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ABSTRACT 

We consider the restriction 1-1 of the physical vacuum measure of the 

Wightman models with weak polynomial or exponential interactions in 

two space-time dimensions to the functions of the time zero fields. 

1-1 is S(R)-quasi invariant, strictly positive and it determines a 

strongly continuous unitary representation of the Weyl commutation 

relations in L2 (d!-1), with the function 1 cyclic for the fields and 

analytic for the conjugate momentao 1-1 defines two Dirichlet forms 

(f,Hf) = J 16 i{x) 12dxd1J. and (f,Af) = J 1 of 12 
X 0 s(x) dxdiJ , which coin-

cide on a dense domain of L2 (d~.L) with the restrictions of the phy-

sical Hamiltonian respectively the physical Lorentz boost. The self

adjoint operator given by H generates a homogeneous Markov process 

on S'(R) which solves a stochastic diffusion equation with osmotic 

velocity determined by 1-1 o Self-adjoint operators associated with 

the above Dirichlet forms satisfy, together with the inf.initesimal 

generator o~ space translations, the commutation relations of the 

generators of the Lie algebra of the inhomogeneous Lorentz groupo 
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1. Introduction 

In this paper we consider, as in section 4 of [1], [2], the 

weakly coupled P(~)2 models ([3]) and the exponential interaction 

models ([4],[5]) of Bose quantum fields in two space-time dimen

sions.1) Such models satisfy in particular all Wightman axioms and 

their physical Hamiltonian has a mass gap at the lower end of its 

spectrum. It is an open question whether these models are canonical 

in the sense that the physical vacuum is a cyclic vector for the 

time zero fields or, equivalently ([6)), the contraction semigroup 

generated by the physical Hamiltonian is a Markov semigroup. For 

some discussions of these questions see [6] - [ 12]. In this paper 

we study the restriction of the above models to the subspace gene

rated by the time zero fields, in a spirit related to Araki's 

Hamiltonian formalism [13]. Previous results were obtained by us 

in [1], [2], to which we refer for further references related to 

the subject. 

Let ~* be the measure correspondent to the physical vacuum for any 

of the models mentioned above. It is known that the time zero fields 

exist as multiplication operators in Lp ( d~ *) , 1 < p < ro with the 

physical vacuum as an analytic vector in L2(d~*) ([14])2 ) resp. 

( [ 5 ] ) • Let 1-1 be the probability measure on the real space S 1 (R) 

defined as the restriction of 1-1* to the functions of the time zero 

fields. 

In [1], [2] we established results on 1-1 which we shall now recall 

in part. 1-1 was proven to be a quasi invariant probability measure 

with respect to the nuclear rigging 

(real spaces), 

so that 1-1 defines a unitary strongly continuous representation 
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cp ... U(cp) ,V(cp) of the Weyl commutation relations on L2 (d1J) , with 

(1.1) 

and :f E L2 (d1J) • Let n(cp) be the infinitesimal generator o:f the 

unitary group V(tcp) , i.e. n(cp) is the canonical momentum, conju

gate to the canonical field (s,cp) g We proved in (2] that the func

tion 1 in L2 (d!-L) (i.e. the time zero vacuum) is an analytic vec

tor for n(cp) • Let FC2 be the dense domain in L2 (d!-L) consist

ing of functions on 8' (R) which are finitely based and en on 

their base, so that f(s) = f(Pfs) for some projection Pf with 

:finite dimensional range in S(R) and such that the restriction f* 

o:f f to the range of Pf is n-times continuously differentiable. 

It was proven in [2] that 1J is strictly positive, in the sense 

that 

J f d!-L = J :f * ( x 1 , •• o , xn) p ( x 1 , o •• , xn) dx1 .. o • d~ , (1.2) 
S '(R) Itl 

where the density p is bounded away :from zero, uniformly on com

pacts. 

In [ 1] and in section 4 of [2] we considered moreover the 

Dirichlet :form 

(1o3) 

obtained by closure from its restriction to FC2 , where the gradient 

is naturally defined of Fc2 • The unique self-adjoint operator 

H associated with the Dirichlet :form, called diffusion operator, is 

the Friedrichs extension o:f its restriction to FC2 and, on FC2 , 

H = - !::. - So V' , ( 1.4) 

with the natural definition of the Laplacian 6 , and with 



n 
I: ( 13 • cp . ) ( cp . • V' ) f , where 

j=1 J J 
f E FC2 , cp1 , .. o o ,cpn is an ortho-

normal base in the range of P f and l3 o cp . = 2i TT ( cp . ) o 1 • 
J J 

!3 was 

called in [1], [2] the osmotic velocity corresponding to the 

measure 1-1 • 3) 

H was proven in [2] to be positivity preserving4 ) so that e-tH, 

t ~ 0 is a Markov semigroup, and we studied the correspondent homo

geneous symmetric diffusion process s(t,x) on S' (R).. The rela

tion between H and the physical Hamiltonian Hph of the Wightman 

models of Ref. [3], [5] is, as proven in [1], [2], 

(f ,J H hJ g) = (f ,Hg) , 
0 p 0 

for any f, g in Fc2 , \'There 

L2 (d1J.) in L2(dl-l.*). 

J is the natural embedding of 
0 

(1 0 5) 

We come now to the main results and the distribution of the 

topics in this paper. 

In section 2 we consider general Dirichlet forms associated with 

the nuclear rigging S(Rn) c L2(Rn) c S' (Rn) , of the type 

Dh (f, f) = J h(x) I 0 /fx) 12 dx d!J. , 

with f E FC2 and notation generalized from (1.3). h is any 

function in the space ~ (W) of multipliers on S' (W) .. The 

quasi invariant measures 1-1 are assumed to be such that 1 is in 

the domain of n(cp) , for all cp E S(Rn) , where n(cp) is the in

finitesimal generator of the correspondent unitary group V(tcp) .. 

