-1 -

Uniqueness of the physical vacuum and the Wightman
functions in the infinite volume limit for some non

polynomial interactions

by

Sergio Albeverio and Raphael Hgegh-Krohn

Institute of Mathematics
University of Oslo
Blindern, Oslo, Norway.

ABSTRACT

We consider quantum field theoretical models in n dimen-
sional space-time given by interaction densities which are
bounded functions of an ultraviolet cut-off boson field.
Using methods of enclidean Markov field theory and of classi-
cal statistical mechanics we prove, for small coupling con-
stants, the uniqueness of the vacuum ® as limit of the
ground states of the space cut-off Hamiltonians when the
space cut-off is taken away. In the physical Hilbert space,
w 1is the unique state invariant under space-time transla-
tions, The corresponding Wightman functions and vacuum en-
ergy density are given as analytic functions of the coupling

constant. The Wightman functions have cluster properties

with respect to space translations,
August 1972,
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1., Introduction.

In recent years the mathematical construction of quantum
field theoretical models has made an impressive progress. 1)

For the polynomial interactions 2) in two-dimensional space-time
all the Haag-Kastler axioms for a quantum field theory of local
observables have been verified, as well as most of the Wightman

axioms, 3)

In particular in these polynomial models (and also for certain
2-dimensional boson models with exponential interactions [47)%he
existence of a vacuum state has been proven. 4)

This was sufficient for J, Glimm and A. Jaffe to build a theory
in which the Wightman functions exist and have some of the impor-
tant physical properties embodied in Wightman's axioms.

The question of the uniqueness of the vacuum has not been tackled.
yet. The vacuum state is only obtained by a compactness argument
as limit of a subsequence of space cut-off vacua, so that the pos-
8ibility of different subsequences giving rise to different vacua

is not ruled out. 5)

In this paper we would like to remark that for certain non poly-
nomial interactions in n space-time dimensions with ultraviolet
cut-off but no space cut-off uniqueness of the vacuum can be pro-
ven for small values of the coupling constant. Moreover the corre-
sponding Wightman functions can be constructed and studied.

The formal Hamiltonian of the boson models which we study has the

form -
o is o (x)

H + A e dv(s)dx ,

0 zﬁn-1
where Q. is an ultraviolet cut-off, free, time zero, field and
dv(s) 1is a measure with bounded support on the real line (and

dv(-s) = av(8) , - meaning complex conjugate). 6)

We first prove that the space cut-off Schwinger functions (imagi-
nary time Wightman functions) have unigue limits when the space
cut-off is removed, provided the coupling constant A is suffici-
ently small., These limit Schwinger functions are given explicitely



-3 -

by Liouville-Neumann series with known kernel as convergent power
series in X . Moreover they have cluster properties with respect
to space and time translations. Using the fact that the strong
limit, when the space cut-off is taken away, of the time automor-
phism exists as C*-automorphism of an algebra of quasi local ob-
servables,we obtain from the Schwinger functions the correspondent
Wightman functions and the unique physical vacuum ® . They are
all invariant under space and time translations. w is the only
state in the physical Hilbert space which has this invariance pro-

perty.

It is the unique ekgenvector to the eigenvalue O of the non nega-
tive generator of time translations in the physical Hilbert space,
The Wightman functions are proved to have the cluster property
with resrect to translations in space. They are analytic func-
tions of the coupling constant in a circle containing X = 0 .

The 1limit ¢ of the ground state energy densities of the space
cut-off Hamiltonians exists, is analytic in A for |A| small
and concave in X ., It also exists for arbitrary negative A and
positive dv and ¢ is then negative, decreasing for !xl in-
creasing and concave in 1n(-=\) .

The idea of the proofs is suggested by the analogy between eucli-
dean field theory and classical statistical mechanics, on one

hand 8) and, on the other hand, by the relation between Minkowski
quantum field theory and euclidean Markov field theory as recently
established by E. Nelson [8] 9).



2, The space cut-off models,

Let 5;* be the Fock space for free, scalar, uncharged bosons
of strictly positive mass m , moving in n dimensional space-
time. Thus & is the direct sum & = ® 3?( ), where 5r(0) =

g (x) =0 .
C = complex number and -« , for r» = 1,2 , is the r-fold
r
symmetric tensor product jf( ) = Ho...0 Ft s being the
S S
Lebesgue L2~Space of (equivalence classes of) functions of a (mo-
mentum) variable p running over the euclidean n-1 dimensional

space izl .

Let H_ be the free Hamiltonian in & . It is a self-adjoint

operator with domain D(HO) =D

0
For X in :mn'1 the free time zero fields are given by

- 1 -p.?_:'- i elf;iz - -t -
o(x) = 27%(2m) J — [a* (-p)+a(p)ldp » (2.1)
o1 #(B)F

where u(p) ='/§E:;2‘. a(p) and a¥*(p) are the usual formal
annihilation-creation operators for free scalar, uncharged bosons,
mormalized so that [a(p), a*(p')] = a(p)a*(p') -a*(p')a(p) =
8(p-p') .

Tet x(X) be a positive symmetric ¢ function in B! with
support in the unit ball such that |x(X)dX = 1. Set x, =
en'1x(e'1§) , with €>0, and define the ultraviolet cut-off free

time zero field by
0. (X) = jo(¥)x (X-7)dy . (2.2)

Then @e(i) are self-adjoint operators in & with definition

domain containing DO and they are essentially self-adjoint on

r r-1 g (r+1
Do . They are bounded from <§r( ) into &7( ) D Jr( ) .



-5

Let now v(a) be a real-valued function on IR , so chosen
as to be the Fourier transform of a finite measure dv of bounded
support on the real line:

v(a) = [ av(s) (2.3)

.
with jd!v§ <> and v(-s) = S(8) .

The interaction density is given by kv(we(i)) , Which is a well
defined bounded self-adjoint operator since v(a) dis a bounded

continuous function.

-

We note that
; isy (%)
V(2 (X)) = Je av(s) , (2.4)

where the integral is taken in the strong sense. This is of the

same form as the bounded interaction densities studied in (6].

The space cut-off interaction corresponding to this interaction

density is given by

v(¢, (X))dx , (2.5)

where the integral is again to be understood as a strong one.

This defines AV as a bounded self-adjocint operator on & rfor

1
all 1 .
Hence H1 = Ho4-XVl is a self-adjoint operator, bounded from be-
low, with the same domain DO as HO .

Moreover we have from [6c] (Th.3) that, for arbitrary A , the
bottom of the spectrum of Hl consists of the simple eigenvalue

E; with (unique) eigenvector 0, . 10)

Prom regular perturbation theory alone one has the additional re-

sult (which we are going to extend, in a certain sense, also for
1 - 20) that for || sufficiently small (depending on 1) E; and
0, are analytic in A . Moreover El is a concave function of A

i,e. satisfies El(ax1+(1-a)x2) zaEl(x1)+(1-q)El(x2) for all
O E Q. : 1 5 )\.19)\.2 .



3, The associated euclidean Markov field.

