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ABSTRACT
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locally convex complete vector spaces. The infinitesimal gene-
rators are given by Dirichlet forms associated with quasi in-
variant measures on the rigged Hilbert spaces. The processes
solve singular stochastic differential equations on these
Spaées. ‘We exhibit ergodic decompositions. We also prove

path continuity properties for the case of bounded measurable
d;ift and discuss briefly the relation with potential theory
on such spaces. The methods and results of the general theory
are then applied to models of local relativistic quantum fields
in two space-time dimensions, with polynomial or exponential
interactions. In particular we prove that the phycical vacuum,
restricted to the og-algebra generated by the time zero fields,

is a quasi invariant analytic and strictly positive meagsure.
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1. Introduction

The main concern of this paper is the study of stochastic
Markov processes and the corresponding stochastic differential &gu-
ations on separable real rigged Hilbert spaces X, where the rigging
Qe Kc Q' is given by a locally convex real complete vector space
Q, densely contained in K, and its dual Q'. This study contin-
ues in other directions and extends our previous one [1].1)Some re-
ferences concerning work from other points of view on stochastic
differential equations, stochastic processes and their relations to
differential operators in infinite dimensional spaces are e.g. [2] -
[14] and references therein. |
We shall now briefly discuss the content of the different sections
of our present paper.

In section 2 we study Dirichlet forms on a rigged separable
real Hilbert space K, the rigging Q_d Kc Q' being as above.
We recall that for any probability measure 4 on Q' which is quasi
invariant under translations by elements of Q two strongly continu-
ous unitary representations q - U(q) and q - V(q) of Q in
L,(d4) are defined, such that U and V satisfy the Weyl commuta-
tion relations. Such representations have been studied intensively |
before, see e.g. [18]-[23]. We have (V(g)f)(g) = (g%é%%%))%
£(g+q), for any f € L,(au), 9 €Q, E€Q'. '
Let jfn(q) be the infinitesimal generator of the unitary group V(tq),
t € R, Let ja(Q') be the space of all quasi invariant probabi-
lity meuzsures on Q' with the property that the function 1 is in
the domain of m(q) for all q € Q.  $¢%(Q') is the space of mea-
sures considered henceforth. The gradient q-V in the direction ¢

is defined in a natural way, hence also the closed map f - Vf from a

I's
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dense subset w' of Lz(du) into Kv® Lg(du); The Dirichlet form
we consider is then defined as the closed positive form JVE « V£ du
in L2(du). 2)

We study the correspondent self-adjoint operator H. In parficular
we exhibit its Qrergodic decomposition induced by the ergodic decom-
position of u with respect to translations by elements in Q.

We also give a definition of the Laplacian on Lé(du) , for p in
a subspace of cQ%(Q'), as a self-adjoint positive operator. This

is an alternative definition to ones given before ([27],[28],06]1,[7]).

In Section 3 we start by proving that the semigroup e"tH,

t > 0 generated by IH in L2(du) is positivity preserving,i.e. it
is a Markov semigroup. The proof is done by reduction to finitely
many dimensiohs. In this case (as well as in the case of locally
compact separable Hausdorff spaces) a general theory of symmetric pro-
cesses generated by a class of symmetric bilinear forms has been given
in a series of papers by Fukushima, see [29] and references therein.
The class of forms considered by Fukushimé consists of Dirichlet
forms in a general sense related to potential theory ana contain in
particular, in the finite dimensional case, the closed Dirichlet
forms considered by us in this paper and in [ 1 ]. Since the proof
that ouf operator H generates a Markov semigroup can be reduced to
the proof that an operator given by a Dirichlet form in finitely many
dimensions generate a Markov semigroup, we can apply Fukushima's re-
sults to prove that our operator e_tH is posiﬁivity preserving.

Then we use the Markov semigroup to construct, by an adaptation of
the standard Kolmogorov Theorem, the quasi invariant measure u be-
ing regular, an hqmdgeneous Markov process E(t) with state space

Q' and invariant measure un. We then show that E(t) solves, in
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the sense of weak processes on Q' ([30])~[32]) +the stochastic dif-

ferential equation of a diffusion process

ag(t) = B(E(t))at +aw(t) ,

where w(t) is the standard Wiener process on K and the osmotic
velocity B8(.), in the séhse of [1], is such that g.B = 2m(g)1.
This result covers in particular the/gggrggggggggg in [1]. 1In the
proof a suitable characterization of the standard Wiener process on

R is used. Note that B is, in general., neither Lipschitznor bounded.g)
We continue Section %3 by giving the time ergodic decomposkion'of the
process & and of its generator H. We also compare the time-ergo-
dic and ‘Q—ergodic decompositions and show that the former is in ge-
neral strictly finer than the latter. We also give a sufficient con-
dition for the measure u in order for the two ergodic decompositions
to be equivalent. The condition, called strict positivity, is that
the conditional measures obtained from u by conditioning with re-
spect to closed subspaces of codimension one be bounded away from zero
on compacts of the corresponding one-dimensional subspaces., Two simple
criteria for strict positivity of 4 are then given. The first re-
quires 1 to be an analytic vector for m(q) and that m(q)P-1 €
D(g-v) for all q € Q'. The second requires a gap at the bottom of
the spectrum of H and a simple estimate involving the multiple com- -
mutators of m(q) with H. These criteria find applications in
Section 4. |

We end Section 3 by proving continuity properties of the paths E(t)
in natural Banach norms, for a class of measures pu in cgz(Q'). We
use here results from Gross theory of abstract Wiener spaces (see e.g.
[61,[7]). Our results on continuity properties give an extension

of Stroock-Varadhan ones [ 35] to processes with infinite dimensional

-state space.
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In Section & we apply the results of the previous sections to the
case of two space-time dimensional quantum field théoretical models,
continuing the discussion of Section 4 of Ref. [1]. For these ap-
plications the rigging is given by the real spaces Q = &F(R) ,

K = Lz(du), Q' = é?tR) . We show in particular for the weakly
coupled P(cp)2 models ([38]1),(39]), the P(cp)2 model with Dirichlet
boundary conditions and isolated vacuum (vacua) ([40] - [43]) and the
exponential interaction models ([44],[45]), that the physical vacuum
measure restricted to the o-algebra generated by the time zero fields
is an analytic, strictly positive quasi invariant measure u on
5?(3) . Thus 1 is an analytic vector in Lg(du) for the canonical
momentum ﬁ(w), p € P(R) and, with natural identifications for
finitely based functions on e5‘”(1?),

Ifdu = J f(xq,...,xn)p(xq;...,xh)dXﬂ,.. dx ~ for any bounded con-
n .

R
tinuous f on Rn, with p strictly positive on any compact in

R% .

The restriction to time zero fields of the physical Hamiltonian of
above Wightman field modeis coincides on the dense domain ch of
finitely based twice continuously differentiable funcfions with the
Dirichlet operator H given by the Dirichlet form Jvf- vfdu , as
well as with the diffusion operator given by u in the terminology
of Theorem 2.7 in Ref. [1]. The results of Sections 2, 3 apply and
give in particular ergodic decompositions as well as the above men-
tioned stochastic differential equation for the Markov process E(t,)

with state space .991R), infinitesimal generator H and invariant

measure W
dg(x,t) = g(E(t))(x)at + aw(x,t) ,

w(+,t) being the standard Wiener process on ¥ (R) and g(-) =

2im(e) 1 the osmotic velocity corresponding to the measure u.
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2. The Dirichlet form and the Dirichlet operator

Let A = igﬂ Si;; be the Laplace operator as a self-adjoint
et

operator in L2(Rn). There are well known conditions on a real-
valued measurable function V(x) such that H = -A+V(x) is es-
sentially self-adjoint on di?Rn). E.g. it suffices that
V€ Lé(Rn)+Ibo(Rn) , p=2 for n=1,2,%5, and
"p>n/2 for n>4 [46]. o) Let us now assume V is such a
function and. H has an eigenvalue E such that H > E. Again
general conditions are known which-are sufficient to ensure that E»
is a simple eigenvalue of ﬁ. E.g. it suffices that V has the
form V = V,+V,, with 0<V,€I3°° and V, € I ,,(R") + L (R") for
n>3%, and Ln/2 replaced by Lp, p>1 for n=2 and by L1
for n=1 [48] - Si In such a case,where E is a simple lowest
eigenvalue of H, the corresponding normalized eigenfunction o(x)
may be taken to be strictly positive almost everywhere.

