MATRIC MASSEY PRODUCTS AND FORMAL MODULT I

by

O.A. Laudal

Introduction. It is now folklore that the hull of a deformation

functor of an algebraic geometric object, in some way is determined
by the appropriate cohomology of the object and its "Massey

products”, see [M], [May|. The first hints in this direction occurs
in Douadys exposé in [Car ] (1961).

In 1975 I proved that, in fact, there is a kind of Massey product
structure induced by the obstruction calculus characterizing this
hull, see [La]].

Independently many authors have published results in this
direction, see f.ex. [Pal], [s & S]], for references.

This, and a forthcoming paper, are concerned with the problem of
actual calculation of these Massey products in two special cases,
that of a k-algebra A and of an A-module E.

In §1 we recall the general machinery of [Lal ] which is common for
all the cases we have in mind.

In §2 we prove the the usual matric Massey products, properly

adjusted to our needs, for ExtA(E,E) determine the formal moduli
of the A-module E, i.e. the hull of the deformation functor of E.

As a corollary we obtain the following result

(2.10) Any complete local ring A 1is uniquely determined
by Ext;(k,k), i =1,2 and the matric Massey products

n
® Extl ——» Ext?2,
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31 Formal moduli and Massey products

Let X Dbe some algebraic geometric object, say a k-algebra A
|

or an A-module [, and consider the deformation functor

Def : 1 » Sets
X -

see [La]].

i

Let Al = Al(k,X;OX) be the corresponding cohomology. If X is a
k-algebra A, then Al = Hl(k,A;A) is the André cohomology, and if
X 1s an A-module E, At = Ext;(E,E).

By [La]], (4.2.4), we know that the formal moduli of ¥, i.e. the

hull of DefX , 1is determined by a morphism of complete local k-

algebras

o : T2 = Symk(AZ*)A > Tl = Sumk(Al*)A

constructed using only the "obstruction calculus" of AL

In fact, (4.2.4) of [l,al | implies that the formal moduli H has
the form

H =Tl g k ,
T2

provided A! and A? has countable dimensions as k-vector spaces.
We shall assume, in the what follows, that

i
dimyA < for i =1,2.

1% .
d} of A and a basis {y],...,yr} of

* * * * *
A2, Denote by {x],...,yd} and {y],...,yr} the corresponding

Pick a basis {x],...,x

dual bases of Al resp. a2,
Put fj = o(yj), i=1,...,r. Then by (4.2.4) of [La] the ideal (f£)
of T! generated by the fj's is contained in E%l' Moreover H =

T!/(£f). Now, for any surjective homomorphism of local artinian k-
algebras =« : R » S, such that mR-ker n = 0, consider the diagram
Mor (H,R) = DefE(R)

¥ ¥
Mor(H,s) =+ Defr(s).



Suppose given a morphism ¢: Il » S corresponding to the lifting

X o« Defx(S), then in the diagramn below, we may always lift the map
(

p'  to a map ¢ making the resulting diagram commutative

(1) a2t

The obstruction for 1lifting X¢ to R is, by construction of o,
. . . . . - *

and functoriality, given by the restriction of o o ¢ to A2 . In

- . * .
fact o o ¢ induces a linear map 22" 5 ker T, l1.e. an element
o(X ,n) € A ker n = Az(k,x;oy® ker n), which is the uniquely
¢ ~ k
defined obstruction. Notice that we have the following identity

*

(2) olX, ,m) = ) y.
x J

o @ ¢(fj).

Notice also that the image of X by the map DefX(S) >

X
by ¢
Defx(s/mz) corresponds to the map ¢]. Moreover ¢] is uniquely

determined by the induced map on the cotangent level

£ 2 ALY = mH/_rgQH > Z/m?2

D
thus by an element t¢ € Ale & mg which under the isomorphism
2y o alg M/o0 3 JURYC N

Defx(s/g ) Ale —/m corresponds to X¢1. If t¢ Lio X8t .

m 2 .

- s q . = t, , = 1,...,d.
ti € —/m then ¢](xl) i i . ,

) , . - - m

On the other hand, having fixed a basis {v],...,vp} for —/m2, we

] = = P v - al
find that t¢ lelala v] o € At
Thus there is a one to one correspondence between maps ¢] and
sequences  ay, ..., 0 of elements of Al.

