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Abstract

This paper considers the single hyperbolic conservation law in two space dimensions:
§4+ 240+ 240 =0,

The Riemann problem in several space dimensions is the initial value problem when the initial valies are
constant on a finite number of wedges meeting in a single point. Tn section one we present a numerical method
for solving this problem if the functions f and g are piecewise linear and continous with a finite number of
breakpoints. Tn section two we obtain stability estimates for the computed solution with respect to the initial
values of f and g. We can then show existence and uniqueness in L if the initial function can be approximated
by polygonwise constant functions and has compact support, and if the flux funtions can he approximated by
piecewise linear curves. Tn section four we show that if the solution is sufficiently smooth, it will satisfy an
entropy condition. Some of these results were presented at the fourth Furopean Symposium on Enhanced Oil

Recovery [12].

1. Introduction

An existence theorem for weak solutions of
Ou  Of(u)  Og(u) _
5 ez T Oy =0 1.1
u(O,:c,y) = Uo(l‘, y)

was proved in 1966 by Conway and Smoller [1]. They used a finite difference scheme which
was an adaptation of Lax’s [2] scheme for proving existence in the one-dimensional case. In
1970 Krusjkov [3] gave an existence and uniqueness theorem via the “vanishing viscosity”
method, using that solutions to viscosity equations obey a maximum principle. Wagner
[4] constructed the entropy solution if f = ¢ and both f and g convex, and the inital data
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constant in each of the four quadrants. Lindquist [5],(6] also dealt with the case f = g,
letting f have a limited number of inflection points and with more general inital data.

Tung and Xu-Xi [7] solved the quadrant inital data problem if (T(;%) # 0, and f and

g piecewise smooth. This two dimensional Riemann problem arises in applications, for
instance in simulating petroleum reservoirs using a front tracking method, see [8] and the
references therein.

Let (z,y) € R? and consider (1.1). Assume f and g are almost everywhere differen-
tiable and continuous functions from R — R and ug is bounded and measurable. By a
solution to this equation is meant a weak solution in the sense that

/// 2 T )6 +9()5, d”dyd”//"o(x ¥)p(0,z,y)dedy =0 1.2

t>0 R?

for all continously differentiable test functions ¢ = (¢, z,y) with compact support.

We now assume that f and g are piecewise linear continuous functions. Using the
results in [9] we can then solve the Riemann-problem consisting of two states only, seperated
by a straight line. The solution to this will be a number of straight lines parallel to the
original line and moving away from each other. This can now be used to solve the Riemann
problem outside a circle about the origin, where no interaction of fronts takes place. Given
the solution in this area, one can then work out a solution in the whole plane by considering
the intersection points of such lines.

We then use the Riemann-solution to construct the solution to more general initial
value problems. We approximate the initial value function by a polygonwise constant
function. Then we solve the Riemann-problems which are independant until they interact,
whereupon we again have an initial value function which is polygonwise constant and the
process is repeated.

For this we can obtain stability estimates both with respect to the flux-functions f and
g , and with respect to the initial data. These estimates, together with suitable sequences
{(fn,9n)} and {ug,n}, then makes it possible to prove that the solutions computed by
this method converges. If the limit function has sufficiently smooth discontinuities, if will
satisfy an entropy inequality across such.

2. The Riemann-problem

In what follows let f and g be piecewise linear functions. First we examine the case
where ug only takes two values, let these two be separated by a straight line; which we will
name a front or a shock. One can now introduce coordinates perpendicular and parallel
to the front. The solution to.this problem will then consist of a number of fronts, each
beeing a straight line parallel to the initial front. (See e.g.[9] and figure 1.) Assume now
that f and g only have one breakepoint (at u; ) in between the two values of uy , say at
u; and uz respectivly. Assume further that the solution does not involve splitting of the
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front. Now let af'j = h'|(ui,u;) , and let 6;; = (cr,-fj, cf;) . Then the unsplit front will move
in the direction of its own normal, with a speed given by

i 7 = ((ua — u3)d23 + (ug — U1)012> A
Uz — Ui

where 7 is the unit normal to the front. If 4 is a coordinate in the normal direction of the
front and h(u, ) = (f(u),g(u)) - 7 the equation becomes

Ou  Oh(u) _
.67+ Oy =0

which is the one dimensional equation treated in eg.[9]. The solution of this problem
involves a splitting of the front in case h(u, ) is concave between u; and u3 . Considering
h as a function of the direction of the front we see that a splitting will occur when &1 71 =
G293 - 71 that is, the front is a parallel to the line between &1, and &23 . If the initial front
turns further in this direction the solution will consist of two separate fronts moving apart.
Both of these are weak solutions since they are weak one-dimensional solutions in the
direction normal to themselves.

