1}) (a*(g1)...a*(gn)Qo,W3 LT e ;V(O),[V(tN),...
O<ty<ee. <t
r ~i0H s .
[V(ty),8%(hy)...a%(h ) T... ] 0e Oelm%)dodt1...dtN )

The remainder satisfies the estimate

(N+T

- - !
By (8, D = I N+t o

with G}

N1 independent of ) .

Remark 1: The terms, up to the arbitrary order N , in the asymp-
totic expansion of Sn,m given in Theorem 3.3 are exprgssed

in terms of the Fock vacuum, the free time zero fields and the
interaction V in the interaction picture,ard can thus be computed.
Oﬁe checks easgily that the asymptotic expansion for Sn,m is dif-
ferent from the one of a constant, since the terms of order larger
or equal 1 do not vanish identically. Since to a given function
there is only one asymptotic expansion, this proves that (as to

be expected!) space cut-off polvnomial interactions in two space-

time dimensions have non trivial scattering. 10)

10) The analoguous result was proven in [1b] for Nelson's type
models and in [11c¢] for non polynomial interactions.
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Remark 2: In order to prove that the series given by the right
hand side of (3.21) for N = co is actually uniquely summable to
the sum Sn,m s, additional information would be needed, e.g. in
the form of strong enough estimates on the remainder (with respect
to the order N ) and analyticity of Sn,m in A in some suitable
complex sector. ) We have proven the summability of the series
(3.21) for N = 2 to Sn,m , in the strong form of Sn,m being
analytic for A 1in a disk, for non polynomial interactions with
space and ultraviolet cut-off, in all space-time dimensions, in

Ref, [11c].

4, Unitarity of the scattering operator in the sense of

asymptotic series,

We shall now construct the asymptotic power series expan-
sions for S*¥S and ©SS5* , using the asymptotic power series ex-
pansion of S given by Theorem 3.2. Consider first S*S:ﬂﬁ%W_S.
Since W_ is bounded, we can form W_S a*(h1)...a*(hm)0 , Wwhich,

by Theorem 3.2, is given by:

IR =]

AP _ . I i
W_Sa*(n;)...a*(h )0 = ,O(-n) | W_AO A%y, a, +W Ry 40, (4.1)
tjﬁ.'.§t1

J

where we have set A = [V(tj),...EV(t1),a*(h1)...a*(hm)]...] ;

11) Results of this type have been obtained by B. Simon and
L. Rosen-B, Simon [14] for other quantities in these models,
including the vacuum energy and the equal time Wightman
functions.
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and where we have also interchanged the integrations and the mul-
tiplication by W_ , which is allowed, since all integrals are
.8trongly convergent and W_ is bounded,

By Lemma 2.5 we have

W_AQO = A Q,

. itH -itH .
where A = s-1im e'ltHe ©pe OeltH .
- T o

A has the form of the operators covered by Theorem 3.1 and Q
belongs to the set of vectors considered in the same theorem,
since Q belongs to the domain of all powers of H .

Hence we have:

M
ao=aa+s GOE [ (0V(r), .. 07(r),41...70,0
- + k 1 +
k=1 T >0 >T
k_oo._ 1 (4.3)
with
H
M-+1 ~iTH, it
Ry, (a0 = (a0 T OV (), IV(Ty) ...l
T>TI\ oc._>_T']
-itH {rH

V(T1),A]..J]e Og 1T QAT A% s o dTy

where all the integrals are strongly convergent.

Fpom Lemma 2.5 we have:

[V (ry ) pees (V74,8000 00,0 = W L0V(ry) 0o [V(Ty), 40,00 100, (40)

Introducing this into (4.3) we obtain

i
i = = L
W_A0 = A Q=2a0+T (iN)7 § W {IV(T),..., V(ry),AT... 00,

- k=1 -
Tk\-?—”';?-T1 dT1ooodlk

+ Ry (A0 . (4:3)

Insert now this expression for W_AQO into the sum on the right

hand side of (4.1)., We obtain:
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W_Sa*(h1)...a*(hm)0 =

30 (% (1nE
= 2 d [Cs @0F [ (), () 4] D0 dn
’]— t,<,..§t1 TkzoaczT']
3 (4.6)
N jof y
J_O tjfuo<t1

where all the integrals are again strongly convergent,

We apply now the bounded operator W¥* to both sides of (4.6).
Because of the strong convergence of the integrals and the bound-
edness of Wi we can bring Wﬁ under the integrals, Since, on

the other hand, WiW_ = 5* , we obtain:

S*Sa*(h1)...a*(hm)0 = WiW_Sa*(h1)...a*(hm)Q =

N M . \
=z 3 (-in)3 a0k | | v etV (ry),40. 100,
J:O =0 )
tjfoooftfl Tkz‘“ZT1 dt*laoo dtde1|oudi
N jT (4.7)
by i % g%
+-f’('lk) ] W+RM+1(A_)th1...dtj—+b Ry 10
J_O tji'.‘§t1

where again all integrals are strongly convergent.
Introduce now the following sequence of characteristic functions

fOI’ all k = 091’29n.o
Xo = 1 and xk(t1,...,tk) =1, if
t<t

k EQ..i —t1

k-1

Xk(t19...’tk) = O Othel'Wlse.
Then one has the formula ([15]):

n
k
0 21{;20(-1) Xn-k<tn9...5tk+1)xk(t19...’tk> s (4.8)

valid for any n = 0,1,2,... and all ti,...,% except for

n 9

the case where some of the arguments coincide, This formula is

easily proven by induction,
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We can on the other hand write (4.7) as follows:

S*Sa*(h1)...a*(h

)% = z (-i0)E T (an)?

