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A NOTE ON SOME APPRO X 11-iATION- PROBLEMS 

r..et D = {Z : I z I< 1] , T = [ z : I z I = I J and vcr be 
open relative to T. ~(D) uenotes all bounded· co.ntinuous 

functions on ouv being analytic in·D. The following two 
. a:; 

results are known to ~'~ true for 11v (0). 

1 · There exist.s an open set O::;~DUV such that each 

.!_- E t_~_JD) can pe \!p_.l:fo!,pl.lY app~?Xima ted on.' D 

by fynct:i?ps anftlvtJ.c in q. 

It is of course not possible to choose the approx;imating 
functions bounded in 0 but the following is true: 

2 ~~~ KCOUT be compact such that inv = 0. Given 
.!., > .o there exists a constant C and an open. 
set 0 ::;~ o: tl V such that for each f €~!D) _ 

there exists g analytic in 0 such that: 

lli_z) - sr<z) I < t . i.f z € K .and 
sup lq ( z) I ~ c sup If ( z) I 
z€0 z€0 

The first of these results. appeared in [ s i} ... 

The second is contained in the proof of Theorem 3.1 in 

[ S 2) • In this note we give some new examples of spaces of 

analytic func~ions satisfying 1) and 2). We shall use 
the technique from rs ~- together with some classical re­

sults of Hardy - Littlewood and M. Riez. It should be men­
tioned that 1) has been considerable generalized. See [R .. l.J .· 

Let u be a real valued integrable function on T. We define 

1 
n iEl 

· nu~<z> = f e + .z u ( 8) d6 if z is not in the 2-rr ·-i e -n e - z 

closes support of u. In the following A shall be a space of 
functions on DUT.such that: 



{ 

1) 

ii) 

iii) 
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.A. is a Banach algebra under some norm II~ and 
contains the constants and the identity map. 

The· function f (z) = f(rz) ·is in A whenever . r . 
f E A and O<r<l and !If ~ fr 11 A + 0 as r + 1 .. 

If u is cont:i.nuously differentiable. with compact 
' --~-~~:--- .. _· ' 

support. on V and f E A then u • Ref = Reh on T for 

some h E A such that h(zJ = H(Reh) (z) if z € D. 

iv) DUT is the maximal ideal space of A. 

THEOREM 1 

Assume.0tVtT. Given t>O and f€A there exists 9 analytic in ---- --· ·----------------~--------------~----~-----
, .... (T,V) suc~_that g i PUT € ~--and 11 f : g .'rJio II A < t • 

Remark: Theorem 1 applies to the following examples: 

i) The space Bp of all continuous functions f on DMT 
. d . 

analytic in D such that f'(e~&) =de (f(eL9)) be-

longs to the Hardy space Hp. (Here 1 ~p~co ) • We 

have p f l Bp = r f !leo + I f I liP. 

ii) The space of all analytic functions in 0 with 
a Taylor series about the origin being absolutely 
con.v·ergent. 

For Bp we have the foflowing if K, V is as above and 0+V=FT: 
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THEOREM 2 · 

Assume l<p<m and £>0 is given. Then there exists a con­
stant.C depending only on p and an open set C>::>DUV such 

that tor ~.,?-ch f€BP there exists g analytic in 0 satisfying: 

i) lf(z) - g{z) t <£ • Q fl\ it z € Kno 

ii) + suptg(z} I < C •f U 
zEO 

---------------·--------------------~----~ 

PROOF OF THEOREM 1 

Write V = Uv. 
.l _.J 

vj nvk = t2l if 

finite number 

where dist('l'V, V j) >0 f¢r each j and 

lj-kl>l. We also assume Knvj:t:0 only for a 
of the Vj's if KeY is comp~ct. · 

Choose con·tin.uously differe11tiable nonnegative functions . .. 
uj supported on V j such that I:uj {z) = 1 if z EV. If f E A ·. 

put fj = a R fJ\ and h. = (f.) where r. is choosen such. · 
~j e ~ J J rj J 

·that (*}: llfj - .. hj dA <&· 2-j for j = 1, 2 •••• 

We now choo.se rational functions gj with poles only at 

the singularities of hj approxi~ating hj good near DUT 1such 
that,(*} holds if we replace hj by gj for j = 1.2 ••• ,. 