The form Dh is the form of a symmetric operator on FC2 , hence 

closable. The operator being real it has self-adjoint extensions, 

and for h > 0 we may take H(h) to be the Friedrichs extension .. 

Under some additional conditions we prove then that, on FC4 , the 

commutator [H(h1 ),H(h2)J is a vector field over S'(Rn), with 



components given by the kernel of the bounded linear map 

[H(h1 ),H(h2 )J(s,cp) from S(~) to L2(d!J.) .. 

In section 3 we consider the case where 1.1. is the time zero 

vacuum neasure of the quantum fields with exponential or polynomial 

interactions in two space-time dimensions. We first prove that, 

with H(1) = H and H(A.) = A, where A. is the function A.(x) = x, 

we have for all cp E S(R) 

and 

ro 

d2 2 s i[rr(cp),H] = (s,(--:-2'+m) cp) + :v'(s(x)):cp(x)dx 
ax 

-CO 

co 

i[rr(cp),A] = (s,(-~x~+m2x) cp) + J x:v'(s(x)):cp(x)dx 
-CO 

as bilinear forms on FC2 x FC2 , where v' is the derivative of 

the function v which gives the interaction. A coincides as a 

bilinear form on FC2 x FC2 with the physical Lorentz boost. 

Applying the results of section 2 we get that any self-adjoint 

extensions of H and A satisfy, together with the infinitesimal 

generator of the space translations, the commutation relations of 

the generators of the Lie algebra of the inhomogeneous Lorentz group, 

in fact we have, on Fc2 , eiaP H e -iaP = H and eiaP A e -iaP = A + aH, 

for all a e R • These results can be seen as a partial realization, 

for the models considered, of the canonical program discussed by 

Araki [13]. We expect that one has a unitary representation of the 

inhomogeneous Lorentz group itself in L2(d!J,) • 



2. Diffusion operators on the space of tempered distributions .. 

Consider the nuclear rigging 

(2.1) 

where S(Rn) is the Schw~ space and S'(Rn) its dual i.e. the 

space of tempered distributions. Let ~ be ~~ S-quasi invariant 

probability measure on S' , i.e. d~(s) and d~(s+~) are equivalent 

measures for any ~ in S • Such a measure ~ gives rise to a 

unitary representation (U,V) on L2 (d~) of the Weyl commutation 

relations on S .. Namely, for f E- L2(d~) , (U(~)f) ( S) = ei(~,s) f( t;) 

and (V(cp)f)(s) = o.(s,~)f(s)' where o.(s,cp) :=. Cda~(r;)rt .. 

Let n(~) 

V( tcp) • 

be the infinitesimal generator for the unitary group 

We say that ~ E jS (S') 
n if the function 1 is in the 

domain of n(~1 ) ••• n(~n) for any n elements in S. For further 

details see [1], [2] .. 

In what follows we shall always assume that ~ E ~ (S') • 

Let FCk be the subspace of L2(d~) consisting of bounded finitely 

based and k-times differentiable functions i.e. f E FCk iff 

there is an and in s such that f(s) = 

f* ( (~1 , s), .. o., (~l, s)) • For any f E FC1 we define 

where 

of l 
os(x)(s) = _E fjC<~1 ,s), .. o.,(~,s))~j(x) 

J=1 

f~ 
J 

are the partial derivatives of f* 0 

-(2 .. 2) 

We see that 

is a continuous map from S' into S with finite dimensional range. 

Since 1 E D(n(~)) for any ~ E S, we get that ~ ... n(cp)1 is a 

linear mapping from S into L2(d~) o Moreover, since S is a 

complete metric space, we have that cp ... n(cp)•1 is bounded, and 

then;by using that S is nuclear, we get that this mapping has a 

kernel which we denote 1 2i ~(x) o is a measurable mapping of 
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S' into S' called the osmotic velocity, and v.re have 

n(cp)1 = dr J S(x)cp(x)dx. (2.3) 

For a proof of these facts see prop. 2.5 [1]. 

Let h e S' (Rn) , then we define, for f E FC1 , the Dirichlet form 

(2.4) 

This is well defined since ~~ is a continuous mapping ~rom S' 

into a finite dimensional subspace of S , and by (2.2) 

J l 6f 2 
h(x) 6s(x)l dx is uniformly bounded and continuous in s. Let 

c9M(~) · f S' (Rn) , 1.· .e. 1..f hE C?i-rn) be the space of multiplJ.ers or M'~--

then T(x) ... h(x)T(x) is a bounded linear transformation on s I • 

If h E OM(~) then the Dirichlet form (2.4) restricted to 

is closable. It is namely given by a symmetric operator in 

Dh(f ,f) = (f ,H(h)f) , 

where 

(2.6) 

For details see theorem 2.6 [1] and the proof of it. 

Let now h eCJI'IICRn) be non negative. Then ~(f,f) is non negative 

and closable, thus its closure defines a unique self-adjoint 

operator on L2 (dj.L) which we shall also denote by H(h) • Since 

h ~ 0 :::;. H(h) ~ 0 by (2.4), tve have that H(h) is monotone in h 

and since monotone convergence of semibounded forms implies resol

vent convergence we have that, if 0 < h Jt h , then ( 1+H(h ) )-1 
- n n 

converges strongly to (1+H(h))-1 • As an integral in h, Dh(f,f) 

is absolutely continuous with respect to the Lebesgue measure in Rn. 

