
ion. 

functor of an 

by the 

by 

D. I\. L<H!dal 

It is ncM folklore that the hull of a deformation 

eb:eaic geometx ic object, in some v-1ay is determined 

iectP cohomology of the object and its "Massey 

prod net_ s " , s~e [M L 1. ThE':: first hints in this direction occurs 

[carl (1961). in Douadys ' . 
(~Xpose :tn 

In 1975 I 'chai:, in fact, there is a kind of Massey product 

structure induced by tJ1e obstruction calculus characterizing this 

hull, see [Lal J. 
Independently many authors have published results in this 

direction, see Lex, [Pal], [s & s], for references. 

'l'hi s, and a fot· tbccming paper, are concerned vli th the problem of 

actual calculation of t:hese i'1assey products in tv.JO special cases, 

that of a k-algebra A and of an A-module E. 

In § 1 \ve recall the general machinery of [La 1 J which is common for 

all the cases we have mind. 

In §2 we prove the th~ usual matric Massey products, properly 

adjusted to our needs, for (E,E) determine the formal moduli 

of the A-module E, Le. the hull of the deformation functor of E. 

As a corollary we obtain the following result 

(2.10) Any complete local ring A uniquely determined 

i == 1 ' 2 and the matric Massey products 

Ext 2 • 
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ucts 

Let 7~ be some alc;ebr·aic geometxic object, say a k-al1Jebra A 

or an A-module E, and consic1er the deformation functor 

see [La1 J. 
Def 

X 

Let i Lk A "" A t -,X; 

k-algebra A, then 

be the corresponding cohomology. If X is a 

is the Andre cohomology, and if 

X . A '1 .. _i~Eti(E"E) . :LS an -ntoc.u c E, A -·- ,:x -A."'· • 

By [La1), (4.:L4-L knv<~l that the formal moduli of X, i.e. the 

hull of De by a morphism of complete local k-

algebras 

0 

constructed us only the "obstruction calculus 11 of 
e 

A . 

In fact, (4.2.4) of fL 1 implies that the formal moduli H has 

the form 

H rr 1 ,11 k , 
'r 2 

provided Al and 

He shall assume, 

Pick a basis 
' 
. 

A 2*. * Denote by 

dual bases of l\.1 

Put f = o( Y.) j 
j . ] 

of Tl genera.ted 

T 1 I f) . Now, for 

algebras n R -)> s 

has countable dimensions as k-vector spaces. 

the what follows 1 that 

for i = 1 ,2. 

. 
' 

of Ap'< and a basis 

* } r * * . . . ' and iY1 ' 
. . . 'y r} the corresponding 

resp. A 2 . 

- ! , ... r. Then by (4 .2 .4} of [La] the ideal (_f) 

the f I<':' j ._; 

surject 

such t.hat 

contained in ~~1· Moreover H ~ 

homomorpl<ism of local artinian k-

m eker n ~ 0, consider the diagram 
~R 

l\1or(H R) + D ( R) 
E 

+ 
r1or ( H, ~:;) ·-r Def (S). 

E 



~~· to a map rJ> makinq the est1Lt~inq dia(jt'Wn con1!Tlutative 

( 1 ) 0 

The obstruction Ecn lifting X 
cjl 

and functoc ali rJ ven the 

-· fact 0 0 ¢ indu 

0 

1 

to E lS 1 by construction of 

- 2* cestri i:ion of 0 0 ¢ to A • 

' ? ~·( A· + ker n, i.e. an element 

® b~r rt), which is the uniquely 
k 

defined obstruction. Notice that we have the following identity 

( 2 ) 

Notice also that the 

\' * v. 
~:' J ] 

of by the map 

o, 

In 

co ru s to the nap ¢1 • Moreover ¢1 is uniquely 

determined the . "\ _, 1nnuceo on the cotangent level 

}\] 

thus by an element 1 m/ ') t¢ E A e:9~~" 

Def. (S/m 2 ) X ~-

t, E ~~~2 
1 

On t.he 

find that 

1'hus 

sequences 

- Al® w I " ~- !11'" 

t.hen rp 1 (x 
i 

hand, h."'v 

) 

corre 

-· t :L 
:i 

fixed a 

a 
l 

1.s a one to one carr s 

f. 0. elements 

which under the isomorphism 

d * t "'- l: . l X . ®t . , 
¢ l"" 1. 1. 

to X$ If 8 
( 1 

,_ 
1 

' ' . 0 

' 
d. 

basis {;:; 
1 

for 

between rnaps ¢ 1 and 

of 

Pick an n ~ ( .n l ' . , , ' n ri ) with 1~1 and let 

i ( 
I 

i for which n. :f 0. 
:t 

we 



.:~ c k I u . , .... , u .. 1 I n -- I -
Consider the ic'iea l 

ln<)nomit:~ ls 
t, 

{ u I . 
t 

d I-· l ud J 1, t i n i . 