For any real Hilbert space £ 1let 8,(1), h & H be the
Gaussian generalized stochastic process indexed by <€ 1), with
mean zero and covariance E(%M(g)%ﬁ(h)) = (g,hL{ . So that gﬁ(h)
maps h € € into a measurable function (Gaussian random variable)
on a probability space (Qw,d%m) . Let Lz(d%x) be the L2-space

over Qd& with respect to the measure dqﬂf. Lz(d%m) is isomor-

2 L(n .
@ddf( ) over £ , where
n=

(n)
d{ is the n-fold symmetric tensorproduct of # . Using this

phic [13,14] with the Fock space

isomorphism we see that any strongly continuous unitary group on
At induces through a group of measure preserving transformations

on Qg a strongly continuous unitary group on LQ(dﬂm) .

Let A be the Laplacian as a self-adjoint operator in LzﬂRn) .
a
Let cﬁfn be the real Sobolev space, which is the completion of
n a
d?%ﬂ% ) with respect to the inner product in <}€n_ given by

(£,e), = (£,(-2m")%) (5.1)

where (,) is the inner product in LZGRn) , and m is chosen
to be the mass of the free field discussed in section 2,

o,
For o < C, cﬁﬁn will be a space of distrubutions.

The generalized Gaussian stochastic process ¢ _1(h) is called

n
the free euclidean Markov field. Using ideasintroduced by Nelson

9] in the constructive study of models, we associate to the free

time zero field over TR™. , o(g) = j@(%)g(i)d% of section 2,

the euclidean Markov field %€i1(h) .

For any open set U with smooth boundary in RY 1let C'(u) be

the family of random variables generated by &(h) , with h € J€;1
and support of h in U . Tet E{&(h) | @(U) } be the conditio-
nal expectation of &(h) given G(U) . DNelson proved that &(h)



has the following "Markovian property":
B{z(n) | O(Lu)) = B{a(n) | &(2U)) (3.2)

where CII is the complement of U and 3SU is the boundary.
The property (3.2) is taken as the characterizing property of a

Markov field.

The Fock space of the free boson field as given in section 2 is

1
just the Fock space over <ﬁ6mf1 , moreover the free time zero ficld
itself (g) 1is a generalized Gaussian stochastic process with

mean zero and covariance function
E(o(f)w(g)) = (£,8)_s « (3.3)

Hence the free time zero field o(g) may be identified with the

generalized Gaussian stochastic process 3 4 (g) .
-2
n-1
by (Wtf)(x) =

= S(Xo-t)f(i) . One verifies easily that W, 1is anisometry of

-1

. . . . P P
e define now a mapping Wt:JC - éﬂn

“Un-1

%-2

-1
-1 onto the closed subspace of cﬁfn generated by elements

-1
of J@Il with support on the hyperplane X, = t .

The Fock space of the free boson field c?y is the Fock space over

1
L1 s hence identified with Lz(d%££?1) .  Since WO is an iso-

metry, we have that the generalized Gaussian stochastic processes

8 2 (g) and @ _1(Wog) have the same mean and covariance func-

Jez

n-1 n
tions, hence may be identified, This then identifes L2(dH&’-%)
-

with a closed subspace of Lg(du ~1) .

£,

Let T ¢ Lz(du -1 ) be of the form T = f(ae_% (g1),...
n-1 n-1

..,%{_%1(gk)), where f is & bounded continuous function of k
N

real variables. Then we define F, ¢ Lz(d%€_1) by
n



P, = f(%££1(th1),...,%€_1(thk)) . Using that W, is an isome-
n

try one gets that F - F_ extends to an isometry of I,(du,-4 )
“n-1

into ( -1) . DMoreover in cﬂ3-1 the translation group acts
d€ n

unitarily and strongly continuously. Using the identification of

(d%{

strongly continuous representation U(x) of the translation group

-1
-1) with the Fock space over <ﬁf we get a unitary and

in R® on L2(d%€_1) Since T, = U(t,a)EbU(-t,a), we see that
n

depends continuously on t in the Lg—norm for any F in

B

4
Ly(duw -% ) .
2 aen-1
One verifies that
P
T (hm,11n2)__1...1(11,[11'_1,11%)_1

<
1'11 n29hl.,nr_1 n

11 partiti
(df—1(h ) B %{;1(hn)) =<j all parti lons . (3.4)

L O for r odd ,

from which it follows that the distributions of r-variables de-
fined by E(%€_1(h1) cee g{;1(hr)) are the imaginary time free

n
field Wightman functions. Hence,for %< %, ... 2t ,,

~(t-t,)H ~(tz~t,)
B(8y-1(Ty ) on 8,-1(T; &) = (a,0(e)e ~  ° o(gye 2 25
r
n . .ooo(gllay) (3.5)

where QO € 57’ is the vacuum for the free scalar boson field and
HO is the free energy. Using now the identification of éZ* with

L2(d ) and taking sums and limits of expressions of the form

T
dﬁn-1
(3.5) we get the following lemma.

Lemma 3,1

ret #1,...,7(F) pe in Lo (A3 )
n-1

Then, for t; <...2 1.,



- 9 -

E(F,(U”... F(r)) _ (QO,F(”e-(tz-t”HO @, -(t 5=t2)H, “.F(r)n g

1 tr o)

We will now consider self-adjoint operators of the form H = HO-+V,
where HO is the free energy and V 1is a bounded operator on J?v
which commutes with all the free time zero fields o(g) . Since

the L2(d3€_% ) 1is a spectral representation of F with respect
n-1

to the maximal abelian algebra generated by «(g) , we see that,
in Lz(du -3) , V is a multiplication operator by a function,

which we will also denote V .

Lemma 3,2

Let V be as above, and let F and G be in LZ(d%e ),

t n_
then -J;VTdT - t(H_+V)
E(F, e Gy) = (o ,F e Ga,)
where the integral over V_  is taken in the strong L2(d%€£1)
sense,

The Trotter product formula gives us

-t (H_+V) - /i, = Y/nV
e © = st lim (r e ) . Now, by lemma 3.1,
n =oo
% § % £/ t/n
- /nHo =%/ V - /nHO - /nVG (P k=1 k% )
(QO9£ e e ves € e QO) = B(P e Gy) oo
(3.6)
Since V is in I_(du,-1 ) we know that vV, is in IaJd%£_1)
den—1 n
and is continuous in t in the strong Lz-sense. Hence
t, o F
/n - converges strongly in L,(du -1 to |v_dr for
i1 kt/n g Vo o %’Cn) (j)T

n - o,
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The strong Lz-convergence allows us to conclude that any subse-
quence has a subsequence nj such that the convergence is almost
everywhere, The almost everywhere convergence together with the

uniform boundedness gives that
n

t/n 2 Vk?éa - V. a7
L(F e Gy) —> B(roe‘3 ¢
j-oo

——'d'

o)

This implies that the right hand side of (3.6) converges to
E(Foe'o T Gt)’ which proves the lemma., @
The interaction of section 2,

