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In their t,ecent papcl' [ 1 ] ·' Hnk:i.r1 and .Sibony cane very close 

to constructinr; hmer functlons on the unit bn.ll in 
D 

(' J 
\,._.' " In fact, 

only sonc ninor nodifieations of their> Rl,r;unent£; are necessary to 

produce hona fide inner functions. ~1e present paper carries out 

these noct:Lfications. .Since He neen. to point out sone infornation 

not explicitly stated (but clear fron the context) in their naner, 

anc1 to nakc the exnositon self··contaj_nec1, He repeat nost of the 

naterial in their pRnet>. Our J.cnna 1, for insto.nce, is ic1entical 

to their Ler:1ne 3, and our Rpplication nf lenna l in the proof of 

lenna 2 is the saue as theirs in the proof of Theorenc 1. 
p 

n.:'he follov-rinp; notn. tions are used: D is the unl t hall in C- , 

\~ use the distance 

1 I , = --~ I z 1 ..... z '".J II ~ 
12 I L 

'.fhen 

~Jhen z l, z 2 r oB, VJC get 

Hhen z C oJJ, He let D(z,P) c'\enotE'" t;t>e ball in cD v!:Lth o-radius 

r. The area of B(z,r) i~ denote~ A(r). An exact fornula for 

A(r) is civen in [1 ]- The followin~ obvious estinate, ~nwever, 

j_s sufficient for our nnrposes: 

( 1 ) nl'lere exist conc:\tants C, :::.nr1 C') such that 
l L. 

Ckr~/2 

Finally p. ir; the orcHnar:r area r;easnre on oB, nornalized snch 

that p(on)~=l. ~he Cl.l'P.i:l J\(r) re~"c:rs to this nea:::mre" 

Lenna 1 . 

only on the dinension, such that: If c,a an0 R are positive 

and n<1, and f 

nous functj_on on oB, C coB c::.n opc:n set sucJ1 that ,_\(l:.T)"'J.l.(U)<l 

with if(z)l>a for all 7. (Us then t11ePc is an enLi_re function 



and an open set V c: oD such th8.t 

(a) II f +r, ll cc :>; nax { II f II co , 1 } + 2 s 

(b) II£~ II D < E 

B 

(c) If(,., )-!.rr 1 ~') 1
1 > a ··· 2." 0"' Tl li -..r i ~~ 'b\u C.. l.i . < 

(d) D n V = 0 anr1 

set and lir: ~t(UY )o:p(U)=u(U), hence there exj_sts 
y+O 

~l.YlC"' j_~ • ;n r l\ t 4 t' . t "'\lC1' that: ... '-' lS Ul1~J 0 LL J COn '-'-nUOUS ,nel"e eXJ.S S y 2 c> ,lJ. _, J 

•-rhen 6 ( z , z ' ) <Y ') o 

'-· 
Let r>O be a nunher such that 

N 
l 1 :>;nin(y 1 Jy 2 )" Choose a uaxinal (1is,·jo1nt fanily {P(z,j,r)},i~l of 

balls Hi th z J c vr. I'10.xir:ml r-::eans tho.t any rJis joint fani ly of 

baJ ls vdt11 eenter-s in vr- <:md r-o.:iii c will have not noce than 

'T J_ ~ 

r' 
bal1s. SincE.; all of ther-Je ballr. lie outside n, (1) gives 

(2) 

'J'he h8.lls 

en 

Ji(z .,?r) 
,] 

nust cover 

(2) and (3) torethcc ~iv0 

( 1! ) < n 
r' 

\le noH seek an estinate on hovl nan:v points z. 
,l 

can be Ptt a 

cer>tain distance fcon z ( ()rL Let 

12 
k=l, .. 0, [ r J 
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and If P ( z ... r) cP. ( z , ( k+ 2 ) r) 
J -

hence ( 1) r:lvcs 

is defi ncr1 by [i .=0 
' ,1 

I f c z . ) +f) . I = I r c z . ) I + I r. ; i c:= , a ,l J ,j 

Ve shall shovr that n and r can be chosen sncl< thnt c 

sat:i_sfics the ler:JJ1a. Hhcn z coP He get 

iJ .<:2( \ • ( ) r -·nt.-· z , z , ; li'J .. . z 
c;(z)"" l: lf\;le J c u),l = 

j =1 

[~l 
l: 

k=O 

There is at nost one point :tn V 
0 

( z). rChis r;:ives, h~r ( ~') 

