Spectra of ergodic transformations

Erling Stermer

1. Introduction. In ergodic theory there are several results

on the spectrum of the unitary operator on L2 defined by an
ergodic transformation. In the present paper we'shall prove
similar results for ergodic groups of *-automorphisms of a

von Neumann algebra. Our setting is mostly the following:

(R is a von Neumann algebra, G a group, and & representation
of G as an ergodic group of *-automorphisms on (R. We assume
a 1is implemented by a unitary representation U of G. After

a discussion of the eigenvectors and eigenvalues for U 1in the
first part, we specialize to the situation when G is locally
compact and abelian, and U 1is strongly continuous in the second.
Then the work of Arveson [2] and Connes [3] on the spectrum for a
is available. If by Stone's theorem Ug = J@(?Té)dPY , the spect-
rum of U is the same as the support of the projection valued
measure dP. We show that if ker U = ker a +then SpU equals
the dual group of G/ker U, and that this result is applicable to
the GNS representation of an invariant state (e.g. to asymptotic-
ally abelian C*¥a1gebras). If we specialize to the case when G
is the integers Z or the reals R then usually ©SpU = G, If
they afe different then there exists a faithful normal G-invariant
state, and @® is abelian. As a consequence it follows that in
ergodic theory, when (R is abelian, and W is the unitary ope-
rator defined by an ergodic transformation, then the spectrum of
W 1is the whole unit circle, unless (X is finite dimensional as

a complex vector space.

The author is indebted to A, Connes for some valuable comments.
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2. Eigenvalues. If (R is a von Neumann algebra we denote by

Aut ® the group of ¥*-automorphisms of & . If G is a group
and @ a representation of G in Aut (R we say an operator V

in @ is an eigenoperator for a if V # O and for each g € G

there is a complex number (Y,g) such that ag(V) = (Y,g)V. We

say @ represents G as an ergodic group of automorphisms (or

just that G is ergodic) if for A € (U, a (&) = A for all
g € G, implies A = AI for some scalar i, where I 1is the

identity operator.

Lemma 2.1. Let ‘A be a von Feumann algebra, G a group and «
a representation of G as an ergodic group of *-automorphisms

of A,. Then we have

1) If V is an eigenoperator for a, and ag(V) = (v,8)V then

Y 1is a character on G, called the eigenvalue for V.

2) The eigenvalues form a subgroup of the character group on G.

3) Two eigenoperators with the same eigenvalue are scalar multip-

les of the same unitary operator.

4) ILet M. be the weak closure of the vector space spanned by
the eigenoperators. Then WU is a von Neumann subalgebra of

R, , called the eigenalgebra for G 1in 42.

Proof. With V as in 1) we have for g,h € G, (y,gh)V = agh(v) =
@g(ah(v)) = Gg((Y,h)V) = (y,h)(y,g)V, so y is a character, and

1) follows. TFurthermore, we have ag(V*) = ag(V)* = ((y,g8)V)* =
(y—1,g)V, so that V¥ is an eigenoperator with eigenvalue y-1.
Let U be an eigenoperator with eigenvalue M. Then ag(UV) =
(Yu,g)UV, so yu is an eigenvalue if UV f 0. Thus 2) follows

as soon as we have shown 3). But V¥V # 0 and VV* # 0, so the
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above shows that V¥V agnd VV* are eigenoperators with eigen-
value 1, the identity character. Thus ag(V*V) = V¥V, so V*V
is a scalar operator, since G is ergodic. Similarly VV¥ is a
scalar operator, Since |[V¥V|| =|VV¥|, VV* = V¥V, hence V is
a scalar multiple of a unitary operator. Similarly, if U is an
eigenoperator with eigenvalue vy, we see that U*V is a scalar,
so 3) follows.,

For each eigenvalue vy choose a unitary eigenoperator VY
with eigenvalue Y. By 3) V., V., = r(Y,s)V where r(y,s4) is a

Y o

complex number of modulus one. Thus VYVu € M. Since V$ =c\f_1
Y.

.

by the above proof, vi‘e ‘M.. Thus 4) follows.