Consider now the case where ug takes three values u;, uz, u3 which are also the break-
points of f and g . Far from the origin all fronts are one-dimensional problems. Assume
first that the (1, 3) will split up. Then we again have two separate problems moving apart.
If (1,3) will not be splitting then the solution can be found by the following algorithm:
Move front (a,b) to &4 , then draw a line from the intersection of (1,2) and (2, 3) to 513
. this line is a front which completes the weak solution to this problem, and the solution
is self similar under scaling (¢,z,y) — (ct,cz,cy),c > 0, since if one applies the same
algorithm starting from ¢ = ¢; the “same” picture is obtained because all lines move lin-
early and normally to themselves, and therefore their intersctions will also move linearly.
It is a weak solution to the initial value problem since it is a weak solution to the problem
starting at ¢; because u(t;,z,y) — uo(z,y) in Lyjas t; — 0 . Note that the added line has
a permissible direction. i

If f and g have several breakpoints in between u; and uj it may be that the (1,3)
front that extends from the intersection of the (1,2) to the (2, 3) front has an unpermissible
direction for such a front and should be split into several fronts. We will first show that
we obtain a “good” solution if this front will split into two; a (3,*) and a (1, *) front. See
figure 2. Here u; < u, < up if u3 < u, < uj the situation is similar. Since (1,3) is unsplit
the point ¢13 must be in sector A, else (1,3) would split. Since (1,2) is unsplit and &3 is
on the line between &3, and 7. , we have that &, lies in sector B. Now &, is on the line
between ;. and &y, , 02, is now fixed on the intersection of this line and the line from
&23 through &3, .

We find a triangle P; P, P; such that : .

P, is on the intersection of v and P3, 03,
P, is on the intersection of § and P1,07.
P; is on the intersection of a and P, 03,

See figure 3. Because of the locations of &1, ,02+ ,03. relative to the lines @ , v and

B this is possible in a unique way. The triangle will look like figure 4. If we now assume
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that the lines PyP, and P, P; are permissible directions for (1,*) and (2,*) , then the
following will be a solution by the same arguments used in the previous case. See figure 5
and the example in [10]. To find a solution to this initial value problem in general one will
only have to find a finite number of points P; since f and g only have a finite number of
breakpoints. To do this one has a system of linear equations, which at least almost always
has a solution. The case where no solution can be found can be thought of as if the point
in question lies at infinity. This means that we have infinite “speed of information” , i.e.
that %L or %!- is infinite for some coordinate £, which cannot be the case. The correct
solution to this Riemann-problem may look like figure 6.

Now consider the general situation where f and g are piecewice linear continous func-
tions with a finite number of breakpoints. Let uy take n values, uy constant on wedges
meeting at (0,0) . This is a generalization of the algorithm from the last example:

Far from the origin, treat each front as if it were the only one. It will split up into
several half lines wich are moved to their respecive velocity points. Outside the area of
interections, these fronts will be correct solutions. Now we construct the remaining fronts,
a front reaches from a point towards its velocity point, extends until this or until the first
intersection with a front that separates between one of the same u-values such that one can
assign function values in a sector on one side of the intersection. A front has a permitted
direction, and we do not construct unneccesary fronts, that is, if front (a, b) is permissible
we do not split it further, this will ensure that the solution is self similar.

By the same arguments as in the last example this gives a weak solution which is self
similar and satisfies the Oleinik entropy condition for the single conservation law across
each front exept at the points where several u-values meet.

We will prove later that in Ly this is the only solution to this Riemann problem. By
this method one can solve the initial value problem when the function uy is constant on
a finite number of polygons. In this case the problem is a finite number of independent
Riemann problems which can be solved independently until they interact. We will show
that the T.V.(, ;) norm of the solution is nonincreasing in ¢ . If the initial function is of

bounded total variation then we have for almost all z and y : T.V..|u(t,z,y)| < oo and -

T. V., |u(t,z,y)| < oo respectivly. This implies that we cannot have an infinite number
of collisions in finite time. If so the collision times would accumulate for some time ¢’ ,
and since our solutions can take only a finite number of values at any time, and since the
resulting fronts from a collision move apart, this implies the existence of sets X and Y ,
at least one of which is of positive measure, and for £ € X and y € Y the total variation
with respect to that variable is infinite. Since T.V.; ,) = [T.V..dy + [ T.V.,dz this is

impossible.