. B o d th _ d _ 41
Pick an n = (n,,...,ny) €N wit In| = 2, yn; = N and let
i, < i, <ees< | be the indices i for which n, * 0.

1 2 D i



Consider the ideal J oo« k[u],.,.,ud] generated by the set of
o )
t t
. 1 d
monomials {u, eee u_ |3i, t.o>n }.
1 d i 1
™ "4
C
= Kk e oy U J . 5 = R °s and let v, =
put RB k[u], U, / N 52 ]E/(u ug ) n 1
u. be the image of u, in R (resp. S_). Obviously v.,...,V
i 1 n n 1
1 1 - —
generates Rrl (resp. Sn) as k-algebra, and induces a basis
{G ,eeo,v. | of m /m?2 Fix this basis.
1 P’ =n’ —n
Now let a],...,a ¢ al  and consider the corresponding map
p

R I m 2
¢1' H » Sn/mn

Definition (1.1). Any map ¢ making the following diagram

commutative

72 5 ql R
o
T
¢ +n
p ¢ pE—
H =» 8§
\\\ E
Y
] s /m?
B -

is called a defining system for the Massey product

<q ,ee.,a :n> = o(X ,m ) € AZ,
1 p - ¢n n

* * '
When a; = x; we shall write <x ;n> for the Massey product
1
*
CX.: ,4e6e,%X, 01>,
i i =
] p
Suppose now that for some N » 2 and every Jj =1,...,r we have
. C n .
f. = ) aj,n %~ + higher terms
7 nfew 0E
. N < . 1 . - -
and consider any map ¢E~ T =+ RE such that ¢Eon2 po¢E. Then
n, n.
r w Teeg, P 1 he id
R = . B e @& e . 4 4 - ” ) i R t ] t-t
¢n(fj) aj'm u, uy € ker L k. Applying e identity (2)
we find
\A.
(3) a = y.(<x :n>).



N

It follows that if we let Ej be the degree N (leading) form of

f. , then
J

(4) i fs(fﬁ = Y y:<§k7§>*§2 .
7T ol
Consider the diagram:
)
m 2 o | vg‘}:] | T N+1
(5) i 5 i > h] g ,dd]/m
pt Y N
H > k[u R s U ]/
¢N"] 1 d
where pO¢N~1(Xi) = ui{mod m), m = (ui,eﬁ.,ud).
[ .
Let X € Def_(kfu.,...,u, /mj; correspond to ¢ . Notice that
AR P
¢N-i X i a-’— N-1
by assumption X@ is a lifting of the universal lifting of X
N-1
to k[u], .,ud]/gzamotice also that ker g5 = EN/EN+] = @ k-(EE).
|n|=n
An easy argument then shows that the obstruction for lifting X
Y J
N-1
, N+ , .
to k[u],...,ud]/gN boys given by:
(6) olx, um) = ¥ <ximeu® = ] yie( ]y <x"inul)
N-1 |nl=n i |n[=n A
= y xf@fm(n) .
j J J

Now consider the diagram

¢
2 e} ] mwl\ﬂ]% _ N+2 N N
T > T RN+] k[ul,..,yud]/(g +E(f1"°'!fr>)
‘i’ 1
N
LI _ ; :
(7) H S5 s = kfu,..ou /@ g, L))
N Ll d — 1 r
.
.
. i
W VN
¢N~§\\xﬁ B 0. 1/mY
-1 Kty oeeaug)/m
. . r ;. N+1 P .
Since SN is k[ulgywayud]/g divided by the ideal generated by
the obstruction for lifting X . we may lift X¢ to SN .
N1 N=-1

therefore we may find maps ¢, and ® making the diagram commu-
Y N N E E

tative.



. . . . n
Pick a monomial basis {uﬂ} I for S (take simply all u—
‘ = Ny, e
. o . . . n
with |n| &« N-1) and pick a monomial basis {u—} for ker m_ =
-~ ' = 'neny N
N, N+ N - - : .
i PR 3 . SR = 5 § . ! < D
m /m +(f], 'Fr) Put By By_qU By- For every n with |n| N
we have a unique relation in SN
(8) ot = Bt
meR =7
*&RN
Since by construction 0(X@ ,nN) = (O, this relation together with
N-1

(6) implies that for every m ¢ B, (or ﬁN if one insists).

