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Abstract:

The saturated automaton, Sat(R), contains homomorphic
images of all automata accepting R.
We study the behavior of homomorphisms into Sat(R), in

particular we prove the following theorem:

The star height of R 1is greater than or equal to the
rank of Core(R); where Core(R) is the intersection of
the minimal forward and backward deterministic automata

accepting R.

This result gives the exact star height of regular events
with the finite intersection property.

Sat(R) also gives an upper bound on the star height of
R:

The star height of R 1is less than or equal to the mini-

mum of the rank of subautomata of Sat(R) accepting R.

We end the paper by giving several examples where this
upper bound is exact.

It is an open question whether this bound always is exact.






1. Introduction

One of the main unsolved problems in the theory of regular
events is the star height problem.

The star height of a regular expression is the depth/height of
the nesting of the x-operator. The star height. h(R) of a regular
event R, 1is then the minimum of the star heights of expressions
denoﬁing R.

The problem is: Given R, can the star height of R always be
found?

In Eggans classical paper [7], only restricted regular expres-
sions (with operations =+, v, %) were allowed. Since the star is
the most powerful of these operators, the star height is a good
measure of the complexity.

Later also general star height has been considered, where we

in addition allow = (negation) and A (intersection) as operators
[16], [17].

We will consentrate on the restricted star height. Eggan
showed that with a suitable definition of the rank ("loop complex-
ity") of an automaton of we get:

h(R) = min{rank (of)l of is a nondeterministic
automaton accepting R}
Many authors have therefore studied the rank of an automaton.
(McNaughton [13], [15], Cohen [5], [6], Hashigushi and Honda [9D
(We will also mention that Hashiguchi [8] with quite different
methods has shown that it is;possible given an event of star height
< 2, to determine if the event has star height < 2. It is not known

how to generalize this to an arbitrary star height.)

A central result in the determination of the star height of

various special classes of regular events is the




McNaughton's pathwise homomorphism theorem [13]: Given a homo-

morphism f from an automaton of ' onto an automaton of . If f is
pathwise (i.e. onto the paths in of ), then rank (of') > rank (cf).

Thus if @ ' and of are automata accepting R, f:b' > ofis
pathwise and.of ' is of minimal rank (i.e. h(R) = rank(of')), then
,04 is also of minimal rank.

This is one of the reasons for introducing the notion of a
saturated automaton. We say that Of is saturated with respect to R
if

1) of accepts R

2) For all automata.og' accepting R, there exists a homomorphism

from of into 0% .

The basic properties of saturated automata (existence and unique-
ness of a minimal saturated automaton Sat(R) with respect to R)
was established in [12]. In this paper we cbnsentrate on applica;
tions to the star height problem.

We obtain the following main result:

Theorem: h(R) » rank(Core(R)), where Core(R) is the interse¢
tion of Det(R) and BDet(R) in Sat(R).

Since both the forward DA Det(R) and the backward DA BDet (R)

can be considered as subautomata of Sat(R), this intersection
makes sénse.

The proof uses McNaughton's pathwise homomorphism theorem. In sec-—
tion 5 we also use this theorem to detemine some star heights, e.g.
if R has the finite intersection property (f.i.p.), then h(R) =
rank (Det (R)). (This was already obtained by Cohen [4]; the methods

are, however, different.)



We end the paper by discussing the following problem:

"Does it always exist a subautomaton 0%;1 in Sat(R) (or in.Oﬁa(R))
accepting R, and such that 06; gives the star height of R (i.e.
h(R) = rank(of ))2"

Cohen and Brzozowski [3] claims to have a solution. Our examples

show that the problem is still open.

2. Preliminaries

A general non-deterministic automaton (NDA) will be written

0’%= (Q,z,M,S,F) where

% is the (finite) input alphabet
Q 1is the (finite) set of states

S Q 1is the set of initial states

IN

F Q 1is the set of final states

IN

MCQ x (zU{e}) x @ 1is the transition relation.

If a¢( is deterministic, we use §:Qx% > Q instead of M, and §

. . . * . .
is extended in the usual way to a function from QOxX -+ Q. Likewise

*
M is regarded also as functions M:0x(zU{e}) - 2Q, M:Qx¥ > 2Q and

*
M:29%2% 5 29 (extended in the usual way).

The regular event accepted byof' is written T(of). We are also

interested in the preceeding and succeeding event relative to a

state q in of :
pre? (q) = T(o#,s, [q})

Scod(q) = T(Qﬁ, {q},F) where T(O’#,SO,FO) = T((QO/'E'MJ’SO’FO))'

Definition 2.1:

g if a dead state iff Sc®(q) = ¢

g is an inacessible state iff prf(q) = ¢

aé:' is the automaton d’ after removal of dead and inaccessible

state and the transitions in connection with them.



Definition 2.2.

A semiautomaton (graph) G = (Q,Z,M) is an automaton without

initial and final states. Given automata

0§i = (Qi,Z,Mi,Si,Fi) i=1,2 and a mapping f: Q; * Q,-
a) f 1is a transition homomorphism from Gl = (Ql,Z,Ml) into
G2 = (QZ,Z,MZ) iff

(a,a,q') € M, =>

[(f(q).,a,f(q"')) ¢ M, s a ¢ sU{e} or (£(q) = £f(q') and a = e)];

b) £ 1is an (automaton) homomorphism from ag 1 into 64{2 iff

1) f 1is a transition homomorphism from G1 to G2

2) q € s, => f(q) € s

1 2

3) g€ F, => f(q) € F

1 2°

A transition homomorphism will then induce a mapping from paths in
G, to paths in G, and V and f(v) will span the same word.

A homomorphism will transform an accepting path V for w in<7%l

into f£f(V) which is an accepting path for w 1in 6€(2.