In the case where V is smooth one has ¢(x) > 0 for all
x € RY ([ 50]), 'so. that p(x)dx with p(x) = tp(x)2 is a normalized
probability measure equivalent to the Lebesgue ﬁeasure. A simple

calculation shows then that, for any f and g in Cz(Rn), we

have
0 - :
: d3f d
(fo,(H-E)gp) = T |==— =B pdx (2.1)
| ? ' i=4J axi Bxi
with
(fo,80) = ffg' pdx . (2.2)

Moreover for any f € Cz(Rn) we have

(H-E)fp = (-of - B-Vi)g - (2.3)
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where B = Vlnp and Vf {ax ,...,ax }. See also [11.
Hence we see that in Lz(pdx), H-E is represented by

(H-E)f = -~ Af - Bevf (2.4)

for f € C°(R®), and the form given by H-E is the Dirichlet form

in L2(pdx) i.e.

where (,)p is the inner product in L2(pdx). So that the Dirichlet
form in La(pdx) given by (2.5) defines an operator that is equiva-
lent with the operator H-E = -A+V-E in L2(Rn) ha&ing p(x) =
p(x)% as an eigenfunction with lowest eigenvalue zero. The relation

between p and V is of course given by

V-E = %}9 (2.6)
or
V-E = %B'B +—;-v.e (2.7)
h 0.8 = £82 and vep = B od
where B = + an b= 3x. °
i=1 * i=1 9%y

If we now let pdx be an arbitrary probability measure which is
absolutely continuous with respect to the Lebesgue measure,then
first of all,by a well known theorem, pdx is an arbitrary probabi-
lity measure which is Quasi invariant under translations in RY  and
moreover, by what is said above, the Dirichlet form (2.5) is a natu-
ral generalization of the forms given by operators of the type

We shall say that a real separable Hilbert space K is rigged

if there is a real locally convex complete vector space § such that
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QCKCQ,'; (2.8)

where Q' is the dual space of Q and such that Q is denmsely

contained in K and Q' respectively and the inner product (,)

in K coincides on Q X K with the dualization between Q and Q'..
In this case the inner product (,) on Q X K extends by con-

tinuity in the last variable to‘ Q X Q' and this extension coincides

with the dualization between Q and Q'. Hence we shall denote the

dualization between Q and Q' by (g,8), 9 €Q, & €Q'.

Let now JH(Q') be the space of bounded measures defined on
the o-algebra generated by the weak *—topology, and let J(Q')
be.the subset of probability measures. We shall say that up € 5a(Q')
is quasiinvariant if, for any q € Q, du(g) and du(g+q) are egqui-
valent as measures, and we shall let <9%(Q') denote the subset of

quasi invariant probability measures.

Let now u € ;@kQ'), then on L2(du) we have a representation
U(q) of Q by unitary operators with the cyclic vector Q(§) = 1,

given by .
W(E)(8) = e{W8r(e) (2.9)

We have easily that q - U(q) is a strongly continuous repreSenta—
tion of Q,because for f € I (du) we have
1(uC)-1£l2 < 2)£12(1-re [ (2 Pan(e)) , (2.10)

Ql
which shows that U(q) is strongly continuous since I_(du) is

dense in Lz(du).

If moreover u € j%(Q'), then we also have another represen-
tation of Q. Since du(&+q) and du(g) are equivatent we know

that
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a(g,q) = Bla) (2.11)

is a non negative Lq-function, and if we define

(V(D)(8) = a¥(g,)2(eva) (2.12)

then g - V(q) is again a unitary representation of Q on L2(du),
which is not necessarily continuous. However, it is always ray con-
tinuous and moreover if Q is a Fréchet space or a strict inductive
limit of Fréchet spaces then gq - V(q) is also strongly continuous
i.e. for any f € Lz(du) the mapping q - V(q)f is strongly contin-
uous. (For this last result see [20].)

It follows now easily that U and V satisfy the Weyl-commu-

tation relation

V(p)U(a) = X P Du(q)v(p). (2.13)

We have obviously that (g,g&) is the infinitesimal generator for
U(tq) , and we shall use the convention (gq,E) = €(q). Let m(q)
be the infinitesimal generator of the unitary group V(tq), and let
0 € L,(du) Dbe the function Q(§) = 1.

We shall say that u € J%(Q') is n-times differentiable if
Q is in the domain of n(qq),.,.,n(qn) for all n-tuples Qjse.eq,
in Q, and the subset of n-times differentiable probability mea-
sures will be denoted by (gL(Q'). 6)We shall also say that u € j&@)
is analytic if Q 1is an analytic vector for mw(q), for all q € Q.

Let now p € ﬁa(Q') then
Boq = 2im(q)n (2.14)

is a linear mapping from Q into L2(du), and we denote by B(E)-q
the value of the image function at the point E € Q' .,
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Remark: The mapping q ~ B-q 1is not necessarily continuous. We
have though by Prop. 2.3 and Prop. 2.5 of ref. [ 1] that if Q
is a countably normed space then q - B-q 1is coﬁtinuous, and if
Q 1is a nuclear space then B 1is actually given by a measurable
mapping B(E) from Q' fo Q' so that (q,B(8)) is the value of

B.q at the point E.,

Let»now R be a finite dimensional subspace of Q. Then the
orthogonal projection PR in K with range R extends by conti-
nuity to a continuous projection from Q' into Q with range R. This
because if TjyeeesT is an orthonormal base in R then for any

n
k € K we have that

PRk =

N ™MB
_

(r. ,k)r.
i i’ i?

which obviously extends by continuity.

We shall say that a measurable function f on Q' is finitely
based if there is a finite dimensional subspace R of Q such that
£f(g) = f(PRé). Moreover we shall say that a finitely based func-
tion f is in PC™(Q') if its restriction to its base R is in
c™(R) i.e. n-times continuouély differentiable. This definition
is obviously independent of the choice of R.

We shall say that a function f € €(Q') is in ¢™(Q') if, for
any € € Q' and any q € @, f(E+tq) is n-times continuously dif-
ferentiable functions of t and at t = O all the derivatives are

in 0(Q'). If f €' we define

(2-£)(8) = Spf(ebad |y (2.15)
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We see that if u € 33(Q') then Cq(Q') is contained in the do-
main of m(q) for all q € Q and for f € ¢! we have

m(Q)f = %(q-vf +%B»qf) . (2.16)

Now the operator q-v 1is defined on C/l and it has a densely de-
fined adjoint, namely -q-V - B-qQ ,whose domain contains C/I which
is obviously dense in Lg(du). Hence q-vV 1is closable and we shall
denote'its closure also by g-v.

Let now f € D(qev) for all q € Q. TFor any finite dimensional

subspace R < @ we define

n
«,nf - igquei-ang (2.17)

where Chyeees€y is an orthonormal basis for R. It is evident

that (2.17) is independent of the particular basis ©p1eeesCp e
. . R4 R,

We have obviously that if R, < R, then (£,f), < (£,£),°.
Hence the limit of (f,f)? over all finite dimensional subspaces
exists and we denote this by (f,f)q. It follows immediately by
taking the 1limit over the subspaces spanned by {eq,...,en}, where

{ei}go is an orthonormal base in K of elements in Q, that

g 2
(£,£), = igq\[ei«vﬂ\2 , | (2.18)

so by construction (2.18) is basis independent. We shall also use
the notation
(£,8), = [veevran, (2.19)

and we call (f,f)q the Dirichlet form given by u .7)

Let R be a finite dimensional subspace of Q and let ER be the
conditional expectation wifh respect to the o-subalgebra generated
by the functions (q,E) with q € R. We then have the following
formula for any f € D(qu)rﬂIbD and. any q € Q
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qQ-VEp £ = Epq-vf +E((Brq - Epg-a)f) . (2.20)

In particular we have that Ep mnaps D(g-v) NI, into D(q-v).
This follows from a simple computation. From (2.20) we find that
ERf converges to f strongly in the graph norm of qe.v., It is
also easy to see that D(q-V)anx> is dense in D(qevV) in the graph
norm. Hence if we let FL,, denote the finitely based functions in

I, we have the following lemma

Lemma 2.1
If u € éﬂ(Q') then FIL_N D(q-v) is a core for q-v, i.e.

it is dense in D(qg-vV) in the graph norm. [

If f is in the domain of q-vV for all q € Q@ and the Dirichlet
form (f,f),I is finite we define Vf as an element in K ® L2(du)

and obviously we have then

loz|® = [vE-vran = (£,1), . (2.21)

Lemma 2.2
Let u € 52(Q') , then the mapping Vv from IL,(du) into
K® L2(du) is closable.

Proof: Let R be a finite dimensional subspace of Q, and let
€4s0e+56, be an orthonormal basis in R, Let h € RQDLz(du) have
the decomposition h = {h;,...,h }, h; € L,(du) , with respect to
the basis ©1sece9€, o Assume that the h; are in D(qev) for all
Q in Q. Then such h are dense in K ® L2(dp) and the adjoint

of V is applicable to such h and we have
n .
* m— L] L]
V*h = igqei Vh; +B-e; . (2.22)
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Therefore V has a densely defined adjoint, hence it is closable.

This proves the lemma. 0

From now on we shall denote the closure also by V, so that in
what comes V is a closed map from Lz(du) into K ® L2(du) with
domain equal to Wq(du) consisting of those f € L2(du) which have
finite Dirichlet norm, and in fact (2.21) holds for all f € Wq.

The adjoint V* of V¥V 1is also densely defined and closed. We have

' thus proved the following theorem.