* Y
(9) B, <X ;n> =0 ;
IE =N E'Q - o |
. N+1 N I ,
rit ! = + s eee, £ +
Write ker my,, = (moo+(f ED Lem(e o E)
i N .
= s s e e g N "J
(fl fr)/m(f ,...,ft) v IN+]
-] r
. . . . M1 N+Z2 0 N+ N N
Pick a monomial basis for IN+] = m /(m +m y g(f],...,fr))
of the form {uﬂ} .. . We may assume that for n € Bl .., ut  is
TS - e =
f the f s " B.. Put B! . = B_ U B
O e orm Uk E SO some LI} € N° SRR M4+1 = N N+1 .
For every n with |n| < N+1 we have a unique relation in Ryt
(10) W2 = ) g! w4 ;B! .fﬁ.
= mER! n,m -— i n,J3 1
T N4 ]
Let
N+ 1 - N n
(11) £ = ¢ (£.) = f.+ ) b. u—
j N J j rleaB‘l JIE -
— T TN+1

then by definition of o, the obstruction for lifting X¢ to

N
Rger 18
olx, ,wi ) = )y @t
(12) by T j
=) yg ®f§] + ) (X*y®bj L out)
J M8y ) -



&)

Definition (1.2). ‘he map L toocalbled a defining system for the
Massey products
<x*-n> = ) b o A2 for n ¢ B! |
2w = Jby vy AT for n € P w
J
With these notations we have:
N1 . * o *
(13) £ = b yyxomus 4+ ) Y4 <X s
I - L - iy ¢
e U
where we have put Bt = [nflnf=n}.
Consider the diagram
b
m2 @ ml N+ R 1/¢ N+3+ L el N-+1
T T > Ri+o K[u]f ‘,udl, (m m (f] ,...,fr Y)
| i
(14) ' MAINTS!
Nl . N N+
II\ > QN““‘] 1\[‘1"!1/ 1! Ifr )
AN b .
by N
S
Il
Since SN+] is RNH divided by the ideal generated by the
obstruction for lifting X to R, ., we n 1i S
s e} g . N+1 W nay lift X ; to S\’
therefore we may find maps LN and LN malking the diagram
above commutative.
X
. i . . Ly .
1 1 vasis L £ 1o
Pick a monomial basi {H ;ECBN+] for ker T such that BN+] <
] T p— - fd Al 5 1,%1 e 3 3 3
ge1 s Put o B By U By, - Then {u el is a monomial basis
— TN
for s, ,- For every n with |n| < N+l we therefore have a
nique relation i S
unigu a noin S
LE g o
) S
=N+
Since by construction Oixw s n”+}) = 0, this implies for every
S )
m € BN+] the following identity:
» . *
¥ n> =
(16) nZ‘B' Bom X i =0
= N#1

which is analoguous to {(9).



N+

p .

M+1
)

Write, again, ker

MN+1 N1
= £ .., E ] )
<t1 A ST

MNEZ o, N+3 0 N+2 N+ N+1
T L P [11 N /: é“f}:z N )"E“Pji ! ﬂ _‘I}( f.i g oo o g fl:]: ) )

Pick a monomial basis

that for n € B! .

of the form N4

noo. ; . .
u—  is of the for some m € and some k. Put
B' = B' .U For every n n|{ < N+2 we have a unique

N+2 N4+

relation in &
NES

[}

i8]
2l

(17)

of the same

L,et

(18) g2

5

Again, by definition

RN+2

(19)

Definition (1.3). The map iz called a defining system for

. * I AQ 2 e 8
V.o & ; LOI n € BN+2-

the Massey produc

With these notations, we have the fol

1M+2
3

1 : * m o * n

S ;m>u— 4+ ) ¥q© -
negt ) -
J¥8N+2

(20) £

Clearly this process may be contir indefinitely. For every

k > 0 we obtain a



n 2 1
E * Rkt
21) !
(21) ' , P N k]
noo kg
MN+k
"Mk
S
N+k-1
a monomial basis {uZ] = for S_.., such that for every n
— 'ne€B N+k -
— TN+k
with |n| < N+k there is a unique relation in SNtk
(22) us = v B us
- - meER ‘n,mo—=
— Nk

inducing the identity
(23) ) B <x*:in> = 0 m € B .