Theorem 2.2. ILet (R be a von Neumann algebra, G a group and «

a representation of G as an ergodic group of *-automorphisms
of R . Suppose Wy is a G-invariant vector state on A with
0
X, a vector which is cyclic for the eigenalgebra On, for G in .

Then & =M, and w, is a faithful normal trace on @&.
o

Proof. Let w = w Since G 1is ergodic ®w is the unique

X L
o)

normal G-invariant state on R, see e.g. [8], and also ® is

faithful. TLet V Dbe a unitary eigenoperator with eigenvalue Y.

et A € (R.. Then for g € G,
w(V*a (A)V) = w(a -1 (V*)A a1 (V)
& g '8

o((y g7 vE A (v,e7 V)

w(V*¥AV) .,

Thus the state A - @(V*AV) is G-invariant, so by the uniqueness
of w, w(V¥AV)= (&) for all A € R . In particular w(AV) =

w(VA), and w is in the centralizer 02@ for w.
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Since w 1is faithful, X, is separating for &, hence by

our assumption, X, is separating and cyclic for both ®, and M.
From Tomita theory, see [17], there is a conjugation J and a
positive self-adjoint operator A - the modular operator for Xo~
such that JA%ﬂAXO = A¥x_ for all A ¢ R, , and JHJI = &i. Now
WWLC(Rm, hence AV = VA for all V € ML [17, Lemma 15.8]. Since
X, is a trace vector for %Q, we have that the conjugation de-
fined by X, relative to T is given by VXO - V*XO, and the
modular operator is the identity operator. But if V € Mt +then
JVXO= JVv A%XO = JA%VXO = V*Xo , 850 J and A extend the corre-
sponding operators for "N1; Thus by [17, Theorem 12,1] &' c m =

JmMJ c JRJ =®', and Mmo=QR . _The .proof is.complete.

Remark 2.3. The above theorem is trivial if R is abelian.

Indeed, then v, is abelian and has a cyclic vector. Thus 77L is

maximal abelian, so M = (& .

Corollary 2.4. If in Theorem 2.2 the group of eigenvalues is

cyclic, then ® is abelian.

Proof. Let Yy be a generator for the group of eigenvalues, and

let VY be a unitary eigenoperator with eigenvalue Y. Let
VYn = V? . Then VQn is an eigenoperator with eigenvalue Yn,
so M is abelian, hence so is & .

It might be expected that we always have i and hence A&,
abelian when G 1is abelian. In order to explain the difficulty
we give an example.

Let G be the four group, G = {1,a,b,c}, where a2==b2=c?=1,

ab = ¢, ac = b, bc = a, Let U be the unitary representation
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of G on €% defined by

U. = -1 U, = -1 .
a 1 ! b 1
Let
01 0 O 0O 0 1 O
10 0 O O 0 0 1
v = 0 0 0-1], U = 1T 0 0 O .
0O 0-1 O 0O 1 0 O
Then UV = - VU . Let (R the vector space spanned by 1I,U,V,UV.

Then . is a non abelian von Neumann algebra., Furthermore,

-X-_ *_ *_ *_
U, VU, = -V, U, VU =-V, U, UU} =0, U, UUy = -U .

Thus UG defines a group of *-automorphisms of ¢ . Since the
only diagonal operators in R are the scalars’the group 1is ergodic
on (R. Note that I,V,U,UV are all eigenoperators for UG ,

so R = M. If X, 1s the vector

000

then Uaxo =Ux =0Ux =X

%o %o o’ and X, is cyclic for Q We

thus have the situation in Theorem 2.2 with R non abelian.
The assumption in Theorem 2.2 says in a general way that a
has pure point spectrum. The next result explains this in more

detail.

Theorem 2.5. Let (R be a von Neumann algebra, G a group and

o a representation of G as an ergodic group of *-automorphisms

of R . Assume a is implemented by a unitary representation U
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of G, and that there is a unit vector =x cyclic for (R such

0

that UgXo = X, for all g € G. Then there is a bijection bet-

ween eigenoperators V for a and eigenvectors for U given

by V = on. V and VXO have the same eigenvalue, hence the

eigenvalues for U form a group.