Put R -~ k [' u _ , ... , u 
t1 - _! t! n 

tht.: Jmat.:re of tn H 
n. 

generates R 
fl 

of 

(resp. S as k-al 
n 

(u 

qenerated by the set of 

and let v :::::: 
1 

c ) 
t--" n. ... sly 

and induces a basis 

Now let a, .. ,rY 
1 p 

anrl consJde:c the corresponding map 

map 

commutative 

·r ')_ 
·--~---+ rr 

p + 
f--1 

is callr3d "" d.<': f i. 

u: : n> 
p-

<)l lH2:--l.k 
n 

the following diagram 

l 

¢'I f. 

/( 
-~ n 

product 

-= o{X ,1c) 
<P n n -~ 

vfuen al ::.o. * x. we shall wr.: te for the Hassey product 

* <x:. 
1] 

1 
~1 

n>. 

Suppose no~v tht:1t for orne N ;;; 2 

t ' "" J 

and consider any Uid.p 

we find 

( 3 ) 

n 

\! ' t 
L J 

n 

E ker 

;.'lnd 

+ hi te:cms 

¢ on ~ po¢ • Then n n n 

"' k. r.,pplying the ident.i ty ( 2) 



r-t follmvs tll f 1_f we 

f . t.hen 
J 

( 4-) 

Consider the diag am~ 

( .:; ' - ) 

where 

bv 
J. 

ass 

p -! 

II 

v· 
A 

I ,, 

j 

(l 
~ x~-·- ~ 

1 
J 

c·()rrE~ 

ree n 

.tC() 

(leading) form of 

¢~ 1 , Notice that 
j\,- .I 

U1e universal lifting of X 

to 'k [u1 f 0 . ,, 
' 

2 .Notice 3lso tha~ 1 N+1 n 
1 m ""' 0 k $ ( u-) . 

An easy 

'co k r 
Lu1 

( r ,o ) 

(?) 

Since 

> . f 

o(X 

'U 

0 
~-

]/ 

H 

the obstruction for lift 

tative. 

, .. 
\ 
i r :cc.tJ 

) . 

I n I =N -
-- I 

he obstruction for lifting 

J . U+1 . 
• • ,u,-'J /tm +t 

'--' -

ded 

~-~· 

¢ __ ma 
N 

u 
J J 

t.he 

X 
- <!>N~ 1 

the d 

generated by 

to 

:ram commu~ 



r L ,fk d •nu1v I ':: 

wit.h 

I < 
\ J] ' " J 

(ll 

(B) 

IJ 

( 6 ) L 

( 9} 

p e:k 

()f t-l'lt~ f (JK1Tt 

For P ry 

{ 1 0) 

Let~ 

( 1 l 

hen fi 1 

( 1 2 ) 

l u 

fl 

[! 

_, 
I 

f 

E> irnt) 
n 

u-· 

ker rc - )'J 

t.h I t.:! I 

trter with 

) ' 

n m ( 1 , , • , , f~~) ) 

n E is 

ll 

- la ion in RN+l 

to 



\' 

), 

L. ' 

( 1 3 

2 

1 4 

S irtce 

Plck a 

for 

un ue celat 

( 1 5 ) 

S i_ncr:~: 

( l (', ) 

which L-; an:! 1 

ij 

\' 
i 
/, 

""f 1. l 'l t.-::~rll for the 

r 
l ) ) 

the 

¢N 
to 

diagram 

al basis 

'hp~c ft)r:e t'ta.ve a 

1.es for every 



is of 

!1 

( 1 8 

is 

v 
~;·.._ 

( j 9) 

(20) 

r ~ --; 
< ' 

' ' 

cr tl4· 

1 

}, 

l 

\ 
! 