neg . 20T T LT hEk

— TTHN+k

And there is a corresponding basis [u-} for the component

— 'meBRY

Wk+l
, M+k N+k N+k N+k
Tyepey ©OF ker mi ., = (£, 7, ..., £ Y/mUES T B T) @ Ty
such that in R . . we have for every n with |n| < N+k+1
M+k
(24) un = Y B 2 4 ) B . f.
- mEEn n,m — J Evj J
— TNt+k+1
where we have put BN+k+] = BN+k U BN+k+]‘
Moreover,
N+ K+ - +
(25) e 5 gy = TRy ul,
3 N+k ™) ] neR’ -
- N+k+1

The obstruction for 1lifting X¢ to RN+k+] is

N+k

* N+k+1
(26) o(x , T ) = ) y. @ f.

+k+ 3
LTI 5 J
* +k
=y vy. & f ) (V. vie w: _u=)
i J J neRp. J 73 J.n
=" TN+k+]
Definition (1.4). The map ¢N+k is called a defining system for
* *
< s> = . . . 2 ! R
the Massey products X ;n ZJ wj.ﬂ y3 € A for n ¢ BN+k+]

In particular, we find for every k,



k+1
(27) f[‘jﬂ-k+] . }* )* y'<§*;2> n
- 1=0 neEBg

Notice that by (4.2.4) of [Lal] we have

(28) H = lim §

]2 N+k

therefore

(29) = H rk[[u],...,ud]]/(f],...,fd)
where
(30) F. o= iim £97K,

' J K s

Formally we may therefore write

>~ 8
*
3

(31) £. = ,
J - ‘o J
1=0 EEBN+1

§2 Massey products for Extg(E,E)

In this paragraph we shall let A be any k-algebra and we
shall let X, in §1, be some A-module E. We shall thus be

concerned with the deformation functor of E as an A-module

DefF: 1l » Sets

defined as follows,
S ® A > End(ES) E is S-flat)

k S
¥ iso.

A + End(E) ES esk = E

it

«

DefE(S)

As is well known, the corresponding cohomology is
i i
AT = ExtA(E,E)
The deformation theory for modules, as hinted at on page 150 of
[Lal ], parallels the corresponding theory for algebras. There is a
global theory and a relative theory, and the main theorem (4.2.4)
of [Lal | holds. There are no surprices, and we shall therefore

Taawva +ha Ast+aile +oo the reader.



Pick any free resolution T. of I as an A-module, and consider
the associated single complex HomA(L.,L.) of the double complex

HomA(L.,L.). By definition we have

p - 7
Fom, (L., 1) | Hom(Lm,Lm_p)
m>o
Let di: Li > Li ] be the differential of TI.., then

+
ar, Homi(L.,L.) > HomPT (1., L.

is defined by

dp({ap}

; ) = d.oab - (—])p «Pod.
i i

izo i-1 i’ i-p
Clearly HomA(L.,L.) is a graded differential associative A-

algebra, multiplication being the composition of Hom.(L.,L.).

Lemma (2.1). There is a natural isomorphism

i i o .
ExtA(E,E) =~ H (HomA(L.,L.)), i 2 0.

Consider any surjective morphism ~: R » S in 1 , such that

m <ker n = 0.

—R

Assume there exists a lifting {L.@k S, d.(s)} of the complex
{L.,di}, i.e. of the free resolution L. of E.

This means that there exists a commutative diagram of the form

a, (s) da,(s) d,(s)
0 «—- HO(L.®kS) - Lo®k8 « L]®ks « L2®kS « e o
¥ + + v
a a a
1 2 3
0 «-- HO(L.) == L, « L « L, < coe

where for every 1, the composition

We shall see that any such lifting is, in fact, an A ® S—-free

, and that E is a lifting of

resolution of HO(L.®kS) = B S

~
[}

E=H (L.) to S.
O



Both contentions are obviously true for S = Xk, so by induction we
may assume they hold for S. If we then are able to prove the

corresponding statements for R, we are through.

