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Tn their recent paper [1], Hakin and Sibony came very close

™
v .

to constructing inner functions on the unit ball in € . In fact,
only sore minor nodifications of thelir argunents are necessary to

arries out

Q

produce hona fide inner functions. The present paper
these nodifications. Since we need fo point out sone information
not explicitly stated (but clear fron the context) in their naner,
and to make the exnositon self-contained, we repecat rnost of the
material in their paner. Our lerma 1, for instance, 1s identilcal
to their Lernme 3, and our application of lenma 1 in the proofl of

arne as thelrs in the proof of Theorene 1.
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The Following notations are used: B is the unit ball in €7,

»
BR={ZE*C :1zl<r}. Ve use the distance

-‘ . sy 4
) = ~:ﬂz1mzvh < V2 when ZysfyC D
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When 21,225 8B, we get

200 0 ) = ‘o o p2?
8 (a15a2) ?ﬂ21 z?H

= 7 Re<zj,22>

WVhen =z € 8B, we let D(z,r) denote the bhall in 2" with §-radius

1

r. The area of B(z,r) is denoted A(r). An exact forrula for

A(r) is given in [1]. The followings obvious estinate, however,

is sufficient for our purposes:

(1) “here exist consfants C, 2ani1 C, such that
24
2p-1 2= \ 5
O]r(p < A(r) < CPP I , O=r</2

Finally p  is the ordinarv area neasure on 8B, normalized such

that p(al)=1. The area A(r) relcrs to this neasure.

Lermia 1. There exist positive numbers e,,0 and A, depending

only on the dimension, such that: If es.,a and R are vositive

nunbers satlsfying 0O<Ze<a<d, e<ey and BR<«1, and £ 1s a contin-
uous function on 20, U edB an open set such that p(UW)=p(M<]

with |f(z)|>a for all =& €U, then there is an entire function g




and an open set V<alB such that
(a) I+ < max{ifl_,7} + 2¢
(b) el < e
I)R
(c) le(z)4e{z)] > a « 2e on UUV
2p=1
- . | o log 1 /a4 2
T = ‘ V)=p(V)>C arc cos als e =pn(l
(a) InT =9 and p(V)=p(V)>C arc co llop A/c] (T=p(1T))
Proof: Let UY={ZQ aR; 8(z,M<y} and VY=apr~U¥. UY 4is an open
set and  1in p( n()=u(U), hence there exists vy, such that
¥>0
Yy = v LRSI
(V)Y =1 -« w(U*) > 5(1-p(U0))  whenever YEY
[
Since £ dis unifornly continuous there exists vy, such that
[
[f(z)-£(z")|<e when &(z,z"')<y,. Let r>0 be a nunber such that
N
. p N -
r<m1n(y1sy2)o Chooge a naxinal disjoint Tanily {P(z.,r)}F1 of
halls with J,ESVP. Maximal reans that any disjoint family of
balls with centeras in V' and radii r wlll have not rore than
i, balls. S&ince all of these balls lie outside U, (1) gives
. 2l
P e i g - U
(2) nCqr - ()
The balls 3(2152r) rust cover V., hence (1) gives
o aeD=1_ 2n=] r 1
(2) .02 e > p(vh) » ?(Wau(ﬂ))
(2) anda (3) torether gilve
" C(1ep) < N < ()
i - S R -1 (G
Ye now seek an estinmate on how nany points z; can he at a
certain distance from 2 € 3B. Let
_ /2
v, (z) = {Zi: kr<d(n,z,) < (e+1) !l k=1,..o,[—F]
E28 ¢ )




and
rives

(M

hence

which implies

(5)
. Hy, ~n(T=<z, 7 ,>)
Let g(z)= % £ .e J where £, is defined by §.=0 if
‘j::'! J J J
Fa) 1 | — . H - ~ - 7 oA
IL(Zj)t?1 and if(zj)+3j|~[f(zj)|%tﬂj; 1  otherwise.
Ve shall show that n and r can be chosen such that g
gsatisfices the lemma. VWhen 2z € 3R we zet
I} 2 \ .
r -nd4(z.,z.) in T(Z)
o(z) = ¢ R le J ’ =
g=1
142
r nn62<z,zi) 10, .(z)
) % e le de T
k=0 7 €V, (z)

Ny (z)=card V, (z).