Hence:. by monotone convergence J H(h) may be extended to all h ::= 0 in 

lto(Rn) • 

If h E c9M(Rn) and h > 0 then it is easily verified that 
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H(h) is the limit in the strong resolvent sense of operators Hm(h) 

such that IIm(h) are given as direct integrals of forms which are 

Markov symmetric forms in the sense of Fukushima [18], as in theorem 

2.7 of Ref. [1]. · In this way we get the following theorem 

Theorem 2.1 

Let hE z3M(~) i.e. the space of multipliers on S'(Rn) 

such that h ~ 0 • Then e -tH(h) is a conservative Markov semi

group i.e. ror f E L2 (d~) such that f > 0 we have that 

e-tH(h)f > 0 and e-tH(h)1 = 1 • Thus the corresponding Markov 

process sh(t) on S'(Rn) is a homogeneous Markov process with 

invariant measure 1-L· This process sh(x,t) on S'(Rn) satisfies 

the following stochastic differential equation 

dsh (x, t) = h(x) S( sh (t)) (x)dt + h(x)dW(x, t) 

where W(x,t) is the standard Wiener process on S'(Rn) given by 

the rigging S(Rn) c L2(Rn) c S' (Rn), and S(s)(x) = ifrr(x) ·1 in 

the sense of (2. 3). 0 

We now remark that if h is not non negative the Dirichlet form 

Dh(f,f) is no longer semibounded, hence there is in general no 

self-adjoint operator canonically associated to it. Since however 

H(h), as defined on FC2 by (2.6), is real as an operator in L2 (~), 

we know that, also in this case, H(h) has at least one self-adjoint 

extension. In the following we shall denote, for h not non negative, 

by H(h) any self-adjoint extension of the operator defined by (2.6) 

on the dense domain FC2 in L2 (<iJJ) •. It is _understood that, for 

h ~ 0, H(h) still denotes the unique self-adjoint non negative 

operator of Theorem 2.1. 



2.3.b 

Let us now assume for some h and q:~ in S(Jtl) , that 

n(q>) • 1 is in D(H(h)) • Then H(h) n(q>) ·1 is a bilinear map 

from S x S into L2 (d\..L) • 

By the abstract kernel theorem we get in the same way as in prop.2.5 

of [1] that there is a measurable mapping U: s ~ T(~)(x,y) from 

S'(!f-) into S'(RnxRn) such that, for h and cp in S(Rn), 

(cpxh,T(s)) is in L2 (diJ) as a function of s and 

(cpxh, T(s)) = iCH(h)n(cp)·1)(s). (2.7) 

Since obviously H(h)n(cp)•1 = [H(h),n(cp)]·1 and [H(h),n(cp)] is a 

multiplication operator we also have 

(cpxh,T(s)) = i[n(cp),H(h)]. (2.8) 



Remark: 

In the case where the osmotic velocity ~(s)(x) is sufficiently 

smooth, we have that for h E S 

r 2 H(h) = jh(y) ( tn(y) + V(y))dx, 

1 9JtCxl 1 2 where V(y) = '2"~+4~(y) (see section 2 Refo [1])o 

case we see from (2 .. 8) that 

Lemma 2o1 

oV(y_) 
T(s)(x,y) = 6SlXJ 0 

In this 

Let 1..1 E P2 cs') , then if for some h 1 E c9M(Rn) we have 

that n(cp)o1 E D(H(h1 )) for any cp E S(Rn) then, for any h 2 in 

OM(~) , H(h2 ) maps FC4 into the domain of H(h1 ) o 

Proof: 

Let f E FC4 then 

1 r o2f 1 f 1 of 
H ( h2 ) f = - '2" j h2 (X) 0 S (X) 2 dx - '2" J h2 (X) 13 \.X) 0 S (X) dx o 

The first term is obviously in FC2 and since of 
os(x) as a function 

of x is in a fixed finite dimensional subspace of S , we may 

write the second term as 

· r h ( ) of C )d 1 g = - 1. j 2 X 6 S(x) n X Xc ' 

of 
because h2(x) 6 s(x) is again in s as a function of X. Since 

by assumption n(cp)o1 E D(H(h1 )) for any cp E S, we find that 

i rr e)f H(h1 )g = - 2 j jh.,(Y )h2 (x) 2 ·n(x)dxdyo 1 
o s(y) o s(x) (2 .. 12) 

. sf' o2f 
+ ~ J h1 ( y )h2 (X) 0 n y) 0 s (X) D 13 ( y) n (X) dxdy 0 1 

· r of 
- ~ j h2 (x) 0 s(x) H(h1 ) n(x)dxo 1 o 



Now the first term in (3o12) is well defined since 1 E~n(~)) for 

any cp E S and 

The second term is equal to 

Jr · o2f 
- j h1 (y )h2(x) 6 s(y) 6 s(x) n(y )rr(x)dxdy·1 

which is in L2(d~) by the assumption that ~ E ~2(8') and the 

abstract kernel theorem .. 

The third term is in L2 (d1J.) by the assumption that n(cp) o 1 is in 

D(~1 )) and again the abstract kernel theorem.. This proves the 

lemma.. 0 

Let us now assume that ~ E jP2 (S') and that for some h 1 and h 2 

in 6JM(~) we have that n(cp) .. 1 E D(H(hi)) for i = 1,2 and all 

cp E S(Rn) • Then by the previous lemma [H(h1 ) ,H(h2 )] is defined 

on FC4 • By (2 .. 7), (2 .. 10) and (2 .. 12) we have that for f E FC4 

rr o4f 4 .. H(h1 )H(h2 )f = jj h 1 (y)h2 (x) 2 2 dx dy 
E>s(x) 6s(y) 

r[' t)f - JJ h 1 (y)h2 (x) 2 .. ~(y)dxdy 
E>s(x) os(y) 

rr o3f 
- j j h 1 (y )h2(x) .. 2 ~ (x)dx dy 

- 6s(x)6s(y) 
(2 .. 13) 

Jr 6f 
+2 j h 1 (y)h2 (x) os(x) T(s)(x,y)dxdy .. 