Jr;(z)! ~ 1 

Assuoin? nr 2 is lar~c, we ~et 

• r> 
lL 

: ·-l:nl" 2 
L" e < 1 + ··nr 2 

= 1 -t~ Ae 
k==l 

lienee, if we choose n and r such thc:tt 

(6) nr 2 = lop A/c 

vre get 

( 7) lc; ( z) ! < 1 + E and k ( z) l < E if z c () D and 

for any .1 vith 

J'Jotiee thG.t thePe exists c 0>o :::uch that if c~c 0 concUtlon (fi) 



iDplles that the <tbove calculations holr'J o \Je shall also asst1ne 

£(\ is sr.~all enour;h to o:uarantee that nr 2 .,1 .. ConcUt1on ({,) can 
" 

be sc:ttisfied with Rrbitrarlly snall r an<i arhitrar:ily large n. 

(7) ioplies parts of (a) and (c). Since U is outside all 

the h2.lls z I f ( z ) + r~ ( z ) I > a- E on 1T • If z E o B and z.+B(z.,r) 
't ,) . 

for any j with I~ j ;eO, we get If ( z) +c ( z) I,;; I! f I! ,
0 
+ £. 

with Gj~o. we ~et 

If zE: B(z j; r') 

for sone 

(D) lf(z) 

j 

+ g(z) 1,;; lf(z) -· f(z .) I + lf(zJ.) 
,1 

-n ( 1 ~ <z, z . >) 
+ ~ .c J I 

,) 

~· n ( 1 '" <z , z k > ) 
+ 1 L: (,', ke 1 ,;; £ + 1 + £ ·- 1 + 2£ 

k~j 

This proves (a) . 

J'T 
r 

Let \J= U n ( z ·P r). \Je shall now detc rntne a eet1 tain open 
;j =1 •' 

subset V of V such that jf(z)+r~(z) l>a-2£ in V and f':ive an 

cs tiu8.te on its area. p, . = 0 3 fW ( 7 ) g i '! e s 
,l 

be.ll be in V. .; 

llcxt, He piclc out certain suhr;ets of the hsllr; l)(z. ,r) 
.J 

f.~ . ~o. To do this_, 
J 

introduce the notations ct= lrCz .) I, 
.1 

~· n ( 1 ~ <z ; z . >) 
s= !e J I= 

~no 2 ( z , z . ) - n ( 1 ... <z , z ~ > ) 
e .1 and e=arr(e J ) -

n Iu <z, ~~ j >: = ny. If In ) Til_...., is the pro.]ectj_on of z on the 

tanr_:,ent space of on at z . ' J 
;l j_s the conponent of n(z) 

orthoconal to the cornlex tancent space. Since 

if(z)+c;(z) I ;;, 
~n(1 ... <z,z .>) 

\f(z .. )+f':.e J 1~ lf(z)-f(z.)l 
J ,l ,1 

~ n ( 1 · · <Z ~ z ·j >) 
- 11 L: • C 1: e ·- I ., 

,( ~.l 

I ( 1 ) 1.0 I ') , o; + ~ c: s o 
1 

~· ,_ c 

He get that 

~- n ( 1 -· <Z , z . > ) 
If ( 2; . ) +P, . e ,l I ~ 2 e = 

,l ,l 

Hith 

rC'al 
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This holds if s>a and cosB>a. s>a holds if 

hence in a ball with radius p, such that 

( 9 ) n p 2 = log~ 

(G) and (9) shovr that we Pay assur1e p<P. The condition cos ny>a, 

neans that we have to pick out certain strins in the hall B(zj,p) 

An easy ~eonetric argunent shows that these strips will have a 

total area which is at least arc coc. 
2n The set v obtained 

satisfies fl ( \]) =-~ 1 t ( V) and \J n iJ = 0 . 

\Je now get by ( 1 ) j ( 4) , ( 6) and ( 9) 

~.t ( V) > .c:.;a..:..r-_c--=-c_os a_A ( P) o n > ~2 (arc 
2n ··r en cos a)p2p-·ln > 

l" 

cos 

2n--l 

C1~3 (arc cos a)[i~~ lj~J 2
-(1--p.(U)) 

This proves (c) and (d). Finally, if lz I<R, then 

2p-_]_ 

lr;(z) I ( F "-n(l-R) ( c 1 -n(l-H) ~ cl,n 2 
r~ '4 ?n-1 8 , r -, 

Choosing n large enough proves (b). 