Ir zj<zvy(z) then

’) - r) = z =2y
iy (2077 !« €, (kt2) P 1.,.2p-1

N Lep=-1
TJK(/,) < C?L

J

There 1s at most one point in VO(Z)”

142

. 7 ona
lolz)] <1 + [ ¢ ¥ e
- k=0
Assunine nr? is larre, we get
w
~lnpr 2
le(z) ] < 1 + ¢ 5 e
- 1K::']
Hence, if we chioose n and r such
(6) nr? = log A/e
vie get
(7) le(z) ! <1 + ¢ and e(z
zétﬂ(zj,r) for any J 1
exlists €O>O gu

Hotice

that there

P(ZJQP)CP(Z,(k+2)P)

1 + Qoﬁemnpz: =7+ e’
-
that
Y| <e if z€aB and
ith B J.i 0
ch that il e<e, condition (%)



implies that the above calculations hold. We shall also assune

£ 1s small enough to suarantee that nr?»1. Condition (f) can

|
be satisfied with arbitrarily small r and arbitrarily large n-.

-

(7) implies parts of (a) and (c¢). Since U is outside all
the palls, |f(z)+g(z)]>a-e on 1. If z€dR and z¢R(z,.r)

for any J with Bjko, wve get |f(z)+p(z) |<ify _+e. If z€ B(zjsr)

>
[

for scne 7 with féJ.:fO> we geb

—n(1m<z,zj>)

(8) |f(z) + g(z)|< |F(z) - f(z].)l + If(zj) +Be '
un(1w<z,zy>)
+ I L B,e - ! < e+ 1 4+ e =71+ 2¢
k=i o
This proves (a).
1
r
Let W= U N(z,,r). Ve shall now deternine a certain open
!j=1 N
subset V of U such that |[T(z)+r(z)|>a=2e in V and pive an
estinate on its area. If !f(zj)i>1, then £ ,=0, so (7) gives
that |f(z)+p(z) |>1=2e>a-2e in D(zj,r), so we can let the entire
ball be in V. L
Hext, we plck out certain subsets of the halls B(zjsr) with
BiiO. To do this, introduce the notations «= f(zj)|,
en(l-<z,7 ) -néz(z,zi) -n(1=<z,2 .,>)
5= |e D= e Y and  e=arg(e v o=

n Im<zjzj>: = ny. If =n(z) 1is the projection of =z on the real

ot

z., v is the component of n(z)

tangent space of oD a 3

orthoronal to the comnlex tanpent space. Since

=n(1-<z,7 .>)

T (z)te(z) | > [f(z )46 e Tl )=tz ) |
-n(T-<zm.2.>) ~n(1m<z,zj>)
- | £ B e ’ |> [f(z )+h e ‘ | - 2e =
) |34 i i d
Jo ]
lo+{1-c)se ’{ - P

i .
gt (1=a)se” |>a, hence if

we get that [f(z)+p(2) [>a-2e IF

2?2 4+ 2a(i=g)s cos0® + (1-a)
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This holds if s»a and cosé»a. s2a holds 1if

2 J
nd (Z,Zj) < logz
hence in a ball with radius p, such that
(9) np? = logl
g ﬁa

(&) and (9) show that we may assume p<r. The condition cos ny»a.

means that we have to pick out certain strins in the hall B(Zi’p)

An easy geonefric argunient shows that these strips will have a

arc _cog a
—=—=——=A(p).