The function (1) h = f - E(f .-g.) satisfies the theorem 
1 J J 

except for the poles of the g.'s. (We can clearly arrange 
J 

it such that the series (1) converges on compact subsets 

of (-... (T"-.V) ~way from the poles of the g·j 's) • 

But'for k. = 1, 2, .... we can define rational functions 
[ 9 .J CD 

J':i=l 
with their poles contained in 

r · 1 
t .z : I :z I> 1 + 'j{ &: . k2} dist(T-... vj,z)< 1 + 

llgj - gjkll is as small as we please. 

such that 

It is easy now to see that g can be defined by 
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PROOF OF THEOREM 2: 

Let UJ. and VJ. be as above and define o. = rz:l-t. < lz I <I+ t. & J l J . ) 

·~il €Vj} where (tj} c(O,· ~ ; is a se_quence converging to 
zero. 

We can arrange it such that dist(T"--V,O.) >0 for_each j. 
. . J 

Choose f EBP with !ffil ~ 1 and define fj = ~(u.· Ref'). 

Let hj = (fj )r. ~- We can choose the· numbers r j_ aependi%}9' 

only on dist(bj, supp uj) such that , 

lhJ.(z.)- f.(z) 1<&.2-j ilf'll < e2-j if z€.(,0 ... Now 
J . - . p J. 

consider b = f' + t(h. - f.). Fix z' € v~ We can find .a 
) J J 

closed disc Az, and mmbers jl and j 2 such that u. + u). = 1 
J~ 

near Az_,and Az.'noj = (() ~f j 4':jl' j 2 • We wr~ite 

(2) :b = (f' fjl - fj~/ + (hjl + hj2.) + j;jl,j2 (hj-fj) = 

F l + F 2 + F J • say. . 

If w is an interior point of A , or in D, we define 
w z 

h1 (w) = J b (z) dz + f (O). By a well known theorem of M. Riez 

[Du..' Thm •. 4.1. ·P· 5_4) we have lfF1 W + UF2 !\ <K Uf' 1\ p < l<p p P- p I -

where R depends only on p. Since ReF1 eo near A , nT we p . z 
---·tf7 .. have F1 (z0 ) = F1 (z0 ) if z0 and z0 * are conjugate points 

w.r.t. T. Integrating along a.straight line from o tow 
w w 

we get J 1~1! (z) ldz ~ 2 f 0 JF1 (z} Jdz ~ \tF1 ~ p where 
o -w . w 0 

w0 =::; iWI and the last .inequality follows from the 

Fejer-Riez inequality (ou, Thm 3.13 p. 46]. We can assume 

that the radius of Az. i.s so small that h. and h. are 
J~ J 2 

analytic near az •. -As for F1 we now get 
w 

I fJ?2 ( z) dz I <_ c II f' II < CP where CP depends only on p. 
0 p . p -

S:lnce IF 3 1 ;: & on the line segment from o to w we have 

I b1 {z). I ~·Mp 11 f.' U p ~- MP where MP depends only on p .. 
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Choosing a locally finite covering [L\1 '1 of discs like 
/~ 

Az, containing v we put O:=oU ( '1 (~i 0 ) where A1 ° is -the inte--

rior of A i 0 • On 0 we have I b1 ( z) .1 :5 Mp II f ' II p ~ Mp where. 

Mp depends only on p. Finally we consider ~ b1 fl ~ MP + ltb llp" 

Choo.se z € Az,nv. We have I Reb(z.) I ~ t + 2 J Ref' (z) l 

+ :r•(z) 'llhere F(z} =sup f' (rz}. By a theorem of Hardy - Litt 

lewood I! F II p 

then lib II p < 

r<l. 

<C' (lf'f - p p 

C"· flf' d p p 

where C' depends only on 
p . 

P• But 

(C ''p depending only on p)' .. 

Q.E.D. 

The author is indepted to or. A.M. Davie for the idea of 
"pushing poles" in the proof of Theorem 1:". 

.I 
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