sf 

3 

+1 

1 ' ) 
r J 

n m fN+]) 
;~r , 

n f 
2 

sc!rne 

have a unique 

n 

X, 
cpN+2 

t.o 

ng :'tystem for 

n '- B' 
~ ~ N+2" 

* n v . X ,•111> lJ--
"] - -

F'c:~c t:: ery 



" 0 ·r l 1' L. -\-

( 2 1 ) -!-

H 

a monomial basis nf u- ~ - nE 

with I~ I ,;; N+k there 

mE 

inducing the identity 

( 23) 

cpn+k 
+ 

<P 

R - -
l'Hk+l 

+ 11 ' - -
N+k+l 

s 
N+k 

for SN+k' such that for every 

a unique relation in SN+k 

-- 0 m E 

n 

And there is a corre 
n 

ing bas is u-} 
_!_1:1 E BlJ+ k+ 1 

for the component 

, N+k N+k . N+k 
~ <,:El •..• ,fr )/.r:~(fl ' 

such that in R 
-'rHk+ 1 we have for every n with ~~~ ~ N+k+1 

( 24) 
n 

u--

~ -

n N+l-:: 
u- + ), ~ ~ "- f J. 

j --' j 

•·Jhere ·~e have put B - B lJ 0 ' 
v • LN+k+l - N+k UN+k+l. 

~lloreover, 

( 2 5) 
I·'+-k+ 1 f: - . \ n 

I u-. 
J 

_Q_EB 'N+k+1 

The obstruction for lifting to R.,'k-'1 L',-r-. -,-
is 

(26) I * = v. IZ' 
~ _J_ J 
j 

..::N+l<+ 1 
_L, 

J 

), ~~+k I ( ), j -k 
-- j 

Q3l + Y·® 
j J c-' J 

!?:_..:!::IN+k+l 

n 
w. u-) 
J,n-

Definition (1 .4). The map ~~+k called a ciefining system for 

the Hassey ucts * <X ; > ,-~ J: , 
J 

for 

In particular, we find for every k, 
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k+l 
(27) 

i 
"' I' * n !. !. y. <~ : E> ~-

l=o nEB' J 
- N+l 

Notice U~ttt by (4.2.4) of rr.al] we have 

(28) H "' 1 

therefore 

(29) n - l: [ [ l!. 1 , e , • , u d ] ] I ( t 1 , ••• , £ d > 

whet"e 

(JO) 

Pormal J:~efcn~e write 

( 31) 

§2 

In th we shall let A be any k-algebra and we 

shall let X, h\ §1, be some A-module E. We shall thus be 

concerned th the deformation functor of E as an A-module 

Def E 1 + sets 

fined as follows, 

,r s ®kA 

~ De ( s) -· .} 

E is s 
+ 

I A ,_ + End(E) Es 0 8 k = 

As is well kno'vvn the corresponding cohomology is 

The deformat 

i (E,E) 

modules, as hinted at on page 150 of 

[La 1 ] , llels t.hr:: cocr·esponding theory for algebras. There is a 

global and a relative theory, and the main theorem (4.2.4) 

of [Lal holds. 'J'heX"rE3 are no surprices, and we shall therefore 

the reader. 
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Pick any Er:-ee resolution L. of E as an A--wodule, and consider 

the associated slrVJle compl<~X 

Hom R ( L . , L ) = rr 
m>o 

Hom· ( L- , L. ) 
A 

Hom(L , L ) m m-p 

Let d.: L. +L.] be the differential of 
l l l-

of the double complex 

L., then 

p+l 
+Hom (L. ,L.) 

is defined by 

C 1 ear l y Hom,~ ( L . , L . ) is a graded differential associative A-

algebra, multiplication being the composition of Hom· (L. ,L.). 

Lemma (2.1), There is a natural isomorphism 

Consider any surjective morphism 7 " R + S 

m •ker 11 = 0 . 
-R 

Assume there exists a lifting 

{L., d. ) , 
l' 

i.e. of the free resolution L. of 

l ") 0. 

in l such that 

of the complex 

E. 

'I'hls rneans that the:ce exists a commutative diagram of the form 

0 <--- FI (L.®}:S) 
0 . 

+ 

0 H ( L.) +---
0 

v!bere for every i, 

dl ( s ) 
+-- L ®l<S +-

0 .. 