Theorem 2,71

Let u € 53(Q'), then the Dirichlet form
(£,£), = |vE-vrau

is a closed form in L2(du) and its associated operator is given

by the selfadjoint operator

H = v*vV |

For f € FO2(Q') we have that
Hf = - Af - BeVf
n 5 n
where A = I (eiV) and BV = I (B~ei)(ei-v), where e€,,...,6,

i=1 i="1 .
is an orthonormal base in R, f being finitely based in R. []

In the same way as for the Dirichlet form we get that (2.17) defines
a closed form (f,fq)R for any finite dimensional subspace R < Q,

and the corresponding selfadjoint operator HR is given by
HR = (v_)*v (2.23)
= R R [ )

where Vp is the corresponding map from L2(du) into R ® L2(du).
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Theorem 2.2

R~ HR is a monotone map from the ordered set of finite dimen-
sional subsets of Q@ into the ordered set of positive selfadjoint
R
operators, Moreover e'tH converges strongly to e—tH uniformly

on finite t-ihtervals as R = Q through the net of finite subsets.

Proof: In the paragraph following (2.17) we already observed that

R - HR

is monotone. The monotone form convergence follows from
(2.18) and this implies the strong semigroup convergence by the theo-
rem on convergence from below of symmetric semibounded forms.

(Theorem 3.13), Ch. VIII, Ref. [.511.) [

We shall call the operator H of theorem 2.1 +the Dirichlet operatorf)

We shall say that a measure u € ‘7¥Q') is Q-ergodic iff the
only measurable subsets of Q' which are Q-invariant, i.e. invari-
ant under translations by arbitrary q € Q, have u-measure zero or

one.

There exists a compact Hausdorff space 7 with a regular mea-

sure dz such that ¢ has a unique Q-ergodic decomposition
Moo= J W, dz . (2.24)
Z

2 is simply the maximal ideal space for the subalgebra of ngdu)
consisting of Q-invariant functions. Hence a continuous function
on Z is in natural correspondence with a translation invariant
function in I, and dz is just the restriction of du to the
transiation invariant functions.

So that in fact u, is the conditional probability measure,
conditioned with respect to the subalgebra of Q-invariant subsets.

(See also [201).
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Lemma 2.3
If z, # 2, then h, L uzz.
Proof: If Z4 # Z5 since 2 1is Hausdorff, there are two open
non intersecting sets A1 and A2 such that Z, € Aq and Zs € A2.
Now for any d-measurable set B € Q' and any A open in 2 we

have by definition that

JuZ(B)dz = w(EnB) (2.25)
A

where A is a Q-invariant measurable set such that its character-
istic function is represented on Z by the characteristic function
of A. So that if 2z € A  then, by (2.25), M, has support in x.
Since A r1A2 = ¢ we have that Kq and KE may be chosen such

1

that quizz = @#. This proves the theorem. )

Theorem 2.4

Let u € ﬁ%(Q') then zero is a simple eigenvalue of H if
and only if W 1is Q-ergodic. Moreover the eigenspace of eigen-
value zero is exactly the subspabe of Le(du) coﬁsisting of Q-in-
variant functions.

In fact the deéomposition (2.24) gives a direct decomposition

of L2(du) of the form
Ly(aw) = [I(an,)dz
VA
and with respect to this decomposition - H decomposes as
B = [H dz

such that,for each =z , H, has zero as a simple eigenvalue.
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i

Proof: TLet f € D(H) such that Hf O. Then

(£,8) = (£,£), = [vE-vfau = 0.

By the definition of (f,f),I this implies that the derivative of f
in any Q-direction is zero, hence f 1is Q-invariant. On the other
hand if f is Q-invariant, then obviously (f,f),| = 0 so that
£f €W = DE?) and HPf = 0, which implies that f € D(H) and
Hf =0,

The direct decomposition of L2(du)_ follows from the fact that

M, +u for =z, # zo. That H decomposes and that H, has a
g Z2 z '
simple eigenvalue follows from the corresponding decomposition of
v, O

We shall say that a W € ﬁQ(Q') is in 9%(Q') if BE

K69L2(du) i.e. if the Dirichlet norm of u, |
2 2 T 2
wllp = el = 21H31H2 (2.26)

1=
is finite, where Bi = B-ei and {ei}zlq is an orthonormal base
in K of elements in Q. Similarly as in lemma 2.1 we have

Lemma 2.4

Ir u€ J(Q') then FL N W' is dense in W' = D(v) in
the graph norm of Vv, i.e. in the Dirichlet norm (HfH1)2 =
(£,8) 4+ (£,£) .

/l

Proof: Let f € W' and set f£X(g) = £(g) if |£f(g)] <k and

equal to *k if f(E) is larger than k (smaller than -k ) .

k

Then f% - f in L,(au) and

(£-tFp-t%), = | vE.vf du
I£(8) >k
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which goes to zero since vf-vf € Lq. So that W/I N I, is dense
in W'. ©Tet now f € qu]%o and let R be a finite dimensional

subspace of Q with its corresponding conditional expectation ER“

Then by (2.20)

VELf = Eva+ER[(B— Re)fj . | (2.2?)

So from the triangle inequality in K ® L2(du) we have

9Bzl < IEgvell + Bl (B-Eg8)£1|

and thus, since ER is a projection in Ly,
IVEL£l < llvell + (£l disll

Rf € Wq. Consider now f - ERf, which obviously goes

to zero in Le(du) as R - Q. On the other hand

so that E

19 Ce-Egf) < ve-Bpvz]l + IEGL(p-Eg8)£1]

lor-Egor]l + [l£llJlB-Egs

IA

Since Ep - 1 in L2(du) we have that 1®E; - 1 in K ® Lg(du),
hence the right hand side of the previous inequality goes to zero.

This proves the lemma, E}

Let now u € QZ(Q') and let us also assume that, for an orthonor-

mal basis {en} in K of elements in Q,
© 2
V=-X TT(en) Q (2.28)
n="1
converges in Le(du), where Q(E) = 1. 1In that case the Laplacian
o ‘
= 3 n(e.)2 (2.29)
i=1 t |
is defined on FCe, it is obviously non negative and we shall

denote by n2 also its Friedrichs extension. Although (2.29) looks
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basis dependent, we may see in the following way that it is not.

Let R be a finite dimensional subspace of Q and

p B > |

mp = L n(ri) , (2.30)
i="1

where TyseeesTy is an orthonormal hase in R. We denote also by

"

independent; Moreover R - ng is monotone from the directed set

its Friedrichs extension. It is easy to see that (2.3%0) is basis

of finite dimensional subspaces into the directed set of non negative
operators. n2 is then simply the limit,by theorem 3.13 of Ch. VIII
of ref. [51],0f ma as R = Q. This shows that the Friedrichs
extension of (2.29) is basis independent.

We have obviously that on FCZ(Q')
2
H=1"4+V, (2.21)

where H is the Dirichlet operator. We can also give the L2-func-

tion V directly in terms of B if we assume [lu|ly < . Since

in(q)Q = 4B-q

we see that
0

_1'[29 = Z

i=

(39385 #8508y . (2.32)

oo
Now, if HuHD < oo, ,2155 converges in L, so, by the assumption
1=

that (2.28) converges, we get that

V = $dive+78-8, (2.33)
where
002 o0
B-B = L By and divB = I V.B. (2.34)
i=1 * j=1 11
and By = Bee; and V. = e;eV, {ei} being an orthonormal base in

K of elements in Q.
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Remark: The Laplacian -ﬂ2 on L2(du) as introduced here has no
relation to the Laplacian studied by Gross in [ G ] or the Laplacian

studied by Lévy in [27].

It is not immediately obvious that the class of quusi invariant
measures so that (2.28) converges in L2(du) is non empty. So we

shall therefore give a simple example.

Example: Let A Dbe a positive invertible trace class operator on
a real separable Hilbert space K. Consider now the Gaussian mea-

sure duA with covariance A'q, it is
=1
EA[(x,E)(y,é)] = (X,A Y)-

Let Q be the Hilbert space Q = D(A"q) with its natural norm.
Then we have that Q' is the completion of K in the norm ||Ax|| .
It is well known that, since A is of trace class, duA is a mea-
sure on Q' , which is quasi invariant under translations by all
qg € Q, in fact by all q € Q' such that (q,Aq) < ©©. In this

case

Bq = -Aq (2.35)
so that u, € g%(Q') namely
luglly = JlAEI®am, () = tra (2.36)

and
(n%a)(8) =- Jag|®+tra . (2.37)

So that with
V = ||Ag)®- trA

we have that

V)2 = E,[(4%)2 - 2tra(ea®e) + (tra)?]

tr A2 + (br A)Z = 2(trh)2 + (trA)°
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VIS = tra® (2.38)

which is finite since A is of trace class. We see in fact that
we may do with the weaker condition that A 1is a Hilbert-Smith
operator , because (2.38) still holds and also in this case duA

is a measure on Q'.
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3, The diffusion process generated by the Dirichlet operator.

