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1. Introduction

Let ¢< P3 be a twisted cubic curve. Denote by
I < CGrass(1,3) its tangent curve (curve of tangent lines)
v \’/ 4 N3 .
and by C¥< P3 its dual curve (curve of osculating planes).

c* is

The curve T is ratioral normal. of degrec 4, while
again a twisted cubic. The triple (C,T,C") 1is called a

(non degenerate) complete twisted cubic. By a degeneration

of it we mean a triple (C,7,C"), where € (resp. T, resp.
ky . . s \

") is a flat specialization of C (resp. I', resp. C%).

Thus we work with IIilbert schemes rather than Chow schenes:

let H denote the irreducible component of Hilb3”+](m3)

v
containineg the twisted cubics, I the corresponding

Jn'1_1(11\"/3), and G the component of

cormponent of Hilb
Hi1p T

twisted cubics. The space of complete twisted cublces is

(Grass(1,3)) containing the tangent curves of

T

the clogure o < H x ¢ x H of the set of non degenerate
complete twisted cubics.

In this paper we show how to obtain Schubert's 11 first
order derenerations ([5],pp.164-166) of complete twisted
cubics, viewed as elenents of H x G x ﬁ, "yvia projections™,
i.e., by constructing l-~diriensional famnilies of curves on
various kinds of cones. 1In particular, we describe the
ideals of the degenerated curves, A sinilar study was done
by Alguneid [A], who viewed the depenerations as cycles
(rather than flat specializations), and who gave equations
for the complexes of lines associated to the degenerated
cyecles by using the theory of complete collineations.

An ultimate poal in the study of degenerations of
conmplete twisted cubics, is of course to verify Schubert's
results in the enunerative theory of twisted cubics. As
long as one, as Schubert does, rastricts oneself to only
inpose conditions that involve points, tangents, and
osculating planes (and not secants, chords, osculating
lines, -..), the space T 1s a compactification of the
space of twisted cubics that contains enough infornation.
In other words, one would like to describe the Chow ring of

T in terrs of cycles corresvonding to degenerate conplete




twisted cubics, and in terms of cycles representing the
various dSchubert conditions. One approach would be %o
study the Chow ring of H  and the blow-up map T » lI. 1In
a Joint work with liichael Schlegsinger we prove that the
12-dimensional schene H 1s in fact snooth, and, noreover,
that I ntersects the other (15-dinensional) conmponent

' of Hilbgm+](¥3) transversally along an 1l1-dinensional
locus (' contains nplane cubic curves union a point in 03,
and Hn H' consists of plane cubics with an enbedded point)
This result, together with further investigations of the

nap T » H, will be the subject of a forthconing paper.
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2. Degenerations via projections

Since all twisted cubics are projectively equivalent,
we shall fix one, CC P? = Wﬁ ( I alpgebraically closed
field of characteristic 0 ), given by the ideal

T = g v 2wy Nas )
4 s

(1\ 01\.?"1\.1 94N 11; Sl '\ 3 1\,}1\r7“’.4\—|1\ ?

Hence € has a parareter Torm

Lo = ud, Xy o= w2v, X, = uv?, X, = v3.
The tangent cvrve T of C, viewed as 2 curve in rS via

the Plilcker embeddins of CGrass(1,3), has a paraneter forn

(t =L ) given by the 2-ninors of

u
(7 t t2 £33
)
o 242
\o 1 2t 362
hence by

Yy ® vh, T, o= puv v, = nlv?,
Vo o= Julv?, Ty = 2udvy, Ve = ut.




The ideal of T in P> is

J o= (Vgm3Yp WY T oY 3,V Y =¥ Y0 VT = HY B 0T (Y oV ¥y
7 7 72
Y Vg=¥ oY), WY Y oY)

- - * o .
The dual curve < P3 has a paraneter forn given by

the 3-ninors of

/1t t?2 t8
0 2t 3t?|
0 0 1 3t/
hence by
v v v
XO = y3, X1 = 3uv?, X2 = 3u?vy, X3 = u3.