+ 

"' u] 
+--- L +-

0 

the composition 

o d.(S) 
l 

0 . 

d 2 (s) d 3 (s) 
L 1 ®lzS <- L 20kS .... 

+ } 

d2 d3 
L1 + L2 + 

We shall see that any such lifting is, in fact, an A ®k S-free 

resolution of H (L.® S) 
0 k 

E H ( L.} 
0 

to s. 

and that E8 is a lifting of 
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Both contentions are obviously true for S = k, so by induction we 

may assnrne they hold for S. If v.Je then are able to prove the 

corresponding statements for R, we are through. 

But first we have an existence problem. Given a lifting E8 of E 

to S it is easy to see that there 1s a corresponding lifting 

d. (S)} 
l 

of {L.,d.} 
l 

to s. By assumption we have 

conversally that any such lifting d. ( s) ) 
l 

of {L.,d.} 
l 

to s determines a lifting E s 
A 0k S-free resolution of E8 . 

Pick one such lifting 

obstruction for lifting 

and is, itself, an 

- I ~ l 
d. {SJ [, and let us compute the 

l 

d. ( s) to R. This obstruction 
l 

is then, clearly, an obstruction for lifting E to R. s 

For every i, pick a lifting d~(R): L . 131} R -;. L. J ®k R of d.(S): 
l l ( l- , 

k 
l 

Li ®k s + L. 1 ® S, 
l- k 

to R. 'rhis is obviously possible, since all 

are A-free. 

Since d. (S)od. 1 (S) = 0 and since I= kern is killed by the 
l l-

maximal ideal rn 
-R of R, the composition 

L i-2 0k R is induced by a unique map 

The family {0 } defines an element . . 0 l L;; 

0 E Hom 2 ( L . , L . ) 0k I 

L. 
l 

One checks that d 20 = 0, so that 0 1s a 2-cocycle of Hom~(L.,L.), 

defining an element 

0 ( E s I TI ) E EXt i ( E ' E ) Q!lk I . 

It is easily seen that o(E 8 ,n) is independent of the choice of 

the d'.(R)'s lifting the d.(S)'s. 
l l 

r1oreover, if o(E ,n) = 0, there exists an element s 
E, E Homl_(L.,L.) ®ki such that dt::=-0. Put 



d.(H)- d:(r<}+r, . 
.1 l ]_ 

then one finds 

d. ( R) o d._ l ( R) :o-: 0 
1 1~· 

r lL.<:~Jk.R, d.(R)} is liftinCJ of {L.®kS, di (S)} to 

be any lifting of { L e ®k s I d i ( s) } 

R . 
.1 

R, tJwn there is an exact sequence of complexes 

inducing a long exact seqnence 

"1> H (L.®kl) ~ l ( L. R) _, H ( L. ®_ S) 
n . n n k 

-!> H (L.® I) -)> " • • • 7 H1 (L.®kS) 
n-1 k 

+ H (L.c;, I ) -7 H {I~~ ® R} .,. H (L.®kS) + 0 
0 0 () ;.. 

from which it follo~Ars that 

H ( L. R) "'- 0 for n ;?< 1 , and 
n 

0 (L.Q!I R) 0 

is exact. 

Therefore H (L.eR) = E. 
0 

Hon~over, given two lift 

is a lifting of ER to R. 

{L.!211rR, d.(R) 1 j, 1 = 1,2 of 
'- ]. 

{L. 0k S, di ( S) }, corresponding to two liftings E~ and 

E8 , the differences di(H) 1 -di(R) 2 induce maps 

Tl . : L. 
1. 1 

to 

The family { '~"~ } ''i i )0 
a 1-cocycle of Hom.(L.,L.) defining an 

- l' element 11 E ExtA(E,E). 

In this way we obta a surjective map 

{liftings of 

making the set. 

space ( torsor 

We have esi:abli 

E s 
to R} x F.xt_l E.E) 

A 

lift 'JS of t.o R a 

over 

the foll 

of E 8 to R} 

incipal homogenous 
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Let R E Oef (S) 
S E 

correspond to the lifting 

d, (S 
]_ 

() .r 

defined obs'cruction 

() 

L. to S. Then there is a uniquely 

given ln terms of the 2-cocycle 0 of Hom;, (L. ,L.) C!!l I 

defined abOV(: so._tch that o(E~, n) = 0 s iff E8 may be lifted 

to R. 

l'1oreover, if then the set of liftings of E s to 

R is a pr1 ipal homogeneous space (torsor) over Extl(E,E). 