We have from the previous section that the Dirichlet operator
H = v*%v is a self adjoint operator in L2(du) which is the limit

in the strong resolvent sense of the operators

where YR is the gradient in the direction of the finite dimen-
sional subspace R , i.e. Vp = (PR®'I)V y where Pp 1is the
orthogonal projection in X with range R . ‘The limit is to be
taken over the filter of all finite dimensional subspaces. From
the strong resolvent convergence we then héve that e—tHR - e_tH
gtrongly.

We say that a contraction semigroup T, in Ly(dw) is a
Markov semigroup if for any f ¢ Lz(du) with f > 0 we have

that th > 0 . From the strong convergence above we get that

—tHp ~tH
if e is Markov, then so is e . We shall now see that
-tH .
e B 4is Markov if u € fiq(Q') .

We have seen in the previous section that since R‘ is finite
dimensional PR extends by continuity to a continuous projec-
tion defined on all of Q' and with rahge R . We shall denote
this extension still by PR . The decomposition of the identity
on Q' given by

I =Py + (I-Bp) (3.2)

gives a direct decomposition of Q' of the form
Q' =Ro R, (3.3)

where RY' 1is the annihilator of R in Q' . Since PR is
continuous on Q' , so is I--PR s hence for x € R and n € R+

we have that (x,y) = x®y 1is one to one and bicontinuous. Hence
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Q' and RXRY are equivalent as measure spaces. Therefore we
may consider W as a measure on the product space RxR* . Let
now u(x|n) be tﬁe conditional probability measure on R condi-
tioned with respecf to RY . Thus for any measurable set ACR
we have that u(A|n) is a positive measurable function on R*

such that, for any measurable set B in Rt y

[oalnyav(n) = u(axBs) , | (3.4)
B
where v is the measure induced on R* by 4 . Let now A c R
and B c Rt . The guasi invariance of u under translations by
elements in Q gives us that u(AxB) as a function of- A for
fixed B 1is a quasi invariant measure on R , and therefore by
(3.4) we get that u(A|n) is a quasi invariant measure on R for
v-almost all n ¢ R* . Thus we have
2
u(aln) = fo(xIn)ax = [°(x[n)ax (3.5)
A A '
with @(x|n) and p(x|n) different from zero almost everywhere
in the sense of Lebesgue. Prom (3.4) we now easely get

"

Ly(au) = | Ly(au(:
R.L

n)dv (n) (3.6)

where the integral is taken in the sense of a direct integral of
Hilbert spaces. We see that the operator Hp of (3.1) is re-
ducible with respect to the direct integral decomposition (3.6)

and in fact with respect to that decomposition we have

Hp = J Hn dv(n), , (3.7)
Rt

where Hﬁ is the Dirichlet operator in IL,(Rjdu(:|n) .
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Hence

-tH -tH

e T=[e Mav(m . (3.8)

RJ'
-tH _
Therefore if we can prove that e N is a Markov semigroup,
—tHR
then e is a Markov semigroup., Hence we have reduced the
problem of whether e'tH is Markov or not to a corresponding

finite dimensional problem.

Let now {X,dm} be a ¢-finite measure space. Let ¢ be a
closed non negative symmetric form on the real L2-space LZ(X,dm)
with domain of definition D(e) which is dense in L2(X,dm) .

We shall say that every unit contraction operates on e if

for any u € D(e) +the function v = (Ovu)A1 is again in D(e)
and e(v,v) < e(uyu) . (3.9)

The following theorem is proved in section 3 of ref. [29) .

Theorem 3.1 [Fukushima]

Let X be a locally compact separable Hausdorff space with
a Radon measure dm . Let e Dbe a closed non negative symmetric
form on real LZ(X,dm) with a dense domain of definition D(e) .
If every unit contraction operates on ¢, then the semigroup
-tH

e € generated by the self adjoint operator He associated

with the closed form ¢ is a Markov semigroup. Moreover if

~tH
e € is a Markov semigroup, then every unit contraction operates

on e . D

Since Hﬂ in (3.7) is the Dirichlet operator in R and R
is finite dimensional and Hﬂ is the operator associated with
the Dirichlet form in L2(R,p(xln)dx) we have only to check that

every unit contraction operates on the corresponding Dirichlet
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form. However with v = (OVu)A 1 we have that

(viv); = | |ou]Zp(xImax < [Fule(x|max = (wu)y . (3.10)
O<v<«i
Hence we see that the condition of theorem %.1 is satisfied so

that e " is Markov. Thus we have proved the following theorem.)

Theorem 3.2

Let u € J%Q(Q') , then the corresponding Dirichlet operator H

generates a contraction semigroup ™ which is Markov. Cji

Since u 1is a regular measure on Q' and e_tH is a Markov
semigroup, it gives rise to a Markov process E(t) on Q' which
is homogeneous in t such that w is an invariant measure for

E(t) and for any f ¢ Lz(du) we have that
™™ £ - B £(g(1)) , (3.11)

where EO 'is the conditional expectation with respect to the
subalgebra generated by the linear functions (q,E(0)) for q € Q.

Let now (X,dw) be the underlying probability space for the
procesé §(t) dinduced by the Markov semigroup by the Kolmogorov
construction. Then we have the natural inclusion L2(du c L2(X,dm)
as the subspace of Lz—functions measurable with respect to the
subalgebra genefated by q-E(0) . Moreover the time translation
E(s) = E(s+t) induces in a natural way a strongly continuous
unitary é&oup T, in LZ(X,dw) , and with this notation (3.11)
takes the form |

-tH

e = E_T,.E (3.12)

where E_  1s the projection onto the §(0) measurable functions,

i.es onto L,(du) . Let now f ¢ L2(du), then of course
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£(2(t)) = T,£(8(0))T_, so that £(5(t)) € L,(X,dw) and depends
strongly continuously on *t .

Since u € 801(Q') we have that q-p € L2(du) so that
lq-B(g(t)) € L2(X,d@),, and this depends strongly continuously

on t . Hence it is strongly integrable and

IQ°B(§(T»dT € L2(X,dw) is actually strongly differentiable with

respect to t ., Consider now the real valued process

t
q-w(t) = q-8(%) - [a-g(&(r))ar . (3.13)
(o]

We have obviously that qew(t) is well defined for all g € Q

and as a function on the probability space (X,dw) it is linear

in g . In short w(t) is a weak process on Q' [30]-[32lWe

shall se that it is actually the restriction to Q of the standard

weak Wienerprocess on K . Consider for this
_ _ &

iaqew(t)  iag-§(t) -ia[ a-p(g(r))ar
= e . o

e = e

. (3.14)

From (3.12) we get that if f € L,(du) is in the domain of
definition of the Dirichlet operator H then Eof(g(t)) is
strongly differentiable in I,(X,dw) with respect to t and
for all t >0

%Eof(g(t)) = - EO(Hf)(g(t).) .

By homogeneity we therefore get that

LB _£(5(t)) = - B (HE)(£(%)) (3.15)

for all s >0 and t>s8 . Por t =8 +the derivative above

is the one sided derivative. Since e1%%'5 ¢ D(H) we have by

iCLQ_OW('t)

(3.14) that E_e is strongly differentiable with respect
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. 3 . 10 e
to t for t > s and since He iagq-§ _ (a2q2— iaqgep(€))et a5
we have for 1t > s

%—' Eseiqu(t) = - a2q2 eiaq.w(t) . (3.16)

ot

Hence for any function f € S(R) we get that Esf(qow(t)) is
strongly Lz(x,dw)-differentiable and

d N 2 v (4

3t Egf(a-w(t)) = a° B (af(a-w(t))) | (3.17)
where q2 = (4,9) . By lemma 3.1 below we then have that q-w(t)
is the Wiener process with diffusion 2q2 on R . Hence we have
proven that w(t) given by (3.13) is the standard weak Wiener

process on K . We have thus proven the following theorem.lo)

Theorem 3.3

Let £(t) Dbe the Markov process given by the Markov semigroup
of theorem %.2. Then E&(t) satisfies the following stochastic

differential equation in the sense of weak processes on Q!
ag(t) = p(g(t))at + aw(st) ,

where w(t) is the standard weak Wiener process on K .[]In the

proof above we ma ‘e use of the following lemma.

Lemma 3.1 .

Let n(t), t > O be a real valued stochastic process, i.e.
a real valued measurable function n(t,w) from ([0,o0) x X,d\ X dw)
into R where (X,dw) is a probability space and 'x is the
Lebesgue measure. For any measurable function f on R we

define the forward derivative
(D,£)(n($)) = lim ¢ B L£(n(t+h) - £(n(%))]
+ hxo h

where Et is the conditional expectation with respect to the
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subalgebra generated by n(t) for 0 < T <t , whenever this
limit exists in the strong LZ(X,dw) sense., D;f(n(t)) ig thus
a function in EtL2(X,dw) whenever it exists.