Since T is also equal to the tanment curve of c*
(under the canonical isoriorphisn (rass(lines in P3) =
Grass(lines in B3)) and C is the dual curve of C¥ (see
e.z. [P],85), any type of degeneration (C,T,C%) gives
another type = called the dual defeneration - by reading
the triple btackwards.

Let AC P? bpe a linear space, and choose a
complerment B < P3 of A. By projectine C onto B fron
the vertex A we ohtain a deceneration of C: we construct
a fanily {Ca} of twisted cubics, contained in the cone of
the above projection, over Spec k[al-{0}. This fanily has
a unigue extension to a flat family over Spec k[al, and the

"limit curve®™ C is thus a flat specialization of C = C1

0
(see also [H], p.259, for the case A = a point). lote

that interchanging the roles of A and B mives a linit
curve equal to the curve C_ obtained in the similar way
by letting a » <, and C_ has the dual depeneration ftype
of CO” The type of degeneration obtained depends of course
on the dimension and position of A and B w.r.t. OC.

To find generators for the ideals of the degenerated

curves, for chosen A and DB, we start by writing down a
paraneter form of Ca’ a # (It is often convenient %o

introduce new coordinates

0
at this point.) Then we

deterriine enoush generators for the ideal I of Cq, 50

C [e

that they specialize (a = 0) to generators for the ideal

IO of CO" (WVhenever Cy acauires an embedded polnt, it

a
~ .
U

turns out that a cubic generator is needed in addition to




the (three standard) quadratic ones.

0, rives a paraneter

RO

The parameter form of O . a 4

a
Tforn of PH, its tangent curve. As above we f{ind
generators for the ideal Ja of Ta that specialize to
generators for JOO

Similarly, one could work ouft the ideal of Cgo

However, hy a duality argunent Jt is clear that CO will
have the degeneration type obtained (from C) by inter-
changing the roles of A and B. That is, Cg will be of
the same type as C_, or, the degeneration type of o*  is
equal to the dual depgeneration type of €. TFor ecxanple,
consider the degeneration tynve A: A 1is a (general) point,
B a (general) plane. VWhen C degenerates along the cone
over it, with vertex A , onto the plane B , 1its osculating

nlanes depgenerate towards the plane B . In T3, this neans
1

Y (w3

g . o
that Ca degenerates on the cone with vertex the pl
e

Vv \/
Ao om 3 +towards the 3 e ™ .
A% B3 towards the point B & P3, This degencration type

we call *': in peneral, we shall denote the dual

degeneration by a "prime' in this way.

5. Schubert's 11 depmencrations

We now give a list of Schubert's 11 types of

degenerations, in his order and using his names for then.
A = peneral point (not on C , not on any tanpent)

A
B = peneral plane (not osculating, not containing

any tangent)

Take A = (0,1.0,1), B: X%+X1 = (),
and new cooerdinates:
DN e Xio= W+ KL o= o=k, NL = d_-H,.
Ry T Rty Ay m gy, Bp T dpmhgs Ay T oagmiy
Then qu a % 0, is piven by
a
XY = uv2+ud, Xy = av3+au?y, X5 = uv?-ud, Xy = vi-ulv,
I = (aQ(X’cXL)( TEYL) - (Xl-aXl)?,
a Co 02 1 3
12 42V 2 2(igayiy2 It gyYiy?
«‘ =1, »-2 =2 (')I ‘) 3‘“"1\41 253,[30.‘»35

( Mxh)(ye4qvv 2”32(X6+K5)3)




A}

To = (M52, 0]HE, %5, XA2 (X4-X5) — K32 (XY+X5))

= Aatia)”, (X ), (X, 4K X=X
(( '>+ ) (ﬁ"{-/( )() /,(3\<-l)</2 /O);

XO(!L3""JL—} ) faad .}\.2 (}:2";\0)‘£)

bord

lence: CO is a plane nodal cubic with a nonplanar

embedded point at the node.