Thus v1e have at Y)and a nice obstruction calculus for DefE given 

entirely 1n terms of the complex ,. 
LJ, and its liftings. 

Using this we :)h ~L apply the constructions of §1 and compute the 

Hassey prod uctr,~, z :: n. for ~ E BN+k' In fact, the of §l 

will turn out to sc)me generalized "ordinary" Massey products of 

the differential 

Pick a basis 

of by 

k-algebra Hom~(L.,L.). 

l ( \ * of ExtA E,E, 

* * { x 1 , ••• , xd } and 

and a basis 

corresponding dua bases of Extl and Ext2. 

the 

Let for i ""' "l , • , ,, , d be a cocycle representing 

* x. and let for 
l 

j 

* represen-ting y _1 
--' 

Pick an n"" ( ,,~ .. ,nd) 
J I 

in § 1 

wi-th lEI 
c and R • u n n 

be a cocycle 

d 
and consider = 2::. 1 n. == N 

l= l 

Fix the basis {v .. ·v } 
1 p 

m /m 2 , PecaU t.hat. vve have in R the follovving slightly -n -n n 

confusing identities 

( 1 ) 
u- ' 

11 
1 = 1, .•. ,p. 

as 

of 

insisted upon 3T1.se it makes the notations more streamlined later 

on. 



VJe shall pick a monomial basis for the k-vectorspace s 
n 

of the 

form 

written as 

{_~E.!} mEB 
n 

With th done, let a 1 , ... ,apE Extl(E,E) and consider the 

Let 

DefE(S_/m 2) be the induced deformation of E. 
H -n 

Assume there is given a defining system ¢In r H + Sn for the ~1assey 
..-

product < a1 , ••• , a : n> (see ( 1 .1 ) ) , corresponding to a lj.fting 
p-

R 
~¢ 

n 

Then 

and 

E 
¢1 

is 

E is .. <jl . 
n 

of E 4l • 
1 

represented by a lifting 

represented by a lifting 

The family of A ®k sn -linear maps 

d.(S ): L. ®k S 
1 n 1 n 

{I.. 01S /m 2 ~d. ( s /m 2) } 
n -n :1. n -n of 

{ L • 01S n ; d i ( s n ) } of 

L. 

is uniquely determined by the restriction to L. e 1, thus by the 
]. 

family of A-linear maps 

defined by 

d . ( s ) I L. 01 = /. a. 0 
1 n 1 m~fi 1,~ 

n 

With this notation, we may assume 

where 

d. (s /m 2 ) IL.el = 
1 n - n 1 

~1 = (~~,0, .•. ,0) 
il 

E B 
n 

m u-. 



Accord 

- l/ -

to ( 1 ) we rna y a 1 so w r it e 

d. ( S /m 2 ) I L. ®] = 
1. n -n 1 

-
For e m E B the family 

n 
{a. } . is a cochain 

1, ~ ]. 

a: E HomA1 ( L • , L. ) 
m 

such that a: is a cocycle representing the cohomology class a 1 • 
~1 

a. ::: d. , 
1,_2 1 

i ) 0. 

Since d. (s ) od. 1 (s ) = 0 for all i ) 0 we find that the family 
1. n 1- n 

{a: } satisfies the following identities m mEB 
-- n 

/. a o a = 0 
m 1 +!!l 2 =~ .!!! l .!!! 2 

for all m E B 
n 

m. EB 
-1 n 

Moreover the obstruction for lifting 

obstruction o(E~ ,nn) 
n -

for lifting 

E<!> 
n 

{L. ~ 
l. 

to 

s , 
n 

d. (S ) } to R 
1. n n 

is easily seen to be represented by the, (a priori), cocycle 

I a o a E Hom 2(I ... ,L.). 
A ~ 1 +!!:2=.!! !!! 1 !!! 2 

m. EB 
-1 n 

Proposition (2.3). Given a sequence of p cohomology classes 

a 1 E Extl(E,F:), then a defining system for the Hassey p:t;'oduct 

<a1 , •.• , a ;n> corresponds to a family 
p-

of Hom l ( L • , L. ) , such tht for every m 

* !. a 0 a = 0 
!!li +~2=~ !!!1 !!!2 

m. EB 
-I. n 

{a } - of 1-cochains m mEB 
-- n 

and such that a. = d. for i ) 0 and a represents 
J.,_e ]. £1 

a 1 , 1 = 1, .•• ,p. 