“Definition 2.3

If vV is a path in 6441 and f a homomorphism from 6%41

into 05'2 we write
1
vV = (qopal:q l'°0:ak:qk) k > 0O where

i-1 i 4 i-1 i i i
(q PE-TXe| ) € Ml or (q :al:q ) = (q 1€,9 )

and £(v) = (£(q®),at, £(ad), ..., &%, £(d™)).

The trivial transitions (q,é,q) may be inserted/deleted wherever
q occurs in V or in £(V); this does not change the paths.

We return to automata and homomorphism in section 3, and turn
now to the basic notions concerning star height.

But first one more definition:



Definition 2.4

Given Oé ., = (g.2,M,,S.,F.) and G,, i=1,2.
i i i"Ti' i i

1 2

M C M, S CS, and F CF

iff Q1 g_Qz, Mf; Mz.

subgraphs and subautomata for G and 05{:

95’ is a subautomaton of 04' (written.affg_ag) iff Ql g_Qz,

5 Similar Gl is a subgraph of G

We are mainly interested in the following

2

f(a/l): the image of of'l in éﬂfz via the homomorphism £

9{[ QO: the automaton Cﬁ% restricted to the states Q0

04‘—(q,a,q'): the automaton.'af without the transition (gq,a,q')

G—[Q : the graph G after removal of the states Q. and the

O] 0

corresponding transitions

The subgraph G-‘[Q will be used in the definition of the rank

N
("loop complexity") of a graph G.

Since we are concerned only with restricted regular expressions we

have the following inductive definition of star height.

Definition 2.5:

The appearent star height ha of an expreésion is defined by

ha(¢) = ha(e) = ha(a) 0, a € I;

ha(Elsz) = ha(El'Ez) maX(ha(El),ha(Ez));

*
The star height h of a regular event R 1is defined as

h(R) = min{ha(E)lE a regular expression denoting R}.

The notion of (cycle) rank of an automaton was introduced to
correspond to the star height, and we have the following theorem
(from Eggan [7]):

For every regular expression E denoting R with ha(E) = r,
there exists an automaton ag accepting R with rank@%f)‘= r, and
vice versa.

Thus h(R) = min{rank(Of)Iﬂfis a nondeterministic automaton

accepting R}.



We need the following notions:

Definition 2.6:

A graph G = (Q,%,M) 1is strongly connected (s.c.) iff #Q > 1

and for all q and qg' in Q, there exists a path from g to q'
(and from q' to q).

A maximal s.c. subgraph in called a section in G.

We are now able to state the inductive definition of the rank

of a graph and an automaton.

Definition 2.7: Given G = (Q,%,M) and<%% = (Q,Z,M,SO,F).

a) If G 1is s.c., then

rank(G) =1 iff there exist a state dq in G  such that
G - [qo] is loopfree,
rank(G) = k»>1 iff rank(G) is not less than k - and there

exists a state d in G such that all sections

in G - [qo] have rank at most k-1.

b) If G 1is not s.c., then
rank(G) = 0 iff G 1is loopfree,

rank(G) = max{rank(G')|G' a section in G}, otherwise.

c) The rank of 05 is defined as the rank of (%%’Z'Mj)’

In some cases it is convenient to regard the loops (qgq,e,q)
as transitions in of for all g, but this could increase the rank,

and in this paper (gq,e,q) is usually not allowed as a transition.

Note. McNaughton [13] defines homomorphism almost' like Definition
2.2 a), but he permits (qg,a,q') € M; to be transformed to f(q) =
f(g') also when a *# e. The V and £(V) will not span the same

words.



Our transition homomorphisms will be homomorphisms in his
sense, and in a similar way we introduce the notion of pathwise

homomorphism.

Definition 2.8:

A transition homomorphism f from G into G' 1is pathwise
iff for all paths V' in G', there exists a path V in G such

that £(V) = V'.

The following theorem will still be valid:

The pathwise homomorphism theorem [13]: If f is a pathwise tran-

sition homomorphism from G to G', then rank(G) > rank(G').

Using this theorem Cohen has improved Eggans theorem by showing how
e-transitions may be removed in an automaton without increasing the

rank (and without increasing the number of states).

Theorem (Cohen [6])

h(R) = min{rank(a/)l oA a NDA for R without e-transitions}

3. The minimal saturated automaton Sat(R)

In [12] we introduced the notion of saturated automata:

Definition 3.1: An automaton qﬁ is called saturated iff

1) 0{ accepts R
2) For all automata Mg' accepting (a subevent of) R, there

exists a homomorphism from ot into 64;.

We proved that a unique minimal saturated automaton, Sat(R),

exists for any event R.



In this section we recall the construction and state some
basic properties of Sat(R); for the proofs, see sections 2-5,7 of
[12].

We assume the reader is familiar with the existence of a

unique minimal deterministic automaton Det(R) with respect to R.

A A
. Det(R) = (P,Z,GD,{pe},FD) where P = {pe'p2'°°"Pn}

By the Nyhill-Nerode theorem (see e.g. [10]), the states corres—

ponds to the equivalence classes ([v]) of the following relation

*
v~w iff Vu € I (vu€R <=> wu€R).

Then'vpé = [e], P, ='[wz],..., P, = [wn], Fy = {pj [wj]gR} and
§5(p;ra) = Py iff [wia] = [wj].
This gives PrDet(R)(pi) = [w;] and ScDet(R)( ;) = wi\R

where w\R 1is the derivative defined in [ 1] by
*
w\R = {uex” |wuer}.