At A = general plane

s
!

pgeneral point

Talke A: X3+X1 =0, B = (0,1,0,7) and cocordinates as

for M.
T, = (CH=X5) CIp+XL) - (aX]- Xq)Q a2X§2mXé (x5+x1)2
- vy
KGRy = adiXy]
— b 2 = 2 N / = L "F ¥
Ig = (L4234 “Aé?,uj n(vv+“*)2‘xéx§)
= (AR R o= (g ) 2, 0, (LA ), (Xg=Xy ) (Xp#X )
Hlence: CO is the union of three skew lines through

the peint (0,1,0,1).

To find the degenerated tangent curve FO of A (or of
AT

', 1s rlven (in coordinates 6 Y% on P°> corres-

|

ponding to Xé,ocn,us onn P3) on paraneter forn
T o= vie2ulyieat, YL o= dauv?d, v = —avttlauly24+au®,

YL o= vHrhu2y2ept, vLo= buly, UL o= avt+2aulvi+an®

- <r X7 7¢ 2 72 ~Y ~ : e 7§ N
To = (T3=2YEL Y42, VavE YE2 I2VIVETYIY] TYAYLAITTIVE,
MR A NS R IR revy WY _vEY 2 rr vy i\ _2vi2y2
b 1‘”2”1“5'“*113?\“\*0&3‘3) ‘3‘12*3(;0 13 3L )<
(R Tsy2 VLY ?J... r12

llence: T, 1s a vplane tricuspldal quartic, with eribedded

points at the cusps.

K A
B = plane containing a tangent, not osculating.

oint on a tangent, not on C
D 3 P

Take A = (0,1,0,0¢), D: 7y = 0. Then C a %+ 6, is given by

X = w3, Xy au v, X, o= uv 2, Xy = v3,




2 7 6172 oy D 4 3 7 7 ',; R 2“\;'3 .
Ia (a X()‘ 2 1;-} ,A-,.‘g E\.J\gqcz o .}"-’J ,7,1 ij 18.2)
- - b b ~r r
Ip ® (A%,X1x29X1A3,AOXgnA2)Q
Hence: CO is a cuspidal cubic, in the plane X1 = 0, with

a nonplanar embedded point at the cusp.

.

1).-‘

vith the line G,

~r
N O

! A = plane containing a tangent, not osculating.
I3 = point on tangent, not on C.
- oy 2+ 2 r oo A VY Ry
Ia - (1,401-_2"9. ,4\_—] ,a}\--i[x?)“"}xgyix ).l\.:;a(- A ))
— roor v2 v r
IO ()‘.0.!‘;2,.(».22.1\.0}‘“3)“
Hence: CO is the union of the line X, = X? = 0 with the
2ence ) :
doubhle line XO = X2 = 0 (doubled on a quadratic cone with
vertex (0,71,0,0)).
The tanpent curve Ts of x ({or k') is given hy
Ty = vh, ¥, = 2auv?, v, = aulv?,
2
Ty = 3u2V2, Y& 2uly, Yg = av't.
J = (\‘7 v <7 tl? Vv v V.V v ')7Y YQ }!\73)
0 27 Y ?" Jomqinem0n527 20
Hence: Ty 1s a cuspidal cublc, in the plane
Y1 = Y, = Y. = 0, with a nonplanar enbedded point at the
[
cusp (1,0,0,0,0,0) (this point corresponds to the flex
tangent of CU>’ union the line YO *1 =Y, = Yq = O,
intersecting the cubic in its flex (0,0,0,0,1 O)
(corresponding to the cusp tangent of CO)Q
0w A = point on C
B = osculating plane
Take A = (0,0,0,7), B: X, = 0,
Caj a % 0, is riven by
Xo = ud, Xyo=ulv, Y, = ouv?, W, o= av?
EYE v w2 '\r’.? ~r . =, N
Ia (AOA? A 1’(1 ’3 31.231\() -{ au] tf:))tv
P VY RIS
I() (4\.04\1) -l ,A\.Oxfz,.e\—luf; a
Hence: C0 is the union of a conic, in the plane X? = 0,




