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Introduction 

In this paper we study topological actions of compact Lie 

groups G on cohomology manifolds, and using the p-version of 

the geometric weight system introduced by W.Y. Hsiang (5), we try 

to deduce properties of the orbit structure, Our main interest 

is the study of fixed point sets and orbit types. As is shown 

by Hsiang, the weight system defined by a maximal torus of G is 

a very important invariant, For example, Hsiang shows that the 

weights completely describe the connected princip8lisotropy type 

(G~) , where cp is an action on an acyclic space. Noreover, the 

connected component G~ of the isotropy group Gx can be deter-

. mined in many cases. 

However, this success of the weight system is due to the role 

played by maximal tori of compact Lie groups, and since maximal 

p-tori are not even conjugate in general, difficulties arise when 

one try to use p-weights, imitating the methodsused in the case 

p = 0 • As far as isotropy groups are concerned, there seems to 

be a close connection between p-weights and p-torsion of Gx or 

of 

type 

(e.g,, see§ 2 when G is classical). 

As is well known, the knowledge of the principelisotropy 

(G ) 
cp 

is of primary interest in the study of compact trans-

formation groups, and trying to determine 

when dim G = 0 • 

G 
cp 

is important even 

cp 
In § 1 we are first concerned with the relation between the 

p-weights and the principal isotropy type. For p = 0 the results 

are essentially due to Hsiang, For example, the case p = 0 of 

theorem (1,10) is a local version of Hsiangs algorithm, which 

describes a sequence of tori descending to a maximal torus T 
cp 

When G is finite and p I 0 , the algorithm will end 
cp 



up with a p-torus T 
cp 

of 
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G , possibly not maximal. 
cp 

However, 

under suitable conditions (see Remark (1,11)) we may find the 

maximal p-tori and hence the p-rank of Gcp • 

Let m be the maximum of the p-ranks of the isotropy groups, 

for some p , and let 1 be the p-rank of G • cp 
Then there·are 

isotropy groups having p-rank q for each q between 1 and m , as 

shown in theorem ( 1 • 13). r1Iore generally, even if there is no well 

defined principal isotropy type, the "principal p-rank" may still 

be defined, for example if the space is a Fp-cohomology manifold, 

see remark (1,14). Theorem (1,13) also applies in this generality. 

(1,15) is a fixed point theorem relating the fixed point set 

of G to the fixed point set of a p-torus T of G , when the 

nonzero p-weights and roots, with respect to T , are disjoint, 

§ 2 is devoted to the study of regular (topological) actions 

of the classical groups SO(n), SU(n), Sp(n) , In the literature 

regular actions are usually known as (smooth) actions modelled 

after the representation kon + 19 , where on is the standard 

representation and e is trivial, In this paper we are.concerned 

with actions on (integral) cohomology manifolds, and we say the 

action is regular if it has exactly the same isotropy groups as 

the above representation, and k is the order of the regular 

action. 

In the above linear case it is clear how to interpret the 

number k in terms of orbit structure invariants, First, if k 

is small (k < n) , k is determined by the principal isotropy 

type, and conversely. Secondly, k defines the multiplicity of 

the nonzero weights of the representation. Thirdly, the codimen

sion d of the fixed point set F(G) is a linear function of k 

(In fact, d = kn, 21m, 4lm, when G= SO(n) ,su(n) ,Sp(n) resp,) 
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Now, due to the Borel formula, [2] Ch. XIII, in the topologi

cal case it is possible to define a workable substitute for the 

linear weight system. This is the geometric p-weight systems 

(p prime or zero) originally introduced by Hsiang. Then the 

above three describtions of k will also apply for regular actions. 

The geometric p-weight system of an action is called regular 

of order k if it is derived from the representation kon , As 

shown by Hsiang, [6) for example, if the action has regular 

0-weights, the action is almost regular in the sense that the 

connected isotropy types are the same as for the linear 

model kon , This also holds for any p , more precisely, if the 

classical group acts on an acyclic FP-cohomology manifold and 

the p-weights are regular, then the connected isotropy types are 

as above, In addition, the finite group Gx/G~ has no p-torsion, 

(2,16)-(2.18). 

If the p-weights are regular for two different p , their 

order k must be the same for both p • Theorem (2,19) says that 

the action is regular if and only if the p-weights are regular 

for all p • 

Let cp be an ~J,ction whose p-weights are regular of order k, 

for some p • Then our problem is to show the regularity of 

p-weights for all p • This can be shown rather easily when k 

is small ( S/lY, k < n-2) , However, when k is large, there are 

some technical difficulties, closely related to the validity of 

the Borel formula for torus actions on certain FP-cohomology 

manifolds, To avoid these we may assume the action on X has 

some local properties, for example, the fixed point sets of the 

p-tori ( p prime) of G have finitely generated local cohomology 

groups over the integers, see remarks (0,3) and definition (2,23). 
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Finally,theorem (2.26) sums up some equivalent formulations 

of regular actions. For example, letting p = 2, we find that 

the action is regular if the 2-weights are regular, Thus, the 

property of acting regularly is already determined by restricting 

the action to the maximal 2-torus of the classical group, i.e. 

the subgroup of diagonal matrices (ei) with entries ei = ± 1 • 

All G-spaces X will be cohomology manifolds over the 

integers ~ • rationals JFO or the field JFP of order p , and 

in § 2 X is acyclic (i.e • X has trivial (cech) cohomology with 

coefficients ~. 1F 0 or JFP respectively). 
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§ 0. Preliminaries 

A p-torus of ~ r is a direct product of 

the group ~P of order p(prime). If p = O, ~p is replaced 

by a circle group and T is an ordinary torus. 

Definition (0,1) Let ~ be an action of a torus or a p-torus T 

on a Fp-cohomology manifold X with nonempty fixed point set 

F(T) , and let F1 be a component of F(T) • For each corank 1 

sub-p-torus H of T , put 

where F1 (H) is the component of F(H) containing F1 and dim 

is cohomological dimension over ]Fp (e,g. see Borel [2]) • Then 

H is a nonzero local weight at F1 if m(H) > 0 • and m(H) is 

its multiplicity, The set of all nonzero weights, counted with 
I 

(or ~~~ (cp) multiplicity, is denoted by 0 (cp) , when we want to 

stress that T is a p-torus). T is the zero weight and it has 

multiplicity dim F1 The set of all weights, written O(~) , 
is called the local geometric weight S:£stem of cp .. at F 1. 

Borel formula (0~ ([2] Ch. XIII) If T is a p-torus acting 

on a JFP-cohomology manifold X , p prime or zero, then the total 

multiplicity of all local weights at F1 equals dim X , i,e, 

dim X- dim F1 = E m(H) 
HEO' (cp) 

Remarks (0,3) The multiplicity m(H) is even if T is not a 

2-torus. 

If X is JFP-acyclic, then F(T) is also Fp-acyclic (P,A,Smith's 

theorem), Then F(T) is nonempty and connected, and the geometric 
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weight system is a global invariant. 

If T is a torus 

p I 0 , then we do not 

acting on a FP-cohomology manifold X , 

know if the Borel formula (0,2) is still 

valid, However, if the formula fails, some integral local cohomo-

logy groups of X must be infinitely generated, in such a way 

that X is not a rational cohomology manifold. 

Let Ei ' i = 1 '2 ' 
be sets whose elements are sub-p-tori H 

of T having corank ~ 1 
' 

counted with multiplicity mi(H) • Then 

we define the sum and difference, E = E1.:t E2 ' to be the set of 

elements H with multiplicity m(H) = m1 (H) ± m2(H) ' respectively. 