Conversally, any such family {a } - give rise to a m mEB 
-- n 

defining system for the Massey product <a 1 , •••• a rn>. p-



~-1nn.:c)\/,_)r, (JtV<c•n bUCh '' dc:finin<] nystern, the Massey product 

< l.t! ' " ' ' ' 

corre 

** 

'I' he r l a t.ion 

: n> 
j) --

d ' ( 
.l 

ts cc~prcsented by the 2-coc:ycle 

-m. n 
---· .1 n 

•,, ~ 

) () Ci 
n 

(: n 2 (L.,L.). 

observation that a lifting E of E 
Q> n 41 1 

{ L . S n : d i ( S n ) } of { L • ~ S n I!!!~ : d 1 ( S n I!!!~ ) } , 

L 
mER 

n 

(S ) :.:: 0 
1 n 

a. 
l; 

m u-

translates into *· Conversally * 

that. d.(S_) 
:L n 

defined by ** defines a lifting 

ing of E~ • Finally any 
1 

StlCtl CC>r-re to a ~ : H + s , i.e. to a defining 

stem. 

definin<J 

either the 

for i ~ 
r . 
I l. l I . 

defin1:o.:d, 

m ""' (m1 , ••• , m ) 
p 

s 

n n 

Q.E.D. 

In the li of (2.3) we shall let the notion of a 

¢n or the family 

< a 1 , ••• , a in> 
p- refer to 

{am} depending on the situation. 

Let r' -· ( n n ) . - ''1''''' d be given such that n. = 0 
1 

. 
s 

i } then the Massey product < 0:1 .,a ~n>, if i I . . p ' p-

on upon 
' 
. . . ' a and the p~uple 

p 

a , ••• , a E Extl(E,E) and any p-uple l p .. -. A 

re is no confusion in writing 

and n = (n), a 1 ~a E Ext~(E,E), then a defining 

ly {a 1 
·m 1o<:m<n-1 

of 1-cochains 



such r 0 C(, vJ i th the 

~: r:t n ex -- 0 " 
i~ l +~~ 2 '""~ .£!:'' t [(12 

If d def 

In parttcu is a s 

the le aoo:. 'C'hese are t.he 

"Boclc::ste 

If cz 

( 0 '0) 0 

a defining system 

foe + 

rx ( O , 1 ) u rt :' ' ' I 
is t.he 

now, pres ion for the (defined) 

~ n>, we shall precede as in §1, 

c t of gene ators for the ideal of 

de fir! nc; t) f., 
- J ~ 

Ass urne, 1_ (} 

1 'L t t:.en as 

r1 
+ hi 

J I 
for 

Then * t.ion 
;!.r" 

< x ~ n> --> ass 

* 1quel defined, 

Put con~> ld1'c':C the diagram § 1 ( 7 'The map 

:u r1assey * x ;n> 

for therefore to a fami 



( 2 ) 

Of ] -C' . .:JCh 

d. 
l 

( 3 ) 

Let 

and 

i 

d -' ' etlneo 

Then (3) 

universal de oc 

Recall t 

'P 

l, -~-< 

:L :"' 1 

By construct. 

SticKi 

§ 1 ( 8) Etnd 

z 
n 

{ 
';. 

l,""1 

) 
/, 

rn 

(L. ,J,.) sucl1 that for every 1. :< 0, ai 0 == 

* x ., e. : 
l -l 

.. 
every m E BN·· 1 

cr oa: ==0 
!r:1 !_Et2 

1 
+ L be the A 6il SN~ 1 ·-linear map 

i 
;: 

mE 

{ L, is a fting of the 

,~,f to s defined by the map 

to the deformation of L., or of E 

definec'l the element 

di (SN-l) } induces the deformation 

C" ions of § 1 , and noticing that for every 

the Massey product is represented by 

lates into the following. For every m E B 
N 

01 col·::ound 



- :'1 -· 

II•. lTt t: n 
N 

1-cochain a ( H OPl l ( L • , L • ) such 

t.\'dt. 

a 
m 

family 

m i\ 

m 
·- L:-t=R a. 0 I..J:'"-. Then (4) translates into 

~ .:.N l '1_1_1. 

d , ( s _ ) od . ( S ) = 0 • 
:L N l·-1 N 

Consequently {L.t2lk 

{L. SN·-l 1 di (SN-l)} to SN , and induces therefore a lifting 

of R 
'¢ 

N-1 
E¢ , again, corresponds to a map 

N 

H _,. S wh.:i ch \ve now fix. , N . . 