w! A = osculating plane
B = point on C
e (Y N o WY2 av v N2 oy vy oYY
Ia 1.01;2 ,4..»] _,ajx.-ll.\:% .1;2.,(},1101\.'; 4;11-,2) a
- ~r ' -,,1'.2 57 "(? s
IG Aozxg £ -' :,L-).h.? L‘,‘))
Hence: C, 1s the triple line X, = X, = 0 (tripled on a
a ratic cone with vertex (0,0,0,1)).
The tancent curve T, of o (or ') is civen by
(&
Yo = avh, Y, = 2auv3, v, o u2v?, 7y = aulv?,
A% - ")}3 57 = 140
'LI-I c1TVy 15 'y
- v 2 x % 7 Y.V ] v v 2 .
JO (Y33l],f Y! YW f’]o ; XOYH S ?’LYEIS lu)
Hence TO is the union of a conic, in the plane
Yo = Y, = Y, = with the ihle line Y.= Y,= Y,= V.= 0,
0 & 13 0, with the douhle line 1 3 Yy 5
0 To obtain this degeneration, we choose A to be a
"line-plane” (L,U), s.t. for some x &« C, x €1, < U,
I P 5
I O, L% fe ) ot osc ing - T )
tV < U, Lo f~x’ U not culating and B a
’ LYY, s.t. for sone x & C, L' < osc,_,
’p01nt line"™ (P,L'), s.t. Tor some x & C, L' < osc,
(P} = L+ ~ s X F P, P4 C. Then we form a
2-dimensional family {C ', h} where the parameter a
corresponds to projecting € from U to P, and b
to projecting from L. to I°. Taking a = b we
obtain a T-dinensional fanily {Ca E}o
9(
Take Lt A1=43 = X2 = 0, U: X, = 0 and L': Xﬁ = X1*X3= 0,
P = (0,0,7,0). 1In new coordinates X, ,X! = X,-X,,
02 173
Xoa X5 = X4, Caab is miven by X, = abu3,
X4 o= aufveavd X, = uv?, XL o= abulviabv?
2
- 7 2 i 1. A R 4
Ia,b = (lhab¥ P,qu(in+bA{ *3(Xévb&{)(A3mh£%)m&a?b2ng
XO(XémbX§ m?b(Xi PN X (f' bX{)QnMa3h3¥%)a

By letting a b,

revritine

the renerators,

3

a = 0, we obtain
IO = ( 4(“ '}{’)\) \ "»f*;)(x '“f's/g(f‘ ‘:’\r )29}:(}(}{1

“’Jx.r) ) “‘1;
2

and letting

X,)).




- 8 -

Hence: CO is the union of a conic, in the plane X]+X33

with 1ts tangent line at (0,0,1,0), and with that point
a nonplanar enbedded point.

of A = "point-line"
B = "line-plane'.
Iagb = (HbX X, a(hY§+”‘)23a2(b {4+ ;)(hXéax;)
~4% 2 abX (o (PXE=T 1)~ (DI+X )T ) o
Taking a = b and a = 0 rxives

it

Wy oo 2 - 2
Ip = (WQipm (g =2g) 2, (3 =2y X,,X3)

Hence: CO is the line XW»Xq = X, = 0 tripled on &
— . ) <

quadratic cone with vertex (1,0,1,0).

(@]

"3

j85]
4]

The tangent curve Fa of & (or 6') (for a = b) is given

by
vy = avht-au?v?, vyo= bafuvd g o= vhen2y?
YL = 3adulvl+adut, ¥) = 2audv, Ty ~3a2uv2+a2pt
= UiV Ui 2 vivie iy 17y hyveive_ vie2 _ve?2
Jo = (U3, 70¥4 Y52 Y4V}, TIVE, YAVL AYAYL-Y2-7)2)

2

lience: FO 1s the union of a conic, in the plane

Yé = Y{ = Y% = 0, with the two lines Y{ = Yé = ’% =
= Y62+2h2 = 0, with the common point of interscction,

(0,0,1,0,0,0), as an enbedded point (this noint corresn
to the line - tangent to the conle - of CO)O
5 L = a line, not contained in any osculating plane,

and intersecting ¢ in exactly one point.