We remark that by the assumption that n(cp) o 1 E D(Hh1 )) we have, 

6f by (2 .. 7), that T(s)(x,y) is defined on h 1 (y) x h 2 (x)os(x) for 

almost all s and the result is in L2 (d~) .. By antisymmetrization 
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with respect to h1 and h2 we get that the four first terms in 

(2.13) fall out and the result is 

1 rr 6f [H(h1 ),H(h2 )]f =~ jj(h1 (y)h2(x) -h1 (x)h2(y))T(s)(x,y) 0s(x)dxdy (2.14-) 

For any u E .JP1(S') we say that H = H(1) is the Dirichlet opera-

tor given by J..l • We say that H is an harmonic oscillator on S' 

if J..l is a non degenerate Gaussian measure i.e. its Fourier trans-
1 

form has the form e- 7f(cp,Bcp) , where B is a bounded positive oper-

ator on S with a bounded ·inverse on S • By Minlos theorem there 

is a unique J..l corresponding to any B bounded and positive, and 

it is easily seen that if also B has a bounded inverse, then 

J..l E ~'1 (S) with ~( s) (x) = - s A(x,y) s(y)dy, where A(x,y) is the 

kernel of A = B-1 , which by assumption is a bounded map of S , 

hence, A being symmetric, it is also a bounded map of S' • So 

we see that harmonic oscillators have linear osmotic velocity fields. 

By a straight forward calculation we find that the mapping T(s) .in 

the case of a harmonic oscillator is given by 

T(s)(x,y) = A(x,y)JA(y,z)s(z)dz. (2.15) 

In this case we see from (2.15) that for ep E S(Rn) and hE. C9M(Rn) 

we have that cp X h is always in the domain of T( s) and~l;'e<Y\'er 

(cpxh,T(s)) = (hAcp,As). (2.16) 

Since (2.16) is a continuous linear functional it is always in 

L2 (d!-l) with respect to the Gaussian measure J..l. We have therefore 

proved the following lemma 

Lemma 2.2 

If H is a harmonic oscillator on S'(Rn) then, for any 

h E C9 M(Rn) and any q> E S(Rn) , n(cp) ·1 E D(H(h)) • Moreover if 



the corresponding osmotic velocity is 

r 13 ( s) (x) = - jA(x,y) s(y )dy 

then the corresponding mapping T(s) is given by 

r T(s)(x,y) = A(x,y)jA(y,z)s(z)dz 0 0 

Let us now return to the formula (2 .. 14), and consider the expression 

rr bf 
J jh1 (y )h2 (x)T( s) (x,y) 0 s(x) dx dy • 

By the definition (2 .. 7) this is equal to 

1 r bf 
- '2' j 6 s(x) • h2(x)H(h1 ) S (x)dx .. 

Now by the definition (2 .. 6) we have 

(2 .. 17) 

(2.19) 

where of course H(h2 ) s(x) is to be understood as a bounded 

linear map from S into L2 (d!-1) .. That this map i.:~ bounded follows 

from the fact that 1-1 E, 1'1 (S') .. 

In fact if we assume that we have n(~) .. 1 E D(H(h.)) 
1.. 

i=1,2 for 

any ~ E S(Rn), then (2 .. 19) is a bounded mapping from S(~) into 

D(H(h1 )) o Hence H(h~(h2 ) s(x) is a bounded mapping from S(Rn) 

into L2 (d!-1) , so that (2 .. 17) is equal to 

r of j 0 s(x) ·. H(h1 ) H(h2 ) s(x) dx .. (2.20) 

We have thus proven the following theorem 

Theorem 2 .. 2 

If 1-1 E tf>2(S') and for some h1 and h2 in (9 (Rn) we 

have that n(~) .. 1 E D(H(hi)) i = 1 ,2 for ~ arbitrary in S(R) , 

then_ H(hi) maps FC4 into D(H(hj)).. In particular, since 
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(cp, s) E FC4 , H(hi) maps (cp, s) into D(H(hj)) so that 

H(hi) H(hj) (cp, s) is a bounded linear map from S into L2 (d~) , 

S being nuclear. Let H(hi)H(hj) s(x) be the kernel of this map, 

then we have, for any f E FC4 that 

We remark that this theorem shows that the commutant 

[H(h1 ),H(h2)J is a first order derivation or a vector field over 

S' with components given by (H(h1 ),H(h2 )J • s(x). 



3 .. 1 

3. The diffusion operators of the local relativistic quantum fields 

in two space-time dimensions. 