But first we have an existence problem. Given a lifting ES of E
to S it is easy to see that there is a corresponding lifting

L.a s, di(S)} of {L.,di} to S. By assumption we have

k
conversally that any such lifting {L.@ks, di(S)} of {L.,di}

to S determines a lifting ES = HO(L.GkS) and is, itself, an

A ® S-~free resolution of E

k s’
Pick one such lifting {L.@ks, di(S)}, and let us compute the
obstruction for lifting {L.@ks, di(S)} to R. This obstruction
is then, clearly, an obstruction for lifting ES to R.
For every i, pick a lifting di(R): L,e, R > Li—]k®k R of di(S):
s ) ’ . i i i i . i 1 L,
Ilak S - Ll—]®k S, to R. This is obviously possible, since al Il

are A-free.

Since di(S)Odi—](S) = 0 and since I = ker n 1is killed by the

maximal ideal m of R, the composition d!(R)od!

my H 1—](R): Li® R -

k

Li—2®kR is induced by a unique map

O.: L TJ. [0:]
i 1 7 i-2 k I

The family {0, }. defines an element
17120

0 € Hom?2(L.,L.) ® I

One checks that d20 = 0, so that 0O is a 2-cocycle of HomA(L.,L.),

defining an element

- 2
o(ES,n) € ExtA(E,E) L I.

It is easily seen that o(ES,n) is independent of the choice of
the di(R)'s lifting the di(S)'s.
Moreover, if o(E_,n) = 0, there exists an element

(w)

E € Hom]i(L.,L.) ® I such that gg=-0 . Put



d.(r) = a'(wy+¢. ,
1 L 1

then one finds

di(R) 0 di_](R) = 0

and {L.akR, di(R)} is a lifting of {L.@ks, di(s)} to R.

Mow let {L.o Rid; (R) ] be any lifting of [L.®, S, di(s)} to

k

R, then there is an exact sequence of complexes

S di(s)} > 0

> {L.® )

0 +» {L.® T, d, sl

k I}

inducing a long exact sequence

R di(R)} > [I.o®

Jc@ V. 4 @ ¥
+ Hn(I kI) > Hn(L ®kR) > Hn(I @ks)

¥

> [{ (I:-@ I) + @ @ & @

H (L.® S
n-1 k l( k )

¥

+» H (L. I) + H (L.® R) H (L.®.s) =+ 0
o O o k

from which it follows that

H (LL.®, R) = 0 for n > 1, and
n k

0 =+ E GkI > HO(L.® R) > I > 0

is exact. ‘
Therefore HO(L.GR) = E is a lifting of Fo to R.
Moreover, given two liftings {L.GkR, di(R)l}, 1 =1,2 of

{L.aks, di(S)}' corresponding to two liftings Eé and Eé of

By o the differences di(R)]-~di(R)2 induce maps

-:]-J.".. & -
nl i L1——] k L

The family [n is a 1l=cocycle of Hom (L.,L.) defining an

i}i>o

element 1 € ExtA(E,E).

In this way we obtain a surjective map

{Liftings of B, to R} x Exti(E.E) » {liftings of B, to R}

making the set of liftings of Rq to R a principal homogenous

space ( torsor ) over ExtA(E,E).

We have established the following,



Srojosition (2.2).  Let g € DefF(S) correspond to the lifting

.

{L.@ks, di(S)} of L. to S. Then there is a uniquely

defined obstruction

S e 2
o(BS,n) € m.tA(E,E) oskI

given in terms of the 2-cocycle 0O of HomA(L.,L.) ® I

defined above, such that o(Es,n) = 0 iff ES may be lifted

to R.

Moreover, if o(E_,n) = 0 then the set of liftings of ES to
e

R is a principal homogeneous space (torsor) over ExtA(E,E).

Thus we have at hand a nice obstruction calculus for DefF given
entirely in terms of the complex L. and its liftings.

Using this we shall apply the constructions of §1 and compute the

. *
Massey roducts, <xx,n> for n € B! . In fact, the <x ,n> of §1
Y P x z N+k LS L

will turn out to be some generalized "ordinary" Massey products of
the differential graded k-algebra HomA(L.,L.).