P = g line, not intersecting C, contained in

exactlv one osculating plane.

Take A: XOnxg = X1 = 0, D Oﬁﬂq = X3 = (0 and chanre
coordinates: Xé = XO Xq,XW,Y; = O+Xq5qu Then Ca is
given by

Xy = viuv?, Xy o= u?v, Xy = aud+auv?, Xy = av?d.

T - (vq2ua2{62 g 2\—?;“8:;] ﬁ:{3c(/2ma§:6>25

eyt ~ ~ 1
(A2+ako)lf af1(x ako))q

Q..




By changing the generators, we see

= 7 2 < y r 2“x 2.9V Y
IO ((XO+>X2) 5(1\04_}{2)}&3 gXC 13.2 21;-1./{.3)0

llence: Co 1s the unlon of the line XO Ly 0= X7 = 0 with
. .

the double 1l1lin XO+XQ = X, = 0, and is contained in s
[24 D

srooth guadric.

8

-
i

a (a2X52nX62muX%,Maquaw(aXénXé)z3

a(cm,ﬁ"')“3 (aXé v(‘)))

i
i

v S . ? = v “r 2

2
2) ’ O

Hence: C, 1is the triple line X, -¥, = X, = 0 (tripled by

taking its 2nd order neighbourhood in P3).

The tangent curve T Tor & f(or &') is given by
] a -
v o= a2y t43a202y 2 y! o= 2avv?, Y4 = au?vZ-au*,
X o
Y% = —avt+3aulv?, ), = haudv, Yé = u2yZnht,

To = (TL,Y3 (23470, YA (2Y5+Y ) Y[ (2VI+Y ),
424752, V(Y L-2YS), T4 (VL-2Y4))

Hence: TO is the union of the two lines

A - FUAVE = VIOV s vt 20w 2 o . . R
"0 eXyY] 1~ 2¥l, LAE SR A 0, with the double
* 7t .= 1 - 73 - VY =
line Yg Y3 v v 0.
7 A = g¢general line, i.e. AN C = @,

A not contained in an osculating plane

B = general line (same condilitions as for A
%3 2

since these are self-duall)

Take A XOvKQ = KW Iq = 0, B: XO+XQ = ijXQ = {, and
- 3 ad
change coordinates:
N O Vi VLY Vo WAV VY= YA M e
.Axo JLO Jx:%;. 1\3‘ .l."«" 1\25 /\.2 ../\.—] T 2, 4.?) 4&.0—“1,30 _L_.hen
Ca ig given by

\r 3 5 -
xLo= u“~v39 A% = a.uzvmauvzs LL = u2v+uv29
[

<ry

L = 8.1,13'{'8.\730

w
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I = ((aX! §r%L) (aXh-Xi)-(X]+a X%)2 (X4 +aX} ) (X3-akf)

m(aX*wX )2, yg aa2"62 q2x§2+x32)

T = (Y12 wry "'72‘/\ = (¥X.-X

- s A, N ¢ e '.1 2
O \;s-‘ ,.( 3 3 A.—; 2;.[»0'?"{3)

Hence: CO is the tripled line X1~X2 = XO+X” = 0
J

nce
(tripled as in &%),

! s of the same type as 7, since the conditions on

i
A, B are self dual.

The tangent curve Fq of m is wiven by
[«

g

= avi+2auvi-2audv-au®

= —a2vi+2a2uvd+ra2u3dye-ayt

<

= 2au?v?

= Haulvy?

<R

A
L

= y4+2uv3+2u3vul

<
Ul == (0= N\o= —= O~

= —avt+lauvI-2audvtaut.

o
o

¥
O -

Ny u)-6Y
lfence: 'y 1s the union of four lines 1n the three-space
1-3Y5 = Y4 = 0, with an embedded point (sticking out of

that space) at their cormon point of intersection.