In this section we consider the cases where the measure ~ is 

the restriction of the physical vacuum to the time zero fields for 

the models in which the infinite v0lume Schwinger functions exist. 

and the corresponding energy operator has zero as an isolated, but 

not necessarily simple, eigenvalue. These models are the weak poly

nomial interactions [3], the strong polynomial interactions with 

Dirichlet boundary conditions [19]- [21] and the exponential inter

actions [5]. In all these cases we know that the restriction ~ 

of the physical vacuum to the a-algebra generated by the time zero 

fields is a measure on S'(R). Thus-we consider, as in [1], [2], the 

natural nuclear rigging 

S(R) c L2 (R) c S '(R) • (3.1) 

In Ref. [2] we proved that ~ E 5~ (S' ) for all n , in fact we 

:proved that 1 is an analytic vector for n(cp) , for any cp E S o 

In all cases considered here the physical vacuum is given in 

terms of the Wightman functions 

used to constructJby the Gelfand-Segal-Wightman construction)the 

physical Hilbert space Jeph and the physical energy operator Hph' 

which is the generator of the time translations in Jtph o We have 

of course that L2(d~) is a closed subspace of Jeph and one would 

naturally have liked to prove that "Je ph is identical with 

and Hph is identical with the diffusion operator H = H( 1) • This 

is however still an open question. What we have been able to prove 

is that for f and g in FC2 we have that 
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(f ,Hph g) = (f ,H g) 

For this result see Ref. [1],[2]o 

(3.2) 

We consider in what follows polynomial or exponential unter

actions in two space time dimensions, i.eo infinite volume limits 

of volume cut-off interactions of the form 

Hg = H0 + J g(x) : v( s(x)) : dx , (3.3) 

where Hg is the Hamiltonian for the free fields and v(s) is the 

function giving the interaction density and g E S(R) , g ~ 0 • 

Thus v(s) is a polynomial bounded below, in the case of polynomial 

interactions, and 

v( s) = J cosh ( ets )dv( a.) , (3.4) 

where 'J is a bounded positive measure with compact support in 

(-..!!:.. ~) in the case of exponential interactions. : : denotes Vn' vrr- ' 
the Wick orderingo It is well known that if v is of the form 

(3.4) ([5]) or v is a polynomial bounded below with coefficients 

that are small compared with the free mass ([3]), then the infinite 

volume limit exists. We introduce the notation 

:u( s): (cp) = s :u( s(x)): q:>(x)dx' 
R 

(3.5) 

for any cp E S(R) and u any polynomial or exponential function 

of the form 

u(s) = J eo.sdp(s) , 

where p is a bounded signed measure with compact support in 

( -Frr' ,.p; ) . 
It is known from Theorem 2, section Io2 of [22] that if u is 

any polynomial, then :u(s): (cp) is in L2(dlol), for the case of 

polynomial interactions. We shall now see that for any exponential 



function u of the form (3.6) we have :u(t;): (cp) in L2(d!-l), in 

the case of exponential interactions. 

Let *n E S(R) such that w > 0 and w ~ 6 n- n in S' (R) , and 

consider the function 
a.s* $ (x) 

:u( s"' wn): (cp) = J J :e n : dp( a.)cp(x)dx, (3.8) 

which is obviously 1-l-measurable. Now let 

then 

(3.9) 

so that 

:ea.s*wn(x)::ess•wn(y): = e-i(a.2+~2)Gn0)es*(a.wnQ9+Swn(y). 
(3.10) 

Let 1-lo be the free vacuum restricted to the time zero fields 

i .. e .. the 1-l in the case v = 0.. We proved in theorem 6.1 of ref. 

[5] that, for the exponential interactions, the Schwinger functions 

are bounded by the free Schwinger functions. From this result we 

immediately get that, for cp E S(R) and cp ~ 0, 

J e~cp,s)d!-l ~ J e(cp,s)dl-l0 .. (3 .. 11) 
s• s• 

From (3.1~ and (3.11) we get 

r 2 JJJJ a.~Gn(x-y) J I : u ( S * $ n ) : ( cp ) l dl-l ~ e I cp ( x ) cp ( y) I d \ p l ( a.) d I p \03) dxdy, 

8' (3.12) 

which by the assumption on p is uniformly bounded in n. 

Moreover if II II is the L2(d!-l) norm we have 

ll:u(s"'wm):(cp)- :u(s*wn):(cp)!l 2 ~ JJJJlcp(x)}lcp(y)l 

where 1 2 -i G = 2$ * ( -LHm ) $ • nm n m So by the assumption on p 



:u(S*Wn)(~): is an L2 (d~) convergent sequence. We denote the 

limit of course by :u(s):(~), which is then a function in L2 (d~-t) .. 

We have thus the following lemma. 

Lemma 3 .. 1 

In the case of polynomial interactions we have, for an arbitrary 

polynomial u, that :u( s): (cp) E L2 (d!-1) for any ~ E S(R) • In 

the case of exponential interactions we have :u(s):(~) E L2 (d!-1) for 

any ~ E S(R) and any exponential function 

u(s) = J ea.s dp(a.) , (3.14) 

where p is any bounded complex measure with compact support in 

<-Fn ,j2n') 0 0 

Let now n(cp) be the infinitesimal generator of the unitary 

group of translations by t~ , t E R , and consider 

H tcp = eitn(~) H e-itn(~) Since 
g g • 

Hg = H0 + :v( s): (g) , (3.15) 

we have that 

tcp 2 t 2 2 Hg = H0 +t(s,(-6+m )cp) +7-<cp,(-t.+m )cp) + :v(s+t~): (g), (3.16) 

as operators on FC2 in L2 (d~0 ) • In fact however (3.16) is also 

true on FC2 in L2 (d!-1 ) , where d!-1 is the measure given by the 
g d!-1 g 

vacuum of H , because ~ is in L ( d!-1 ) for all p < oo for 
g ~0 p 0 

the polynomial interactions, and for the exponential functions it 

follows as in lemma 3.1 from the fact that the Schwinger functions 

are decreasing functions of 

any f E FC2 , we have that 

g. It follows from (3.16) that, for 

H t~ f is strongly n -times differentig 

able in L2 (d~-tg) for any n. Especially we get that the first 



derivative is given by 

2 2 Hg = (s,(-6+m )cp) +t(cp,(-6+m )cp) + :v'(s+tcp): (cpg) (3.17) 

and the second derivative is given by 

(3.18) 

We thus remark that we also have the following strengthened version 

of lemma 3.1. 