We may also define

R/w = {uer”™ |uweRr}

. T
By regarding the dual (or transpose) event R~ we get

T . : ‘
Det (R") ogr and by taking the dual automatonéﬂf é, we get the

. . .. . T
minimal backward deterministic automaton BDet(R). = (Det(R ))6. _

A#° is defined as (94,2,%;,24,%4) where (q,a,q') € M;; iff
(a',a,q) € My.
BDet (R) might by duality be defined by
< A < A
BDet (R) = (Q,Z,GB,S,qe) where each state q € Q
corresponds to <v>, the equivalence class of v under the-

relation B defined by



B

v w 1iff (VYu uv € R <=> uw € R)

It can be shown that w\R 1is a union of equivalence classes

<wlsy...u<v®>, and similarily R/w = [wl]U...U[wx] (see [1]).

. * *
Definition 3.2: Given P,Q C &, RC X

(P,Q) 1is a pair relative to R iff PQ C R

(P,Q) is a maximal pair relative to R iff (P,Q) is a pair

and neither component of (P,Q) can be extended preserving

the property of (P,Q) Dbeing a pair.

It turns out that maximal pairs can be characterized by means of

[w] and <v>.

Definition 3.3:

R::P = {v € £°| P{v} C R}

R:Q={wez*| {w}la c R}

P = R: (R::P) Q = R::(R:Q)
Note: R:Q = N R/v  R::P = 0N w\R

vVEQ wEP

Lemma 3.1l: The following are equivalent:

1) (P,Q) is a maximal pair.

2) (P,Q) is a pair, R::P = Q and R:Q = P.
3) P=P and Q = R::P.

4) P =R:Q and Q = Q.

Proof omitted.

Proposition 3.2: When R 1s regular there is only a finite number

of maximal pairs. Whenever (P,Q) is a maximal pair, P consists



. D . . .
of a union of ~ equivalence classes and Q consists of a union
B .
of ~ equivalence classes.

Proof omitted.

In order to test whether P = R:Q, Q = Q etc. when P (and Q) are

unions of 2 (ﬁ) equivalence classes, the following matrix is useful.

Definition 3.4: The reduced automaton matrix with respect to R

(RAM(R))"contains one row for each R equivalence class and one
column for each B equivalence class, and
J + iff [wl<v> C R (iff wv € R)

RAM( [w], <v>)
1 - otherwise.

Given Q = <wisU... <«v®> and P = [wl]U...U[wl], then
R: 0 = {[w]] vi=1,...% RAM([w],<vj>) = +}
R::P = {<v>| Vi =1,...20 RaM([w]],<v>) = +}.

Each maximal pair may then, by the one-to-one correspondence
between equivalence classes and states in Det(R)/BDet(R), be

identified with (P,Q) where P C £, o C 0.

The rows and columns in RAM may equally well be indexed by
PgrPoreve Pprdgrdgr sy, and

+ iff Pr(pi)Sc(qj)'g R

RAM(pi'qj) =
- otherwise.
Instead of R::[wi]) = R/wi = <«l>U...U<«vK> we will then write
R/pi = {ql,...,qk}, and instead of {W;W (or [WZT or Q;) we will

write §i etc.

Ex. 3.1 Consider the automaton
‘og; = ({qol-o-:qn_l}:{0:---:n-1}:Mn:{qo}:{qn_l})

where (qg;,k,q:) € M iff i+k = j mod n, k = 0,... n-1.
i j n
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Let Rn = T(of;). It can be shown that Ofﬂn is both forward and

backward deterministic and, in fact,64{n = Det(Rn) = BDet(Rn).

In R3 we have the following equivalence classes:

dg corresponds to [0] = [e] and to <2>
q; corresponds to [1] and to <1>

4, corresponds to [2] and to <0>

The RAM is shown in fig. 3.1 a).

The computation of maximal pairs are (by 3.1 and 3.2) done by com-—
puting R::P and R:(R::P) for P varying over unions of [O],

[1], [2], (or P varying over all subsets of 93 = {qo,ql,qz}).

From RAM we get

R/qi =9 qi\R =95 i=20,1,2
R:£¢ = 63 R:é\3 =g
R::P = ¢ R:@ = §3 for any other P C 63
Thus the maximal pairs may be represented as:
(qi,qi) for r. i= 0,1,27‘
(3, 63) for r,
(§3, @) for r,
The maximal pairs are: r, = ([1],<2-1i>), i=0o0,1,2
r,= (6, )
r, = (2* . D).
We shall sometimes write r, = ([1i],<2-1>) = (qi,qi); this should

cause no confusion.



Figc 30‘1;’ a)

<2> <1> <0>
RAM(R3) qo ql q2
[O] qo + - -
[l] ql - + -
[2] q2 - - +

Being now able to compute maximal pairs relative to R, we turn to
the definition of the (minimal) saturated automaton Sat(R), with

respect to a regular language R.

Definition 3.5. Sat(R) = (KR,Z,MR,SR,FR) where

KR = {(P,Q)I(P,Q) is a maximal pair relative to R}

= {(Pi,Qi)| i=1,...,N},

g LEf P.{a} gin, a € zu{e},

(P,,0Q;) € S, iff e € P, (iff Q. C R),

(P,,Q;) € F

R iff Pi C R (iff e ¢ Qi).‘

Theorem 3.3: Sat(R) is the (unique) minimal saturated automaton

accepting R.

We will not prove this here, but only state some of the facts used

in the proof.

Proposition 3.4:

1) T(sat(R),{ (.00} {(Pye0}) = {uéz*IPi{u}ngR}.