° k
Fov e 3y o oo By 0 (B 8 IV ) DV (), (409)

[V(tk),'”EV(t1),a*(h1).n.a%(hm)]-u ]QOdt1oo'dtk+j'+R 9

with

N
R =% (=i))9 j WiRy, 1 (A_)0dty. . 8%, + S¥Ry 40 . (4.10)

=0 t.<0. <t
j="="1
Hence

g*sa*(hy)...a%(n )0, = = ()" L..0 % (-1)F
Xz Csee o Beg) Xge (pene s BILV(E ) o0n VL), 2% (R9) eoca (0 )Tene 10 Aty ndty +R

Using now the identity (4.8), we see that the integrands are zero
for 0 <n < N+WM .

Therefore we have
S”:’Sa*(ho] ) L) 'a*(hm)Qo = a‘*(h‘l > L ‘a—x—(hm)ﬂo-*-R ?

where R dis given by (4.10).
For R we can easily find an estimate, using the facts that Wi

is a partial isometry, ©S* 1is a contraction, RM+1(A_)Q is given

by (4.3) and Ry 40

We have thus, for [A] <ce

is estimated by (3.19).

!M+kNH) max j J H[V(T)s[V(TM)9°'

17l <
J=0900091\T -tj<". <'t1 T>TM>". >T1

iTH
LV, [V (8. TV (3, >a%hﬂ.“a(h)]]e Olmah@@tM@" :

But the operator under the nmorm is of the form (2.7) of those es-

timated in Lemma 2.3. Hence the norm is bounded by

c(M,j,m,r) (1+lt])"F , for any r , and thus the integrals on
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the norm are convergent.

We have therefore proven the estimate

IRl < |a ™y

where K

M is independent of A .

Theorem 4,1

Let D Dbe the dense set of vectors in Fock space obtained
by applying on the Fock vacuum QO the polynomial algebra Jp
consisting of all polynomials in the creation and annihilation
operators a#(h1)...a#(hk) , With arbitrary square integrable h,,
i=1,...,k , (k being any arbitrary integer). On D the oper-
ators S*3 and 8S* are asymptotic, in the strong topology, to
the identity operator, for small values of X . S 1is the scat-
tering operator defined by (2.13).

Thus, for any Y € D :
S*SY = Y +R

and SS*Y

Y+ R
with remainders R,R' which satisfy

IRl < IRy, IR < IRy

for any N = 0,1,2,... , where KN’Kﬁ are independent of A ,

A real,

Hence the scattering operator and the S-matrix are "asymptotic
unitary" in the sense that S*3 and S8% are given, on the
dense domain D , by asymptotic power series in the coupling con-
stant which are asymptotic, in the strong topology, to the iden-
tity.

Equivalently: TFor any vector ¥ € D , the vectors S*SY and
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SS*Y  are strongly differentiable in X , to all orders, with all

derivatives at X = O equal to zero,.

Proof: The asymptotic series for S*3S has been derived above,
as well as the estimate for the remainder R .

The analogous result for SS* is obtained by completely parallel
arguments, since the passage from S to ©S%* 1is obtained by in-

terchanging W+ with W_ , and our asymptotic series, like the

ones in Theorem 3.1, are derived for all cases.

Remark: Ky and Kﬁ might depend on the vector V¥ and on the
order N , To prove complete unitarity, and not only unitarity
in the sense of asymptotic series, one would need e.g. stronger
estimates for A complex, on the various remainders on which our
estimate for R 1is based.

The asymptotic series for 8S*S and S8* yield immediately the
usual unitarity relations for S-matrix elements between any vec-
tors in the above dense set D of states, Here we have not only
"unitarity in every order" but also an estimate on the remainders
of the relevant expansions in the coupling constant, since these

are proven to be asymptotic series,

If we analyze the proofs of all the asymptotic expansions of fhis
paper, we see that ingredientsneeded are the essential self-

adjointness of the Hamiltonian H on D(HO) n D(V) , the Spatial
cut-off in V and a strong control on V of the type of the one
provided by Rosen's estimates (2.4). The same proofs work in the
same way for the classes of space and ultraviolet cut-off models,

in any space-time dimensions, considered in [10], i.e. for inter-
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action densities of the form Pb-+P -+PW , Where Pb,P s P are

J yow
polynomials in finitely many boson fields resp. boson and fermion

resp., fermion fields (even degrees in the fermion fields and 1li-
nearity in the boson fields for Py ). In the same way all the
proofs work for the Nelson's type models discussed in [1]. Finally
they can also be carried through for the class of non-polynomial

) _ isy (X)
interactions of the form V = e €

|%l<1
violet cut-off boson field O, and where the symmetric measure

dv(s)dx , with an ultra-

v(s) 1is finite with bounded support and satisfies |[s|a|v|(s) <co.
This is a subclass of the interactions studied (also in the infi-
nite volume (l-o0), 1limit) in [11] (where also references to pre-
vious work are given). TFor these models the analyticity of the
S-matrix elements Sn,m in A , for small )\ , has also been
proven in [11c]. The asymptotic series is thus in this case con-
vergent to the analytic functions Sn,m . In this case it is
moreover proven (11c] to coincide with the linked cluster expan-
sion of the S-matrix. The present paper yields, for these non-
polynomial models, the additional information of the unitarity of

the scattering operator (and the S-matrix) in the sense of asymp-

totic series, for small values of the coupling constant X\ .
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