Lemma 3.2 

For the case of polynomial interactions let cp E S(R) and u 

a fixed polynomial, then :u(s):(cp) E L2(d1Jg) and ll:u(s):(cp)llg 

is uniformly bounded in g , for g E S(R) and 0 .::_ g .::. 1 • 

For the case of exponential interactions let cp E S(R) and 

u a fixed exponential function of the same form as in lemma 3.1, 

then :u(s):(cp) E L2 (d1Jg) 

in g for g E S(R) and 

and II : u c s ) : c q>) II g 

0 .::. g .::. 1 • 

is uniformly bounded 

Proof: The proof follows easily from the proof of lemma 3.1. 0 

Consider now, for any cp E S(R) , the measure diJq> defined by 

diJcp(s) = d!J(s+cp). By [1] and [2], diJcp is equivalent to d!J. 

Let h E~(R) and consider the operator ffq>(h) defined on 

FC2 c L2 (dt.J.cp) by 

1 J o2f of (HC+>(h)f) ( s) =- T h(x) ( 2 + 13 (x) 6 s(x) )dx ' 
6 s(x) cp 

(3.19) 

where f3cp is the osmotic velocity (in the sense of [1],[2]) for 

diJcp. It follows easily that Scp(w) E L2(dtJ.cp), in fact I!Scp(w)llcp 

= !IS(w)llcp, since Scp($)(s) is just the translate by cp of 

13(1js)(s). Hence Hcp(h) is a densely defined operator on L2(d1Jcp). 



Now, by the equivalence of d~cp and d~ , we may consider JfP(h) 

as a densely defined operator in L2 (d~) • We shall now consider 

its representative Hcp(h) in L2 (d~) • If ( , )cp is the inner pro

duct in L2 (d~cp) we have by (3.19) that, for any f E FC2 , 

(f ,Hcp(h)f) cp = t J Jh(x) I 0 ~fx) 1 2dxd~cp ( s) o ( 3. 20) 

Since the equivalence between L2(d~) and L2 (d~cp) is given by 
'd~ 1 

multiplication by (.::~?}~-, we have that 

d~ 1 d~ 1 

(f,lfP(h)f)cp = cc~Y2f,Hcp(h)(w)2f), (3.21) 

where ( ' ) is the inner product in L2(d~) o Let now V(cp) be 

the unitary group of translations in L2 (dll) i .. e .. cvCcp)f)(s) = 
di-L 1 

<V)2f(s+cp) and let fcp = f( s+cp) o Then we get from (3 .. 21) that 

on the other hand by (3.20) we have that the left hand side of 

(3o22) is simply (f,H(h)f) o Observing now that FC2 is invariant 

under f ...... fcp for any cp E S(R) , we have proven that 

on FC2 • 

Let now d~* be as before the measure on S'(R2 ) given by 

the interacting Euclidean fields corresponding to the interaction 

given by the function v • Then d~ is the restriction of d~ * to 

the Boolean a-algebra generated by the linear functions of the 

form s s(x,O)cp(x)dx, where s(x,t) E S'(R2 ). For any cp E S(R), 

let d~* be the image of d~* under the mapping cp 
s ( x, t) ...... s ( x, t) + cp ( x) in S ' ( R2 ) o 



It follows then that d~ is the restriction of d~* to the time 
~ ~ 

zero fields i.eo the a-algebra generated by the linear functions 

of the form J s(x,O)~(x)dx. The measure d~; is obviously inva

riant under time translations and therefore the time translations 

generate a strongly continuous one parameter group in L2 (d~;) , 
,.... 

whose infinitesimal generator will be denoted by Hph • By intro-

ducing now a space cut-off in the interaction for the Euclidean 

measure d~* we get, in the same way as in the proof of theorem4.2 
~ 

of Ref. [1], that, for f in FC2 of the time zero fielas, 

~,.eo rs of 2 (f ,.ti_phf)cp = J los(x) I dxd~cp, (3.24) 

which by (3.20) is equal to (f,ffCPf)cp, where lfP = IfP(1) and the 

inner product on the left hand side of (3.24) is the inner product 

in L2 (d~;) • By introducing a time cut-off in the interaction for 

d~* we see that cp 

where 
T o::> 

uT(e;) = J J [s(x,t)(-LHm2)cpoo+f(cp,(-!\+m2 )cp)+:v(s(x,t)+q:Qc))~(S~t)):Jdxdt 
-T - o::> ( 3. 26) 

and the limit is in the sense of weak limits of measures, and 

d2 
~ = ~ • Hence 

dx 
of Hph by the 

""'cp Hph is by the Trotter-Kato formula a perturbation 

L2-function of the time zero field given by 
CX) 

~(s) ;:: (s,(-~+m2 )cp) + (cp,(-~+m2 )cp) + J:v(sQr)+cpQr)) -v(soo):dx. 

If H~ 
ph is the representative of 

have that, on FC2 , 

_oo (3.27) 

in 
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n;h - Hph = ~(s) (3o28) 

We verify that ~(s) is in L2 (d~) by observing that if ~ is 

of compact support this follows immediately from lemma 3.1 and 

the fact that :v( s(x) + ~(x)) - v( s(x)): is zero outside the support 

of ~.. For ~ E S(R) it follows by using a decomposition of the 

identity. Hence we have, for f 1 and f 2 in FC2 , that 

(3.29) 

the inner products being the inner products in L2(d~) , because of 

(3.28), (3.2), (3.24) and (3.23). Since U~ by (3.27) is differ

entiable with respect to ~ in the strong L2(d~) topology it 

follows by taking derivatives in (3.29) that 
co 

i[n(~),H] = (s,(-6+m2 )~) + J :v'(s(x)):~(x)dx (3.30) 
-00 

Hence we have the following lemma. 