Proof. For A' € R' 1let sg(A') = UgA'U;, g € G. Then
-1
| — — —
Bg € Aut R'. If Bg(A') = A' for all g then A'xo = UgA'Ug X,=

U'x,. But a is ergodic onm *®., so x, is the unique eigen-

vector with eigenvalue 1. Thus A'Xo = AX, for some complex
number L. Since x_ is cyelic for (R it is separating for @R'.
Thus A' = A\I, and g is ergodic on R'. Let x Dbe an eigen-
vector for U, say ng = (v,g)x for all g € G. Then w, 1is
G-invariant on &', hence by uniqueness of Wxos Wx = Wx on ('
Thus there is an operator V in (R such that x = Vx_ (define

V by VA'XO = A'x), But if g € G then ag(V)xO = UngO = ng:
(v,g)x = (Y,g)on. Since x, 1is separating for R , since q

is ergodic, V 1is an eigenoperator with eigenvalue y. Converse-
ly, if V is an eigenoperator for o with eigenvalue Y and

x = Vx_, then ng = UgV’U;1xo = c,g(V)xO = (y,g)VxO = (y,g)x, so

X 1is an eigenvector with eigenvalue y. An application of

Lemma 2,1 completes the proof.

The above theorem is a generalization of the so-called proper
value theorem in ergodic theory [6, p.34]. We shall now digress
somewhat and give a quick proof of the so-called discrete spectrum
theorem in ergodic theory [6, p.46], generalized to arbitrary
groups. If G 1is a group and U a unitary representation of G

on a Hilbert space Be, we say U has pure point spectrum if XL

has an orthonormal basis of eigenvectors for U. Let for i = 1,2

R

i be a von Neumann algebra, G a group, and ai a representa-
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tion of G in Aut(ﬂi such that @y is implemented by a unit-
ary representation Ui on the underlying Hilbert space Jﬁi. We

say (CE1,U1) is isomorphic to (GLQ,UZ) if there is a unitary

operator W of a£1 onto b€2 such that WC%1W* = sz, and

WU; W = Ué for all g.

Theorem 2,6. Let G be a group. Let for i = 1,2, (U; be an

abelian von Neumann algebra, oy be a representation of G as

an ergodic group of *-automorphisms of Obi implemented by a

unitary group Ut. Assume U1 and U2 both have pure point

spectra and invariant vectors cyclic for 6@1 and 6%2 respective-

ly. Then (ﬁ%1,U1) is isomorphic to (Obz,Uz) if and only if

U1 and U2 have the same groups of eigenvalues.

Proof. The necessity is trivial. Assume u' and U° have the
same group H of eigenvalues, Since 6&1 is abelian we can choose
a *-representation mw of Gb1 onto the complex numbers. Let by
Theorem 2.5 VY be a  unitary eigenoperator for @, in aL1 for

each Y € H., Let ?Y = nZVYSVY. Then V is also an eigenopera-

y
tor with eigenvalue Y. Since by Lemma 2.1 V.V, = r(Y,u)VYH

with r(Y,u) & complex number of modulus 1, an easy computation

shows that Y - VY is a representation of H into 6%1. Replacing
2

V, by V., and similarly for (R.,, we may assume v and V° are

Y Y
unitary representions of H dinto (R1 and CQZ respectively such

that VYl is an eigenoperator with eigenvalue Y. Let X;' be the

cyclic invariant vector for Ut and let x{iz V{ixg', i=1,2,

By Theorem 2.5 {X{i} is a complete set of eigenvectors for Ui,
and by hypothesis {XYi} is an orthonormal basis for a€i. Let
PYi be the one dimensional projection onto x;i. Then by spectral
theory Uéi= YEH(Y,g)P§i Define a unitary operator W of 3&



onto <ﬁ2 by WXY1 = XY2. Then an easy computation shows

S 2 1% 2 _ 1.1 _ 1. 1.1 _ 1. _

WPY WY = PY , and WVY W X, = WYY X, -2WVY VH X, = WVYM Xy =
1 _ 2 _ 2. 2 * _

WXY“ = Xyy = VY X, . Thus WVY W o= VY , S0 by Theorem 2.2

(cf. Remark 2.3%) W(RHW* = QQ. The proof is complete,

Remark 2.7. The assumption that 521 and CRZ are abelian is

necessary in the above theorem. Indeed, if we in the example

after Corollary 2.4 replace X by the linear span of

/0100\
1 1ooo)