AT, = h ] (e (R))aE (3.7)
%<1

is of the form considered in lemma 3.2, Moreover the function VT

in d%m_ of lemma 3.2 may be given explicitely in this case:
f -
Vo= ) ov(e La(f, g))dx, (3.8)
Zl<t 2

where f} i(y) = 6(T-yo)x€(§-§) . This follows from the identifi-
9

cation of o(g) with &,-1 (g) and the definition of the mapping
“n=-1

' - F, from L,(Au,-% ) dinto. L,(du ,-1) . Since
G 2 Jﬂn_g_ 1 2 d-f

v(8,-1(£, 2)) = U(=1,-X)v(£, 2U(T,%)

ot

we see that the integrand in (3.8) is continuous in X as well as

in T in the strong L2-Sense. Hence in this case lemma 3,2

takes the form

Temns 3.3

Let +v(a) be as in section 2, Then



t

-\

—t(HO+th i
(0,,Fe 6o ) = B(P e

where F and G are in L2(d5€_%1) , and ngi(y) =

n
= 8(1-y )% (%-¥) . B

-1
Prom (3.4) it follows that 36_1(11) for h ed{n is in all Lp

n
for 1 <p <z, For V in Lx§d%€ ., ) we may therefore consider
b -3
_J v ar _n-1
E(2(hq)aa. é(hn)eaa ) , where we have written &(h) for

. 0 11 t,2 -
5551(h) . Take hy,...,h  in C&tR ) and set gi(x) = hi(t,x).

; = f t,2 . t,2
Then hi(xo,x) = Jé(xo-t)gi(x)dt and the integrand 5(Xo-t)gi(x)
is strongly continuous in 0&3; « Therefore if the support of hi

is bounded by the hyperplanes X, =a and X, = b , then
b

_L,VedT _
(8 vee O -
L(m(h1) (hn)e ) JP (5.9)
= o I | = e fft1) & (W tn) _aVTdT)dt at
“ n! cer : ”t1°1 eee ¥l & /0 % n 9
q§t1§..§tn:3> a
which by formula (3.5) and lemma 3.2) is equal to
. r v ~(tg-8)H  ty  =(ty-t)H
= [ [ ae (g e ERD I
t  =(b-t )H
.o olgy e Qﬁtr..&%, (3.10)

with H = HO+-V .
Tet E be the infimum of the spectrum of H , and set H = H-E,

Since V is bounded we have

. -t = (b 4=t )E
lo(e; e Ul zeli@aFe s M, (3.11)

with C independent of ti and 1 . On the other hand for any

positive self-adjoint operator A we have
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s - L - i -1
(a)® e 7P < sup ()T e = (26)F & T°F (3.12)
X~>0

Using (3.11), (3.12) and the fact that @(gi) is zero for +t
outside a bounded interval, we get that

~(t,-a)E  t, =(t,-t,)H t. =(b-t_)H
(e ' elgy e 21T L ulgMe  Pa)) (3.13)

is bounded in absolute value uniformly in a and b by an inte-

grable function over t; <...< tn .

Let us assume that H has a simple eigenvalue at_ E and let Q
-(t,-a)H
be the corresponding eigenvector, Then e 1 Qo as well as

(b=t )
e Q, converge to (Q,QO)Q as a = - and b —=+©, By

(3.11) @(gﬁi)e'(ti+1'ti)H is a bounded operator for t, < t, <..
.+< t, . Hence (3,13) converges to
= -(t,-t, _)H b
2 - - -1
(2,0 12(a,0(g81)~(Fat)E o 87010 g mygy  (3.14)

as a — =00 and b = +C0 for -t1 < t2 <es o< tn .

From Lebesgue's dominated convergence theorem we then get that

~(t,-a)H t %, ~(b-t H
(Qo,e‘(b‘a)Hno)’1- [... J(Qo,e 1 m(g11)...¢(g£)e "0 Yt

t.< oaa<t
1— -n ..dtn

converges to

£, ~(t,-t,)H -(t.-t. OE %

1 -1
[ T aee e 21 e m 2 (g Ma)at,. . dt
19 <e .Sty

as a —~-0 and b -+, This proves the following lemma,

Lemma 3.4

Let nhg,...,h € C(RY) , then

n
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t %
'v_ar v a
A 1 AT T
lin (B(e™" )7 . B(3(hy) ... (ny)e” )
t-+00 n
By =(tp-t)E (b -t _E b

= "'L .Jﬁ Y _[ (Q,cp(g

1 n
7 7 e ceo€ @(gn )Q)dt1...dtn .

Remark 1: For V = le , the interaction of section 2, this lemma
holds since we know that H1 = HO-+kVi has a simple lowest eigen-

value,

Remark 2: Lemma (3.4) shows that the limit is the time imaginary
Wightman function for the space cut-off interaction integrated

with h1(x1) oo hn(Xn) .
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4, Connection with some quantities of classical statistical

mechanics,

Let us denote the random variable & ._1 f b ¢ (x
JQ; ( &x y (

= @e(x) , Where fxosx(y) 6(x0-yo)xe(i-§) , and define for any

n

bounded measurable A IR and for any h1,...,hk in COGRn)

_xj v(2_(x))dx

- A
z, = E(e ) ;-
-lj v(é (x))dx

X _ n
Fr(hy,eee,hy) = B(8(hy) ... 3(ny)e ),
and

eE(n n ) = Ky ).

A 19‘.09k - A A 19.0.,k

Prom lemma 3.4 we see that if we take A = At 1 =
9

k

A (h19-°'9h

t,1
for t - © +to the imaginary time Wightman functions for the

= {X;IXO[ < %/,5,]1%] <1}, then the G converge

k)

space cut-off interaction. In order to remove the space cut-off

we will therefore naturally be interested in taking the limit as
k

A1
from classical statistical mechanics to prove that the limit of

k
A

time imaginary Wightman functions for the model without cut-off,

1l -2 as wellas t- > in V . We intend by using methods

v exists for A expanding to R , This will then give us the

So let A be bounded, Since v(ée(x)) is a bounded random vari-
able and strongly Lzécontinuous in x , ZA “and FA are entire
functions of X . Let us set

- dx
P (n) = B(e?(B) ¢ XJAV(@ o) ) and G (h) = 2= 'F, (h)
pl) = pM) =2, 8y

Since v(ée(x)) is a bounded random variable we see from the

k
definition of FA(h) that FA( p) tihi) is k% times differentiable
i=1
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. D d k _
with respect to t,,...,% and that =<— ... 55; FA(i§1tihi) =

]
Nk
= (i) F%(hq,...,hk) for t; = t,... = t, =0 . Hence FA(h)

. k
determines FA(h1""’hk) .
Since v(@e(x)) is a bounded random variable, FA(h) is also an
entire function of X . By expanding in powers of A we get
. pe n . n
Fo(n) = B(eM M)y y v (2 T el My(s (x ) hav(s @ )N T ax, .
A n=1 B+ 40T e 1 e n’ 4

A =t Y

Using now that v(a) = Jeisadv(s) we get

Joo e (s _(x))euv(,(x))) T ax,

- J
An j=1
(3(n)+ T
i h)+ s.% (x.
o j=11J e J)) n
= i..._E(e ) I d\)(sj)dxj
An J=1
i¢(h % £ )
i (h+ T, s.
r f i=1 J X5 n
= el lE(e ! J ) 1av(s,)ax, ,
Al'l J=1 J J
where fX(y) = 5(xo—y0)x€(§-§) by the definition of Qe(x) . On
=1
the other hand,for any g € n
1
E(ei@(g)) - e 2(898)_1 and
setting n
g = h-r.Z ijx. we get
i=1 J

n n n e
id(h+ = s.f_ ) -1 ¥ s.8.6 (x.-x.)- % s.h (x.),
j=1 4 X3 i ig=1 1 J ¢ 1 J° =11 J
E(e J J ) - E(elé(h))e :SJ J
€
where Ge(x-y) =(fx’fy)-1 and h (x) = (h,fX)_1 .
Hence the integral over A% above is
-5,h%(x.)