(m(H) < 0 simply means that H i E) 

If T' is a sub-p-torus of T ' and E is a set of the 

above type, define the restriction 

where the multiplicity of H' is the total multiplicity of all H 

having same restriction H' • This is consistent with the notion 

of geometric weight system. In fact, the following standard 

property is a consequence of the Borel formula. 

Proposition (0,4) Let T and O(~) be as in (0,1) and let T' 

be a sub-p-torus of T • Then 

Definition (0.5) Let ~ be an action of a compact Lie group G 

on a space X (FP-cohomology manifold) and let T be a fixed 

p-torus of G • Then the (local) geometric p-weight system of ~. 

with respect to T , is defined to be the (local) weight system 

of the restricted action ~IT , as defined in (0,1). It is also 
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denoted by OP (cp) (or O(cp) · , when there is no ambiguity). 

The p-roots 6p(G) of G , with respect to T , is the 

p-weights of the adjoint representation AdG , i.e,, 

Usually,, T is taken to be maximal in this definition. 

As a consequence of the topological slice theorem, each 

orbit G/Gx has a tubular neighborhood G-equivalent to a twisted 

product 

where Sx is a slice at x Ox is a fiber bundle over G/Gx 

with fiber Sx , Choose a p-torus T of Gx and let OP(G/Gx), 

OP(Sx) be the p-weights, locally at x , of the action of Gx 

on the orbit and slice, respectively. Then we have the following 

transversality equation 

(0.6) 
Op(cp) = Op(G/Gx) + Op(Sx) 

= 6p(G) - 6p(Gx) + Op(Sx) • 

The first equality follows from the fibre bundle structure of the 

fixed point set F(H,Ox) for each closed subgroup H of Gx 

The last equality of (0,6) is due to the fact that the action 

of Gx on the orbit is smooth and the local weights at x 

(i.e. eGx) are derived from the isotropy representation - the 

representation of Gx on the tangent space of G/Gx at eGx • 

This space is identified in the usual way with the subspace qg; 
of the Lie algebra C{J of G , 

The existence of a principal isotropy type (Gcp) is well 

known when G is a compact Lie group acting on a connected integna 
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cohomology manifold X • Notice that Gx is a principal isotropy 

group if and only if Gx acts trivially on the slice Sx , The 

union of principal orbits is an open dense subset of X • 

If X is a rational cohomology manifold, the connected 

principal isotropy type (G0 ) is well defined, Moreover, if X 
~ 

is a FP-cohomology manifold, we may still define the notion of 

principal p-rank and 0-rank, see Remark (1,14). Then, if T is 

a p-torus of Gx acting trivially on a slice Sx at x , or 

equivalently O~(Sx) = ¢ , T must be contained in an isotropy 

group of principal p-rank. 
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§ 1. p-weights and p-rank of isotropy groups. 

We say that G is p-regular if all maximal p-tori of G 

are conjugate. If G is connected, G has n2 p-torsion if 

H*(G;~) has no p-torsion. This is equivalent to saying that 

each p-torus of G is contained in a (connected) torus, and this 

clearly implies p-regularity. (See Borel [3] for the relation 

between p-tori and p-torsion). The p-rank of G is the largest 

integer r such that G has a p-torus of rank r • The Weyl 

group W(T) of a p-torus T in G is the group of automorphisms 

of T which restrict from inner automorphisms of G Note that 

the root system n(G) , defined by T , is invariant under the 

natural action of the Weyl group, as is the weight system when T 

has connected fixed point set F(T) . 

Definition (1,1) (Hsiang) Let T be a p-torus (p prime or zero) 

acting on a Jli' P -cohomology manifold X • The F-variety at XEX 

is the component of the fixed point set F(Tx)[F(T~) , if p = 0] 

containing x • (T~ is the connected component of the isotropy 

group Tx) 

The following is a direct consequence of the Borel formula ( 0,2). 

Lemma ( 1 • 2) (Hsiang [ 5] , [ 6]) Let T and X be as in ( 1 • 1 ) and 

consider the isotropy group 

weights at a component F1 
Tx at x • Let 0 

of the fixed point set 

be the local 

F(T) Then, 

if the F-variety at x intersects 

HiE 0, i = 1,2, ••• s, such that 

1 F , there exist weights 

Tx = H1 n H2 n ••• Hs , p I o 

T~ - (H1 n H2 n .. , Hs) 0 , p = 0 
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Lemma (1.3) Let ~ be an action of a compact Lie group G on 

a WP-cohomology manifold X , p prime or zero. Let F1 be a 

component of the fixed point set F(T) of a maximal p-torus T 

and let 0(~), ~(G) be the local p-weights at F1 and p-roots, 

respectively. If pI 0 

is p-regular, or 2) Gx 

if 

, assume 1) F(T) is connected and G 

is p-regular for some 1 xEF , Then 

HEn'(~)- ~(G), 

there is a point z in the component F1 (H) ~ F1 of F(H) such 

that H is a maximal p-torus of Gz • 

Proof This lemma is a modification of Lemma 2, p, 373 in Hsiang 

[61, where p = 0 and X is acyclic, and (1.3) can be proved in 

essentially the same way, by the following two steps: 

a) Assume first G has a fixed point y E F1 , choose a 

small G-invariant neighborhood of y in X and prove (1.3). 

b) Choose the isotropy group G x , x E F 1 , and apply the 

first part a) to the action of Gx on the slice Sx • 

Lemma (1,4) Let G be a compact Lie group acting non-trivially 

on an integral cohomology manifold X and let G~ be a principal 

isotropy group. Then the fixed point set F(G) has 

codi~ F(G) > dim G/G~ 

If G = 80(3) or SU(2) , then codim F(G) ~ 3, 

Proof The following equation 

dim F(G) + dim G/G~ < dim X- 1 

can be deduced from Th, 2.2, Borel [2] p, 118, and the first 

statement follows readily. If G is simple and has dimension 3, 
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then each proper subgroup has dimension 0 or 1 , and so 

codim F(G) ~ 1+ dim G/G~ z 3 • 

Theorem (1.5) Let ~ be a nontrivial action of a compact Lie 

group G on an integral cohomology manifold X • Let T be a 

p-torus of G , p prime or zero, and F1 a component of the fixed 

point set F(T) • Let 0(~), ~(G) be the local p-weights at F1 

and p-roots, respectively, defined by T . Consider the following 

two statements 

(a) Some principal orbit G/G~ 

contains T) 

(b) 
I 

0 (~) c ~(G) 

intersects F1 , (hence G 
~ 

Then (a) implies (b), and the p-roots of G~ defined by T are 

Conversely, if G~ is finite and pI 0 , or if T is a maximal 

torus (p= 0), then (b) implies (a). 

Proof (i) Consider the equation 

(0.6) 

where is the isotropy group at If is 

principal, then o' (Sx) = 0 and the first statement follows 

directly from this equation. 

(ii) Next, assume PI 0 and G~ finite, or p = 0 and 

T maximal. We prove the implication from (b) to (a) by indue-

tion on Lie group structure. 

Suppose (b) is true. We claim that F1 cannot be fixed by G, 

and assume this for the moment. (We prove the claim below.) 
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Choose x EF1 - F(G) • Then T c Gx I G and from equation (0,6) 

we have 

Therefore Gx acts on the slice Sx with local weights (at x) 

satisfying (b)x, so by induction, there is a principal isotropy 

group Gcp = Gy , y E Sx n F 1 , This implies (a). 