If for any f ¢ S(R) , the Schwartz test function space, we
have that f(n(t)) is strongly IL,(X,dw) differentiable and

(D, £)(n(£)) = §(af) (n(t)) ,

then mn(t) is a Wiener process on R with diffusion o , i.e.
n(t) is a Markov process and if v is the distribution of n(0),

then the distribution of n(t) is

A __"_.(X_y)2
(2not)'§Jje 20% av (y) .

Proof, ©Since obviously Es.Es+t = ES for s and t positive,
we have by the assumptions of the lemma that Esf(n(t+s)) is
strongly IL,(X,dw) differentiable in t for t > 0 , since Eg

is a strongly L2(X,dw) continuous projection, and

4 B_f(n(t+s)) = E (£ (n(t+s))). (3.18)

Therefore since Af, Azf,... are again in S(R) we get from

(3.18) that,for all t > O,

dn
at?

E_f(n(t+s)) = E ((30)” L £(n(t+8))) (5.19)
where we must remember that for +t = 0 +the derivatives are the
one sided derivatives. Hence for f € S(R) with f of bounded
support we easily get by Sobolev inequalities that there is a
constant ¢ such that

872 < o™ . (3.20)

But then ”Anf(n(t+s)))”co < c® so that
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145 B2 (n(tee)) ], < (o)™ . (3.21)

From this it follows that Esf(n(t+s)) is strongly LCC(X,dw)
analytic in t so that for all t > O we have
co . 4n

Ef(n(t+s)) =n§o T

o)™ BaPf(n(s)) . (3.22)

i
Since 4 A is the infinitesimal generator of the semigroup ez-tA

with kernel

- §¥(x—y)2

Ft(x,y) = (2nt) 7 o (3.23)

we have that

_ 1 _32
T Lot ) = ren)F [ T p(p)ay, (3.20)

e
n=o

where the sum is strongly Lo: convergent. From (3.22) and

the strong L convergence of (3.24) we get

Ef(n(t+s)) = (T.£)(n(e)) , (3.25)
where | o —1—(x—y)2
(1,8)(x) = (2m0t) ™2 e 2%0 £(y)dy . (3.26)

In particular

E,£(n(%)) = (2.£)(n(0)) . (3.27)

Since T, is a semigroup (3.27) proves that TN(t) is a Markov

process and from (3.26) we get that the conditional distribution
of n(t) given the condition n(0) = 0 is

(2nct)'% e- EEE(X_Y) ax . (%3.28)

This then proves the lemma. O
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In what follows we shall also need the following lemma of

. 11)
Frobenius type.

Lemma 3.2

Let A be a bounded operator on an Lz—spaceb such that
Al <1 and A is positivity preserving, i.e. f > 0 => Af > 0 .
If 1 4dis an eigenvalue for A , then 1 1is a simple eigenvector
if the only multiplication operators that commute with A are the
constants. Moreover if 1 ié a simple eigenvalue, then the corre-
gponding eigenfunction may be taken non negative, and if the only
multiplication operators that commutes with A are the constants,

then the corresponding eigenfunction is positive almost everywhere.

Proof: Let us assume that 1 is a eigenvalue of A with
a corresponding eigenfunction ¢ . Since A is positivity

preserving, we have, if |lp|| = 1 , that

1= (p,A9) < (|o]| A]p]) so that |[p] is an
eigenfunction to the eigenvalue 1 , since |[A]| < 1 . Hence
if 1 is simple, we may take |¢| as the corresponding eigen-
function. On the other hand if 1 1is not simple, we have at
least another one , y, which is orthogonal to || . Since A 1is
positivity preserving, the real and imaginary parts of ¢ will
also be eigenfunctions and both will be orthogonal to || , so
we may for this reason take § to be real, If V¢ = Xjy| , then
lo| and |¢| are orthogonal, and if ¢ and |y| are not pro-
portional, then iw] + § are two positive orthogonal eigenfunctions.
Hence if 1 1is not simple, we can always find a non negative
eigenfunction v éorresponding to the eigenvalue 1 such that
the characteristic function X of its support is not a constant.

As a multiplication operator x is a projection of L2(X,dw)
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onto IL,(xX,dw) . Obviously the functions f € L,(X,dw) such
that |f| < c*v for some constant ¢ are dense in the range

of X . Since Av=v and A 1is positivity preserving we have,
for any =-cv < f < cv , that -cv < Af < cv , so that A takes

a dense subspace of the range of X into itself. By continuity
A  then takes the range of X into it self, i.e., A commutes- |
with X . Suppose now that the only multiplication operators
that commute with A are the constants. Then 1 is a simple
eigenvalue and it follows from above that the chéracteristic
function to its support commutes with A . If this characteristic
function is to be constant, then the eigenfunction must be posi-

tive almost everywhere. ' O

Let now uw ¢ 331(Q') and let H ©be the corresponding
Dirichlet operator in LQ(Q',du) . By LCC(V) we shall under-
stand the subalgebra of LOO(Q',du) of multiplication operators
wﬂach commute with e~ for all + > 0 . Since ZLCC(V) is a
commutative C¥-algebra, we have that it is equal to all the
continuous functions on some compact space which we shall denote V.
Let dv be the measure induced on V by the integral induced
on LG:(V) by du. It is then easy to see that LCC(V) is also
isomorphic with LCC(V,dv) + The spectral decomposition of

Lz(du) with respect to’the commutative algebra of operators

L (V) 1is then given by

v))av , (3.29)

L,(Q',du) = JLg(du(-
v

v) is the conditional probability measures conditioned

where du(s

with respect to the o-subalgebra generated by the functions in

LCC(V) . Since all the elements in LCO(V) commute with o~ tH
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we have that H is reduced by the direct decomposition (3.29) and

H = iHv av . | (%.30)

Thus Hv is g self adjoint operator for almost all v . By the

corresponding reduction of the Dirichlet form we get that

(£,H, L), = jvf-vf du(g|v) . » (3.31)
Q!

Hence we get that the Dirichlet form in L2(du(-lv) is closed,
and the corresponding Dirichlet operator is HV . We should here
bear in mind that du(g|v) is not necessarily quasi invariant
under translations by elements in q , but nevertheless the corre-
sponding Dirichlet form (3%.,31) is closed.

By the decomposition (3.29) we have that the only multipli-
cation operators which commute with all e—tHV in L2(du(-]v))
. are the constants. Hence,by lemma 3.2, O is a simple eigenvalue

of Hv . We have thus proved the following theoremn.

Theorem %.4

Let u € 5P1(Q') and let

Ly(au) = [Ty(au(-|v))av

V .

be the spectral decomposition with respect to the subalgebra

LOC(V) of multiplication operators which commutes with Rad!

for all + > O , then u(+|v) is the conditional probability -

measure conditioned with respect to the g-subalgebra generated
by qx}(V) and the Dirichlet forms in L2(du(-|v)) are closed
for almost all v . If

H= [H av
v
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is the corresponding direct decomposition of H , then Hv are
the self adjoint operators in Lz(du(-lv)) given by the Dirichlet
forms in I,(+|v)). Zero is a simple eigenvalue for H_ and the
corresponding eigenfunction is positive almost everywhere, for

almost all v . Moreover the zero eigenspace for H 1is the closure

of Loo(v) in L2(du) .

Proof: That the zero eigenvalue for Hv is positive almost
everywhere follows from the fgct that the only multiplication
operators that commute with e—tHv for all +t > O are the con-
stants,in a similar way as in lemma 3.2. Now obviously LOO(V)
is in the zero eigenspace for H since it is invariant under
e~ . Suppose now e"Mro £ for all 4 , and let us assume f
real. Then of course we have also that e_tH(ffx) = f-=\A and by
the proof of lemma 3.2 |f-A| £(f-A) is also invariant. In the
same way as in lemma 3.2 we then also get that the support of
|f-A| (€~ 1) has a characteristic function which is invariant.
Hence the characteristic function of any set of form A<,
tH

is invariant under e . But then f 1is obviously in the

Lo-closure of L (V) . This proves the theorem. O

The Markov semigroup "™ 35 said to be ergodic if the only

multiplication operators that commute with e_tH are the constant.
We see from above that this is equivalent with 1 being a simple
eigenvalue which again is equivalent with the condition that if
£>0 and g >0, then (f,e”™ g) = 0 for all + implies

that £ =0 or g=0. Take f and g +to be characteristic

functions for measurable sets A and B . Then for s < t

Pr(g(s) e A& g(t) € BY = (x,,e " 5y . (3.32)
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Now we have that if (3.32) is zero for all +t , then either A

or B has measure zero which is to say that the stochastic
process E(t) dis ergodic., We also get that if E(t) is ergodic,
then e~ g ergodic.

Since in the decomposition

e—tH = fe v av (3-33)
o
-tHV
the semigroup e is ergodic, (3.33) gives the ergodic de-

composition of the Markov semigroup e—tH. But by what is said

above we then have that

u(a) = Jua|var (3.34)
v

is the ergodic decomposition of the measure W with respect to

the action of the Markov process &(t) .