. . n n
-nje Hd= I1l(e 9 J°21)+17 1 avs.)dx. .
¢ =1 j=t 4




n
Computing now the product and using that r s.s.G (xi—xj) is

2 oit3 e
L]
symmetric under permutations of x1s1,...,X£sn, we get this equal
to 1
-ivs.8. G (x.-x.) €
. n n 25717 ) TeiTti r -shv (%) n
e(e??®y t D fe W m(e J T 3.) maus)ax, .
r=0 AR i j=1 j=1 S
From this it follows that
n+r ( )
-5 ¥ 8.8.G, (X-x.
. o co n+r NP ERE  - Ny
FA(h) = E(elé(h))[ZA+2 'I-:]'r bX ( >;l)' J’ocor;e - .
r=1"*n=0 ¢ ,\n+1"
(4.1)
r -s5.h%(x.) n+r
1 (e Y 7 21) 1 dv(sj)dxj ,

1 J=1
where we already have used that the expansion for ZA is given by

i ¥
-5 s.8.G (x.-x.)
o0 n S i7j e VUi n
AR I .9 M B PR I dv(s,)ax, - (4.2)
A — . nl! < J J
n=o0 j=1
AR

We remark that Ge(x) is a bounded real positive definite func-

-mlx] for |x| - o . Since

tion, which tends to zero as T%Te
G (x) 1is positive definite,we have that |[G_(x)| < @_(0) . We
notice that, for negative A\ , ZA is in fact the grand canonical
partitionfunction for a gas in n-dimensional space with wvariably
charged particles and activity 2z = -A , The interaction energy
between a particle at x5 with charge S5 and a particle at Xj
with charge sj is siSjGé (xi-xj) , and the self energy of a
particle with charge s 1is given by -%ssz (0) . So the charge
s 1s an internal degree of freedom for these particles, and s
may be discrete or continuous, depending on dv . We are going
to exploit this connection with the grand canonical ensemble of a

gas of variably charged particles, by introducing the correspond-

ing correlation functions and we shall see that GA(h) can be ex-
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pressed explicitely by these correlation functions. 12) The
correlation functions o%(x1s1,...,xksk) are defined for }%.Eﬂfl

and S in the support of dv by

n+k
-2 8.8.6 (x.~x.)

o) n+k . o 17jJ7¢"i"§n
) = Z-1 b L:M——Jroan!ej’?ﬂ I3l d\)(s )dx 5
n=o i skl 4 9
(4.3)

k
pA(X1S1”"’xksk

for dl xiE A and zero elsewhere, for those values of A for

which Z, #£0 , Since T s.s8.G (xy-x, ) > 0 we see that the

13 i¥3 e
series converge for all complex A . From (4.1) it follows that
GA(h) is given in terms of p% by

~4(h,h) -s; nf(x.) r T
2
GA(h) - e 1!-1+ 7 —J\.‘.j H (e J 1) A(X1S1,..,err)jg1d\)(sj)dxj .

=1

(4.4)
As in classical statistical mechanics 13) we shall now introduce
the Banach spaces Bg of sequences  { = {¢k((xs)k)}kz1 =
{ﬂrk(x,ls“...,xksk)}kz1 of bounded dxdv-measurable functions,

The norm in Bg is given by

H}E}J!!g = Sgp §— ;SS S;p !U (.‘C»] 1,000‘,}( )| 9
16..

n
S‘lloos

n

where €& 1is a positive number .

In Bg we define the projection operator PA of norm one given
by

(Bpy)(xs)y = xp (2)y ¥(xs)y (4.5)
where XA(x)n = XA(X1) .o xA(Xn), with XA(X) being the charac~
teristic function for the set A . Also in analogy with statisti-

cal mechanics we introduce an operator K on Bg given by
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m
L sys; G, (x. —x1)
i=2
(Ky) (xs) {wm_1(x2s2,...,xmsm>
o . n -8,t.6 (y.-x.) G (O) (4.6)
n= J:

ee s X sm,y1t1-'oy t )JH1dv(t )dy:} .

For m =1 +the first term in the curly bracket is set equal to
Zero.

Let ¢ be the sequence where a1(x1s1) =1 and an(x1s1”",xnsn)=0
for n >1 . We then verify that the sequence 2 given by the

correlation functions p%(X1... Xn) satisfies the equation

o, ==M\P & -AP, Ko, . | (4.7)

Since the correlation functions QX(X1S1"“’XnSn) are symmetric,
we find from (4.7) that g, 8lso will satisfy the equation
94 ==\P,a - AP, IKp, , (4.8)
where 1[I 1s an operator of the form
(Hi)n(X‘]s'ls-HsX S ) = J (}?‘0(1) G('])""’xo(n) 0-(1)) (409)
o being, for each n, a permutation of 1,...,,n whiéch may deprnd

measurably on KyseeesX, and SqseessS, o

We note that such a I will have norm equal to one.

Since Ge(x) is positive definite 14) we have that

l;JslsJ G (x -X. ) > =26, (0)

S
1

[}

R
N

i

Let B = Ge(o) sup{sz; s € supp of dv} ; then

m
T s.8.6G (x,-x.) >-2m3B , (4.10)
ify T 47T =

It follows from (4.10) that for any XyseensXy 8nd Sq,.e.,8)
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there exists an index i such that

Z 8,8.G, (x -X, ) > 2B s (4,11)
173
j=1
J#1
For any m and any XqseensXy and S1seesyS,) WE nOW choose a

permutation o of 1,...,m such that o(1) = i where i is the
index i of (4.11). o is then a permutation depending on the
x's and the s's , and let II be the corresponding operator on Bg

defined by (4.9).

‘e now estimete the operatornorm on Bg of the operator I[IK of

(4.8). |
From (4.6) and (4.11) we have

2
IHK¢(Xs)ml <e Brsuplu 1(X1S1""’Xm-1sm—1)l .
~ x,8

21 n
+ T —r C suply

n=1"* X, S m+1'1‘1(X181"“’Xm+n--‘l’sm+n--‘l)l
- 9

-stGe(x) -%tgGe(O)
with C = sup{J|e -1le d{vl(t)dx;s € suppdv}.
s

It follows from the exponential decrease of Ge(x) that C is

finite. 15)

C‘

k ! 9 . 4

< e2B

| (k) (xs) | < ®Pel= e

g e .