(iii) It remains to show the above claim, Since the 

codimension of F1 is the total multiplicity of nonzero weights 

(Borel formula), the assumption of (b) gives 

codim F1 < dim G • 

If dim Gcp = 0 (p I o) , we use lemma (1.4), 

co dim F1 .:s dim G < codim F(G) 

and F1 cannot be contained in F(G) • 

In the case p = 0 ' assuming (b) , there is a root a. of G 

with To.= a.~ E O'(cp) , (If 0 1 (cp) =¢,then G0 acts trivially). 

From standard Lie theory the centralizer Z of To. has dimension 

dim z = dim T+ 2 , and Z/Ta. is a simple group of dimension 3. 

Let F1 
a. be the component of F(Ta.) containing F1 • Then z , 

being connected, leaves this component invariant and induces a non-

trivial action of Z/Ta. on F1 
Ct. 

with fixed point set 

Applying lemma (1.4) to this action, 

Now, by definition of multiplicity, (b) also implies 
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dim F1 - dim F1 = 2 a • 

Hence Z and, a fortiori, G does not fix the set F1 
1 and 

the proof is complete. 

Corollary (1.6) Assume X is JF P-acyclic, PI o If the 

p-torus T of G has finite centralizer and the p-roots ll 1 (G), 

defined by T 
' 

Weyl group 'll(T) 

consist 

; then 

T c G rp 

of a single orbit of the action of the 

if and only if 

G is finite and 0
1
(rp) = n'(G) rp 

[Example: G = SO(n) , T = maximal 2-torus] 

Corollary (1.7) If T is a maximal torus of G and T has a 

nonempty fixed point set F(T) = l)Fi. 
1 

Then the following state-

menta are equivalent: 

( 1 ) The principal isotropy group G has maximal rank. rp 

(2) For some i 
' 
0~ c ll( G) ' 

where oi is the local weight 

system at the component Fi • 

(3) For all i , 0~ 
1 

c ll(G) • 

Using the fact that a compact connected Lie group is a torus 

if and only if it has no nonzero root (i.e. 0-root), and using 

the formula for the roots of Grp given by theorem (1.5), the 

following modification of (1,7) is obvious. 
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Corollary (1.8) In the situation of (1.7), the following state-

ments are equivalent: 

(1) The connected principal isotropy type is 

(2) For some i, 0~ = 6 1 (G) 

( 3) For all i , oj_ = t,. ' (G) • 

Remark (1,9) The p-version of (1.7) is wrong in general, A 

simple counterexample is the adjoint action of SO(n) with p = 2 • 

(1,8) is the local version of Hsiang [6], Th. 4, p, 357, where 

the space is acyclic. Now, if G~ has not maximal rank, the 

Hsiang algorithm, [6] p, 367, computes a maximal torus of G~ 

from the weights. We will describe a local version of this algo-

rithm, together with a partial p-version of it when G~ is 

finite. By "partial" we mean that we cannot ensure the maximality 

of the p-tori in the isotropy groups involved, since a p-version 

of the crucial lemma (1,3) is not known except, of course, when 

these groups are p-regular, However, see Remark (1,11). 

Theorem (1,10) (The local Hsiang algorithm) 

Let G be a compact Lie group acting on an integral cohomo

X with principal isotropy type 

Gx 
0 

and let To be a p-torus 

of Gx 
0 

• If PI 0 
' assume G cp 

logy manifold 

isotropy group 

torus (p = o) 

Let O, t,.(G) be the weight system at xo and 

ly, defined by T
0 

, and put 

(Gcp) • Choose an 

or a maximal 

is finite. 

p-roots,, respective-

If E
0 

= ¢ , then for some principal isotropy group Gcp , 

( 1 ) 
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If 2:0 1¢ ' then there are isotropy groups Gx. 
l 

and sub-p-tori 

Ti of To such that 

Gx f Gx ::::> Gx ::::> ••• Gx = Gcp 
0 1 f 2 f q 

(2) u u u u 

To f T1 1- T2 1- ••• Tq = T ' cp 

where rank Ti = rank T. 1 - 1 ' T. 1 tJ. Gx ' 
and Ti is maximal 

l- l- i 
in Gx. if p = 0 • Ti is given by intersection of weights 

l 

Hj E 2:0 as follows: [If p = o, replace Tin Hj by (Tin Hj) 0] 

T1 E Eo T1 = H1 

(OJT1 - li(G)JT1} 
I 

1¢ T2 E 2:1 = ' T2 = T1 n H2 

(3) (OJTi_1 - li(G) JTi_1} 
I 

1¢ Ti E 2: . 1 = l-

-0 

[OJTq_1- t~(G)JTq_ 1 } 
I 

1¢ Tq E Eq-1 = 

(OJTq - t~(G) JTq} 
I 

= ¢ . 2: = = q 

Conversely, for each sequence of weights Hi E 2;0 satisfying 

(3) there is a corresponding chain (2) of isotropy groups. 

Proof The theorem is proved by induction, using theorem (1.5), 

and lemma (1.3) if p = 0. Assume the theorem true for all 

proper closed subgroups of G and actions satisfying the hypothesis 

of the theorem. 

Using equation (0.6), we may put 

= 2: = 0
1

- t~(G) = 0 1 (S )- t~(G ) • 
0 X X 

0 0 

If E
0 

= ¢, apply ( 1 , 5) to the action of on the slice 
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and (1) follows readily. 

If ~ 0 I 0 , choose T1 = H1 E ~ 0 and a point x1 in the 

component of F(H 1 ) n Sx at x
0 

such that 
0 

Then and if p = 0 , we may also assume 

maximal in Gx , by lemma (1.3). 
1 

is 

Define the next set of weights, ~ 1 , with respect to T1 , 

by 

By induction hypothesis, the algorithm is true for the action 

of Gx on the slice Sx • Having the corresponding (2) and 
1 1 

(3) for this action, starting with Gx and T2 , respectively, 
1 

we get (2) and (3) for the original action of G as well, by the 

usual slice argument. 

Remark (1.11) Assume G is p-regular and the space X is 

Jli'P-acyclic. Then we may assume T
0 

is a maximal p-torus of G , 

i.e. Gx has maximal p-rank. Observe that the number q of 
0 

(3) depends on the choice of weights Hi' and Let, q
0

_ bethe smallest 

q ever possible in (3). Then each sequence of Ti in (3) for 

which q = q
0 

, leads down to a maximal rank p-torus Tcp of a 

principal isotropy group G • cp In fact, from lemma (1.2) we may 

assume 

theorem 

Tcp = T
0 

n Gcp is some intersection of weights 

(1.5) and the minimality of q
0 

imply that 

mal p-rank in Gcp 

Problem (1.122 In the case PI o ' is it possible to 

the algorithm such that the p-tori Ti are maximal in 

How do we construct the algorithm when dim Gcp > 0 ? 

, and 

has maxi-

construct 

Gx. 
:1 

? 