0001/

0010

I, U, and leg then we have an abelian von Neumann algebra (R ,
where U 1is as in the example. Let U,,Uy,0, be as in the
example. Then it is easy to see that we have a representation

of the four group as an ergodic group of *-automorphisms of ¢ ,

X, is cyclic for ® as well as for (R and the eigenvalues are

the same. Since @R and (R are not *¥~isomorphic the conclusion

of the theorem does not hold.

3., Spectra. In this section we shall study the situation when
abelian

R is a von Neumann algebra, G a locally compact/group, »~ &

representation of G as an ergodic group of *-automorphisms
of R , and U a strongly continuous unitary representation
implementing a. By Stone's theorem there is a projection valued

measure P on the dual G of G such that
Ug = j@(Y,g5dPY .

Our main interest will be the support of the measure P. This
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set will be the same as the spectrum of U as defined below. In
the case G 1is cyclic generated by g, then the support of P
equals the spectrum of the unitary operator Ug.

Following Arveson [2] and Forelli [5] we define two represen-
tations m; and us of L1(G) into the bounded operators on

the underlying Hilbert space of ana ® respectively by

ny(£)x = [£(+)ux at
and G
(D& = [£(t)ag(@)at

G

where f € L1(G) and dt is the Haar measure on G, If f € L1(G)
we let Z(f) = {yeG: F(y) = 0}. We let Spa (resp. Sp U) be
NZzZ(f), where f runs through the set of functions in L1(G)

such that "a(f) = 0 (resp. nU(f) = 0). Note that if x,y € of
then |

-~

(ng(£)x,3) = |
6

A

f(Y)d(PYxsy) ’

so Sp U = supp P.

If x € and A € R we let Spyx= nz(f£), where my(E)x=0,
and SpaA= Nz (f), where ﬂa(f)A = 0. If E is a closed set in
G we denote by M*(E) (resp. MU(E)) the set of A € & (resp.
x € £) such that Sp, A c E (resp. Spyx < E). As remarked in
(2] it is easy to see that MU(E) = P(E). DNote that if y is an
isolated point in Spa then Y is an eigenvalue, and every
operator in M*({y}) is an eigenoperator with eigenvalue Y-1-

The proof of the next lemma is almost a direct copy of a similar

proof in [9] based on one in [2].
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Lemma 3.1. Let (X be a von Neumann algebra, G a locally com-
pact abelian group and a a representation of G into Aut Q.
implemented by a strongly continuous unitary representation TU.
Let E and P be closed subsets of G, A € N*(E), x € MU(F).
Then Ax € MU(E+F).

Proof. If D is a closed subset of G let RY(D) (resp. R¥*(D))
denote the closed subspace of f (resp. R) generated by the
ranges of all operators nU(f) (resp. na(f)) with f € L1(G)
and supp f © D. By [2, Proposition 2.2], MY(D) = 0 RU(D + 1)
(resp. M%(D) = ﬁ RYD+ N)) where N runs through the compact
neighborhoods of the identity in é. (We denote multiplication

in ¢ and G additively in what follows). In order to prove the
lemma let N be a compact neighborhood of 0 in . It suffices
to show Ax € RU(E+F+N). Por this let M be a compact neighbor-
hood of O in G such that M+M © N. It suffices by density
arguments to consider the case when A = ﬂa(g)B with B € ® and
supp & € E+M, and x = my(£)y with supp fer+M, ye .