Renark: By choosing other A's and IR's we can obtain
further types of depenerations. For example, consider the
degeneration obtained by taking A = a2 chord of C , B = an

axis of C (i.e., the intersection of two osculating

nlanes). Then Cn is the union of three skew lines,

neeting in 2 points, whereas its dual is a triple line (2nd
A\

order nbhd. of a line in F?). The tangent curve T is

0
the union of two double lines.

On the next pare, we give a figure showing Schubert's
17 degenerate complete twicted cublecs. TFach triple should

alco be read backwards!
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A \ [\ //. A W J ) W/A/\ %/
\ L ,\d \ \ / //(\\ T N
N L n, /,\w N /\\ /_// /,

Vel D <D O I



4, Some remarks on H and 7T

Let K .ss0 decnote the closure of the set of
points in T COPPGQPOﬁleF to degenerations of type
AyKseo0o , and let oI Hk,oec denote the sinilarly defined

sets Iin H, That the degenerations A,x,... are of first

order, means that mk,T ,e0. ore of codirension 1 in T

this is easily seen to be true by counting the paraneters

of each of the corresponding [ifures. Only Hx and Hw
are of codiriension 1 in H, so the (birational)
projection map =n: T » H Dblows up the other sets

I HK,,Oﬁ, . For example, HK has codinension 2 (there

are »10 plane cuspidal cubics in P3), and for a given
¢ =n =
C 2 L)
{(“,?,5*) ' = a (uniquely determined) cuspidal}
cub union a line threougsh the flex

ic
Since "a line through the flex” corrcsponds to "a plane
containing the cusn tangent of € 7, we see that
din «=3Z) = 1.

The set Hn (=H5,) has the largest codimension,
narnely &: all degenerations without an embedded point
specialize to these. In this case, n~1(8) has dinension
7: the tanpgent curve is determined by chocsing 4 point-

=

planes through the line LP , Wwhich satlsfy one relation

ed
between the cross-ratios (of the points and planes) (see
€.8. [A]BpQZOG, or recall that the four concurrent lines

T s 1 3y,
req Span only a )

(@)

Let 1l denote the normal sheaf of €1l in p3,
One can prove. e.%. by taking a presentation of the ideal
of T, that din 110(1,T) 12, It follows that I is

snooth at T, since din I = 12, and hence all points of

1

HmH\ {(i.e., those corresponding to Cohen-lMacaunlay curves,
/
i.e., curves without an embedded point) are srooth on I,

How consider [ Any point in it can be specialized

A
to one corresponding to a plane ftriple line with a
nonplanar enbedded point, e.w. piven by the ideal

(Y Xqﬂq,xq,hj) In the work with 1. Schlessin
in the introduction, we prove that such a point is sncoth

on Ii, and hence that o is srooth.




Remark: The results din HO(N,C) = 12 ir C ¢ B, and

dim HO(N,C) = 16 ir € 4is a plane triple line with
embedded point, have also been obtained by Joe Harris:; he
also gives a list of possible degeneration types of a curve
C € H (private communication).

As a final corment, let us nention an advantage of
working with Hilbert schemes rather than Chow schemes: the
existence of universal fanilies of curves, which allows the
following way of expressing Schubert's various conditions

as cycles on T. HNanely, let
. v
£ cp3xT ' C Grass(1,3)xT eh e p3xT

p o, o vy

L2

=g

=7 <
I

denote the universal families (pulled back to T from I,
G, ﬁ respectively). The condition, denoted v by
Schubert, for a curve C to intersect a given line L, is
then represented by the cycle TV = p*(CerXT): the
condition, Schubert's p, that the curve touches a given
plane U, by Tp = qk(&fmowyWXT)> where o7 1 is the
2-plane in Grass(1,3) of lines in U, and so on. Ve plan
to return to the quesfion of determining the relations
between these cycles and the cycles TK,TK,QQ, - and to a
study of the Chow rinpg of T,
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