. , _ __Sat(R) . |
2) T(sat(R), Sg ., {(Pj,oj)}) = Pr (Py,04) = Py.
3) T(sat(R),{(P;,Q;)}, Fg) - Scsft(R)(pi,Qij‘; Q-



e . =~
Definition 3.6: Given 05/= (Q,z,M,S,F) define fi : Q > K

R’ 1=1 I‘2 v
by ff’(q) = (P,R::P) where P = Pf”?q)
and fgf(q) = (R:Q,0) where Q = Sélhq)

In particular

fI])_et(R)(Pi) = (W’R::[wi]) = (‘;ilwi\R)

BDet (R)
£,5°° (ay)

= (R:<v.>,<v.>) = (R/v.,v.
( Ve <vy ) ( /vJ vj)

Instead of writing (Wi,wi\R) and (R/Vj’;j)’ we sometimes write

(ﬁi,pi\R), (R/qj,aj), respectively.

Proposition 3.5: When T(a%) C R, fT’ and f;& are homomorphisms

from a/ into Sat(R).

Thus fl = f?et(R) and f2 = nget(R) are homomorphisms into

Sat(R), and it can be shown that since Det(R) and BDet(R) are
minimal (reduced), the homomorphisms are injections;

Also since Sat(R) is minimal, it is true that Det(R) . and

BDet (R) have only one homomorphic image in Sat(R), so we will not
destinguish between Det(R) and BDet(R) as automata on their |
own, and as subautomata of Sat(R). Thus we may unambiguously

define their intersection Core(R).

Definition 3.7: Let £, and £, be the (uniquely determined)

- isomorphisms of Det(R) and BDet(R) into Sat(R). We let

Kpet = £1(F)s Kppey = £,(0),

M

pet = 1(F1(P)sa/f;(65(p,a))) | peb, aex} = £ {(p,a, 6 (p,a)) [pePiacr],

Mpper= [(£5(85(asa),a,f,5(a)) | acl, acz} = £,{(85(a,a),a,q) [qacb,acz}.

Then Core(R) = (KC'Z’MC)
where

M = M M
o n

Det BDet ’ and Kc are the stétes 1nvolved.‘
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‘gggg: In saturated automotac%{ (which are not minimal) Det(R)
and BDet(R) may have many images in of . and thus the
intersection Core(R) does not make sense.

Each word w € R have a unique accepting path in Det(R) and in
BDet (R), and via f and f2 these paths give us two acceptinéf

1
paths PD(w) and PB(w) in Sat(R).

Definition 3.8: Given w = al.f» ak at ¢ z, w&ite wh o= al...al
. -+ “’\“‘ .
and vl = al 1... ak i=0,...%k. i :
Then
1 i i+l k
PD(w) = (fD(e),a ,...,fD(w ), a ,fn.,fD(w ))
_ 1 i i+l :
PB(W) - (fB(W)la I"'IfB(v )ra I"'IfB(e)‘)
_ .Det(R) . - e
where fD(u) = fl (5D(peﬁu)) = (u,u R)
_ BDet(R) ¢ < _ ~
fo(u) = £, (65(a ,u)) = (R/ufu)

We order the maximal pairs by

Proposition 3.6: Every accepting path for w in Sat(R) lies

under _PD(w) and over PB(w), i.e. i
Given w € R where b ...b =w, b, € zU{e} and 2k = |w|. If
1""'bx'tx) is an accepting path for w in Sat(R), and

if we write

t. =tX iff Db....b. = w>
J J 1 J

then for all j = 0,...,2 (and the correponding i ¢ {0,...,k})

the following holds:

i i o1
fB(v ) < tj < fD(w ).
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Proof omitted.

Illustration of the proposition:

Py (w)

p— - - - -

L———*g\_\ — — — - - v
e I - /e e e
© , Ye Pglw)
\
a3

Along each vertical line the pairs are ordered by < (down direc-

ted e-transitions).

Ex. 3.1, continued

We will construct Sat(R3).
We know the states KR3 = {ro,rl,r2,r3,r4}. From prop. 3.4 it

follows that r, = (#,3F) is (the only) inaccesible state, and

that r, = (2*,4) is (the only) dead state.

sgp = {(Ps0p)|eer;} = {(P;,0;) |[e]cp;}-

Since [e] = [0]3 Sp = [([0],<2>), (", ¢)} = {ro,r4}.

Similarily
Fp = {(P;,0;) |<e>c0;}.

Since <e> = <0>7:FR = {([2]l<0>)l(¢l X*)} = {r2'r3}.

The transitions are determined by

(ri,k,rj) € MR3 iff Pi{k} C Pj , for k € szuiel.
For i =0,1,2 , Pi = [i] so

(ri,k,rjy € My iff [i]{k} ¢ [§] which for k =0,1,2

3 :

correspond to the transitions in Det(R3) =4%2.




Thus (ri,k,rj) € Mp iff i+k = j mod 3, k = 0,1,2 (we may
3

ignore the trivial (ri,e,ri) transitions).
The transitions in connection with dead and inaccessible state (r4

and r3) are not so interesting.

We conclude that Sat (R) - off , since the mapping f:mf3 > Sat(R)

3
given by f(qi) =r; is easily seen to be an injective homomor-
_ ;. Det (Ry) BDet (R3)
phism onto Sat (R). In fact £.= £, : = £, so

sat” (Ry) = £(offy) = £, (Det(Ry)) = fz(BDet(R3l)) and sat™(R,) =

b

R

Core(R3) 3
This is a general fact:
If aﬁ, is both forward and backward deterministic (with #5=4#F=1),
and R = T(cf), then & = Det” (R) = BDet™ (R) and SatJ (R) =

ey
Core(R) =a/.
In this case it has long been known that h(R) = rank (o€ ) (see [3]),

and thus h(R) = rank(Sat (R)) = rank(Core(R)) in such examples.

4. Sat(R) gives upper and lower bounds for h(R)

We know that for all automata 04{ accepting R, there exists a
homomorphism £ from¢%§'into Sat(R).
If off is of minimal rank (i.e. h(R) = rank(af)):iif could happen
that f£(of) C Sat(R) also is of minimal rank, but this need not

be the case. We do, however, have an upper bound for h(R):

h(R) < min{rank(# )|T(#) = R, ¢ C Sat(R)}

Despite serious efforts it is still an open question whether this

upper bound is, in fact, exact (see Section 6).