- 17 -

Theorem (1.13) Let ~ be an action of a compact Lie group G 

on a connected integral cohomology manifold X • Put 

mp = max( p-rank Gx; x EX} , p prime or zero , 

and let lp be the p-rank of a principal isotropy group G~ • 

Then the p-ranks of the isotropy groups form a string of num

bers k , lp ~ k < mp , 

and hence there are at least mp- lp+ 1 different isotropy types, 

Proof Using induction on Lie group structure, assume the theorem 

is true for actions of all proper closed subgroups of G • 

Choose X such that K = Gx has a p-torus T of rank 

If mp = lp , there is nothing to prove, so assume mp > lp • 

As usual, let o'(sx) be the nonzero weights at x, defined 

by T acting on the slice Sx • T cannot act trivially on Sx , 

otherwise T would be contained in a principal isotropy group, 

contradicting mp > lp • Thus there is a nonzero weight HE 0 1 (Sx) 

and a point yE Sx such that H.= Ty(T~, if p= 0), Then 

H c Ky = G' I G , and 

I 
p-rank G 2: rank H = mp - 1 . 

By assumption, the theorem is true for the action ~· of. G~· 

on the slice Sy , By the usual slice argument, the isotropy 

groups of are isotropy groups of ~ , 

theorem is true for ~ • 

G1 "'G , and so the 
~· ~ 

Remark (1,14) If X is a connected FP-cohomology manifold, put 

lp = min(p-rank Gx; xEX} 

1
0 

= min(O- rank Gx; ·x EX} 
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Then theorem (1.13) and its proof are still valid. In fact, we 

claim the principal p-rank lp (or 0-rank 1
0

) is well defined 

in the sense that the subset 

x1 = [ x E X; p-rank Gx = lp} , p prime or zero 
p 

is open and dense. This is proved by induction on Lie group 

structure, and letting p I 2, it can be shown as follows: 

Assume the above claim is true for all proper closed sub

groups of G • Let Tp be a p-torus of maximal rank in G • 

Put Y = X- F(G) • Considering cohomological dimension mod JFP , 

if codim F(G) < 2 , then also codim F(TP) < 2 and hence (p I 2) 

In this case TP acts trivially, so we may assume dim F(G) _s dim X-2, 

and consequently Y is connected. 

Gy I G for all y E Y , and Gy acts on the (connected) slice 

Sy with principal p-rank ly , by assumption. In the tubular 

neighborhood (§0) 

the action of G has principal p-rank ly , by the slice theorem. 

Clearly, if oy n oz I¢ . then ly = lz • Therefore, by the 

connectedness of Y , there is a well defined principal p-rank 

in Y , say l , and we must have l = lp (defined above). The 

set Y1 is open and dense in Y , and so the set 

and dense in X • (It is obviously open, by the 

xl 
p 

slice 

is open 

theorem). 

According to a theorem of Hsiang [5], if G is a compact 

connected Lie group acting on an acyclic rational cohomology mani

fold such that no nonzero weight is a root, with respect to a 
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maximal torus T , then G and T have the same fixed point set, 

F(T) = F(G) • Vie extend this in the following way. 

Theorem (1,15) Let G be a compact connected Lie group acting 

on a lF P-cohomology manifold X , p prime or zero. Let T be a 

torus or a p-torus of G having nonempty fixed point set 

F(T) = y Fi(T) 
' and let 

l 
O, ll(G) be the local p-weights at F1(T) 

and p-roots, respectively, defined by T • Define H to be the 

largest connected normal subgroup of G which centralizes T • 

Assume the nonzero weights and roots are disjoint, i.e. 

o'nll(G)=¢ 

Then the fixed point set F(G) of G is related to F1(T) by 

Hence, if F(T) is connected (e.g,, X is JFP-acyclic), then 

F(G) = F(T) n F(N) • 

Proof Choose xEF(N)nF1(T), and we must show xEF(G), or 

equivalently, Gx = G , Now, Gx contains N and T , and from 

the equation 

(0.6) 

we get 

This says that T acts on the orbit G/Gx with fixed point set 

of codimension zero, and since the orbit is connected, T must 

act trivially on G/Gx , i.e. 

gTg-1 c Gx , for all g E G • 
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Put 

Then L and its connected component L0 are normal subgroups 

of G , and from the structure theory of compact connected Lie 

groups we can find a connected normal subgroup K of G such 

that 
G = K•L0 

, K n L0 finite • 

K and Lo commute, and Kn L0 

' being normal in G • is in 

fact central in G • Therefore K and L commute, and since 

L contains T • K commutes with T and so K c N • Thus, G 

contains both K and L • and consequently Gx = G • 

X 

Corollary (1.16) Let G be a compact connected simple Lie group 

acting on an acyclic FP-cohomology manifold, p prime or zero. 

Let T be a torus of G or a p-torus not contained in the 

center of G Assume the nonzero p-weights and p-roots, defined 

by T, are disjoint, i,e., 

o'n ll(G) = ¢. 

Then G and T have the same fixed point set, 

J!'(G) = J!'(T) • 
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§ 2, Regular actions of classical groups. 

In order to treat the classical compact Lie groups in a 

unified manner, we use the following notation and terminology. 

O(n), U(n), Sp(n) are the linear groups leaving invariant the 

standard inner product on the n-space !In 1 where A = JR, t:, H 

(quaternions) respectively. Standard inclusions are 

O(n) c U(n) c Sp(n) 
(2.0) u u 

SO(n) c SU(n) , 

where SO(n), SU(n) are defined by requiring the determinant to 

be 1 • Then SO(n), SU(n), Sp(n) are connected and simple 

(S0(4) is semi-simple) and these are denoted by Qicl in the 

sequel. 

The subgroup G(V) ~ G(q) 1 fixing a (n-q)-dimensional 

linear subspace V~c An 1 is called a regular subgroup. The 

standard (orthogonal) decomposition 

defines the subgroup G(q) = G(Aq) and its complementary 

group G'(n-q) = G(An-q) • 

Define G(q) to be the trivial group if q is an integer 

< 1 • To simplify notation we often write G = SO, SU or Sp 

instead of G(n) = SO(n), SU(n) or Sp(n) , when the omission of 

n makes no confusion. 

Let T
0 

be the standard (usual) maximal torus of G(n) 

The subgroup Tp c T
0 

of elements of order 

p-torus of G(n) , except when G = SO and 

p is a maximal 

p = 2 In the 

latter case, the group of diagonal matrices is a maximal 2-torus 

T2 • Note that all groups (2.0) are p-regular for all p 1 i.e. 
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maximal p-tori are conjugate, In § 2 all p-weights and p-roots 

are taken with respect to TP , even if it is not explicitly 

stated, 

Remark (2,1) A regular subgroup G(V) c G(n) is uniquely deter-

mined by any of its maximal p-tori [P prime or zero, but 

dim V = 2r (even) if G = SO and p I 2]. In fact, if the 

p-torus T is maximal in both G(V) and G(W) , then 

T c G(V) n G(W) = G(Vnvl) 

and hence 

rank T = p-rank G(V) = p-rank G(W) = p-rank G(V n W) . 