Example 3.1

Let K be one dimensional, i.e. Q = K = Q' = R (the real
Y J—
line) and let du = (m) ™% Py(x)? e™* dx where P,(x) is the

properly normalized second Hermite polynomial, i.e.
| 2
-~ -
du = $n 2(2x°-1)2 ¥ ax

and uy € §31 . We then have that du = mz dx , where ¢ 1is the
third lowest eigenfunction of the operator —A+—x2. In fact
(-A+x2)cp = Bp so0 that by (2.6)

H_=—A+X2-5

Iz

when applied to functions of the form f:@; with smooth f .

Since ¢ has simple zeros at x = X %JE“, we actually find also

2

that H =-;Ad'+ x“. -5 in L2(di) y where A, is the Laplacian

—
with Dirichlet boundary conditions on x = i}%VQ . Hence
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du = e(dijgt-x)¢2dx+ e(x4-%J§39(%J§t-x)¢2dx+-e(%Jﬁi-x)¢2dx (3.35)

is the ergodic decomposition of du given by (3.33) in this case.

The corresponding decomposition of H and e"tH is given by

L,(ax) = Ly(-c0,-%,/2) ® Ly(-/2,3/D e 1,3 /2,xc),  (3.36)

where in each component H =-0, + x2 -5, Ao being the Laplacian

with Dirichlet boundary conditions for each component.

We shall call the ergodic decomposition (3.34) of u with
respect to the action of the Markov pfocess E(t) ﬂthe T—-ergodic
.vdecomposition“. Thus we have that the T-ergodic decomposition of y
'ia Just the'decompositiogfh into its conditional probability mea-
sures u(*/¥) conditioned with respect to the o-algegra generated
by the functions which are eigenfunctions with eigenvalue zero for H.

Since we know already‘that the Q-invariant functions are
eigenfunctions with eigenvalue zero for H , we see that the
T-ergodic decomposition is a finer decomposition than the .Q-ergodic
decomposition given in (2.24), and the example 3,1 indicates that
normally the T-ergodic decomposition is strictly finer than the

Q-ergodic decomposition,

Let now u be a Q-quasi invariant probability measure on Q'.
Let Pq be the orthogonal brojection onto q in K , and let
p(x|n) for x ¢ PK and ¢ (1—Pq)Q' be the conditional proba-
bility density in (3.5). We may identify PqK with the real
line R ., So that for A c PqK and B c (1—Pq)Q' we have

u(axB) = [([p(x[n)ax)av(n) . (5.37)
B A '

We shall say that y 1is strictly positive if p(xln) are bounded
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away from zero on compacts in R for v—almost all n .

Theorem 3,5

If u is strictly positive and u € ﬁ31(Q') then the T-er-
godic decomposition and the Q-ergodic decompositions are identi-

cal.

Proof

Let A c Q' Dbe a subset that is measurable with respect to
the ¢g-subalgebra generated by the eigenfunctions corresponding
to theveigenvalue zero of H . Then as we have seen the charac-
teristic function X is an eigenfunction of eigenvalue zero of H.
Since H = v¥v we therefore have that ¥, ¢ D(v) and V%, = 0 .

In particular q-VxA = 0 , so that
2
{[q-val dy = 0 . (%3.38)
Let now q2 =1 and ¥, = xA(xq<9n) with (q,n) = O . Since

Narvs?au= [ (J1 &5 (xa+ 1)[%56 (x|m)ax)av(n), (3.39)
: Rt R

we see by (3.38) and the fact that p(x|n) is bounded away from
zero on compacts that XA(XQ+ n) 1is independent of x for
v-almost all n . Since q was arbitrary we have that. X4 and
therefore A is invariant under translations by elements in Q .
Hence we have proved that the g-algebra genérated by the zero
eigenfunctions is contained in the o-algebra of Q-invariant
subsets. The other direction was proved in theorem 2.4. This

proves the theorem. J

We shall say that a quasi invariant probability measure u
is analytic if 1 1is an analytic vector for n(q) for any q€4Q,

and with this notation we have the following criteria.iz)
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Let u be analytic, and such that =(q)™+1 is in the domain

o q*v . Then we have that u is strictly positive.

Proof: That 1 is an analytic vector for m(q) is by definition

to say that there are some r > 0O depending on ¢q , such that
11 -T1 '.
[m(a) =1l< 27" nt . (3.40)

Let now q € Q with q2 =1 and p(x|n) for (m,q) = 0 be

given by (3.37).\ Then we have the direct decomposition

L,(Q',du) = [ Tp(p(x[m)ax)av(n) , (3.41)
R+
where RY is the subSpace of Q' orthogonal to g . This de-

composition reduces V(tq) and therefore also n(q) , so that

(@) = [ m(Qdav(n) . - (3.42)
g |
We ghall see that 1 is an analytic function also for nn(q) ’
inasmuch as
(£,7(ta)1) = f [ff(xq+n)¢(XIn)-m(x-+t|n)dXJdv(n) (3.43)
B

where ¢(x|n) = p(X'n)% .

(3.42) is analytic in t for |t| < r , so let T be any
smooth closed curve in the disk |z| < r . Then the integral of

(3.43) with respect to t around T is zero. So by the Fubini

theorem |
I [I?(xq4-n)w(XIn)(fm(x+-tjn)dt)dx]dv(n) =0, (%.44)
R+ R r

Since f is arbitrary in Lz(du) and ¢(x|n) > 0 for almost
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all x and v ~almost all m we have that
Iw(x*'zln)dz = 0 (3.45)
T
for almost all x and wv-almost all 7 , Hence o(x+2z|n) is
analytic for |z| < r for all x and v-almost all n, where r
is given in (3%.40). So that ¢(z|n) is analytic in a strip of
with 2r around the real =z axis.
Purther more we have that n(q)®.1 1is in the domain of Q¥

Using now the direct decomposition (3.42) we have

flasopm (@™ 1)%av (n) = fa-w-m()™)? , (3.46)

for
so that,/v-almost all n ”q-vnnn(Q)n-1H <co.

However

(2) ([
oo o (@)™ 112 = O )2 o2 (x n)ax
R

(3.47)

_J'@m“)uM)_mWMm,mmNﬂnﬂ2

%(x|n)ax
P (x[N) e(x[n)  lx[n) ® ’

(n+1) o
Now we have that 9—5——— e'L2(¢ (¢|m)) for v-almost all n
since
(n+1)
r(gp n+ (X,n))Z Cp(X,Tl)de dv('ﬂ) - ”n(q)n+1.1”2 , (3.48)

f J (xIn)
TL % e(x|n

which is finite by assumption. Since by (3.47) and (3.46) the

difference is in chwz(xln)dx) for v-almost all 71 we have

. (n) |
e}, o (xin) ¢ 1) (o%(x| m)ax) (5.4 )

for v-almost all n . Now since p(x|n) is analytic in x we

that

have that the zeros of ¢ are isolated and of finite order,
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Let ¢(a|n) = 0 , then there is an n such that @(n)(aln) £0,
]
X n .
By (3.49) 9$%§+%%- ¢( )(x]rﬂe L,(dx) and since ¢(n)(x]n) £0
!
in a neighborhood of a , we get that 96%§+%% is in Lz(dx)

near a . Let n be the lowest value such that w(n)(a|n) A0,

then o(x|n) ~ c(x-a)® near a , Prom this we get that

eftxlal ¢ 1,(ax)

near x = a . Hence we have that ¢(x|n) > 0 for all x , and
this proof goes for v-almost all 1 . Since o(x|n) is ana-
lytic in x , it is therefore bounded away from zero on compacts.

This proves the theorem. O

Theorem 3.7

Let u € fp1(Q') and assume that zero is separated from the
rest of the spectrum of H by a positive distance m > O , where
H is the corresponding Dirichlet operator.

Let ad m(q)(H) = [n(q),H] and let us assume that for any

qg€Q there is a constant cq > 0 depending only on q such that
- n 2 n
[ (H+1)7® ad™ m(q)(H)(H+1)#]| < Cq
for all n=1,2,3,... . Then for any vector v such that
Hv = 0 we have that
+ n m+1 n
| (E+1)% m(a)” v] < nt (S ecq) vl .
In particular we get that v is an analytic vector for n(q) ,

and u 1is analytic and strictly positive.

Proof: For any n we have the following algebraic relation

H(q)" = ﬂ(q)nH-_;l1(?)adj m(a) (H)n(q)™d . (3.50)
Jj=
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So if Hv = 0 we get by the assumptions of the theorem that

[(B+1) 7% Hn(Q)™v]| < 2 (De II(H+1)‘°“ n(q)“‘iJ vi[.  (3.51)
j=1
Let m > O be the separation of zero from the rest of the spec-
trum of H, then, since Hn(q)™v 4is in the subspace orthogonal
m+ 1

to the zero eigenspace and (H+‘I)H—1 is normbounded by —

on that subspace, we have

1) E n@ v < %jécg(g)n(nn Fa@™ v, (3.52)
Let us now assume that
1E)F n(@F v < k1@ e c)v] (3.53)

which is obviously true for k = O . Then by (3.52) we have that
k+1

(1) (@ v g BEL ST @YK (K ), = vl
. j=1
”(H+1)%TKQ)k+1Vﬂ < (cq lI-%l.e)kﬂ(k+1)!.”v” . (3.54)

Hence the inequality of the theorem is proved by induction.