We will now give a lower bound for h(R) using McNaughton's path-

wise homomorphism theorem and proposition 3.6.

This lower bound is known not always to be exact (e.g.

rank(Core(R)) = O in many cases).

Theorem 4.1: h(R) > rank(Core(R)).

Proof. Choose(%{' of minimal rank and without e-transitions. We

. . -1
have a homomorphism f: ' > Sat(R). Write A = f (Core(R)).

0
Claim. f 1is pathwise from 056 onto Core(R).
1 +1 .
Choose a path VO = (rl,a ,...,rn,al,rn ) in Core(R), where
al,...,an = VWg- Choose words Wi W, where
w, € PrDet(R)(pl) and fl(pl) = rl
BDet (R +1 +1 +1
wy € Sc© (R)(**1y  ana £,(q7 ) = £
Then WiWg W, € R and thus accepted in &5" by a path V.
The path £f(V') 1is by 3.3 squeezed between PD(wle w2) and
PB(wlw0 w2), and since VO is in Core(R), the two paths are iden-
tical on wo - Thus V' = VlVOV2 where f(VO) = VO and VO is a

path in f—l(Core(R)) =¢ﬁ{6.
This shows that £ is pathwise fromc%?é onto Core(R), and we

conclude:

h(R) = rank(d{') > rank(a/é) > rank(Core(R)).

5. Some exact star heights. The finite intersection property.

In which cases do we have equality in theorem 4.1? We saw
already an example in 3.1, and in this section we will give some
further examples and some general results to get a clearer picture

of the strength and usefulness of theorem 4.1.
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We need the following definition (mainly from Kameda and Weiner [11])k

Definition 5.1: Given q4'= (Q,Z,SO,F), let

D () = (P,z,M", [py},F') wvhere

p Q

I

{M(so,w)lwez*} = {pgs+++ipy} C 2

p, = {M(sj,e)} F' ={peP|pnF+g}

J i = i ZA:
(pi’a’pj) € M iff M(pi,a). pj Vi, j Va€z.

This is the subsetconstruction, and it is well kngwn that P (4)

is a deterministic automaton accepting T(o6).
We want to reduce it to the (unique) minimal ‘deterministic auto-
maton for R. (See the minimization algorithm, Theorem 3.11 of

. .y

Hopcroft and Ullman [10].) o

Definition 5.2: Given a deterministic automaton & = (P,Z,é,{po}',F) .

Define an equivalence relation on P by

D . 8 @
p; ~ py (mod §) iff sc (p;) = sc (py)-

A A A A
Let B = (P,z.,M,{p },F) be the automaton obtained from & by

identifying equivalent states.

‘ . ) . ;
If no states in @ are equivalent (8 =~ 8), we say that R is

reduced (and Det_(T(G)) =8B).

The following theorem will be useful:

Theorem 5.1 (Brzozowski, from [11]).
Let B = (P,Z,é,{po},F) be a deterministic automaton (not neceé—
sarily reduced), with T(8) = R. Then 59(B+) is a reduced determi-

nistic automaton accepting R
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And by duality: if Cf is a backward deterministic automaton  (BDA)
accepting R, then PNZ) is reduced.
It is well known that the reduction in definition 5.2 gives us

Det (R):

Theorem 5.2: For every non-deterministic automaton 64{ with

T(A£) = R,
D ()"

R

A
Det(R) = (PlzléDlpelF )

D

And since BDet(R)+ Det(RT), by duality we have

(P (&N = Boet(R) = (&,1,55,{q_},sp)

By 5.1 and 5.2, if of is a DA, T(¢f) = R, then P(cAF) =

BDet(R)éand if 6 is a BDA, T(®) = R, then $(@) =~ Det (R).

The reductions (the 5 -operations) can easily be performed by

using the following matrix:

Definition 5.3 (from Kameda and Weiner [11])

The elementary automaton matrix (EAM) relative todﬁf;.(S,E,Mo,So;Fo)
is defined as a #P x #Q matrix indexed by the states in ﬁb(qf)
and the states in 33(a(*) with values

1 iff png + @

EAM(p,q) =
0 otherwise.

Rows (and columns) with equal 1/0 patterns correspond to states in
S?(aé) (and 99(a5+)) which are (B) equivalent (in the sense of
definition 5.2), and thus EAM is seen to be useful in the. compu-

tation of j‘?(d)/\ and D (# ).
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Continuing definitions 5.1-5.3, each state [p] in D ()" may be
, D :
regarded as a union U{p'lp'~p} C S and each state [q] in

:DG%V*)A may be regarded as a union U{q'lq'Pq}‘g_s.

. . . A A .
With this notation [11] defines RAM as a #P x #Q matrix where

1 iff [pln[q] + ¢

0 otherwise

rRaM([p].[qa]) = {

By theorem 5.2 this definition bf’RAM 'is equivdient to definition
3.4. ‘ :\"?

Definition 3.4 was useful in proving the theorems%of that section,
but invmany applications, if we are only given a NDA 6¢{ for R, it
turns out that the construction of P (&), :ﬁ(af*), EAM, RAM,
P " and (9(0&")/\ ) will often be more convenient f;bor the compu-

. . ”\‘\‘
tations.

We will now illustrate (parts of) the construction of Sat(R) by a

simple example.

Ex. 5.1: Let 04{ be the automaton shown in fig. 5.1 a). Let
R = T(of).tﬁg is deterministic, so 5.1 and 5.2 give

(DA )N

BDet (R)

The transition table for dé is shown in fig. 51l:b), and for £ °

and P (#£°) in fig. 5.1 c) 4).