Hence
imeslly < &7 e®B 0y, (4.12)

So that K| < ¢ e?B+1 ir we choose g = ¢ , which is seen to
be the best choice of €& ., This proves that (4.8) has a unique
solution for |A] < o= 1g=2B~1 , which then is o, . From this we

also get that the correlation functions p%(x1s1,...,xksk) are
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analytic in A uniformly in A for IlA] < ¢~ 1g=2B-1 . Moreover
we may define pk(x1s1,...,xksk) by

p = =g - AlKp (4.13)
for || <o~ 1e=?B-1 |

Lemma 4.1

1e'2B'1 the infinite volume correlation func-

For |[A] <cC7
tions pk(x1s1,...,xksk) defined as the unique solution of

(4.13) exist and are analytic in A .16) Moreover they satisfy

1]

k -n
0% (%,8,,000,%.8. )] <C
171 9SS ) = 1-!?\.!Ce2B+1 9

are continuous in KyseoosXy and Sqese Sy and translation in-
variant in the x's, The finite volume correlation functions
k k n
pA(X1S1""’stk) converge to p (X84,.4.,%.8.) as A -~R
such that d(x,CA) » o for any x €R® and d(x,CA) is the dis-
tance from x to the complement of A ., The convergence is such
that

‘pA(X1 150 kk)"o (X1S19'0'9 kk)! =< c™ ’ﬂ(d);
where n is a function that goes to zero at infinity and is inde-

pendent of A, k and Xy... X, Sq... S , &nd d==min{d@%}GA)L

Lemma 442

-1 -ZB 1

For [A! <¢C we have the clusterproperty for the

correlation functions:
le(x X +a,t +a,t,) = o%x ) @' )
19920000y S10r T 1485 Tppeans 7 8579 1599000055y 0 0 BgpeeesTn B ),

pointwise as a tends to infinity in =Y .
These two lemmas are proved as in classical statistical mechanics
£15] by using that Sis'(}e(xixj) corresponds to a stable and

J
regular interaction in the language of classical statistical mech-
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anics, The proofs require only a slight modification of the

proofs given in Ref.,15 Ch,4, and will therefore not be given here.

Lemma 4,3

the 1limit

exists when A - R in the sense that d(x,C0A) tends to infinity

for all x €¢R® . MNoreover ¢€()) is analytic 17) in ) for
-1 —23—1

Ir] < ¢™ and
A
~ 1 oy o
(1) = -] % o' (xss )T av(s),
0

where p1(xs,k) is the correlation function with one argument.
For X <0 and dv a positive measure we have that p1 is posi-
tive which gives us that € is negative. Moreover in this case

¢ exists also for all . <0 , decreases when |\| increases and

is also concave in 1n(-)\)

Proof: From the expansion of ZA ((4.2)) and the expansion of pl

((4.3)) we find that

é% 1n Z = %J‘ (xsyr)dv(s)dx .
A

Prom lemma 4.1 we have that XpA(XS A) is uniformly bounded and

-1 -2B—1

analytic in A for Al < ¢ -5 , for any & > 0 . More-

over ‘pA(X S x)-p (x,s350)] < 0~ n(d) , and hence it follows that

A
1 7 rF1 1 INEI
dv(s)dx | = X,83A)dM
TaT J (s) J 3 PA( s831)
A o
converges uniformly for |ia] < c~1e=2B-1_5 1o

Lol (x,850)av(s)ak

("_”1
>2L4

A
[
JJ
0



- 22 -

since p1(x,s;x) is independent of x . This proves that

T%T 1n ZA converges as A ~R" and that the limit -¢ is given
by the formula of the lemma. That p  is positive for dv > O
and A < 0 follows from the fact that px > 0 , which one sees
from (4.3)., The existence of ¢ for all A < O in this case
follows from the identification, possible in this case,of ZA with
a grand canonical partition function for a system with stable and
tempered interactions, (see [15], p.157)

The decrease of & as [h[ increases follows from the increase

of ZA .

Remark: All the series expansions for the pr(x1s1,...,xrsr) and

g

therefore also for € in powers of X can be explicitely obtained

from (4.13) and are given by

o = ~A(14ATK) " Tq = =2 T (=2)P(1K)%q . (4.14)
~ n=o ~

5. Removal of the space cut-off for the imaginary time

Wightman functions and the vacuum energy density.

_ r_t t - 2 n —

Let Ay 1 = [-%/2, /21x (x| |%] <1} cR" and set Zy 1 ;ZAJG,:L
and Ft9l ; FAt,l and Vt,l = VAt,l . It then follows from
lemma 3.3 that

-tH1

with H; = H_+ | v(p (%))aX . From (3.8) and (3.9) we have,
Ix|<1

for h1,...,hk_ with support in At.l , that



- (t,+12) ~{t,-%,) -t ).
F1l;{,1(h1""’ = k: J J( 0se (A i} 1HlCP(XQ)..cp(xk)e /ZtkH]P)

t]E"'Stk (5.2)
- - k -
h1(t1,x1)... hk(tk,xk)jg1dtjdxj ,
and
k o= k
Gy,1 = %51 F,1 - (5.3)

By lemma (3,4) the limit as +t = +o0 of Gi 1 exists and is
9

given by
- (t5-14)H; - (b=t OB,
Gl{(h‘I’“‘Shk = J J(Ql9(\o(x1) aoce k tl{ I-Ilcp(}ﬁc)(}l) .
t IOO t
e (5.4)
-— - k -
hy(ty,%q)eas hk(tk,xk) it d‘bjdxj ,

j=1

where Ql is the unique normalized eigenvector with eigenvalue

BD; and E is the infimum of the spectrum of Hl , and Hl =

1 1

H; -E, . The integration over dij in (5.2) and (5.4) is to be

understood in the sense of distributions., After integrating with

k o
respect to 1 dxj in (5.2) and (5.4))the result is a function of

t1,...,tk tﬁZl is translation invariant, continuous in t1<...<tk
and integrable over t;<...<%, . This follows from the proof of
lemma (3.4). We see from (5.4) that G?(h1,..., k) are the ima-
ginary time Wightman functions (also called Schwinger functions)

for the space cut-off interaction,

-1 -2B-1 . 20
and h1""’hk be in CJ . Then

the G?(h1,...,hk) converge as 1 = o© to Gk(h1,...,hk) , Where

Theorem 5.1 TLet |a]<C™

Gk(h1,...,h are translation invariant in t and X and given

1)
by



- 24 -

k \D
Fn,,...,n) = 65(hy,..,b )+ () 8 ¢ E)°
r=1 p+g=k
P20 (5.5)
1 r r r'll 1
G h * 00 o090 H
") ES ( (1)’ ’ O'(p))l +".+]T_q .... 1'J Jl 1 L—l (p+]1+...+]1_3+1)( )]
1}_
7 T
P (X1s1,...,err)jg1d\)(sj)dxj .

S, is the set of permutations of 1,...,k and the GEQH,..qhk)

k
are the imaginary time free Wightman functions: Gg(h1,...,hk) =

1
E(8(hy)... 8(h)) = Ef‘;‘cgsk(hoﬁ),ho(2))—1"'(hG(Zp-1)’hU(2P)) -1

for k = 2p and zero for k odd . pr(x1s19...,xrsr) is the in-
finite volumecorrelation function of lemma 4.1, and hi(x) =

f - - - -

jGe(x—y)hi(Xo,y)dy and Ge(x) is the Ge(X) of section 4,

which is given by

¢ (x) = |2 dp ,
€ J p2+ﬁ2

with x (p) = lelpx (i)di .

k
Proof: It follows from (4.4) and the fact that G, (T tlhl) is
i=1
analytic in ty,...,t, that the formula (5.5) with (h1,...,hk)
instead of GS(hy,...,h) and with p}(x;8;,...,x 5 ) instead of

r .