Take v = 1 , then the inequality gives us that u 1is analytic
1

and w(q)™ is in the domain of HZ® hence also in the domain

of q-v . This proves the theorem. ]

Let dn be the normal measure aésociated with the real
gseparable Hilbert space X , i.e. the integral with respect to dn
is defined for all functions on K which are continuous bounded
and for which f(x) = £f(Px) for some finite dimensional projec-

tion P , and

Jei(X’Y) dn(x) = e‘%(y,y) . (%3.5")

It is well known that the integral above is not given by a
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countable additive measure on K , but‘however there exist suit-
able compactifications of‘ K such that the finitely based conti-
nuous functions can be continued onto the compactification and
the integral (3.5 ) is given by a countably additive measure dn
on this‘compactification. However there is no natural choice of
such a compactification, and a class of compactifications were
given by Leonard Gross in the following way. For reference see
[61,071,054], (5517,

A seminorm p(x) on K 1is said to be measurable if for any
e > 0 there is a finite dimensional orthogonal projection ‘Po
such that,for any finite dimensional projection P orthogonal
to P_, we have that

0

I dn(x) < ¢ . (3.55)
p(Px)>e
It is a consequence of (3.55) that p(x) is a continuous seminorm
on K . Moreover Gross proves that if B' is the completition
of K with respect to a measurable norm, then the integral (3.54)
is given by a regular measure n on B' . In fact we have the

following theorem due to Gross.

Theorem %.8

Let B be the completition of K with respect to a measur-
able norm, Then the integral (3.54) is given by a regular measure
on B' . Moreover if |x| is\any measurable norm on K, then |x]
is a continuous norm on XK and if w(t) is the standard weak
Wiener process on K and if B' is the completition of XK with
respect ‘o |x] s then w(t) may be realized as a stochastic
process on B! with‘continuous paths.

For the proof of this theorem and more details about the

Wiener process associated with a real separable Hilbert space see
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ref. [671,[7]1, [54],59. We also remark that in fact it follows
from the proof of theorem 3.8 that the standard weak Wiener pro-

cess on K 1is continuous with respect to any measurable seminorm.

Let us now consider a Banach rigging
BcKcB' (3.56)

of the real separable Hilbert space K wheré B is a real separ-
able Banach space dense in its dual B' such that B' is the
completition of K with respect to a measurable norm on K .

We shall refer to the rigging (3.56) shortly as a measurable
Banach rigging of K .b Let now u € Sp1(Q') where Q c X c Q!

is the original rigging of K , and let q-B(€) %be the correspond-

ing osmotic velocity, i.e.

m(a)1 = 3q-8(8) . (3.57)
Let/ | |' be the norm in B' , then since B 1is separable
la, 8 (g)]

|8(g)]"' = SUP —Tq T (3.58)

is a measurable function,where {qn} is a dense countable set
in Q that is dense in B , and | | is the norm in B .

We then have the following theorem:

Theorem %.9

Let B c K « B' Dbe a measurable rigging of K such that
QcBcKcB' Q' . Let ue€ 501(Q') and B(&) and g£(t)
the corresponding osmotic velocity and Markov process and let
us assume that |B(§)l' is bounded, where | I' is the norm
in B' . Then E&(t) is continuous in the B' norm, i.e.,for any
t and s, &(t)-8(s) is in B' and [§(t)-5&(s)]' -0 as t-s,

for almost all paths.



3.22

Remark: We ﬁay conclude that &(t) is a continuous process with

values in B' only in the case where B' has u-measure 1 .

Proof: From theorem %.% we know that in a weak sense

t
5(t) - &(s) = [g(8(r))ar + w(t) - w(s) . (5.59)
S
By theorem 3.8 we have that |w(t)-‘w(s)|' goes to zero as t - 8,

and the conclusion of the theorem then follows by the triangle

inequality for the norm, This proves the theorem. [}

Remark: A corresponding theorem for the finite dimensional case

was given by Stroock and Varadhan in [35].
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4. Applications to two-dimensional quantum fields

theoretical models

In Section 4 of Ref. [1] we considered the so called weak
coupling P(r;o)2 models of quantum field theory. We shall here
continue that discussion, using results and methods from the pre-
vious sections of this paper. General references for these P(cp)2
models are e.g. [38]1,[39],[(56G]. The models are given by a measure .
u* , the so called physical vacuum, on the space jptR2) of tem-
pered distributions over R2. Let (é*,éo\fm>, where 60 is the
§-distribution concentrated at t =0 and ¢ € JP(R), be the time
zero field, In the usual way we identity it with the distribution
(E,9), o € F(R), § € J/tR) and identify the restriction p* to
the o-algebra generated by the time zero fields (g*,60><m) with
a measure .u on the Borel subsets of SF(R). 1In this way the
closed subspace EOLQ(du*) of L2(du*) spanned by the time zero
fields is identified with I,(du) .

For the applications in this section the rigging Q € K < Q' of
the preceding sections is to be taken with .Q, K, Q' equal respec-
tively to the real subspaces of (R), L,(R), $'(R), as in Section
4 of Ref. [1]. Thus in this case we have a nuclear rigging.
In Theorem 4.2 of Ref, [{1] we proved that u € 3%(5PKR)), i.e.
the function 1 in L2(du) is in the domain of the infinitesimal
generator mw(y) of the one parameter unitary group of transla-
tions by tg, t € R, 9 € #(R) in T,(du). mlp) is the so called
time zero canonical field momentum. Moreover it follows from
Theorem 4.2 of Ref., [1] that the physical Hamiltoﬁian, i.e. the in-
finitesimal generator of time translations for the Wightman models

1
considered, restricted to Lz(du) ooincides:%n the dense subset



FCZ with the Dirichlet operator H = v*¥v associated with the

FVE « vfdu given by u, according to Theorem 2.1.

|
o

Dirichlet form
This is so since H coincides on F02 with the diffusion operator
given by u, in the sense of Theorem 2.7 of Ref. [1].14)

For the Dirichlet operator H +the results of Sections 2, 3 hold,

in particular Theorems 2.1, 2.2, 2.4, 3.2, 3.3, 3.4. We shall now
see that the measure p is strictly positive, so that in particular,
by Theorem 3.5, the T-ergodic and the Q-ergodic decompositions

for the Markov semigroup e_JGH and Markov diffusion process gene-
rated by H are equivalent. The proof of the strict positivity

of u dis as in Theorem 3.7, so that we first derive the estimates
used in that theorem,

Let ﬁ& be the Hamiltonian of the space cut-off weak coupling
P(CP)Z mOde.l i.e,

H, = H +V, . (4.1)

Ho is the free Hamiltonian, shown in Theorem 4.0 of Ref, [1] %o
coincide with the Dirichlet operator associated with the Gaussian

measure u  on the real 3ka) space, with Fourier transform

expl-7 | (%+n%)7% |§(p) |Pap] ,
R

.l.' A
with  §(p) = (2m)7% [e7IP¥ g(x)ax . (4.2)
Yé is the space cut-off interaction i.e. the real function in
L2(duo) given by
V, = pe (x,) (4.3)
where Xg is the characteristic function of the interval [-{,+.L]
and p(x) is the real polynomial
2n k
p(x) = T a, x (4.4)

k=0
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and

:pe(h) = % ay :§k:(h) (4.5)
for any h € L,(R), :£%: being the k-th Wick power of & .

In the Weak coupling P(cp)2 models 1t is assumed a, > 0 and
sufficiently small coefficients 8y It is well known that

HO +‘% is essentially self-adjoint, bounded from below, with an
isolated simple eigenvalue Fk such that Hy 2-%2 , see e,g. [8G].
It was shown in Lemma 4.1 of Ref. [1], using that the operation of

taking derivatives with respect to the fields commutes with the

Wick ordering, that
ilm(e) By ] = :p': (%, @) +4E, (~am?) ) (4.6)

where p' is the derivative of the polynomial p . By the same

methods we obtain further
i 20" mlp) (H)) = 2™ (¢ + 300 (4.7)

with p(n) the n-th derivative of p and Ln(m) =0 for n > 2,
2 2

Lo(9) = (o, (-a+m")ed , TLy(e) = (5, (-2+m")g) .