-n(1-n) e 

nemat'lc: Ler.tna 1 holds vri th U=0? in Hhich case the conr1i tion 

1 r c z) 1 >a on U is enpty and V =oB for all r r. It is also 

clear fron the construction that n~"u<E, a property we shall not 

need. 

Lern'rla 2: Let f be a continuous function on oD with "f II < 1 ro 

and let E>O, R<l. Then there is an entire function h and an 

open set U c: o D such that 



( 1 ) llf+hll 
00 

,; 1 + E: 

( " ) ,C. 11 hll n ~ 
"H 

E: 

( 3) \f(z)+h(z) I > 1 - E: for z E U 

( 4 ) ~t ( u) > 1 - E: 

1 "' 
Proof: Let a=1 - 2E: and choose s . such that Li /, E.<E. [\pply 

l :i. =1 J. 

lenrm. 1 to the rlata c:., c 1 ~ R, f, U =0 to produce an entire function 

and an open set such that 

(a) 

(b) li h 1 II Bp ,; E 1 

" 

(c) ir(z)+hl (z)! > 8. - 2c, on n, 

( ' \ Cl ; 

Ruppose entire functions h 1 , ..• ,hn have been chosen, tofether 

i 
Hi th open set8 such thc>.t if TT - T' ., th 

";·- .J ulr' ,en 
~· k=l ' 

and ~(Ui)~p(Ui):=crj_" ':T'he function 11 • 1 ll.T 
and the open :::::et 

is then obtained by applyinG lerma 1 to the data 

n 

TT ··n+1 

a<~ 2: e1d E +1 , n ,f+ (11.1 + •.• +h ) , P. • ':::'11 is prorluces a sequence { hk} 
l:=l .·, n n n 

of entire fur;ctions and a seqnence {u1:} of cUs.joint O))en sets 

E;uch that 

(a) 

(b) 

(c) 

n 
II f+ 2: h II 

1 -1 k 1{-

n 

n 
~ 1 + 2 J: € 1" < 1 + E 

1(::::1 A 

n n 

1: !I hl, II P. ~ k:-'=·· 1 E l{ < c 
k==l '"'R . -

n 
\f(z)+ T. hlr(z)\ 

}{::::1 '' 

1 
> a ~ 2 r. s ,,. > R ~· ?.s "" 

k::!l L 

1 - s on 1! 
''n 



(d) cr = n 

;;. C arc cos 

2n-~ 1 
-· -- n-·1 

~[-1~[~ ~~ l 2 (1 ) 
n , -· f crk -· lo.r· fl./ c 

·' n k=l 

If L: crk<l, (d) shovrs that there is a constant 
k=l 

1 

co 

is clearly iupossible if 1 
I ----·------ = 
-1 2p-1 n- ~-

llor~ A/c l <-, . n 

he achievec'l hy 

co 

such th1:1 t 

vrhich can 

for sone snall 1:. Fence He nay ansnne thr.t r. crk =1, so for n 
k=1 

sufficiently large, 

n 
~i ( n) "" I o }· > 1 -· £ 

1:=1 .. 

n 
Hhich is (4) in the lenna. Letting h== r hlc' (1),(2) and (3) are 

l\::;:1 

,ius t (a) , (b) nnd ( c) 

Renark: Pe shall apr-ly lenna ~2 repee1tedly 111 th the hypothes1s 

llf II <;;£1. for sone a, in v1hich cnse the conclusiors of the ler1na 
00 

hold vri tl! 1 replaced hy 8 in ( 1 ) and (3). He shnll r'efer to 

f,a,£_.R as date:. f01~ tlle lenna. 

Thcoccn: ':::'here exist inner functions j_n D 

Proof: Let lla 1l, {E:i_} be sequences sucl! t11at a~ :'..ncrcases 

strictly to 1, 

data f 0=o) 

+ f-t. e £ e ~a e 1 1 
J. l lT, 

8.1\d 

to ~et an entire function r, and an open 



-· 8 = 

set u1 c8B such that 

( 1 ) II f 1 II oo ,;:; a, + El ,;:; 8, 
c. 