(X180 5600yX_8S holds. Choosing now A = A have b .
OK‘]'];C ’I‘I') 00 g no Itl’cl we y (5.4)
that Gt,l(h1""’hk) converges to the limit Gl(h1""’hk> as
t - cc, On the other hand by lemma 4,1 pit 1(x1s1 veoX_S_) is

9
uniformly bounded in Xgsane Xr,t, 1 and +tends to a limit

pr(x1s1,...,xrsr) uniformly on compacts as t and 1 tend to in-

finity., Since h;(x) i=1,,..,k are all bounded integrable
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functions we get by dominated convergence from (5.5), with

k _ nk k . k r
Gt,l = GAt 1 and pAt 1 instead of G and p~ , that

9 9

G%,l(h1”"’hk) converges to the limit Gk(h1,...,hk) given by
(5.5) as t and 1 tend to infinity.

Consider now the inequality

k k
fGl(h1,...,hk) - G (h1,..-,hk)l

k k . k k
5 !G‘l(ho],.o‘,hk) -Gt’l(h‘l,.'.’nk)l + %G'_tsl(h1,nan,hk)-G al19°0091'k)!-

Choose ¢ > 0 ; then there exists a l\T€ such that for any t > N,
and any 1 > N_ the last term is smaller than €/o ., Choose an
1 > T, . Then for this value of 1 we may choose a t > N_ and
large enough so that the first term is smaller than e/2 . Then

k k
for 1> T  we get |Gl(h1,...,hk)-G (h1,...,hk)| <e.,
This proves the theorem,

-1 ~2B-1

Theorem 5.2 Let |A] <C7 e yand let hy,..e By, 8q,.ee,8y
be in éfﬁRn) .

Let g?(x) = gi(x-a) for a € IRY . Then we have the following

cluster properties:

k 1
Gk+l(h19°~'9hk7g?9"-9g?) —> & (h19-°o’hk)G (g1,...,g1)
as la] - oo,
Proof: It follows from (5.5) that for any h ¢ di%ﬁn)

0 ..k
G(h) =14+ ¢ L%%— Gk(h,...,h) is defined
k=1 —°

and the series is absolutely convergent. Remembering that (5.5)

was obtained by means of (4.4), we get
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G¢(h) =
1 oo r -s5.0%(x )
e'z(h’h)—1[1 )X }LJP r U1(e J 7 1)pT (X1 1,..,X s ) H1dv(s )dx 7.
= = J-
(5.6)
Therefore 5 -8
L .. k), -dg,8)_q -(h%,e7)
G(h™+g™) = e .e e
(5.7)
o L, - r -s.,h%(x.-a)-s.g%(x.+a) r
1 [ T
M+ T =lusa 1 J J J d T . dvis.)dx..
[ +1~=1rIJ Jj=1(e o (%484, ’XTST)jE1 v(sa) 3

We observe that (h®

,g"a)__‘l - 0 as {a] =, By writing each

of the integrals over x; as the sum of the integrals over

z;8a <0 and x;.2 >0, we get that the r'th term of the series

above 1is equal to

S T VOO AP PO
8=0 X820 ygeasgo J

€ €
-sS.h . =8 )=5. .48
o sJ (x:j a) 558 (XJ-i )-1)
1

3w

=5 -tjhe(yj-a)-tjge(yj+a) T S
. T (e | —1)p (X1s1oooXSsS9Y1t1"'yr—Str—s).

J=1

r—g
. IT dv(s )dx .. I dv(t )dy .
j=1 J 4=

From the definition of h®(x) = JGe(X-y)h(y)dy we get that

In®(x)| < ¢ golxl , from which we obtain that

e Bla| By
Ih*(y-a)| < Ce e for y.a < 0 and simirlarly

e -zlal -3lxl s
lg™(x+a)| < Ce e for x+«a > 0 ., By the substitution

. 2 X.+4a and . 2 YV.=-8 e get
XJ XJ+ n yJ yJ we g

r -sh (x)bg(x+2a)
_1_.2 (5) J,,,J J,,.j H (e -1)
S=0 j.ea.>-agy ,:—J,<a23 1
(7 om28) ot (. (5.9)
-s -t.n® y- a tg X
. ? (e J - )pr(X 1...Xsss,y1t1...

o Vpogbp S)Hdv(s )dx Hdv(t )dy ,
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r r
where pg(XqsemXgy¥qseeesTp_g) = 0 (X480, X 48,1850 00, ¥, o=8).

Let Fa(x,s) be any measurable function uniformly bounded in a ;

then

r —she(x)-sge(x+23) r ~sh®(x)

| (e -1)Fa(x,s)dxd\)(s)- (e -1)Fa(X,S)3de(S)
Xea>-8° x~az—a2 (5.10)

converges to zero when lal - oo, because the absolute value of

(5.10) is bounded by

~sh®(x) -sg®(x+2a)

g e le =11 17 (x,8)|axdv(s)
X-az-a2
€
- -sg” (x+2a)
<A | le -1] dxdv(s)
Xea>-a
rz
<B I g€ (x+2a)dx = B | g€ (x+a)ax
X.azfaz X8>0
-zlal . -5|x|
§B(3eg J 2 ax,

Therefore for any € > 0 there exists an R, such thatlfor

lal > R, ,(5.9) will differ from (5.11) by an amount smaller

than €/o .
€
R OO0 I FOON I O DD B S CLRD
=0 .a>~a?y-.a<a23=1 J=
(5.11)
r r-s
NG P N I 2R TTEEEED A S)J’T1dv(s )dXJJE1dv(’G )y

By dominated convergence and lemma 4.2 we have that (5.11) con-

vergesto (5.12) as |a| = oo



€

1 T r ¢ s -s;h (x.) s s
= = ves| T J 1 X1Sq,000 dv(s.)ax,
rgs=o(s) J Jj=1(e )o~ (x84, ’XSSS)jE1 v(s4)ax,

(5.12)
. r=s ~t,8%(y.) _ r-s
e e T 0T gt g) T av(sg)ay
j= 5=

From (5.7) and the translation invariance we now get that

G(n+g?) - G(n)G(g) as |al » o, (5.13)

Since G(g:tihi+$sjg?) is analytic in t and s and converges to
i

G(;tihi)- G(Zsjgg) , we have only to use that convergence of ana-
1 J

lytic functions implies the convergence of the coefficients of

their powerseries to prove that Gk+1(h1,...,hk,g?,...,gi) con-
L

VeI‘geS 'tO G’k(h1,'c-,hk)G g19"'9g1) 4 E

r

. k k
Theorem 5.3 Set G (h1""’hk) = J...JG (X1,...,Xk)h1(X1),...

k . .
..,héxk)dx1,...,dxk , then G (X1,...,Xk)nslocally integrable

5 for all i # j . The singularities

at Xy = Xj are of the same form as the singularities of

Gg(x1,...,xj) . Moreover the Gk(x1,...,xj) are translation in-

and continuous for x. £ x

variant and, for xe(i) rotational invariant, they are also in-~

n-1 | e Gk(X1,...,Xk) depend

-18—2B~1

variant under rotations in IR

analytically on % for |A] <C

Proof: This follows from (5.5) and the analyticity of the

pr(x,s1,...,xrsr) as proved in lemma 4,1, A

Theorem 5.4 For all || < ¢~ 1e=?B-1 we nave that the vacuum

energy density

~ -1
€ = 1lim |B E
1-—»::3t l’ 1

exists, where IBll is the volume of the n-1-dimensional ball
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of radius 1 . Moreover this limit is equal to the % of lemma

4.3 and is therefore analytic in A for all [l < o-1e=2B-1 4na

its power series is given in terms of the powerseries for p1 by

p1(x,s;K)dxdv(s) .