Fig. 5.1 a)




Fig.

Fig.

Fig.

5.1 b)

5.1 ¢)

5.1 4)
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of| o 1 2 a b
Po Pg Py Py P3 Py
P, P, Py p - -
P, P, Py P, - -
P, - - - Pq P,
Py - - - P, Pq
0 1 2 a b oA
Po P2 P P3 Pg | Po
P Po r‘Pz - - P1
) Py Po - - Py
- - - Po P3 |L.P3
B - - Py Po | Pg
0 1 2 a b | D)
B - B Pog | Po3| P34795
Po P Py P34 | Poa| Poa 96
Po ) P Po3 | P34| Po3™¥7
P P, Py Pj p4»:fpb =g
Py Po ) - - P; =%
1) P Po - - P3 =45
B - - Po P3 | P3 793
B - - Py Po | Pg 79
_ _ _ - - - =qg
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Fig. 5.1 e)

dp | 91 | 9 aj Ay a5 de a5 dg
eam=RaM |{p,}{{p;} [{p5} {3} | {p4} | {P3.pa} |{pgips} | {Pgepg) | @
Py {pgl| 1 0 0 0 0 0 1 1 0
p, (py}| O 1 0 0 0 0 0 0 0
p, Ipy}| O 0 1 0 0. 0 0 0 0
p; {pg}| O |0 |o 1 0 1 0 1 0
Py {pyt| © 0 0 0 1 1 1 0 0
Py & 0 0 0 0 0 0 0 0 0
Fig. 5.1 f)

We represent the maximal pairs in the following way:

o

({po}l {qO'q6'q7})

({Pl}' {ql})

({Pz}l {qz})

({P3}a {q3})

: ( {94}1 {q4lq5lq6})

: ({pgipyts fagh)

: ({polp4}l {qG})

(#,0)

r

9 :

(P, &)
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From of (or really D @) and P ) we get the EAM shoéwn in
fig. 5.1 e). And we see that EAM 1is reduced (EAM = RAM), and thus

o = Det (R) and P (ofé) = BDet(R)(_, as we aiready knew.

The maximal pairs are computed as explained in ex. 3.1. See fig.

5.1. f).
We compute f?et(R) and nget(R):
fl(Pi) = (Pi:Pi\R) ’ l=OI1121>3I4I91

£ (q.) = (R/9..9.) , 3=0,1,2,3,4,5,6,7,8,
24y /qJ a5 3

and we see that fl(pi) fri , i=0,1,2,3,4,9,

£ (q.) =r., i=0,1,2,3,4,5,6,7,8.
2 qJ ] :

(it is often convenient to arrange the numbering this way).
y

We now turn to Core(R), fhé intersection of fl(Det(R)) and
fé(BDet(R)), with states {ro,fl,rz,r3,r4}.

Core(R) 1is naturally a subgraph in Det(R) =64f seen as a subauto-
maton of Sat(R).

Write 06'=G/T{ro,rl,r2,r3,r4} C Det (R) C Sat(R). Since the transi-
tions in¢%¥'are backward deterministic (i.e.%ﬁ{r'é%i,kr',a,r)eM .
<1l), for all «r € %{.), the transitions inan?'éare (forward) deter-
ministic. i ‘jﬁ”A _

And since the states ‘ro,rl,rz,r3,r4 are states in 3>¢$f), all the
transitions injb&i')* will be transitions in P () and in

BDet (R) * .

This shows that all transition in of ' are transitions both in
BDet (R) and in Det(R), and hence of ' is contained in Core(R).
Thus 3 = rank(§') < rank(Core(R)) < h(R). Since Det(R) . is of

rank 3, this gives h(R) = 3.
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Definition 5.4: Given a semiautomaton 64&=a(S,Z,M). We say. that

is a permutation automaton iff

1) oﬁ is without e-transitions (or only (s,e,s) transitions),.

2) Va€zx Vs €S #{s'|(s',a,s)eM} < 1

#{s'|(s,a,s")eM} < 1.

of is a complete permutation automaton if we have equalities in 2.

Thus the subsautomaton.mg' of Q%f in ex. 5.1 is an incomplete per-
mutation automaton, and we saw that the states iﬁ\oﬁ' are states in

Det (R) and BDet(R).
We can formalize this.

Lemma 5.3:.

Given an incomplete permutation automaton<%{' g_mé,uand states p
and p' in P () q and q' in D (49 where p = {s}, p' = {s'},
q =_{s}, q' = {s'}, s,s' in of ', then.all transitions between s
and s' in of' will give rise to corresponding tfansitions betwgen

p and p' in P (oF) and to transitions between g and g' in
(D () .

Combinihg this with theorem 5.1 we are in some cases able to find’

s

the exact star height of R.

Proposition 5.4: If there exists an incomplete permutation automa-

tonﬂd(' in.05= Det (R) such that all states in &#' correspond to
(_

states in @D (& ), then 05'f is naturally a subgraph in Core(R),

and thus h(R) > rank(ef').

Proof. We have assumed that for all p ¢ Ko;., there exists a’

€ 0 such that = {p}
a, hat q = {p}.

By proposition 5.1 EAM(Det(R)) = RAM(R). Thus we have the RAM
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shown in fig. 5.4. This gives R/qp = p, ap = p\R and

£,(P) = (B,P\R) = (p,q,) = (R/q,.q,) = £,(a).

We know from ex. 5.1 that 0f" may be regarded as subsautomaton of
Det(R) and BDet(R), thus

fl(a/') = fz(ao") C f,(Det(R)) n £,(BDet(R)) = Core(R)

Fig. 5.4: e oo oo some more_ states
g qpl qpi qpn \
+ e o o o o o o o
Py
K ' pi + . . . . . ] . .
pn + e o o o o o N:k )
some
more p e o o e o o o L]
states n+l
pm L] L] L] L] L] AM. L] [ ]
——— means minus
eee+ means plus or minus (irrelevant)

We will now turn to a special class of regular events:

Lo ?