We must show “a(g)B nU(f)y € RU(E+-F+-M). Computing we see

g(t)f(u) a, (B U, y)du dt

1}
[ S—

m(8)B my(£)y

G e—

X

> Q2

= f g(t)f(w)U,BU, _, ¥ dudt

=[] g(t)£(w+t)U, B Uy dw dt

- : (Jg(t)fw(t)Ut at)B U, v dw

J my(et,)B U, ¥ aw
J zw,dw R

where fw(t) = f(w+1t) and z, = nU(gfw)BI%,y. Since

supp gf, < E+F +M+ M, zZ, € RU(E-kF-+N). Therefore
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z,, dw € RU(E-FF-+N), and the lemma follows.

Theorem 3.2. Let (R be a von Neumann algebra, G a locally

compact abelian group and & a representation of G as an ergodic
group of *-automorphisms of (& . Suppose a is implemented by
a strongly continuous unitary representation U of G, and let

N be the kernel of ¢ in G. Then we have

A
1) Spa is canonically isomorphic to G/N.

2) Spac y+SpU for some Y € G.
3) If Ug = I for each g € N then SpU-= Spa.

Proof. By a result of Connes [3, Theordme 2.2.2] Spa is a
closed subgroup of G. By [3, Lemme 2.3.8] if g € G then Spag
as an operator on (K equals the closure of the set {(Y,g): y€Spal
Thus g € N if and only if g belongs to the annihilator of
spa. By [11, Lemma 2.1.3] Spa is the annihilator of N in &,
hence by [11, Theorem 2.1.2] Spa is canonically isomorphic to
é?%, proving 1).

In order to show 2) we first remark that if E is a closed
set in G and P(E) f 0, then P(E) is separating for (R .
Indeed, let AP(E) = O. Then P(E)A* = O, hence P(E) annihilates
the range projection to A¥, Since P(E)UgA*Ué*: UgP(E)A*Ug* = 0,
P(E) annihilates the range projection to UgA*Ué*, hence the
union Q of all these range projections. But Q € & and Q is
invariant under a. Since o is ergodic Q = 0, so A = A¥* = 0,

If Y € SpU then O Dbelongs to the spectrum of the repre-
sentation g - (Y,g)Ug. Thus in order to show 2) we may assume
0 € SpU, and will show Spa € SpU. By [3, Lemme 2.1.3] P(N) =
MU(N) f 0 for each compact neighborhood N of 0. Let Y € Spa.
Then by [3, Lemme 2.1.3]1 M%(E) # 0 for each compact neighborhood
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E of Y. Let O f A € Ma(E) and choose by the above paragraph
x € MU(N) such that Ax f 0. By Lemma 3.1 Ax € MU(E+-N). Since

the neighborhoods E+ N form a fundamental system of neighbor-

m

hoods for Y , Y € SpU by [3, Lemme 2,1.3)1. Thus 2) follows.

Assume Ug = I for each g € N. Then the kernel of U is
- N, so U defines a strongly continuous unitary representation U

~ ~ N
of G/N Dby Ug+N = Ug‘ By definition Sp¥e< G/N. But we may
P A

identify G/N with the annihilator - of N in & [11,
Theorem 2.1.2). Thus the uniqueness of the measure P in Stone's
theorem shows Spf}= SpU. Also @& defines a representation -

p ~ 2N
of G/N into Aut ® in a similar manner. By 1) Spa = Spa =G/N.

P ~ ~ AN

We thus have by 2) that G/N = Spa © y+SpU < G/N  for some

P ~ N
Y € G/N, so SpU= SpU= G/N. The proof is complete.

Corollary 3.3. In addition to the assumptionsin Theorem 3,2

assume there is a cyclic vector XO for (R such that ngo = X

s
for all g € G, Then SpU is canonically isomorphic to G/N.

Proof. If g € N and A € (R then U hx, = ag(A)xo = Ax_.

Since X, is cyclic for 6%, Ug = I. Now apply Theorem 3.2.

We next want to know what happens when Spa 1is a discrete
subgroup of G. By Theorem 3.2 this is equivalent to analyzing

the situation when G/N is compact.