* .
Pick a basis {x},ﬁ,u,xd} of Exti(E,E) and a basis {y],...,yr}

* * * *
of Extﬁ(E,E)*. Denote by {x],...,xd} and {y],...,yr} the

corresponding dual bases of Ext! and Ext2.

Let for i=1,...,4d, X, € Homé(L.,L.) be a cocycle representing

*
x; and let for j =1,...,r, Y5 € Homﬁ(L.,L.) be a cocycle

*
representing yj.

d .
n, = N and consider as

Pick an n = (n-ll°"‘lnd) with IE' = z"]_:'] 1

in §1 the k-algebras s, and R_. Fix the basis {v]o--Gp} of

gn/gg . Recall that we have in R the following slightly

confusing identities

v, = u. , 1=1,...,p.
(1) : !

u, = 0 if i § {1],.. .,1p}

=

insisted upon because it makes the notations more streamlined later

one.



We shall pick a monomial basis for the k-vectorspace Sn of the

—

form

written as

With this done, let al,...,ap‘e Exti(E,E) and consider the

P v 1 2
element Iy_,a; e vy € Ext, o En/ﬂ n’

Let ¢]: H » Sn/_m_2n be the corresponding map and let VE¢ €
. - 1

Def (S /m2) be the induced deformation of E.
Assume there is given a defining syStem‘ L H » Sn, for the Massey

product <a.,...,a_;n> (see (1.1)), corresponding to a lifting

1’ p
E¢ € DefE(Sn) of E& .
n — ] _
Then E¢] is rgpresented by a lifting {L.082/mé;di(sﬂ/g§)}bof L.
and E¢h‘ is represented by a lifting {L.usﬂfdi(sﬂ)} 'of

{L.ash/géydi(sg/gé)}.

The family of A ® Sh—linear maps

di(Sn): L; & SE > Li_] e, S,

is uniquely determined'by the restfiction to Li ® 1, ﬁhus by the

‘family of A-linear maps

al,m: Li > Ll_] . M€ BE
defined by
d, (s )|L.®1 = ¥ a, & ut.
it n’ Ui meB i,m

With this notation, we may assume

€
d; (s /m? )|L;®1 = ? a; @ u !
2= X2 1=1 &1
Where £l= (O,c -,],O,o#olo) 6 Bll.

i1



According to (1) we may also write

- 2 = e
di(bp_/m_r}_)' L; &1 T oa, ) ® Vv

For every m € B~ the family {ai,m}i is a cochain

| ;
%IEWMML”LJ

such that o« is a cocycle representing the cohomology class «a

1,...,p , and ai,g = di ’ i » 0.

(Sn) = 0 for all i > 0 we find that the family

l q

I

1

Since di(SE)Odi—l

{a_} = satisfies the following identities
m meB
) « oa =0 for all m € B_ .
m,+m,=m D1 mp n
m,+m,=m
EiEBn
Moreover the obstruction for lifting E¢ to Rn , i.e. the
n —

obstruction O(E¢nlnﬂ) for lifting {Lio SB, di(sg)} to R,

is easily seen to be represented by the, (4 priori), cocycle

) « o a € Hom?(L.,L.).
m.+m,=n M1 m2 A
m,¥m,=n
23 €y
Proposition (2.3). Given a sequence of p cohomology classes
a, € Exti(E,E), then a defining system for the Massey product
< e, s> s i = - i
a @,in corresponds to a family {aﬂ}EGBn of 1-cochains
of HomA(L.,L.), such tht for every m ¢ En
* . « o] L =0
m,+m,=m =1 2
m, €B

and such that a, =d, for i > 0 and « represents
i,o i £

1 =1,...,p.

{am}meﬁ - give rise to a
- =""n

Conversally, any such family

defining system for the Massey product <a],...,a ;n>.,

p



Morcover, given such a defining system, the Massey product
<a],...,u ;n>  is represented by the 2-cocycle
P
N ®« 0 « € Tom?2(L.,L.) .

m 4 ,=m 1 m2 A

-1 =2 —

m. enB

...‘l ‘I_'l

Proof. This is just the observation that a lifting E of E

n

) = = 1 1 «Q . 2T Q 2
corresponds to a lifting {L.e un,di(SE)} of {L.eksﬂ/gg,di(ug/mﬂ)},

k—

thus to families {a, } -  such that
i,m jEBn
* % d. (s )| L,e1 = 7§ . & us
i'"n i = i,m” —=

meRB -

- I
The relation di(sn)odi_](sn) = 0 translates into *. Conversally +*

proves that di(sn) defined by *% defines a lifting

. a 2 ; Cel Py
{L'ng'di(og/mg)}' thus also a lifting E¢n of E¢] Finally any
such E corresponds to a map ot H > 8 i.e. to a defining

n ' — —
system. Q.E.D.