Definition 5.5 (from Cohen [4])

R has the finite intersection property (f.i.p.) iff

V x,y € 5, N\R # YNR => s\R N y\R is finite.

' A
In the framework of Det(R) = (P,Z,GD,pe,FD), where Sc(pi) = wi\R,

f.i.p. is equivalent to

pfp' => (Sc(p) N Sc(p') is finite).
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Lemma 5.5: When R has the f.i.p. there exists a semiautomaton
o' in Det (R) =0# such that

1) 04{' is an incomplete permutation automaton,

2) all states in aﬁ" correspond to states in EP(a§‘)L

3) rank(c£') = rank(Det-(R)).

Proof: (We write MD for the transition relation in Det(R).) Write

K. = {pE%lSc(p) is finite} and K, =‘{p€%|8c(p)‘isinfhﬁieﬂ}. Let

of ' = Det (R)[ Ky (=Det” (R)~[K]).

If (p,a,p") € MD and (p',a,p") € MD’

Sc(p) N sc(p'), and since R has the f.i.p., this gives p" ¢ Ke-

This shows that for each p' € K ,, {p|(p,a,p‘)€MD} < 1, and thus

ptp', then {a}sc(p") C

oA is a permutation automaton.

Since Kf corresponds to a semiautomaton without loops, all loops

in Det(R) are in cﬁ{', showing that rank(o/') = rank(DeEXR)):’
We will now prove that 051' satisfies 2), i.e. for all p ¢ %J.

there exist a state qa, such that a, = {p}.

The transitions EB in the subset construction from Det_(R)e, are’

determined by

gB(q.w) = {peB| (p,w)eq}

i = have
Since ge FD we

gB(qe.w) =q <= q = {p|6p(p,w)EF}

Det (R)

A
Il
v
Q2
Il

{p|wesc (p)}-

We must show that for each p ¢ K, there exists a w,E.Z* such
that w € Sc(p) and (p'#pb=> w¢Sc(p')). This follows since R
has the f.i.p., so Sc(p) N Sc(p') is finite when p' # p,vwhile

Sc(p), p € %/' is infinite.



Choose any w € Sc(p) = U{Sc(p)ﬂSc(p')!p'#p}. This ends the proof of

5.5 Combining this result with 5.4 we conclude,

Theorem 5.6: When R has the f.i.p., h(R) = rank(Det (R)).

This result was also proved by Cohen, see Theorem 5.1 of [4].
Cohen's definition of f.i.p. uses only the left quotients (w\R).
We could equally well have defingd "right f.i.p," by using R/w,
and since R has "left f.i.p.a iff ﬁT has “rigbt f.i.p." and

A

h(R) = h(RT), we can modify theorem 5.6. !

Theorem 5.6': If T has . left or right f.i.p., then

h(R)

min(rank (Det (R)),rank(BDet (R))-

rank (Core(R)).

Cohen [5] gives some further theorems on star heights. In particu-
lar her Theorem 4.2 reads with some slight adoption: Suppose

Det (R) 1is an (incomplete) permutation automaton. Let S Dbe a
section in Det (R). If there exists a state g in S and a word
Wy such that M(q,wo) € Fy and M(q',wo) ¢ F, when q'#q, then
h(R) > rank(S).

An alternative proof could be obtained by showing that the premis-

ses corresponds to the premisses in 5.4, and that S may be re-

garded as a subgraph in Core(R).

It seems likely that we can obtain the same results as Cohen.

By the fact that Sat(R) is smaller than Cohens automaton 04&(R),
we can lose some information. But on the other hand we used the
fact that Sat(R) is minimal in an essential way in order to de-

fine Core(R)['and to prove Theorem 4.1.
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6. An open question

We say that 5%? is of minimal rank with respect to R 1iff

T(of) = R and rank(cf) = h(R). The question is:

"Does there always exist a subautomaton of Sat(R) of minimal

rank?"
Or, put another way:

"Is h(R) = min{rank(o#)|o#C sat(R), T(e#) = R}2"

This has been studied in [3] where they used the saturated automa-

ton 0¢,1(R) instead of the minimal Sat(R).

Definition 6.7:

Given Det ™ (R) = (@,z,aD,ge,FD),

define <ﬂ§1(R) = (Pl,Z,Ml,Pé;Fé),

where Pl = {é'|¢¢P' g.@}, Pé = {P'lpeEP'}, Fé =\{P'lP'g FD}
(P',a,P") € M <=> 8 (P',a) C P", a € .

Given cw{ = (Q,2,M,S,F) (not necessarily accepting R ),

define fg: Q > Pl by

1 — J ]
£ (q') = 6D(pe,Pr (q')).

Let af;k(R)v denote the automaton with k duplicates of each state

in aa’l(R).

Note: By modifying ,6’1(R) and ofk(R) to allow e-transitions, and

: A
to allow empty subsets of P,<%{k(R) are saturated automata in our-



sense. (Because fR is an homomorphism when T(a‘) C R.) The main

difference between 4¢(1(R) and Sat(R), is that aéﬁl(R) uses all
A

subsets of P, while Sat(R) wuses only those subsets P of B

which are closed (P=P). The closure operation is also the only

difference between f;‘ and ff/.
In [3] the version of the question was: "Does there exist a k

(uniform in R or recursive in R) such that

h(R) = min{rank(a/)I/g%k(R),HT(a/) = R} 2"

Their conclusion was (p. 280): "In fact, for any integer t > O,
an example of an event Ré- can be constructed, such that no par-
tial automaton of 6ﬂ{i(R) where 1 < i < t-1 recognizes Rt and

has rank h(Rt); e M

This should imply that no uniform k is possible, and a fortiori

that h(R) = min{rank(d/)|m(g_Sat(R),T(mf)=R} is in general wrong.