Now, 
p-rank G(V) Tim v 

' G = Sp 
dim V-1, G = su, or G = so 

[dim V/2] 
' G = so, PI 2 

and p = 2 

and consequently, dim (V n vl) = dim v = dim W ' i.e. v = w • 

Let NG(V) be the normalizer of G(V) in G(n) , From the 

definition of G(V) , 

gG(V)g-1 = G(gV) , 

where g E G(n) acts on n A by the standard representation 

From this it is easy to calculate NG(V) , Assuming G(q) I 1 , 

(2,2) NG(q) = [Sp(q) X Sp 1 (n-q)] n G(n) , 

using the standard inclusions (2,0), 

The following property of the classical group G(n) will 

be used in the sequel, 
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Proposition (2.3) (Hsiang [4] § 2) Let K be a closed connected 

subgroup of G(n) and assume K contains a regular subgroup G(V), 

where dimAV ~ 1,3 when G = Sp, G =SO or SU respectively, 

Then there is a linear subspace \'/ c: An such that 

The regular 

space Ank 

tat ion 

Then 

G(V) c: G(W) c: K c: NG(\'/) c: G(n) , 

model. The group G(n) acts naturally on euclidean 

, givenby k copies, kon , of the 

Let be the isotropy group at 

G(v-!-) ~ G(n-1) 
l 

Gv = G(V) "'G(q) , 

standard represen

V= (v1,v2'"''vk) Elk. 

if 

and so all isotropy groups are regular subgroups, more precisely, 

a) The isotropy types are the types of all G(q), n-k< q< n. 

b) The principal isotropy type is the type of' G(n-k) 

Definition (2.4) The action of a classical group G(n) on a 

topological space is called regular of order k if the action 

has the same isotropy groups as the representation kon for some 

k > 0 • [To define k uniquely when G(n-k) = 1 , we require 

the OF2-cohomological) codimension of the fixed point set to be 

the same as in the representation space of kon.) 

Regular weights Let (e 1 ,e 2 , ••• ) be the coordinates of the 

Cartan algebra defined by the maximal torus T
0 

of G(n) • If 

w = Eni ei is an integral functional, w J.. is the oorank 1 sub

torus given by w = 0 • The nonzero p-weights of the regular 
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model, defined by the maximal p-torus TP , are as follows: 

(2.5) 

mult. = 4k,2k, G= Sp, G= SO or SU resp.) 

If G I SO or p = 2 , TP c T
0 

and the p-weights are 

simply the restriction of 0-weights, 

(2.6) 

If G = SO and p = 2 , 

(2.7) 

where Si consists of the diagonal matrices (ej) with entry 

ei = 1 (This is also the describtion of Si in (2,6) when p= 2), 

Definition (2,8) A p-subtorus H c Tp of corank 1 is called 

a regular weight if it is a weight of the standard representation 

od , i.e, H E O~(on) , A system r of regular weights, counted 

with multiplicity, is called regular of order k if it is the 

nonzero p-weights of kon , as described in (2.5)-(2,7). 

Remark. When G = Sp , the weights of (2.5), (2,6) have multi-

plicity 4k. Therefore, we also permit k to be half integral 

in the above definition. However, if Sp(n) acts with regular 

weights having order k < n , then we know k must be integral, 

see (2.16), (2,18), (2,26). 

Now we characterize regular weights. 

Lemma (2.9) Let Tp be a maximal p-torus of the classical 

group G(n) , p prime or zero, and let H be a p-torus of corank 1 

Then H is a regular weight if and only if H is a 
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maximal p-torus of a regular subgroup G(V) ~ G(q) • 

Proof If H is a regular weight, then clearly H is a maximal 

p-torus of a group G(V) ~ G(q) [q= n-1, or q= n-2 if G(n) = 

S0(2r+1) and pI 2]. 

Conversely, assume H is a maximal p-torus of G(V) • 

Assume first G I SO or p = 2 • As usual we may choose Tp to 

be standard, i.e. it consists of diagonal matrices (di) • Now, 

G(V) ~ G(n-1), so we can write G(V) = Gv, where 0 I vl..V and 

Gv is the isotropy group at v 

H c Gv implies 

by the standard representation %• 

for all (di) E H • At least one component of v , say vi , is 

I 0 • Then di = 1 for all (di) E H • However, the relation 

di = 1 is just the definition of a regular weight, so H is 

regular. 

In the case G = SO and P I 2 , we may assume dim V = n-2 

and G(V) fixes a 2-dimensional space v.l.c:mn • Tp splits in 

2-dimensional rotations 

Choose v E V l. with at least two nonzero components. H fixes v 

and it is easily seen that for some i , ti = 1 for all t E H , 

i.e. H is regular. 

, 

Lemma (2.10) Let K be a closed subgroup of G(n) whose connected 

component K0 is a regular subgroup G(V) ~ G(q) , and assume the 

finite group K/K0 has p-torsion (p prime). Then 

p-rank K > p-rank G(q) , 



- 26 -

more precisely, a maximal p-torus of K0 is not maximal in K • 

Proof life may assume K0 = G ( q) I 1 • By assumption, K has an 

element z such that 

zP-1 i G(q) , zP E G(q) • 

We must find an element z' E K-G(q) of order p 
' 

commuting 

with the maximal p-torus Tq 
p of G(q) • Now, K normalizes 

G(q) ' consequently 

1 I G(q) c K c NG(q) 

(1) = [Sp(q)xSp'(n-q)JnG(n), (2.2) 

In the decomposition (1), z = (a,b) = ab and bp = 1 • First, 

if G = SO and p > 2 , or if G = Sp , we clearly have a E G(q), 

Then z' = b EK-G(q) and z' commutes with G(q) • 

In the other cases, Tq 
p (standard) consists of diagonal 

matrices, Let d E G(n) be the diagonal matrix with first entry 

d1 = det(a) and d. = 1 
~ 

when i I 1 • Then, since da-1 E G(q), 

Now, det (aP) = 1 implies dp = 1 
' and d commutes with b ' 

I has order Moreover, d and hence db = z' so z p • ' , 
commutes with Tq 

p , and the proof is complete, 

The p-roots of G(n) 

The (ordinary)roots of the classical groups are as follows 
(see Adams [1]). 

b.' (Sp(n)) = ((ei±ej), i < j ;:; n; (2ei), i < n} 

r:,'(SU(n)) = (Cei- ej), i < j < nJ 
(2.11) 

().
1 (S0(2r)) = f(ei± ej), i < j < r} 

/).I ( S0(2r+1)) = [:,I (so ( 2r)) + ( ( ei), i < r} 
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These are integral functionals on the Cartan algebra of the 

maximal torus T
0 

• In all cases, except when G = SO and 

p = 2 , Tp c T
0 

and then the p-roots 6~(G(n)) are calculated 

by restricting the roots (2,11). The roots (29i) of Sp(n) 

vanish on T2 , i.e., (26i)IT2 = 0 , but all other roots restrict 

to nonzero p-roots a , 

Tp I aJ. = (ai.:t aj).Ln TP or (eifnTP ... 