>U-

A
T =]
@)

The power series for all pr hence also for ¢ are explicitely

given by (4.14), 19)

F(\) is a concave function of X .

For dv a positive measure and all X < 0 (not necessarily

> -O'1e'23'1 ) the limit ¢ exists, is negative, decreasing for

[A] dincreasing, concave in A and 1n(-\) .

1

Proof: By lemma 4.3 !At lE- 1nZ converges to & as t and 1
S

t,1
tend to infinity. We observe that [A, .| = t+]B;| . By (5.1)
~-tH ’
_ 1 . ; .
Zt,l = (e QOiH. E, is a simple lowest eigenvalue of H;
1 "5y o -
so that Tln(Qo,e QO) -E, as t - o, Therefore

1

Ia, -1 '1nz - =13 17 E

hg p! $,1 1

as t - 2o, Since |A l'1an converges to T for t and 1l
£,1! t,1

tending to infinity it now follows that |B1|'1El converges as

1 -2 to ¢ of lemma 4.3. That % is concave in A follows

fron ¥ being the limit of -|By|”'B, and B, being the lowest

eigenvalue of H1 = Ho4-xV1 is concave in X . The rest of the

theorem is contained in lemma 4.3%. B
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6. The vacuum, the interacting fields and the Wightman functions,

-itH; = itH
Ae 1 for any bounded operator A on

Let ai(a) = e
5?' and let a% be the corresponding one parameter group of C*-
automorphisms defined with HO instead of Hl . Let u¢o be the
algebra of free quasi local observables defined as the C¥*-algebra
generated by all a%(eim(f)) for all +t and all f e<ﬁ8;%1 with
compact support, where o(f) = Im(g)f(i)di , with o(X) given by
(2.1). |

Theorem 6,1 a% as well as az are one parameter groups of C¥-

automorphisms of °46 . Moreover a% converges strongly on 046
to a one parameter group of automorphisms Oy of 045 as 1l=oco,
We also have that afta% and g%aft converge strongly to qﬂsqtraqu

ctaft , uniformly on an open interval containing t = O .

The proof of this theorem is contained in Ref,[6d4]. We remark
that even though theorem 6.1 gives the existence of an infinite
volume time automorphism O of the quasi local algebra A we
do not know if a4 is strongly continuous in *t . 20)

Let now Wy be the state on °Ab given by the vector Ql € 571

Then Wy is invariant under a% .

Theorem 6.2 Let ® be any weak limit point of {wl} in the

statespace of ”ao . Then @ is an invariant state for Oy o

Let <¥€@, be the representation space for 045 R generated by @ ;
then the unitary group Uﬁ(t) generated by o, in cﬂﬂs is
strongly continuous, and its infinitesimal generator HE satis-

fies Hy > 0 .
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Proof: TLet @ be the weak limit of w; where 1 - as
n
n-o©, and B be in u4b .
Then
w(atB)-w(B) = w(atB)-wln(atB)
1
+wq (0;B) =-wq (o, 1B)
1,l0B) -y (g

-+wln(B)-ﬁ(B) ,

t
term converge to zero by the weak convergence and the second term

converges to zero by the strong convergence of a% .

1
since wq is invariant under o, , The first and the third
n

Let A and B Dbe in °4b and let Q ¢ J@w be a unit vector
that corresponds to the state & . Then (AQ,Uw(t)BQ) = ﬁ(A*atB))
where A* is the adjoint of A . By the same procedure as above
we prove that

* 1n o~ V3 1

1 itHl 1

S » * = * i 1 -
Since ul(A atB) = (AQl,e BQl) we have that wl(A atB) is uni
formly bounded in t and 1 and continuous in t . Furthermore
it is analytic and uniformly bounded in 1 and t in the upper
half plane Imt> 0 . From (6.1) it follows that G(A*atB) are
measurable and uniformly bounded functions with respect to t as

pointwise limits of uniformly bounded continuous functions,

Let & and Y Dbe in dea'. Since oﬂbQ is dense in cﬁfa we
cen find sequences A~ and B in 646 such that A*Q - ¢ and
B, - ¥ strongly. Then (Q,Ug(t)Y) is the limit of w(AnatBn)
= (A;Q,Uw(t)BnQ) and is therefore a bounded measureable function
of t . Hence Ug(t) is a weakly measurable unitary group on

' 21)

d%% , thus it is strongly continuous,

Let f(t) be a smooth function having a Fourier transform F
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with support on t < O . Since wl(Aa%B) is analytic and uni-

1
formly bounded for Imt > O , we have that le (AatnB)f(t)dt =0,
n

Moreover for n - o this integral converges by dominated conver-
r

gense to |w(Aa B)f(t)dt . Hence Hy > O and this proves the

theoren. ﬂ

Remark: ©Since the statespace of a C*-algebra is weakly compact,

we know that weak limit points of {wl} exist.

Let &4 be the algebra of interacting quasi local observables
1
2

defined as the C¥*-algebra generated by at(eiw(f)), f € Jﬁn_1

with compact support. It follows from the invariance of g4b

under o, that Hc S

Theorem 6.3 For |A]| < ¢=1e7?B=1  ye nave that the restriction

of any weak limit point of {wl} to % is unique, and w; con-
verges weakly on H to a unique state w on <A . Moreover w
is invariant under Ay and space translations, and Oy is im-

plemented by a unitary group eitHw on the representation space

Je of 4 contstructed from ®w . One has H >0 . w depends

w W
analytically on A for |[A]| < ¢=le=2B-1
Proof: We know that

1, ie(fy) 1, ie(f))
wl(oct1(e Ty .. atn(e n7y)

(6.2)

ip(£,) i(t,-t4)H i(t, -t 4)H, iw(f.)
- (a.,e 1 o 2- 71 1... e n n-1 1e n’ g )
1 1
are analytic in the upper half plane for tj - tj-1 . TFor all

tj - t._4 on the positive imaginary axis, we see by (5.4) that
j-

(6.,2) is given in terms of the G;'s . By theorem (5.1) the Gfs
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converge as 1 - o©, which implies that (6.2) converges as 1 - co
for all tj - tj-1 positive imaginary. Since (6.2) is uniformly
bounded in 1 and analytic in Im(tj-tj_1) >0, we get that

there is a unique limit function., By theorem 6.1 it is of the
igp(f,) ip(£fy,)