Theorem 3.4. Let /A be a von Neumann algebra, G a locally

compact abelian group and @ a strongly continuous representation
of G as an ergodic group of *-automorphisms of R. Let N be

fhe kernel of a and assume G/N 1is compact. Then OQ‘ is equal
to the eigenalgebra for G in (RJ, and there is a unique faithful

normal finite G-invariant trace on (X..
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Proof. Recall that o strongly continuous means that for éach

A in (@ the map g - ag(A) is continuous when & is given the
norm topology. & 1induces a strongly continuous representation

a of G/N as an ergodic group of *-automorphisms of R, . Since
G/N is compact so is the image of a , hence so is ag. It is
then immediate from the theorem in [16] that there is a normal
G-invariant state w on (R.. Since G is ergodic w is unique
and faithful. Let m be the GNS-representation of ) definead
by w. Then ™ is a normal *-isomorphism of (& onto a von
Neumann algebra. Replacing R by (&) we may assume there is

a cyclic vector x for & and a strongly continuous unitary

o]

representation U of G implementing & such that ngo =X,

for all g € G, By Theorem 3.2 Spa is canonically isomorphic
N .

to G/N, which is a closed discrete subgroup of G [11,1.7.3].

By Theorem 2.5 the eigenvectors for U are given by VYXO where

VY is a unitary eigenoperator for a with eigenvalue Y. Since
Spa 1s a discrete group the eigenvalues are exactly the elements
in Spa. By Corollary 3.3 ©SpU is also a discrete group, hence
{VYXO: Y€ Spa} is a complete set of eigenvectors for U. Thus
X, is cyclic for the eigenalgebra Wy for G in R . An appli-
cation of Theorem 2.2 now completes the proof.

In ergodic theory the group G is usually the integers Z
or the real numbers R, This case has the technical advantage

that every closed proper subgroup of the dual group is cyclic.

Theorem 3.5. Let (R be a von Neumann algebra and G a locally

compact group isomorphic to either Z or R. Let & be a repre-
sentation of G as an ergodic group of *-automorphisms of & .

Assume a is implemented by a strongly continuous unitary repre-
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sentation of G. Suppose SpU# . Then R is abelian, and

there is a unique faithful normal G-invariant state on U .

Proof. Since SpU ¢ G, Theorem 3.2 shows Spa #Ié, so is a cyclic
subgroup of G. Let N denote the kernel of &. Then Spa = é?ﬁ
by Theorem 3.2, so G/N is isomorphic to the circle group. By
Theorem 3.4 A is equal to the eigenalgebra for G in #, and
there is a faithful normal G-invariant trace on . Since the
eigenvalues for & form a cyclic group the argument in Corollary
2.4 shows (R is abelian. The prcof is complete.

If N 1is a positive integer 1let f?l denote the abelian
von Neumann algebra consisting of the NXDN diagonal matrices.
We say a single automorphism of a von Neumann algebra (@&. is
ergodic if its fixed points are the scalars. The following

corollary is known in many special cases in ergodic theory, but

to the best of my knowledge not in general.

Corollary 3.6. Let R be a von Neumann algebra not isomorphic

oo
to lN for any positive integer. Suppose W dis a unitary
operator implementing an ergodic *-automorphism of ®&,. Then

the spectrum of W is the unit circle.

Proof. TLet an(A) = WPA W™, Then a is a representation of Z
as an ergodic group of *-automorphisms of A . If the spectrum
of W is not the unit circle then by Theorem 3.5 R is abelian
and there is a faithful normal G-invariant state on (& . Further-
more Spa is a proper closed subgroup of the circle group, hence
is finite. But then the eigenalgebra for G in R is finite
dimensional as a complex vector space, so by Theorem 3.4 (R is

m .
*¥—isomorphic to some 1N contrary to assumption.
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4, Applications. We indicate some applications of the preceding

theory to some aspects of the C¥-algebra formalism of quantum
physics. Let Ol be a C*-algebra and G a group of *¥*-automor-
phisms of OL. Assume ¢t is G-abelian, see[12] or [4]. This
is the most general definition of asymptotically abelian. ZLet P
be an ergodic A G-invariant state. Then by the GNS construction
o of &L on aﬁp,

a unitary representation U of G on 5%;, and a unit vector X5

there is a Hilbert space 3€p a representation m

cyclic for np(CZ) such that p(4) = (ﬂp(A)Xp,Xp) , Mo(g(h)) =

-1 _ _ n
Ugnp(A)Ug for A € 0L, and ngp = x,. Let &D_.np(at) and E

the projection [d&'xp], which is the support of the state wxp

on ® . By [4, Theorem 3] or [12, Theorem 6,%.3], x, 1is the

unique invariant vector for U, hence the proof of [14, Theorem 5.1]