However, they do not give any expression for Rt' but they do give
an example of R for t = 2, (ex. 6.5 in [3]). But it turns out

that with R2 as in ex. 6.5, there does in fact exist an automaton

ﬂﬁ’. of minimal rank and
min

o . C sat(R) gafl(R).

This shows that though Sat(R) is in general smaller than Cﬁ;l(R),

this need not be a drawback.

We now turn to the example.

Ex. 6.1 (ex. 6.5 from [3])

Let R2 = T(af) where ¢”§ is given in fig. 6.1 a). (mf= Dét(Rz).)
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One natural expression for R is:

E = (117 (0v2) v (0v2)(1v2) v (ov2)o1l* (ov2))*, h (E) = 2, since

rank(m/) = 2,

But h(R) = 1, because we have the automatontﬂg' of minimalrrankvas

shown in fig. 6.1 b). ot corresponds to the expression

EI

((0v1v2)'1 1(0v2) v e)-E"

where E" = [ (0v2)((1v2) v 0((Ov2)v1i(0ov2) v 1((0v2) v 1(ov2))]"

m/' is a subautomaton of oﬁ;(R), but not a 'subautomaton of:ﬁél(R).
of' is constructed by splitting the loop (pl,l,pl) in a transition

(pl,l,pi) where p, and pi are dupliéates (relative to outgoing

transitions).
We expect that all homomorphisms f:cif' > Ofl(R) (at least

£, £, f2 ) will give

f(pl) = f(pi)

ana fhus give us the undesired loop back.

But tﬁere are other ways to get rid of the loop (pl,l,pi),vé.QE‘by
modifying 04{, not totﬁg', but to the nondeterministic o#" éhbwﬁ
in fig. 6.1 c).

05f is of minimal rank, and

oé" is a subautomaton of Sat(R).

We will not exhibit all of Sat(Rz) here, but we will give the
maximal pairs (represented by their first component), and the e-
transitions. Together with fl(m/'), this should indicate of how

oﬁ" was found.
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Fig. 6.1 a)

Fig. 6.1 b)

Fig. 6.1 c)




Fig.

We have searched for other examples which possibily could give the

final answer "no" to our question, but in vain.

We have also searched for a proof that the answer in "yes", but

this seems far from easy.

We will end the paper with some examples where subautomata of

Sat(R) of minimal rank does exist.

Ex. 6.2: Events where Det (R) or BDet (R) is of minimal rank.
Then fl(Det—(R)) or fz(BDet(R)) is also of minimal rank.

E.g. ex. 4.3 in [3].

Ex. 6.3: The event R defined in the proof of corollary 5.6 in

[3], is such that

rank (Det (R)) - h(R) > k.

el

= ﬁlU...Uﬁn where n » k+2 and

- *
R; = all words over {al,...,an} where the occurences of a; is odd.

Then R = (ﬁ)T and also rank(BDet (R)).- h(R) > k.



- 33 -

However the automaton o# shown in fig. 6.3 1is of rank 2 and

accepts R.

We have (at least one) f:ﬂf’+ Sat (R), and it is easy to show that

all f must be injective (otherwise f(mf) accepts too much).

If we assume h(R) 2, then f(df) C Sat(R) is of miminal rank.

Fig. 6.3,

QO & o ¢

™
o]
o]
AY
v
g%%%
™
o]

Ex. 6.4 (Due to St3l Aanderaa, originally constructed with the

hope that it would give us the answer "no".)

* *
Let R = (0(12) (21) Ov 01 v 10 v 12 v 21 .-

v 0(12) 212 v 212(21)%0v 212212)".

We compute the root of R ([2])

/R (00 v 01 v 0120 v 012210 v 012212
v 0210 v 0212 v 10 v 12 v 21 v 2120

v 212210 v 212212)

(wlv...v wn)

*
Since R =/R°, h(R) = 1. We have a simple automoton 0f’of mini-

mal rank shown in fig. 6.4 a).
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Fig. 6.4 a) ' Fig. 6.4 Db)

Neither Det(R) nor BDet(R) are of minimal rank.
If we choose w = 012210 € /R, both PD(W) and PB(w) contain a

loop, however, Core(R) is loopfree.

We have f£:of > Sat(R) which is not injective, but preserves the
rank. So f(a/) shown in fig. 6.4 b) is of minimal rank, and

£(of ) C sat(R).

Ex. 6.5 (from [2])
It would have been nice if h(R) = h(/R) +1, because R = (/ﬁ)*.
But even if h(R) < h(/YR)+l, this does not give us a counterex-

* *
ample, e.g. R =ev 1(0Ovll)'1 has h(R) =1 and /YR =101 so
h(R) < h(/R)+1.

But Det (R) is of rank 1, and thus fl(Det—(R)) C sat(R)  is of

minimal rank.
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Ex. 6.6 (This is fig. 6 a-e from [14])
Let R = (00¥1 v 101)%.

Let 7 be the rank minimal automaton found in fig. 6 e) [14]. Here

shown as fig. 6.6 a) (slightly modified).
f:mg'» Sat(R) is not injective, but preserves the rank.

f(a/), shown in fig. 6.6 b), is thus of minimal rank and f(d%) C

Sat(R).

Fig. 6.6 a) Fig. 6.6 b)

Examples 6.3, 6.4, and 6.5 show that even when the events R are
"complicated", R does not answer the question: "Is h(R) =
min{rank(ﬂf)l&fg Sat(R), T(F) = R}?" in the negative. Thus the

question remains open.
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