II f 1 11 n ,;:; E1 l>p .. , ( 2 ) 

l f ( ,, ) l > a, - c, for z E u1 . 1 ' ·~ I 
( 3) 

ft ( u 1 ) > 1 ~ £1 

("1 • f' . t . th . t T-1 h tl t ulnce ;_ lS COn ;lnUOUS, ere CXlS ~3 an u 2 ) SUC, la 

and such that 

( 5) 

Suppose that we have inductively found entire function8 f f' l'ooe'."r1J 

open sets ann. real nunbers R n 
· 1 ' • • • '"n+ 1 ' 

He let 

( 1 ) 

( 2) 

( 3) 

(l:) 

( 5 ) 

n 
h = 2: f. , then 

n j_=l 1 

llh II ~ 

an+l "' n C() 

!If .liD ,;:; ~ c.._, 
l 'n .L 

i 

lhn ( z) I > an I 

p.(U,,) > 1 -~ ,, 

·-· 

en 

I , c,., •. ) I 
. Jtn tln+1 "' > 

n 
'' j_ 

c n 

:::• -" ·n 

< R, +1 < 1 

for 

') ,_en 

7. f u 
n 

for i=l 
' 0 0 

He then a:o:rly lenna 2 to the nata h 'R 'l ) £ +1 n n,- n Rnd 

pPoduce a neH function f n+l ancl an ODen sPt un+l 0 

such that, if 

" , n 

R n+l to 

Properties 

(1) to (l.l) folloH innerJie1tel~! for' bn+l·' and (5) is Just a 

consequence of its continuity. 

h = 1.j_n h = 
n 

exists and satisfies 

V~ = 
,J 

n n 
. n 

rl)J 

~ f..: 
i =1 .L 

1 
II l• li R 

1 
< .2 " 

'i 

He e.ssune 

By ( 1 ) , 

lin n =1 • 
n 

Ill• II .;:; 1 , Let 
00 

P,y ( 2 ) J 



':'hen and by (4) 

ro 

lln p, ( V . ) = 1 
J 

and 

U: = U V. has full neasure, If z E U, t:hen there exists j such 
,j=l ,l 

that z E Un for aLL n~ .i. For sueh n (2) ;:md (5) inply 

> a .~ 
n L: 2 l" -+ 1 

~:>n -, 
when n+<» 

lienee, if lin h(tz) exists, vrhich it does alnost cveryHherc in 
t+l 

U, its absolute vahu~ mwt be 1, 'l1his conclu<lcs the proof of the 

theoren. 

Rer.1ark: He can, vd thout any ac'!d i tional effort, nrove a r:1cn•e 

general version of this theoren. To do this, replace the nunber 1 

by a strictly positive, continuous .function H on oB. Hence, in 

ler.ma 1, He noH assurae that jr(z)j>FLH(z) on U. He c2n carry out 

exactly tbe sane construction; assur:1inr; that r is snall enon?,h to 

[~uarantee that !H(z)-H(z')!<E when o(z,z')<r. This vdll just 

artd one E to our inequalities. is now defined by q =0 , . .i if 

i:'Cz.)!~H(z.) anc'! jf(z.)+J?).I==if(z.)j+IP_.I=H(zj) oth:rwlse. This 
.1 .1 .1 a J ~' , 

tine if(z)+g(z)l>aH(z)··3E :Ln a bn.11 with Bj;tO if 

la+(H(z.)-·a)se10 l>aii(z.), \rhich is also satisf1ed if s~c:t ancl a J 

cos(-) ~a. Hence, the conclu:=>ion. holds vli th (b) and (d) unchanf';cd and 

(a) I f ( z ) + g ( z ) I ~ nax { I f ( z ) I , F ( z ) } + 3 e 

(c) i f ( z) +r~ ( z) I > ali ( z) ~. 3 E on U U V 

F'ror.1 this lene1n 2 can be innedia t0ly e;enere.J.1zerl. 'I'hP. assunption 

ir; now th::'t I f(z) I ~r::(7,) ,qnd the concllw:Lon holc1s with (2) and 

(4) unchan~ed and 

(1) lf(z)+ll(z)! ~ H(z) + c 

(3) I f(;:j)+h(z)J > F(z) -- E for· z ( U 
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Pinally, the theorem also r;eneralizes innediA.tely" The sequences 

{a1 } and {:::: 1 } Dust novr he chosen such that R1 H(z)+c:: 1 ..;a1 +1 H(z) 

for all z and Rn+l r.mst be chosen such tbat 

ZETT - n 

VIhich is cl8arly possible by uniforM continuity. 'T'his proves: 

Let TI be a t3trictly positive, contlnuous funct:ton on 

oD, ~hen there exicts f r-: n"'J(B) such that jlln f(tz)j "~H('7,) 
t-+1 

alnost everywhere on oDo 

FtFPfTlElJCES 

[1 J Hakin/Sibony: Fonctions holonorphes hornees sur la boule 

unite de C
1
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