According to (1 .2 $N is a defining system for the Massey 

products for n E BN+l • Since ¢N is induced by, and 

induces, a family ( 5), we shall refer to any such family as a 

defining system for the Hassey products 

By definition, see (] .2), these Hassey products are given in terms 

the obstruction, see §1 (11), o(Eq:, ,n:tJ+l). 
N 

By (2.2) this obstruction is defined by the 

wl1ere 

d , ( ·~ 
' J\ ] 

1.. N+ 
such that 

d~ (RN.+l) I L.® l :=: I a. ~ 
L 1 -B 1,m 

mE -- N 

m u-

2-cocycle o = {o.} 
l 

r.hen s·treight. calculation, using §1 (10), shows that 



o. = 
l 

+ 

- 2~ -

Y ( Y Y 0 ' m n • a 1· m 0 a 1.· 1 m ) u!! 
E ' I I N 1 + I I , - , _,.fl ~ ~ B N+1 ~ ~ + ~1 ~2=~ -- ~~ .~ 

r 
L { Y, /. ~ ~ J' e a l. m o a 1. 1 m ) ~N]. 

j=1 lml "N+1 m +m =m -' '-1 · .... f-2 . 
-1 -2 -

Remember that d 1 (sN)od1_1 /sN) = 0. 

Comparing this with (1 • 2) and §1 ( 11), we hav~ prov~q 'l;he fo;t.lowing 

Proposition (2.6). Given a defining syst~m {a } ,.. 
.!!} ~EBN+1 

fqr the 

Massey products * . * <x ~n>, £ E BN+l , <x ;!!> is :repre$~nted 

by the 2-cocycle 

Y(n} = 2 I ~· q o (l 

IE! I ~N+l !:!! 1 +!!! 2 =!}! !!! , .!! !!! 1 !!! 2 

m. EB 
-1. n 

By §1 (16) we know that for every m E BN+l the ~-coch~in 

is a 

~m = /. ~n m Y(E_) E f!om~(r .. ,I.p) 
EB' ' . n 

~ N+1 

coboundary. Pick one a 
m 

and consider the family 

( 6 ) {a: } - • 
m ~EBN+l 

such that = n. 
"'m 

Just as above, (6) is seen to correspond to a definin~ sy~t~~, 

<PN+l , for the Hassey products 

There are relations §1, (17), (18}, (19)f and we may copy the 

procedure above. 

We end up with the following, 

Proposition (2.7). Given a defining system for the7 

Massey products 

the 2-cocycle 

Y (E_) = I /. ~~~!! !l!!!, o a!!!2 
jml ..;N+k !}! 1 +~ 2 =,!:!! 1 

~i EBN+k-1 
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~1oreovEn:, Ute polynomials 

-tl+k t. ~. 

J 
j ""','1, ••• ,r 

iuctuces identities § 1 ( 2 2) and ( 2 3) , such that if we for every 

c:•k a cochain am E HomA(r..,L.) with 

then the family 

is a difining stem for the 1'1assey propucts 

We may, refer ing t.o §1 ( 28), ( 29), ( 30}, sum up the content of this 

§ 2 as follov/s 

Theorem (2.8). Given an A-module E, the formal moduli H of E 

is determined by the ~1assey products of 

where 

f . ::= 
J 

~ y 
1=2 nEB' 

- 1 

* y .<x ;n> 
J - -

• 
EXtA(E,E). In fact 

Corollary (2 .9). Any complete local k-algenra A with residue 

field k is determined by Ext!(k,k), i ~ 1,2 and it~ 

Massey-products. 

Proof. Obviously A is the formal moduli of k as an A-module. 

Q.f,.D. 
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