P The set V obtained

total area which 1s at least
satisfies p(M)=p(v) and Vnl=g.

e now get by (1),(4),(6) and (9)

~

,, < v 2p=
p(v) > §L9~%%i~§A(p) o M > ;%(arc cos a)p“P ]Nr ’

C-.C, -
—%Ei(arc cos a)(%)gp ](1“H(U)> =

20-1
173 log 1/ay 2 -
) > -
5= (arc cos a’[log A/g} (1-p(U))

This proves (¢) and (d). Finally, if |z |<R, then
Re(1m<z,zj>)>1=~R° Hence, since nr2:>7, (4) pives

2n=1

2 e—n(1mw)

o~n(1-R) Cu—ggmje“n(j“R>
e

le(z) ] < M < Cyn

Choosing n larpe enough proves (b)-

Renmark: Lermma 7 holds with U=#, in which case the condition
|IT(z)|{>a on U is enpty and V,=dB for all r. It is also
clear fromn the construction that Hgﬂn<e, a property we shall not

need.

Lemma 2: Let £ be a continuous function on 3R with Ifl_<1
and let e>0, RB<1. Then there is an entire function h and an

open set U «dB such that




(1) If+hi < T + ¢
(2) thilp < €
R
(3) [f(z)+h(z)| >1 - ¢ for =zegU
(4) (i) > 1 = ¢
Proof: Let a=1 = %e and choose €y such that 4 ¢ €4< €. Apply
— i‘:-t EN

lermna 1 to the data a,c1593f,U=® to produce an entire function

h] and an open sgset U such that

]
(a) If+h, < 1 + 2¢
1 e 1
(b) il < e
] BR 1
(¢) }T(z)+h1(z)! >a - 2e, on U,
2p=1
- rloe 1/8 2
\ P ™ ; 8] :“‘ a0 RN A
(a) o, = p(Uy) > C arc cos a Llog A/EW]
Suppose entire functions h1;nno,hn have been chosen, together
i PURme——".
vith open sets Uj,agn,Un such that if Uity?jdk, then Ui+1”“1:®

and “(Ui):“(ﬁi)=c*° The function by and the onen set U

is then obtained by applying lerma 1 to the data

n
-2 7 £

=1 °

of entire functions and a sequence {Uk} of disjoint onen sets

.

"3

R.f+(h,+...+ I . This produces a sed e
RENTEIS L £ (OB LNOINEN his produces & sequence {h}

pae

such that

T n
(a) iT+ T hyu <1 +27% g,.< 1 + ¢
k=1 © k=1 *
n n n
(b) Y hy by, < % Ihly, < % g, <&
k=1 &P par P = E
n n
(e¢) [r(z)+ % h(2)] >a =22 e . >a-5 =1-¢ on U,



n=1 Dyye]
n--1 log 1/8 - 2 % €7 n-1
= 1 2 (/‘ S CL™=™ = ¢ -I""‘ E U
(d) n H(dn) arc cos(a % E:)[ log A/e. ] ( - :)
k=1 n le=1
2p-1 n-1
log 1/a 2 R
> C : NG A Tl - ¥
¢ arc co [IOQ e ] (1 ]E o)
r k=1
If b3 ak<1, (d) shows that there is a constant :6 such that
k=1
1
2 C,
“n > Y6 2p-1
[lor A/¢ 1 °
~ n-
o : . : > 1 :
This 1s clearly immossible if b} - S i +e . which can
n=1 ;%-

be achieved by

(’;\
(\”)“5_’!)
-_}.’
e = Ag"
n )
o«
for sone snall 1. FHence we nay assune that b} ck=1 so for
k=
sufficiently large, Uﬂwng we get
n
() = % s, >1 = ¢
iIr=7 k
n
which is (4) in the lermma. Letting h= ¢ hys (1), (2) and (3)
k=1

just (a),(b) and (c¢)

Renark: We ghall aprly lemnma 2 repeatedly with the hypothesis

Ifh_<a  for sone a, in which case the conclusions of the lerna

hold with 1 replaced hy a in (1) and (32). We shall refer to

f,a,e B as data for the lemma.