By the estimates of Ref, [S§T] and a resolution of the identity

we then have the esitimate

£ 1% ad® n(p)(H,) < CY(H,-E,+1) , (4.8)
where C, 1is independent of .4 . This estimate, for n = 1, was

used in Theorem 4.1 of Ref, [1] to prove that the measure Hy is

. Z 2 .
in cé%(ﬁﬁ(R)), where du, = %Zd“o’ with g, such that
Q@ = %200 R Q@ being the eigenvector to the eigenvalue El of

H@ . We also recall, incidentally, that the corresponding osmotic

velocity has uniformly bounded L2(d%@) norms.
The left hand side of (4.8) being independent of £ for large €
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and ¢ of bounded support, by a standard procedure, see (58],
the estimate (4.8) extends to the infinite volume 1limit £ - o0,
so that

+ 3T gq® ﬂ(m)(th) < C?(th+1) , (4.9)

where th is the physical Hamiltonian of the infinite volume
weak coupling P(cp)2 model., Since moreover, by a well known re-
sult of Glimm, Jaffe and Spencer [ 3% ], th has a gap m* > 0
at the bottom of its spectrum , we see from the proof of

Theorem 3.7 that (4.9) implies

1 < n * 41
"(H,+1)® m(e)Mall < nt(Fmmec)? (4.10)
where 0(8) = 1 and | || is the norm in Lz(dp) .

In particular we obtain that the physical vacuum is an analytic
vector for m(yp) for all o € % (R) . In addition we remark that
the estimates (4.9), (4.10) hold also with H , Teplaced by the
diffusion operator Hd associated to u in the sense of Theorem
2,7 of Ref, [1].

e recall that Hd is the Friedrichs extension of the Dirichlet

operator on PC°.) This is so since Hyp = Hy on rc2 , 8o that

(4.9) holds for' H, on PC2 , and thus by continuity to the whole
a

form domain of Hy « Then from (4.10) written for 'Hd instead of

Hp We obtain that n(e)’R is in the domain of ¢:v for all

o € P(R) . PFrom Theorem 3.6 we then have that the measure u

is strictly positive,

We now remark that all the arguments leading to this result can be

repeated in the case of the P(cp)2 models with Dirichlet boundary
(Cd01-[4%1)

conditions '~“which are such that the physical Hamiltonian has zeroas

an isolated but not necessarily simple eigenvalue. Examples of
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such interactions are given by p(x) = ax4-+bx2-ux with a > 0 ,
vl % 0 (no restriction on the size of the coefficients) [42].
The basic reason why such models can be treated by the same method
is that the estimate used for proving (4.8) is also available for
such models [59].

We have thus proven the following

Theorem 4.1

For the weak coupling P(cp)2 models and for the P(cp)2 models
with Dirichlet boundary conditions and such that zero is an isolated
but not necessarily simple eigenvalue for the energy, the physical
vacuum (as a measure on §p%R2)) restricted to the o-algebra gene-
rated by the time zero fields,is an analytic strictly positive
#(R)-quasi invariant measure in the sense of sections 2, 3, with
respect to the nuclear rigging jp(R)'c L2(R) c #(R) . . The
Dirichlet operator v*v in L,(du) associated with the measure u
coincides on the dense domain F02 with the physical Hamiltonian,
For this Dirichlet operator the results of Sections 2, 3 hold, in
particular Theorems 2.2, 2.4, 3.2, 3.3, 3.4. BEspecially, pun is

on J’(R)

the invariant measure of a Markov diffusion process E(t)\solving
the stochastic differential equation

dg(t) = p(5(%))at+aw(t) ,
where B8 is the osmotic velocity to n and w is the standard
Wiener process on L,(R) . The P (R)-ergodic and time-ergodic
decompositions for the measure p , the Dirichlet form, theé Diri-

chlet operator and the Markov process are équivalent. E]

We shall now derive the correspondent results for the case of

the exponential interactions models of [44], [45]. In these models
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the space cut-off interaction is given by

Vo= 1va (xﬁ) (4.11)

1

with v(x) jeax dav(a) | (4.12)

and :v:(h) = f:e“gz(h)dv(a) for any h € LZ(R)(7L1(R) , Where

dv 1is an arbitrary even finite measure with support in [—ao,ao]
with a < Jgﬁ . 1t was shown by one of us in [44] that YZ is
positive, 32 = HO-+YZ essentially self-adjoint on a common domain
of H, and Yﬁ and that EL has an isolated eigenvalue E; > 0
with eigenvector Qp at the bottom of the spectrum. Similarly,

as in the proof of Lemma 4.1 of Ref, [1] and of the formula (4.7)
above we have, using the method of [45] for the convergence of

series involved

.n n n

i aa® n(e)(Hy) = vl ) 4Ty, (4.13)
where v(n) is the n-th derivative of the function v , so that

:v(n):(xﬂmn) = jdn:eagz(xtmn)dv(a) (4.14)

We have now, using that :eag:(h) >0 for h >0 in L2(R){1L1(R)
([494],[45]):

+ :v(n):(xﬁn) < ¢ (H, -y + 1), - (4.15)

with €7 = of lol, -

We remark that, for n = 1 , this estimate yields the correspondent
of Theorem 4.1 of [1], i.e. that p, € 5‘71(5/’(3)) , where du, is
the measure corresponding to Q , and that the components of the
corresponding osmotic velocity By have L2<dH&) norms bounded
uniformly in _@l. By the same reasons as for (4.8), the bound

(4.15) extends to infinite volume limit .4 - 0, proven to exist
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in [45]) for any R <'f% , 50 that:

n _.n n '
+ i7" ad TT(CP)(th) 5 C'l (th+1) 9 (4n16)

where th is the physical Hamiltonian, i.e. the infinitesimal
generator of time translations, of the Wightman theory constructed
in (45].

We. can now proceed in the same way as we did for the case of P(cp)2
interactions, from (4.9) on., This is so since th has a mass
gap (actually larger than the free mass occurring in uo), as pro-
ven in {45], and Theorem 4.2 of Ref. [1] holds for the case of the
exponential interactions also, since it follows from Theorem 4.1
of Ref, [1] and general theorems of [’ﬂ,andwe already yerified that

Theorem 4.1 of [1] carries over to our present case of exponential

interactions. We have thus proven the following

Theorem 4.2

For the exponential interaction models of (447, [45], the
physical vacuum u restricted to the o-algebra generated by the
time zero fields is an analytic strictly positive & (R)~quasi in-
variant measure, with respect to the nuclear rigging
P(R) © Ly(R) « P(R) . |
The restriction to FC2 of the physical Hamiltonian of the Wightman
theory given by these models coincides with the Dirichlet operator
generated by M, in the sense of Theorem 2,1 above, and with the
diffusion operator of Theorem 2,7 of Ref, [1]. Moreover,all results

of Theorem 4.1 above hold also for these interactions.

Remark 1: All results of Theorem 4.2 above and of Section# of Ref, nl

hold also for the case where pu 1is replaced by the corresponding
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measure u, of the space cut-off exponential interactions (4.11),
with @, only restricted by o, < /2 , The corresponding osmotic
velocities By, have Lz(ng) norms uniformly bounded in £ .

Remark 2: The results of Theorem 4.2 hold also for the exponential
interactions with Dirichlet boundary conditions, also considered '

in Ref, [45], [41].

Remark 3: Further results about the circle of problems discussed

in this section are given in Ref. [60].



Footnotes

1)

2)

3)

4)
5)

6)

7)

8)

92

10)

The present paper together with the paper under Ref. [60] below
constitute the reference number 4 in Ref. [1].

Contexts where related Dirichlet forms appear are [1], [17],
(22] - [26].

In fact the drift coefficient B is, even for K finite dimen-
dional, more singular (Jjust L2) than the ones usually considered
in the theory of stochastic differential equations. ©See e.g.

[23] - [27].
See also e.g. [47].

See also e.g. [49].

The measures H{ in <f%(Q') were called "measures with regular

first order derivatives" in Ref. [1].

The restriction of this form %o FC2(Q') is what was called
Dirichlet form in [1]. Note that in [1] we used the notation
' for PC® and (f,f),| was denoted by (f,f)u.

The Friedrichs extension of the restriction of the Dirichlet
operator V*V to the dense domain FC2(Q') of L2(du) is

what was called "the diffusion operator given by u" in Ref.[1]
(Th. 2.7). Tt is still an open question whether FCo(Q') is

a core for the Dirichlet operator, in which case Dirichlet oper-
ator and diffusion operator would coincide on their whole domain.

This is the correspondent for the Dirichlet operator of Th. 2.7
in [1].

Note that about the osmotic velocity B we only used what fol-
lows from the assumption up € 53(Q'), namely q * B(&(t)) € L, .
Thus, the remark in footnote 4) applies. Cases where B is
linear, Lipschitz continuous or smooth were considered in [3] -
[13]. One reason for ourinterest in results of above generality,
with singular B, is that in the applications to interacting
quantum fields such cases actually arise, see section 4 below
and in Ref. [1].



11)

12)

13)

)

This is well known, but we give nevertheless a proof for intro-
ducing methods also used later on. For references to the theo-
rem, see e.g. § 10 of Ref. [47].

These criteria find applications e.g. to quantum fields in the
infinite volume limit, see Section 4. For smoother cases, ap-
plicable to space cut-off or polaron mocels, related results

are in [52], resp. [53].

Ingthe sense that (f,Eo thEo g)= (f,Hg) for all f,g in
FC™ .

2 is a core for E H . E and H. If

It is open wnether TFC o Bpn Fo
it would be so, these operators would of course coincide with

the diffusion operator given by H .
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