If f =k-g then we have a stronger result. The solution will always stay constant on
a finite number of intervals on each line y = kz + ¢ , and on each such line the solution
is constant in a finite number of regions for t > 0. If the initial function is constant on a
finite number of polygons, we can construct the solution by pathing together such lines,
this solution will then be constant on a finite number of regions in R? x R¥.
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3. Stability estimates

In this section we will need a theorem from [11]:

Theorem 3.1. Let u(t,z) and v(t,z) be solutions of

9f(u)
or

Ou

5t =0

+

with the snitial condition
u(0,z) = uo(T) v(0, z) = vo(z)

where ug and vo are bounded step functions with compact support and a finite number of
discontinuities. Let f be piecewise linear with a finite number of breakpoints. Then

/ lu(t,z) — v(t,z)|dz < / |uo(z) — vo(z)|dz

Proof: Although the proof is found in [11], we will include it here since the proof of the
equivalent theorem for the two dimensional case is very similar.

Assume that ug and vg are constant in the intervals I; = (aj,aj4q) fory =1,...,N
and a; = —oo and ay = oo and u|l; = w, and v|I; = wy. We define the increasing
sequence {s; {W‘H by s;1 =1 and sj4+1 —si = |c— ¢/

Let H = 3spr41. The sequence {uo,g}g::“ is defined by:

( up, if:BEIJ',j>7:
vo, fzelj,j<i
: 2ai+aiq1
ug n(T) = ¢ wa+sign(c—c’)—‘—(n_s:+2) , iz € (e, =5")
o,n w : fze <2a;+a;+1 a.'+2a.'+1)
.9+sign(c—c’)("'——3;&2 ’ 3 ’ 3
: a;+2a;41 .
[ ¥ s+sign(c—c’) {2 2) ifze (-—34'—,0,4.1)

We also have

Uop,3 = Up
Ug,H = Vo
" _Juw, forzel;j>:
0,33 vy, forzeljj<i-1

ug,; and wug ;41 are identical exept on a third of an I; interval where the difference
between them is the minimum possible; w, — w.. We also have that

H-1
Iuo - Uo| = Z Iuo,i - Uo,i+1|
=3

S




Let u;(t, ) be the solution to the initial value problem with initial value ug ;. Assume we
are able to prove that .

/Iug(t,z) — uit1(t, z)|dr < /|uo,,-(:c) —ug i+1(z)|dz | 3.2

Then we obtain

/Iu —v|dr < Hz-lflug(t,m) —u;4+1(t, z)|dz

1=3

H-1
<M / lug i(z) — ug,i41(z)|dz = / lug — vo|dz

=3

Therefore it is sufficient to prove 3.2. The shock fronts are straight lines not parallel with
the z—axis, and therefore [ |ui(t,z) — uit1(¢,z)|dz is continuous and piecewise linear in
t. To prove 3.2 it is sufficient to show that for any ¢ the right derivative a—‘t9+-( [ |ui(t, z) —
uit1(t,z)|dr) < 0. Let ¢ = up; and d = upi4; . We have four cases. First two cases
depending on whether ¢ and d are equal on the middle third or on the left or right third
of an interval. If the two functions are equal on the left this is eqgivalent to equality on
the right third if we substitute z with —z and f with —f . If the two are different on the
left third we divide this into four subcases depending upon the common value to the left
of this interval. The subcases are: the value is larger than both the values of ¢ and d, the
value is smaller than both the values of ¢ or d or the value is equal to one of the values.

In each case the derivative is equal to zero. B
Using a similar technique we can prove a corresponding theorem for the two dimen-

sional case:

Theorem 3.3. Let u(t,z,y) and v(t,z,y) be solutions of 1.1 with the initial conditions

u(0,z,y) = uo(z,y)
'U(O, z, y) = ‘Uo(:lf, y)

where ug and vy are poygonwise constant step functions with compact support on a finite
number of polygons. Let f and g be piecewise linear continuous with a finite number of
breakpoints. Then we have

//|u(t,.;n,y) —v(t,z,y)|dzdy 5.//|uo(z,y) — vo(z,y)|dzdy.

Proof: We will prove that

It is sufficient to show this for ¢ = 0 We may assume that ug and v are constant on the
same polygons which are triangles that we number {T;}. As in the one dimensional case
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we define a sequence {ug;} and {u;} such that ug; — g i+1 is the minimum possible . We
divide each triangle where uy and vy are constant into three smaller triangles meeting at a
point in the interior of the bigger triangle, ug ; and ug 4, only differ on one of the smaller
triangles where the difference is the minimum possible. To continue with the bookeeping
we define an integer valued function F'(z) such that

| _ [vo, H(z,y)€Tjj>F(>)
uo,i(7,y) = {vo, if (z,y) €T j < F(3)

Inside a triangle T, ug ; only has jumps which are minimal. We can find a constant M
such that the speed of any triple point of u; is less than M and that also M is a bound on
|ui — uit+1]- Let N(t) be the union of the four balls of radius Mt about the triple points
where ug ; and ug ;41 differ. See figure 7. We have that