Theoren: There cxist inner functions in B

Proof: Tet Hai},{sj} be sequences such that a, increases
. + - 1 , A N
strictly to 1. a, e <ay and L oe.<%. Apply lerma 2 to the
oL ' v —_— Lo
i 1o

data

=0, a

C 12

51,R =z to get an entire function f1 and an open




set UJ <dB  such that

(1) £y, € aq + ey < a,
(2) “fTUB.r < e,

=

™
(3) }f3(2)l >a, - eq Tfor z€TU,
(4) w(ty) > 1 - ey

Gince £ is continuous, there exists an 3?3 such that R1<Ré<1

and such that

’ : . - z €1
(5) 1T, (Ryz) | > a 2e, for €1,
Suppose that we have inductively found entire functlonsg f1,°°egfp5
open sects U1’°"“Un and real nunbers R1"’°°’Rn+1’ such that, 1if
n
we let hn=.§ fi, then
i=1
1Y, -
(1) |1r1n|| w an+-'
2 i g n R =1 . ...,0N
(2) “finﬁp < e Ry < Rypq < 1 for i=1, , N
‘i
- | - e P -
(3) lhn(z), >a - e, for z€ U
(%) w(U,) > 1 = e,
5 h (R et > oa - 2 for g€ L
(,)) !”‘n(“n-ﬂ u)l “n ..En OF )Yl
Ye Y i 2 1 ate 1] ¢ nad iy o
e then anply lerna 2 to the data hn,qn+1ysn+] an Rn+1 to

produce a new function and an open set U Properties

n+1 n+1’

(1) to (4) follow irnediately for Mg and (5) is Jjust a

congequence of its continuity. We assume 1in R =1. Ry (2),

h = 1in hn = .X fi
i=1
ericts and satisfies Ihiy < %o By (1), bl _<1. Let
3,




Then Vj<:V. and by (4) H(Vi>>7“ Y o€ hence 1in u(Vj)z1 and

+1 ’
J nsj n
[eo]
U:= U Vi has full neasure. If gz €1, then there exists j such
lj=] ¢

that =z €U for all n>j. TFor such n (2) and (5) inply

-2 7 > £ — D - N
lh(Rn+1u)i Ay 2e, kinap > 1 when n»e

\

llence, if 1im h(tz) exists, which it does alnost everywhere in
T+

U, its absolute value must be 1. This concludes the »nrcoi of the

theoren.

Remark: We can, without any additional effort, prove a nore
general version of this theorem., To do this, replace the number 1
by a strictly positive, continucus function H on 08B. Hence, in
lemma 1, we now assume that | f(z)|>al(z) on U. We can carry out
exactly the same construction, assuming that r 1s small enoush to
guarantec that lH(z)=H(z‘)|<e when 6(z,z')<r. This will just
add one € to our inegualities. Bi is now defined hy 8.=0 if
k(zi)|>H(Zj> and lf(zj)+ﬁj|=!f(zi)l+]ﬂi|=H(Zj) otherwise. This
tine lf(z)+g(z)l>aH(z)u35 in a hall with Bj¢0 if
|a+(H(zi)ma)seiG{>aH(zj)9 vhich is also satisfied iFf s»a and

cos@ra. llence, the conclusion holds with (b) and (d) unchanmed and

(a) Po(z)+e(2z)) < max{|f£(z)|,0(2)} + 3e
(e) IT(z)+z(z)] > all(z) -~ 3¢ on UUV

From this lemma 2 can be immediately pgeneralized. The assumption

. N !
is now that | (

Y[<h(z) and the conclusion holds with (2) and

o3

() unchanged and
(1) [ (z)+n(z)| < H(z) + ¢

(3) | £(z)+h(z)| > ¥(2) - e for =z€U




Finally, the theorem also generalizes irmediately. The sequences

{ai} and {ei} rust now be chosen such that a,H(z)+e <a, ,H(2)

i

for all =z and R must be chosen such that

n+1

anH(Z) + 2e_ > hn(ﬂ

N T - c 1
, 1z) > an”(Z) 2¢ for zell,

n+ n

which is clearly possible hy uniform continuity. This proves:

Theoren: Let 1 be a strictly positive, continuous functlon on
o .
8.  Then there exists ¢ (B) such tha lllm Ttz ;uﬂ(z)
£

alrost everywhere on 9B,
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