In the special case p = 2 ' the elements of T2 are diagonal 

matrices ( ei) with entries ei = ± 1 , for all G(n) • Let 

sij be the corank 1 subgroup of T2 defined by ei•ej = 1 • 

Clearly sij = (ai±eji··nT2 when G = SU or Sp • 

The Lie algebra OJ of SO(n) splits in 1-dimensional root 

spaces qgij , 1 ~ i < j ~ n , in which T2 acts by 

Therefore the 2-roots have a common expression for all G(n), 

namely 

(2.12) n2(G(n)) = [Sij' 1 < i < j < n; mult, = 1,2,4 

when G = SO, su, Sp respectively} 

To demonstrate the power of p-weights of classical groups, 

we first note the following corollary of (1,15), (1,16), 

Proposition (2,13) Let ~ be an action of G(n) on an acyclic 

FP-cohomology manifold, and let Tp be a maximal p-torus of G(n), 

Assume the set of nonzero p-weights and the set of p-roots are 

disjoint, i.e. 
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Then G(n) and Tp have the same fixed point set 

F(G(n)) = F(TP) 

Theorem (2,14) Let ~ be an action of the classical group G(n) 

on an acyclic 

be a maximal 

JFP-cohomology 

p-torus of the 

manifold, p prime or zero. Let 

regular subgroup G(q) c G(n) , and 

assume q is even if G = SO and p I 2 , Then, if the p-weights 

of ~ are regular, G(q) and T~ have the same fixed point set 

( 1 ) F(G(q)) = F(T~) , 

except possibly when 1) G(q) = S0(2), SU(2), Sp(1) , or 

2) p = 2, G(q) = S0(3), SU(3) , 

Proof Observe that if O~(~) = O~(kon) , then 

(2. 1 5) 

hence G(q) acts with regular p-weights of order k , Therefore 

it is enough to prove (1) for q = n. However, apart from the 

exceptional cases, and G = Sp with p I 2 , no nontrivial 

p-weights are p-roots, and then (1) 

Finally, assume G(n) = Sp(n) 

T = Tn Since p p 

follows from (2,13). 

and p I 2 , Let x E F(Tp) , 

we have from equation (0,6) and (2,11) 

These p-roots are all different and so it is clear that the Lie 

algebra OJx contains all root spaces of the roots (Bi±ej) , 

From standard Lie theory qfx must contain the root spaces of 
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the roots (2ei) as well, and consequently Gx = Sp(n) • This 

proves (1), [Notice that the root space method can be used to 

prove (1) in all cases of G(n).] 

Corollary (2.16) Let ~ be an action of G(n) on an acyclic 

JF2-cohomology manifold X with regular 2-weights of order k , 

i.e. 02(~) = 02(kon) • Then 

(a) Each isotropy group Gx has regular connected component 

and has odd order, except possibly if 2-rank 

Gx ~ 2 (2-rank Gx = 1, when G = Sp) 

(b) Let m
0 

= 2 1 4 when G = Sp, G = SO or SU respectively. 

The types of G(q) , where max[m
0

, n-k} ~ q ~ n , occur as con

nected isotropy types. If k ~ n-m
0 1 these are all types. 

(c) Assume X also is a rational cohomology manifold, and assume 

rank G(n) > 2 [To simplify the proof, let G(n) f SU(4)] • Then 

the connected isotropy types are 

n-k < q ~ n 1 and each quotient 

the types of all G(q), 

G /G0 has odd order, X X 

Proof 

(i) Let Gx be an isotropy group with a 2-torus T such 

that 

rank T = 2-rank G > 2 (> 1 1 if G= Sp) 
X 

By conjugation we may assume T is in the maximal 

of G(n) 1 and so 

2-torus 

Then, from (1.2) 1 T must be the intersection of some regular 

2-weights Si E o2Ckon) • By (Weyl) conjugation we may therefore 

assume 
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is the (standard) maximal 2-torus of G(q) for some q , and 

clearly q ~ m
0 

, see (b). Now, from the above theorem 

F(T) = F(Ti) = F(G(q)) , 

Put 0 K = G , 
X 

Then we have G(q) c G~ , and applying prop, (2.3) 

and the fact 

( 1 ) 2-rank Gx = 2-rank K = 2-rank G(q) 1 

we must have 

(2) G(q) = K c Gx c NG(q) • 

Moreov~r, (2) and (2,10) imply that Gx/K has odd order. This 

proves (a) 

(ii) The extra assumption of (c) is only necessary when 

treating the isotropy groups with 2-rank 1 or 2 • These occur 

on\! when k > n-m0 • Now, introducing the 0-weights, it will 

be seen later, (2,20), that they are also regular. Then we refer 

po ;the proof of (2.19), part (ii), to show that 

F(Ti) = F(G(q)) , for all G(q) , 

Starting with an isotropy group Gx with 2-rank > 0 , we still 

have (1), and (2) is valid except possibly when G(q) = S0(2) or 

SU(2) • However, in these two cases, 2-rank K = 1 , and if 

K I G(q) , the only possibility is G(q) = S0(2) and K ~ SU(2) 

In the latter case, K would have nontrivial center and would 

have the same root as S0(3) • This is impossible, so (2) must 

hold in all cases, 

(iii) To show which of the G(q) occur as connected isotropy 

type, we may use the following inductive argument. 
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First, F(G(n)) = F(T~) I 0, so q = n occur. Assume we 

have shown that for some x , G0 = G(q) , where 
X 

q > 

Since Tic Gx , we consider weights with respect to 

equation (0.6) reads 

max(m
0

,n-k) 

Ti and 

where the 2-roots ~2(G(n)) , with respect to 

(2,12). The left side of (3) is the weights of 

n T2 , are given by 

~ITi [or ~IG(q)J, 

and so the nonzero weights of (3)are 02(~) = o;(k&q) , as follows 

from equation (2,15). Using (2,12) we calculate the difference 

~2(G(n))ITi- ~2(G(q)) 

- (Sin Ti, i .:::; q; mult, = (n-q)d) = 02( (n-q)&q) 

modulo zero weight, d = 1,2,4 when G =SO, SU, Sp respectively. 

Therefore the action of Gx on the slice Sx has the weights 

(4) 02(Sx) = o2< (k-n+q)&q) <10 iff q > n-k) • 

Choose the weight sq n Ti = T~- 1 of ( 4), and choose a point 

y E Sx such that (Ti)y = T~-1 Then 

Tq-1 c Gy , G0 c G(q) 
' q-1 ~ mo ' 2 Y-j 

and the method og (i) applies to show G0 = G(q-1) y Thus, 

inductively we get all connected isotropy types of G(q) , 

q ~ max(m
0

,n-k} , Similarly, in the case of (c) we get all types 

of G(q) , q ~ n-k • 

Finally, it follows from (4) that it is impossible to have 

G0 = G(q) when q < n-k • 
X 

Remark (2,17) A p-version of the above corollary is proved in a 

similar way for all p • As in the case p = 2 , there are some 
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technical subtleties when isotropy groups having p-rank 1 occur 

(k large). 

The case p = 0 of (2,18) is a theorem of Hsiang [6]. 

The proof of [6) does not exclude the possibility G0 ~ S0(2) 
X 

when G = SU or Sp (k large). However, this is settled when 

we C'ombine 0-weights and 2-weights, see the proof of (2.19). 

We state the following simpler p-version of (2,16). 

Corollary (2.18) Let ~ be an action of G(n) on an acyclic 

FP-cohomology manifold X , p I 2 , and assume the p-weights 

are regular, 

Then each isotropy group Gx has regular connected component 

G~ ~ G(q) , q ~ n-k , and the quotient Gx/G~ has no p-torsion 

(pI 0) , at least if p-rank Gx > 1 • Isotropy groups of p-rank 1 

occur only when k ~ n-2 and G = SO or SU , or k > n-1 and 

G = Sp • 

The following is a characterization of regular actions, (2.4), 

by means of p-weights, and then, in (2.20) we characterize regular 

p-weights using isotropy groups. 

Theorem (2,19) Let X be an acyclic integral cohomology manifold 

with an action of the classical group G(n) , rank G(n) > 1 , 

G(n) I SU(3) • Then the following two statements are equivalent: 

(a) The action is regular, i,e, for some k > 0 , the isotropy 

types are given by a string 

G(n), G(n-1), G(n-2), .•• G(n-k) , 

(b) The nonzero p-weights are regular for all p (prime or zero). 
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Moreover, if (b) is true, the p-weights have the same 

order k for all p , and k determines the principal isotropy 

type G(n-k) of (a). Hence G(n-k) is nontrivial if and only 

if k < n when G = Sp , k < n-1 when G = SO or SU • 

Proof (i) The implication from (a) to (b) is closely related to 

the p-rank properties of G(n) , see remark (2.1). 