Lemma 3.3 

For the interactions considered we have that 
co 

i[n(~),H] = (s,(-6+m2 )~) + J :v'(s(x)):~(x)dx 
-00 

as bilinear forms on Fc2 x FC2 in L2(diJ.) • 
0 

Consider now the Euclidean quantum field s(x,t) corresponding to 

the interaction given by the function v • Consider also the ana

lytic transformation of the (x,t) plane given by (x,t) ~ (u,T) 

where w ·~ u + iT is given by w = ln z with z ..., x + it so that 



J 2 2' u = ln x +t and T = arctg ~ 

or (3.31) 

x = eucos T and t = e u sin T . 

We have then 
00 2TT 

JI ( litl 2 + l*l2 )dxdt = I J ( l*l 2 + 1*12 )dudT (3.32) 
~ -000 

and 

dtdx = e2u dT du. 

We introduce now for (u,T) E Rx [0,2TT] the random field 

T)(u,T) = s(x(u,T),t(u,T)) (3.34) 

where the functions x(u,T) and t(u,T) are given in (3.31). By 

introducing a rotational invariant space-time cut-off for the 

Euclidean interaction one easily sees that T'l(U,'T) is a random 

field on R x [0,2TT] i.e. actually on R x C , where C is the unit 

circle, which is invariant under the action of the circle group on 

c • Moreover, the corresponding probability measure 

is the weak limit of 

d!-1* on S' (RxC) 
T1 

(3.35) 

as T ... oo, where 1-1° is the Gaussian random field with expectation 
T1 

zero and covariance E((lji,T1) 2 ) given by (ljiA w) where A-1 is 

given by the form 

(w,A-1w) = J J Cl*l2 + l*l2 +e2um2 lwl 2 )dudT. 
RC 

The function VT is given by 
T 2TT 

J- J 2u = :v(rt(u,T)):e dudT-' 
-00 0 

(3.37) 
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where . . . . is the Wick ordering with respect to the Gaussian measure 
0 

d.!l, • 

That the limit of (3.35) exists as T -co and is equal to d~~ 

follows immediately by expressing (3.35) in terms of s, since it 

then is only the expression for the space-time cut-off Euclidean 

measure with a rotational invariant cut-off. 

Let now d~11 be the restriction of d~~ to the subalgebra 

generated by the 11 time zero'' fields 11 (u) = TJ(u,O) • It then follows 
0 

that d~11 is the image of d~ by the mapping 

So that for instance for f E FC2 we have 

00 

JJie; 11e>{u)·j 2 dud~11 = JJ xl6;5{x)l 2 dxd~ 
0 

(3.38) 

(3.39) 

since &f sf dx u 
61l(u) = &s(x) du) where x = e • We see that the right hand 

side coincides with (f,H(A)f)J where A(x) = x for x > 0 and 

A(x) = 0 for X~ 0 o 

We shall say that f E FC~ if f is the image of an element 

in FC2 by the mapping induced by u- eu = X • It then follows 

from (3.39) that for f E Fe+ 
2 we have that H(A)f is the diffusion 

operator for the TJ-field, applied to f • In the same way as we 

proved (3.2) we therefore get that, for f 

(f ,H(A)g) = (f ,Aph g) , 

and + g in FC2 , 

where Aph is the infinitesimal generator for the strongly continu-

ous unitary group of Euclidean rotations in L2 (d~*) • In fact we 

get (3.40) by approximating the right hand side in (3.39) by using 

(3.35) and the well known form of the Euclidean rotations for the 

free field. 
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Let now q> be of compact support in (O,oo). Then by (3.23) 

we have that 

H(A.) = V(-cp)~(A.)V(~:p) , 

where, by (3.20) and (3.39), 
00 

(f ,H'+>(A.)f) '+> = t J J l o~Cu) 12 du dJJ~ 
..a::; 

( 3.41) 

(3.42) 

dll~ being the image of d1J11 under the mapping 110(u) ... 110(u) + ~:p(eu) • 

In correspondence with the construction of dll* we now introduce 
'+> 

dll~,q> as the image of djJ~ by the mapping TJ(u,T) ... TJ(u,T) + ~:p(eu). 

We get in the same way as we got (3.27) and (3.28), but with the 

TJ-field instead of the ~-field, that 
00 

A~h -1\.ph = v~ = ((s+~:p),(-ixxix+xm2 )~:p) + Jx:v(s6Q+q>Qr))-v(s(1Q):dx, 
0 (3.43) 

where we have expressed finally v'+> in terms of s0 instead 

of TJ0 by the relation (3.38), and the Wick ordering : : is there

fore with respect to the free vacuum for the s-field. 

Since q> is assumed to have compact support in (o,oo) we get 

by lemma 3.1 that ~ is in L2 (d~J). 

Identifying now, as for the s-field, A~h with H~(A.) of 

(3.41) on FC~ x FC~ we get 

for f 1 and f 2 in FC~ x FC~. From (3.43) we see that Vcp is 

strongly differentiable in q> with respect to the L2 (d~J) topology 

and we thus have the following lemma. 