ST Ly (7R
point of {wl} . Since at(eim(f)) generates <4 , we get that

form E(at1( , where @ is a weak limit®
the restriction of any limit point to & is unique and that wq
converges weakly to w on A, The rest of the theorem follows
from theorem 6.2, the fact that off is invariant under Qy and
the fact that the G's are translation invariant functions, ana-

lytically dependent on A . B

Theorem 6.4  The functions G%(X1,...,Xk) are analytic functions

- _ 0 0 o _ L0 0 _
of §1 = Xp=Xqsee095y =X =X 4 for Re §i > 0 and the boun

dary values on the imaginary axis Wf(x1,...,xk) are the Wightman
functions for the space cut-off interaction. Moreover for lxl <

¢~ 1e=2B-1T  the W%(x1,...,xk) converge for 1 - o© in the sense

of distributions 22) to unique limits Wk(x1,...,xk) , which de-
pend analytically on X and are the Wightman fﬁnctions given by
w and oy . Wk(x1,...,xk) is translation invariant in space and
time., Moreover it is rotational invariant in space if xe(i) is

taken rotational invariant.

Proof: PFrom (6.2) and (5.4) we get the identification of the
Wightman functions with the boundary values of G%(x1,...,xk) .

The existence of the limit as 1 - <o follows from the existence

of the limit for G% and the same goes for the analyticity in X.

That the limits are the Wightman functions defined by w and Oy

follows from the previous theoreme, The invariance of Wk follows

k

-
from the invariance of G~ as proved in theorem 5.3, )
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Theorem 6.5 For |A] < ¢~ 1281

let the vacuum Q € df@

be a vector that corresponds to the infinite volume vacuum state
w . Then Q 1is the only translation invariant state of dﬁw 5
moreover zero is a simple eigenvalue of Hw with eigenvector Q.
Purthermore the Wightman functions have the clusterproperties with

respect to space translations

-k K 1
VJ +1(X1+a9'."Xk+a9y']""’yl) -_ ‘VI (X']S".’XK)YV (y']".”yl)
in the sense of distributions 22) as |a] - o, with a = (0;a) .

Proof: From the fact that the formula obtained from (5.4) by
taking the 1limit 1 - 2© holds, we get e-tHw expressed in terms
of the infinite volume G -functions. The cluster properties of
the G - functions as given in theorem 5.2 +then prove that Q is
the only eigenvector with eigenvalue zero of Hw . This comes
from the cluster-properties in the time direction. The cluster-
properties in the space direction give that Q 1is the only vector
invariant under space translations., The cluster-properties of the

Wightman functions are a direct consequence of the cluster proper-

ties of the G -functions in the space direction. This proves

the theoren,

Remark: Since |B1{'1El - € by theorem 5.4 for [A]| < ¢~ 1g2B-1
and the interaction Vl is bounded in norm by a constant times

|Bll , we have that
| (o, B 001 < CqlBql
This inequality and the fact that @y tends, as 1 - o, to the

translation invariant state w , can be used to prove, along the

lines of 717], that w® is locally Fock.
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Footnotes

See e.g. (11 and the references given therein,
See e.g. [1], 2] and the references given therein.
See e.g. 11, 2], [37. See also footnote 5) below.

This has been proven also for the two-dimensional Yukawa

interaction [57.

After completion of this paper we learned in a private com-
munication from J. Glimm that for the polynomial interactions
in two space-time dimensions without cut-offs he and collabo-
rators (J. Dimock and D. Spencer) have solved the problem of
the uniqueness of the vacuum for small coupling constants.

As far as we know this has been done by methods different
from the one we use in the present paper.

These models are related to the bounded interaction models
studied in "67. They are, in a sense, an Hamiltonian version
of certain "non polynomial interactions" studied in recent
years from other points of view. See e.g. [7].

Note that, due to the presence of the ultraviclet cut-off, no
Wick ordering of the interaction is required. In fact our

interactions
isg (i)
jel ®elt/gy(s)aR

and the correspondent Wick-ordered ones

I :eiswe(i): dv, (s)a¥

can be made to coincide by choosing dv,(s) = exp(%s2K)dv(s),
where K is a constant (equal to the value for x = 0 of
the propagator Ge(x) defined below),

This analogy has been exploited <from a different point of
view particularly in the references [8] (and references quoted
therein) and [7b,c].

See also [10])Where a euclidean Markov field theoretical
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relation is exploited to prove the uniqueness of the vacuum
energy density and the van Hove phenomenon for two-dimensio-
nal polynomial interactions, For further results on this in-
finite volume behaviour, see [11], Tor references concerning
work previous to Nelson's one, see [8].

El and (, are obtained in f6c] as the unique (norm) limits
of the lowest eigenvalues and respective eigenvectors of sui-
table approximating Hamiltonians ("piecewise constant momen-
tum approximation").

See e.g. [12],

The correlation functions of similar "euclidean gases of
charged particles" associated with field theoretical models
have been introduced, in another context, in references [7b]
and [7cl,

These spaces have been introduced in classical statistical
mechanics by Ruelle in order to study the infinite volume
1limit of the correlation functions in the grand canonical
ensemble., Here and in the rest of this section we shall
follow closely the lines of classical statistical mechanics
as given in Ruelle's book, Ref, [15], Ch.4. This reference
contains also bibliographical notes on previous work on the
infinite volume limit of correlation functions.

Using the analogy with classical statistical mechanics this
can be interpreted as the fact that the total interaction of
our gas in RT satisfies the "stability condition" of [15].

This can be interpreted as the fact that the interaction of
our gas in R® satisfies the "regularity condition" of [157.

Their expansions in powers of X are given as Liouville-
Neumann series with known kernel: see Remark at the end of

the section 4.

Tor all Al < ¢ 1gm2B-1 (and all dv ) the expansions of

p1 and (-%) in powers of A\ are the Mayer series
Z(nbn)(—h)n resp. an(-x)n for the "density" respectively
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20)
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"pressure" of our "gas" in JR® . Hence information on the
expansion coefficients is readily available (see e.g. [15],
p.84-86).

Note that the well known virial expansion (of the pressure
in powers of the density) corresponds in our case to an ex-

pansion of =€ din powers of p1 , €xXpansion which can be

obtained by inverting the expansion of p1 in powers of )\

in a neighborhood of A = O (which is possible since

lim &= = 1),

A-o0 A

The coefficients in the expansion of Gk(x1,...,xk) in
powers of X can be obtained from those of the expansions
of the o's in powers of X , using (5.5). The latter are
known and given by (4.14) (see also footnote 17)).

The expansion for (-€(\)) is the lMayer power series expansion
an(-k)n for the "pressure" of our gas as a function of (-X).
Hence the coefficient are the quantities bn of footnote 17),

which can be computed explicitely.

For additional results on the a% see [6b], Lemma 4.

See e.g. [16], §138, p.382-383.

E.g. in éb'GRn), ' @) being the Schwartz'space of dis-
tributions over & (R") = CTIR™) . But the test function
gspace can also be chosen to be more general, as can be seen

in

from the preceding proofs.
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