Remark (2.4). 1In the light of (2.3) we shall let the notion of a

defining systemm for the Massey product <a],...,ap;g> refer to

either the map ¢ or the family {am} depending on the situation.

Remark (2.5). ©Let n = (n ...,nd) be given such that n, = 0

1 i
for i ¢ {i],.‘.,ip}, then the Massey product <a],...,ap:g>, if
defined, depends only upon a],...,ap and the p—uple‘

n, ,n. ,...,n. ). Given a. ,...,0 € Ext!(E,E and an -uple
( i) i ! lp) ] ! o) A( ) Y p-up
m = (m],...,mp) there is no confusion in writing

U, peoe, @ _sm>.
1 p -

Suppose p =1 and n = (n), o, = € Exti(E,E), then a defining

} of 1-cochains

system for <a:n> is a famil

[ed
m




such tha {”,v‘, o . =

property that [or

Tf a

In particular fou
defined and is
"Bocksteins".
If

{alj}

p = 2

and 9}

me{(0,0),(1,0)

represents a o, Aaru

for <o ,a_:

[ R

(0,1)° “(1,0)"

NMow, having a pur:

Massey products

computing

step by

defining the formal
Assume, as in b1

q)N—] induces defi

for |El < N, and

defining svste

resented by the

with the

., 1> 0 and a] represents «,
i
ery 0 < m < n-1, ) x 0 o = 0.
m, +m,=m my m2
m exists, then

el N « o a )

. m

B = 1

m,+m,=n —

o<m, €m-1
i

1 a8 - "

the Massey is ways

2—cocycle owoa. These are the

Extl(E,R)

A then the family

] 1y Ps
Wi, i), o, ,«

(I

Wby e =1 j
1)) where g gy {a;t50 “(1,0)
1 “0.1) represents Xy is a defining system
ch is represented by « o +
(1,0) (0,1)
i <o, ,o.:(1,1)>  is the symmetrized cup-product.

cohomological expression for the (defined)

e e s w0, we shall procede as in §1,

ten a get of generators for the ideal of 1
moduli of o

hat the formal power-series fj = o(yj) e 7! =
be written as

n ) .

TWQJ{Q x— + higher terms J 1,...,1

LT yj<x*;n> where, by assumption <§*;n> =

W is (uniquely) defined.

and consider the diagram §1 (7). The map

: *
7 systems for all Massey products <x ;n>

orresponds therefore to a family



Y men
z_‘ ,'_‘ ,;I\.j -]

of 1-cochains of HomA(L.,L.) such that for every 1 » O, a, 0=
: ’

. . * N
di , and a, is a cocycle representing x.,e.= (0,...,1,0,.. 0)

. =i
-7 i
€ N. Moreover, for every m € EN~]
(3) ) « o =0
my+m,=m 1 32
M €Byoy
HE 5 N 2 & -11i (
Let di(SN~l)’ Lo Se o 7 Ly 1% Sy be the A SN-1 linear map
defined by
m
d, (s | L. 1 = - .
1( Nwi} mZﬁ al,m 2
1 — N-]
implies that 1 { : . i i i
Then (3) implic ha {1 3 Sy_q dl(SN—])} is a lifting of the
universal deformation of L. to 82 defined by the map
¢}; - k[u],...,ud}/EQ.
Recall that ¢, corresponds to the deformation of L., or of E
if one wishes, to S, defined by the element
d )
Y v ® 11 ; 1 2 -
.} x;® u, € Ext (E,E)o m/m Def . (s5,).
i=1
S Ke)s . oy i 3
By construction {L.@k Sy-1 di(uN_])} induces the deformation
€ De S .
B Fu(Sy-q)