First, the case G(n) = S0(2r+1) and pI 2 follows from 

the even case n = 2r , since the restricted action of S0(2r) 

is also regular and has the same p-weights, Assume therefore 

n = 2r if G = SO and p I 2 • 

Now, notice that p-rank G(n-1) <p-rank G(n) for all p • 

Hence, if H is a p-weight of the action, H ·must be contained 

in a proper isotropy group Gx ~ G(q) , q < n , and H is regu

lar by lemma (2.9). 

(ii) To show the reverse implication, we assume (b), i.e, 

( 1 ) 

Let Tn 
p be the usual maximal p-torus of G(n) • From the Borel 

formula (0,2) we have the identity (valid for all n) 

dim X- dim F(T~) = 

2kp•n, 4k ·n p , 
(2) = k •n p 

2kp • [n/2] ' 

According to theorem (2j14), 

mult. O~(kp6n) 

G = su, Sp resp, 

G = so , p = 2 

G = so , p I 2 • 

F(Tn) = F(G(n)) , except when 
p 

G(n) = S0(2r+1) and pI 2 , In the latter case, however, 

T~ = T~-1 and F(T~) = F(S0(2r)) = F(T~- 1 ) • Then it is clear 
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from (2) that all kp are equal, say, kp = k, and (1) reads 

( 1 ) I 

From the corollaries (2,16), (2.18) of theorem (2,14) we know 

that all isotropy groups Gx are regular, at least if 

p-rank Gx > 1 (> 2, if p = 2) , and so far we only need ( 1 ) • 

However, to settle the remaining cases, when p-rank G = 1 
X 

or 2, 

l (1) 1. we app y In fact, it is only necessary to show that equa-

tion (1) of (2,14) 

F(Tq) = F(G(q)) 
p 

is valid for all p without restriction on rank G(q) • Then the 

same method as in the proof of (2.16), part (i) and (ii), applies 

to show that all Gx are regular. 

It remains to show the above equation of (2.14) in the cases 

1 ) G(q) = S0(2), SU(2) or Sp(1) , all p 

2) G(q) = S0(3) or SU(3) p = 2 • 

Let G(qo) denote the groups of 1 ) • Using (2,15) and ( 1 ) 1 , 
the restricted action of G(qo) has the weights 

(3) 

Let ~P be a cyclic group of order p (pI 0) or a circle group 

(p= 0) contained in G(q
0

) (l'lp is its maximal p-torus). Then 

the identities (2) and (3) show that the groups ~P have the same 

fixed point set for all p. If G(q
0

) = SU(2) or Sp(1) , note 

that ~2 is its center, and since ~2 and 7l
0 

have the same 

fixed point set F(Zp) , this is also the fixed point set of G(q
0

). 

Consequently, 

( 4) 
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and this solves the cases 1). 

Finally, we solve the cases 2). Let p = 2 , G(3) = S0(3) 

or SU(3) , and consider the two subgroups G(2) = G(q0 ) and 

G1 (2) • Let 

3 ( ) I 3 '( ) ~ 2 = T2 n G 2 , ~2 = T2 n G 2 . 

In addition to (4) we clearly have 

(4)' 

Using the fact 

G1 (2) is G(3) 

F(G 1 (2)) = F(z;) • 

that the closed subgroup generated by G(2) 

itself, (4) and (4)
1 

imply 

F(T~) = F(Z2 ) n F(Z~) = F(G(2)) n F(G' (2)) 

= F(G(2)•G' (2)) = F(G(3)) • 

and 

(iii) The subgroups G(q) of G(n) are distinguished by 

their 2-rank. Therefore we may use theorem (1.13) to show that 

the isotropy types are given by a string 

G(n), G(n-1), ••• G~ = G(n-k) 

leading down to a principal isotropy group G~ = G( 1) , and 1 = n-k 

follows, for example, by counting weights in equation (0,6), with 

Gx = G(l) and ~(Sx) = ¢ . Alternatively, the above string is 

a direct consequence of corollary (2,16), This completes the 

proof of (2,19). 

Proposition (2,20) Let X be an acyclic Fp-cohomology manifold, 

p prime or zero, and let ~ be an action of the classical group 

G(n) on X • Assume rank G(n) > 2 , and G(n) I SU(4) if p = 2. 

Then the following two statements are equivalent: 
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(a) There are p-corank 1 isotropy groups. These groups have 

regular connected component, G~ ~ G(q) , and the corresponding 

quotient GxfG~ has no p-torsion. 

(b) The p-weights are regular, i.e. 0~(~) = O~(kon) for some 

k > 0, and k > 1 if G(n) = S0(2r+1) and pI 2. 

Proof Vie already know (a) is a consequence of (b), by (2,16)-(2,18) 

and lemma (1,3). Conversely, to prove the reverse implication, 

assume (a) is true and we must show (b). 

(i) Consider first the case G(n) = S0(2r+1) , pI 2. 

In the proof below, the statement that TP and G(n) have the 

same fixed point set, is replaced by the statement F(TP) = F(S0(2r)), 

Then the proof is similar to the Sp(n) case, showing the regu

larity of the p-weights, r·1oreover, the weights must have order 

k > 1 , otherwise all isotropy groups would have maximal p-rank, 

(2.18). 

( ii) In the following we assume n = 2r if p I 2 and 

G = SO • First, if 

HE O~(~) - ~p(G(n)) , 

it follows from lemma (1,3) that H is a maximal p-torus of 

some isotropy group Gx, By assumption (a), H c G~ ~ G(q) 

and so H is a regular weight, lemma (2.9). Secondly, by the 

definition of weight, (a) and lemma (1,3) imply that the p-weight 

system must contain the regular weights. Therefore, if the 
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p-weight system contains non-regular weights, the only possibili

ties are 

or 
(2) G = Sp and p I 0,2 

(2) is due to the fact that the set of p-roots of Sp(n) con

tains the regular weights if PI 2, but p = 0 is excluded in (2) 

by (1,7), since the principal 0-rank cannot be maximal. 

We claim that, as a consequence of both (1) and (2), G(n) 

and its (usual) maximal p-torus Tp must have the same fixed 

point set, Assuming this for the moment, we choose a p-root H 

in (1) [or (2)] which is not a regular weight. Then there is a 

point z E X 

and H is a maximal p-torus of Gz since F(TP) = F(G(n)) • 

Consequently, by assumption (a), G(q) ~ G~ ~ H and this contra

dicts lemma (2,9). Thus it is impossible to have (1) or (2) and 

this proves the proposition. 

(iii) Henceforth, we show the above claim that both (1) 

and (2) imply F(Tp) = F(G(n)) • 
Suppose F(TP) I F(G(n)) and let Gx be an isotropy group 

such that Tp c Gx I G(n) • Since, by (a), the principal p-rank 

is not maximal, the usual slice argument shows there is a point y 

in the slice sx whose isotropy group Gy has p-corank 1. Then 

G(q) ~ 0 Gy c Gx , ancl so we have G(W) c G~ c NG(\V) for some 

VI c An 
' using (2.3). By suitable conjugation we may assume 

(3) G(q) c G~ c NG(q), q = n-1 (or n-2, if G= SO) • 
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From our knowledge (2.2) of NG(q) we find the possible choices 

of G~ , and its normalizer is contained in NG(q) , in particular, 

Gx c NG( q) • r1oreover, Gx must be p-re gular, i.e. its maximal 

p-tori are conjugate. 