1

shows that the automorphisms ag : EAE - E'UgAlf' E act ergodic-

g
ally on ERE., TLet V_ = U_E. Then the preceding theory is

g g
applicable to &, V and EXRE. In particular we obtain that the
eigenvalues for V form a group (Theorem 2.5), hence we have
obtained generalizations of results of Kastler, Robinson and
Ruelle [7], [11], and [12, p. 166].

If G 1is locally compact abelian and the representation of
G as *-automorphisms of ¢T is strongly continuous, then so is
U and hence V., Thus Corollary 3.3 shows that SpV is a closed
subgroup of @.

Assume i 1is asymptotically abelian with respect to G, i.e.
there is a sequence {gn} in G such that H[gn(A),B]H - 0 as
n - for all A,B in OCL. Suppose the state p 1is strongly
clustering, i.e. P(gn(A)B) - p(A)p(B) for all A,B in Oz as
n- ©, Then X is the unique eigenvector for U and hence

P
for V. [14, Corollary 4.6]. Thus SpV cannot be a discrete sub-
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A

group of G in this case, unless p 1is a pure state so V 1is
the trivial representation. In particular, if G is either £
or R it follows that SpV= G or {1}.

We next show an analogous result of this last one in the
C*¥-algebra formulation of quantum field theory. We assume there
is assigned to every bounded region & 1in the four dimensional
Minkowski space M a C(C*-algebra fi:(@’) of operators on an
infinite dimensional Hilbert space €. Let R (&) =4(E)7, and
assume I € H((). We assume there is a strongly continuous
unitary representation a - U(a) of the four dimensional trans-
lation group, identified with M, such that the following proper-

ties are satisfied.

1. The spectrum of U is contained in the closed forward light-

cone.
2. If © 1is a bounded region then .ﬂf—({9+a) = U(a)ﬂ(@)U(a)*.
3. If two regions G and &' are space-like to one another
then HA(O) < A(3")".
4. If Bc @' then A(E) c AO").

5. If {fﬂn} is any covering of the unbounded region GcM of
bounded regions, then the von Neumann algebra generated by the
family M(@n)} .is independent of the covering,-and. is.
denoted by R(&).

6. There is up to a scalar multiple a unique vacuum vector X,

cyclic for R(M).
Quite often one assumes the representation U 1is a representa-
tion of the Lorentz group as well. In that case the following

result is well known.
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Corollary 4.1. Suppose we have a local field theory satisfying

axioms 1) - 6). Let .2 be a space-like vector in M, and denote
by U, the unitary representation t - U(ta) of R. Then
SpUa = R,

Proof. As shown by Araki [1] there is a region ¢ in M with
non void space-like complement such that & = @ + ]Rao for some
space-like vector 2. Multiplying a, by a scalar we may map

a, onto a by a Lorentz transformation, hence we may assume &
is a region in M such that ¢ = £ + Ra, and such that there is

a bounded non void region ' space-like to & . From the proof
of [13, Theorem 4.1] X, 1is separating and cyclic for R(G),

and or.t(A) = Ua(t)A Ua(-t), t € R, is an ergodic group of *-auto-
morphisms of A(CG). If SpU, f R then by Theorem 3.5 &.({)

is abelian, hence 0{((9') is abelian. But it is well known that

this is impossible, see e.g. the proof of [13, Theorem 4.1].

Remark 4.2. In [13, Theorem 4.1] it was claimed that the

von Neumann algebra R ((J) above is a factor of type III.

S. Doplicher pointed out to the author that the use of the edge-
of-the-wedge theorem in the proof of the factor part was incorrect.
Using [16, Corollary 3] instead of [13, Theorem 2.2] we can still

conclude that K((&) is a von Neumann algebra of type III.
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