LA
Sticking to the notations of §1, and noticing that for every

nepy = {g@gdt|g|:m} the Massey product <§*;g> is represented by

the 2-cycle

Y{n) = X @ o «a
o =n 1 m2
m,+m,=n — -
M By

§1 (8) and (9) translates into the following. For every m € B _ ,

Py Y{(n) is coboundary.
e, BE'E (n) is a u v



Now, pick tor every m € HM a l-cochain a € Homi(L.,L.) such
- m ]

—

that

(1) d oo o= g vi{n)

vl consider the family

o o e 5,

Let, for every i » O, dj(Sd): Li® SN > L; 18 S be defined bhy:

N
d.(s.)| L.e 1 = 1= . ® u—. Then (4) translates into
L' N 1 m om. — ;

Consequently {L.s S : di(SN)} is a lifting of

{L.akSN_]; di(SN—])} to Sy , and induces therefore a lifting

) - X . .
E¢ € DefE(oN) of E¢ . E¢ , agaln, corresponds to a map ¢N :
N N=-1 N :

H » SN which we now fix.
According to (1.2) @N is a defining system for the Massey
*
products <x ;n> for n € B&+]. Since O is induced by, and

induces, a family (5), we shall refer to any such family as a
defining system for the Massey products <X ;n>, n € B§+].

By definition, see (1.2), these Massey products are given in terms

of the obstruction, see §1 (11), o(E¢N,nN+]).
By (2.2) this obstruction is defined by the 2-cocycle 0 = {Oi}
where
03 = dj(Ryyp)odi j (Rgyy)s
! : L, . L@ bei ifti . . Pi
dl(RN+]) L,® RN+] > Il_] RN+] eing any lifting of dl(SN) Pick
di (R, , such that
[ = m
di(RN+])| Lo 1 = ) O n® U
meBy 7

then streight forward calculation, using §1 (10), shows that



2

n
o, = ) B' cq oa u—
i . _ m,n “i,m "i-1,m
nen N+1 | m| <N+1 m]+m2—m - 1 2
r
N
+ 3 0] | B' .ea, _oa, YN,
j=1 |m|<N+1 m,+m =m m,3 i.mpi-l,m,t )

Remember that di(sN)Odi—l/SN) = 0.

Comparing this with (1.2) and §1 (11), we have proved the following

Proposition (2.6). Given a defining system {a |} = for the

* - * ) ‘
Massey products <x ;n>, n € Bﬁ+] . <X ;n> is represented

by the 2-cocycle

Y(n) = 7§ ) B! o o a
|m| <N+l m) +m,=m T2 1 M2

miEBn

By §1 (16) we know that for every m ¢ BN the 2-cochain

+1

= 2 :
P = Z Bo,m ¥(0) € HomI(L.,L.)

‘is  a coboundary. Pick one @ € Homi(L..L») such that d L = ﬂm ’
! - - -
and consider the family

(6) a ooy .
m M€y

Just as above, (6) is seen to correspond to a defining system;

¢N+] , for the Massey products < *;£>, h € B'

There are relations §1, (17), (18

X
), (19), and we may copy the
procedure above.

We end up with the following,

Proposition (2.7). Given a defining system {a_}

m EGE for the7

N+k=-1
* * .
Massey products <x ;n>, n € Bﬁ+k , <X ;n>, 1s represented by

the 2-cocycle

Y(n) = § ) B
|m|<N+k m,+m,=m

EiEBN+k—1



induces identities §1 (22) and (23), such that if we for every

P LI 5 . ‘ ' l .
m € BN+k pick a cochain am € HomA(L.,L.) with
d L= Y
" nlpe, MmO
L

then the family

a i
m Bk

*
is a difining system for the Massey products <X ;n>, n € B

We may, refering to §1 (28), (29), (30), sum up the content of this

§2 as follows

Theorem (2.8). Given an A-module E, the formal moduli H of E

is determined by the Massey products of Ext.(E,E). In fact

A
H = k[[x],...,xd]]/(f],...,fr)

where

Corollary (2.9). Any complete local k-algebra A with residue

field k is determined by Ext;(k,k), i =1,2 and its

Massey-products.

‘Proof. Obviously A is the formal moduli of Xk as an A-module.

Q.FE.D.

N+k+1*
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