Choose x E F(TP)- F(G(n)) such- that Gx is minimal, and 

consequently 

otherwise there is a point y E Sx for which TP c Gy f Gx , 

contradicting the minimality of Gx • 

Now, use equation (0.6) 

Assuming (1) or (2), the above equation gives 

or 
(1)' O~(Sx) = O~(k6n) + ll~(Gx) , 

(2)
1 O~(Sx) = ll~(Gx) , 

respectively. Choose a p-root H E ll~(Gx) which is not a regular 

weight [This, is possible because of (3)]. Then using the same 

argument as in the last part of (ii), with G(n) , X replaced 

by Gx• Sx , respectively, we obtain a contradiction, and the 

claim is proved, 

The exceptional case' G(n) = S0(2r+1), k=1, of 2.20 (b) 

is interesting in the sense that it gives the only example of a 

regular action having no isotropy groups of p-corank 1 for some p. 

We state it as follows 

Theorem (2.21) Let G = S0(2r+1), r > 1 , act on an acyclic 

integral cohomology manifold X • Then the follOiving are equivalent: 
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(a) The action is regular of order 1, i.e. the isotropy types 

are the types of S0(2r+1), S0(2r) , 

(b) For some p (prime or zero) the p-weights are regular of 

order 1 ' i.e. 0~ (cp) = 0~( 0 2r+1) • 

(c) For all p the p-weights are regular of order 1 • 

Proof (a) and (c) are equivalent by theorem (2,19), and if p=2, 

then (b) and (a) are equivalent, by (2,16), 

It remains to prove (a), assuming (b) when pI 2 , 

Let TP(pl2) be the maximal p-torus of S0(2r) , Then Tp c T
0 

and 

F(Tp) = F(T
0

) = F(S0(2r)), theorem (2,14) , 

and this set has (~-cohomological) dimension 

by the Borel formula (0,2), If also F(TP) = F(G) , a principal 

isotropy group would have dimension 

dim Gcp >dim G- 2r+ 1 >dim S0(2r), lemma (1.4) , 

which is clearly impossible. Now, if 

S0(2r) c Gx I G , and so G~ = S0(2r), 

x E F(Tp)- F(G) , then 

(2,3) , Moreover, since 

we have 

slice sx 

maximal 

o~(cp) = o;co 2r) = ll;(G)- "';cso(2r)) 

= .!l~(G)- ll~(Gx) , 

o;csx) = ¢ from (0.6), i.e. Tp acts trivially on 

• Therefore T c G 
' 

Go = S0(2r) • Gcp cannot p cp cp 

2-rank, by (1.6), consequently G<P = S0(2r) • 

the 

have 

Now we note that all 2-corank 1 isotropy groups are regular, 

in fact principal,and hence the 2-weights are regular, by (2.20) 
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[This part of (2.20) is also valid for G(n) = S0(5)] 

there is no exceptional isotropy group, Gx ~ NS0(2r) 

and this proves (a), 

Thus 

see (2,16), 

Remark (2.22) If G = S0(3), (a) and (c) are equivalent, and 

equivalent to (b) when p = 0 • However, (b) does not imply (a) 

when p = 2 (Consider the 5-dim, irreducible representation). 

To end our investigations of regular actions we shall discuss 

the problem of extending the result of theorem (2.21) to all 

classical groups G(n) and all orders k • 

Definition (2,23) Let T be a torus acting on an (acyclic) inte

gral cohomology manifold X • We say T acts rationally if the 

fixed point set of each p-torus in T is a rational cohomology 

manifold, for all prime p. If G is a compact connected Lie 

group acting on X , G acts rationally if its maximal torus T 

acts rationally. 

Lemma (2,24) Let T be a torus'acting rationally on X , let 

(p prime) be the maximal p-torus of T , and let o' o' be o' P 

the set of nonzero weights of the action of T and Tp respecti-

vely. If S E 0~ , then for some 

Proof Denote the fixed point set of a group K by XK , let 

dim xK be dimension mod the rationals F
0 

, and denote the 

elements of 

Suppose 

in any Hi • 

the action of 

o' 
0 

by 

s c Tp 

Then 

T on 

Hi 

is 

S•H. 
~ 

xs 

• 

a corank 1 p-torus which is not contained 

= Tp·Hi and using the Borel formula for 

, we have 
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S T S H S•H. T 
dim X -dim X = i::[dim(X ) i- dim XT] = i::[dim X ~-dim X ] 

i i 
T H. T T T T 

= ~[dim(X P) ~-dim( X P) J .::; dim X p- dim X 
~ 

T 
Therefore dim x8 = dim X P and S is not a weight. 

Corollary (2,25l Assume the classical group G(n) acts rationally 

on X with regular 0-weights, Then the p-weights are also 

regular for all prime p , p ~ 2 if G = SO • [If we know that 

Tp and T
0 

have the same fixed point set, the "rational" assump

tion is unnecessary]. 

Proof Since the maximal p-torus TP of G(n) is contained in 

T
0 

, the p-weights are the intersection of 

0-weights, by (2,24), and these are regular, 

TP and regular 

[If F(T
0

) = F(Tp) , 

it is clear from the Borel formula that the p-weights are the 

restriction of 0-weights] 

Theorem (2,26)' Let ~ be an action of the classical group G(n) 

on an acyclic integral cohomology manifold X. Let rank G(n)>2 

and G(n) ~ SU(4) (for simplicity), Consider the following state-

ments: 

(a ) The action is regular of order k , hence the isotropy types 

are the types of G(n),G(n-1), .•• G(n-k) • 

(b) For some p (prime or zero) the p-weights are regular of 

order k , 0~(~) = O~(kon) • 

(c) For all p the p-weights are regular of order k • 

Then (a) and (c) are equivalent, If G(n) acts rationally, 

then all three statements are equivalent, with p = 2 in (b) if 

G = SO • 
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Assume k < n-1 ,n-2 ,n-3 when G = Sp, SU, ·so respectively. 

Then the three statements are equivalent. 

Proof The equivalence of (a) and (c) follows from (2.19). If 

the p-weights are regular for some prime p, then the 0-weights 

are regular, by (2,16)-(2.21), and if we also assume G(n) acts 

rationally, the p-weights are regular for all p , (2,25). 

Hence, (b) implies (c) if G(n) acts rationally. 

To show that (b) implies (c) when k is small, we first 

note that (b) implies G0 ~ G(n-k), (2,16)-(2.18). Now, let p cp 
be a prime and T~ c Tp , maximal p-tori of G(n-k) c G(n) • 

From (0.6), 

( 1 ) 

modulo zero weight T' p • O~(cp) is Weyl invariant, i.e • its ele-

ments are permuted by the action of the Weyl group W(Tp) • The 

regular weights constitute the shortest orbit under this action. 

If O~(cp) contains an orbit of non-regular weights, we can show, 

by counting weights, that (1) is violated, Details will be omitted 1 

Problems (2,27) If G(n) = SO(n) acts with regular 0-weights 

of order k ,:::. n-3 , how do we show 'the regularity of 2-weights? 

In (2,26) we have assumed G(n) acts rationally (k large), 

This seems to be only a technical assumption, and we conjecture 

that it is superfluous. 
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