Lemma 3.4 

For the interactions considered and for cp E S(R) with support 

in [0, co) we have that 

I 
I 

• I 
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co 

i[n(cp),H(A.)] = (s,(-£-xxix+m2x)cp) + Jx:v' (s(x)):cp(x)dx, 

0 

where the identity is to be understood in the sense of bilinear 

.f Fe+ Fe+ orms on 2 x 2 .. O 

Let now f and g be in Fe2 , but so that they are dependent on 

functions only of compact support. Let f ~ fa be the transforma

tion induced in Fe2 by the translation x .... x +a on the real line .. 

Let us also assume that cp E S(R) with compact support and let 

A = H(x) , so that .for any h in Fe2 we have 

1JJ o2h 6h Ah =- 2 x( 6 s(x)2 + 13(x) 6 s(x) )dx d!J.( s) • (3.'+5) 

Hence for h E Fe~. we have that Ah = H(A.)h. 

the strongly continuous unitary group in L2 (d!J.) 

Let now U(a) be 

which is induced 

by the translation x ~ x- a , since d!J. is translation invariant. 

Then obviously 

U(a)AU(-a) = H(x+a) = H(x) + aH = A+ a H 

on Fe2 • So let now .f and g in Fe2 be dependent on functions 

of compact support and let cp E S(R) be also of compact support. 

Then 

(f,[in(cp),A]g) = (U(a)f,U(a)[in(cp),A]g) 

= (fa,[in(cpa),A+aH]ga). 

(3.'+7) 

+ By taking a big enough we have that fa and ga are Fe2 and 

cpa has support in (0, co) , but then (3.'+7) is given by 

which by lemma 3.3 and lemma 3.'+ is equal to 
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::/::) 

(fa' [ (;' c--fxCx+a) :X+ m2 (x+a) )cpa) + s (x+a) :vI ( E;(x)) :cpa (x)dx]ga) 
_oo 

V..J 

= (f,[(s,C--fxx.fx+m2x)cp+ J x :v'(s(x)):cp(x)dx]g). 
-00 

A continuity argument then gives us that the left hand side of (3.47) 

is equal to the right hand side of (3.49) also for arbitrary f and 

g in FC2 and cp E S(R) • Hence we have proven the following 

theorem. 

Theorem 3.1 

For the exponential interactions or the weak polynomial inter

actions we have, for any cp E S(R) , that 

and 

00 

d2 2 J i[n(cp),HJ = (s,(-~+m )cp) + :v'(s(x)):cp(x)dx 
dx 

-00 

00 

i[rr(cp),A] = (s,C-!cx:x'm2x)cp) + Jx:v'(s(x)):cp(x)dx 
-00 

as bilinear forms on Fc2 x FC2 in L2 (d!-L) , where v' is the de

rivative of the function v which gives the interaction and : : is 

the Wick ordering with respect to the free field of mass m • 

Moreover the right hand sides of both expressions are in L2 (d!-L) • 

0 
It follows immediately from this theorem that for any cp E S(R) 

we have that n(cp) .. 1 is in D(H) n D(A) , if we, in agreement with 

the convention of section 2, denote by H also the Friedrichs exten

sion of H on FC2 and by A any self adjoint extension of A on 

FC2 • This follows from the fact that both [rr(cp),H] and [n(cp),A] 

are in L2 (d!-L) while H•1 = A·1 = 0. So by Theorem 2.2 we have 

that both H and A map FC4 into D(H) n D(A) , and for any 
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f E FC4 we have 

[A ,H]f = J 0 so{x) [A ,H] s(x)dx. (3.50) 

Now we see that 

Hs(cp) =- in(cp) , As(cp) =- in(xcp) (3.51) 

Combining this with the formulas of theorem 3.1 we get that, for 

any f E FC4 , 

S fJf d 
[A ,H]f =- fJ s(x) ax s(x) dx , (3.52) 

where ~s(x) is in the derivative in the sense of tempered distri

butions. 

Let now F be the infinitesimal generator of the translation 

group U(a) given by the translation x ... x- a. It follows imme

diately that FC1 is in the domain of F and that 

iFf = J 6 / {x) -£x ~ ( x) dx • ( 3. 53) 

We have thus proven the following relation on FC4 

[A,H] =-iF. (3.54) 

By (3.46) we also have on FC3 

[A,F] = iH 

We have now actually proven the following theorem. 

Theorem 3.2 

(3.55) 

Let d~ be the restriction to the a-algebra of the time zero 

fields for an exponential or weak polynomial Euclidean interaction 

in two space time dimensions. Define for f E FC2 

1 s fJ 2f fJf 
Hf = - 2 ( fJ s(x)2 + S(x) 0 s(x) )dx 



and 

Then H and A are densely defined symmetric operators in L2(d~) 

with self adjoint extensions. 

Let P be the infinitesimal generator of the space translations; 

then 

eiaPH e-iaP = H and eiaP A e-iaP = A+ aH 

on the domain Fc2 , which is invariant under space translations. 

Let A and E be the closures of H and A as defined above 

then both A and H map FC4 into D(A) n D(R) and 

(A ,ti] =- iP 

on FC4 • From what is said above we have 

(Il,P] = 0 and (A,P] = ili 

on Fc3 • O 



Footnotes 

1) 

2) 

3) 

4) 

Some partial results are also obtained for the P(~)2 models 

with Dirichlet boundary conditions and isolated (but not neces

sarily unique) vacua. These models were also considered in [2], 

where references to the Euclidean theory for such models are 

also given. 

Other proofs are in (12] and [6], Tho VIII. 33. 

This concept and terminology has its roots in the work on 

stochastic mechanics and stochastic field theory, see [15],[16], 

[17] and references therein. 

A correspondent result has recently been obtained, by other 

means, for Wightman theories satisfying certain conditions, by 

!.Herbst [23]. 
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