/ / Nl

R2\N(t)
< // |u; = uiy1|dzdy + 4 (Mt): - M

" R2\N(1)

Therefore

//lu.—uu+1|d$dy //|Uo: Uo:+lld$dy)
// |u,—u,+1|d:rdy— // |u01 Ug l+1|dzdy

R2\N(1) R2\N(1)

Lot — / / N );uo,,. — g i41|dzdy
t

= // [ui = wir1] — |uo,i — uo,i+1|dzdy + Ct?
R2\N(1) '

which implies

% //lu, - u,+1|dxdy) < hm // |ui — uit1| — |uo,i — Uo,it+1|dzdy + Ct )
R2Z\N(t)
d
= ( // lui — Ui+1|d$dy) +0
R2\N(1)
=0

What regards the difference between u¢ ; and ug i4+; we have three cases, see figure 8. And
since we are interested in R? \ N(t) we can ignore what originates in N(t), if this is ignored
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the difference in each of the three cases is a triangle moving with fixed speed, and the
derivative in question is equal to zero. We therefore have that

/ / (us(t,2,9) — wiss(t, 2, y)ldedy < / / luo.4(2, ¥) — w0 i1 (z, ¥)\dzdy
R? R?

and we can use the triangle inequality and sum to prove the theorem as in the one dimen-
sional case. B

To prove the next inequality we need two lemmas from [11]:

Lemma 3.4. Let u(t,z) and v(t,z) be solutions of

0z

ot
u_ dg(u) _,
ot or

with the initial condition
a ifz>0
u(0,z) =v(0,z) = {c; ‘:];x <0

with f and g piecewise linear continuous and either

c1 <cp f and g convez

c1 > ¢y f and g concave

Then ' max(e1.ca)
([t —ot2d) < [~ ) - g wldu

min(cy,c2)

Let now f.ap denote the convex envelope of f|(a,b)

Lemma 3.5. Let f and g be piecwise linear on (a,b) . Then

b b
J V) = Gl € [ 17/0) = g e
A corresponding lemma holds for the concave envelope.

These two lemmas together give for the Riemann problem of lemma 3.4 that

o max(cy,c2) |
[t —otolds <t [T - o ()i 3.6

min(cy,c2)
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Theorem 3.7. Let u(t,z,v) and v(t,z,y) be solutions of

Ou

§+V-f(u)=0
ov o
§+V-g(v)-0

u(0,z,y) = v(0,z,y) = uo(z,y)

Where f: (fzy fy) and § = (gz,9y) are piecewise linear continuous , ug is a bounded
polygonwise constant step function with compact support. Then

%( / / u(t, z,y) — v(t;z,y)|dzdy) < TVl f(@(z, ) = §(a(z,v))|

where the notation on the left will be explained in the proof.

Proof: If f(z,y) is a function let hy(z) = f(z,y); r fixed. Similarely for h.(y). If then
JT.V.o|hy(z)|dy+ [ T.V.y|hz(y)|dz < oo, we call this number T.V.(, 1| f(z,y)|. We have
that this is equivalent to [ [ ||gradf||dzdy, where gradf is to be interpreted as a measure,
this is then the total variation of this measure. If f is a vector T.V.( f) is the sum of the
total variation of each component function.

It is sufficient to prove this inequality at ¢t = 0, since for sufficiently small time u and
v are self similar about the points where several values of uy meet, and for such small ¢
the integral is linear in . We number the fronts of u, (index 7), and each front divides
between cjr k = 1,2. Let the length of that front be L;. Asin the proof of the last theorem
we can find a constant M such that the speed of any triple point of u or v is less then M ,
and M is also a bound on |v| and |u|. Now consider front j. Divide the area around that
front in three; two sectors of radius Mt, about the endpoints of the front, and a strip on
both of the remaining parts of the front. For ¢t < t; we may use 3.6 integrating across the
front, and then integrate along it. Let a; be the total of the abovementioned area, and let
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Nj(to) be the parts around the endpoints. Then we have

[ [tz -vtaidedy= [ [ 1uti2,) - vtz v)ldey
aj a; \N(to)

- // lu(t, z,y) — v(t, z,y)|dzdy
N(to)
< // Iu(t7$,y) -—v(t,:z:, y)lditdy
aj \N(to)
+ M7r(Mt0)22%
maxc;k -
<tr; [T )~ )+ KA

ming; g

; 7 is unit normal

maxc;k
<tL [ |f(u) - §(u)]du + K22
mingj i

; L =max{L;}

which implies

A//lu(t,z,y)—-v(t,:c,y)ld:vdy—//Iu(O,z,y)—U(O,x,y)ld_fﬂdy

o; Qaj

ming; &

maxc;j k
<tL [P ) - F(wldu+ K
We have that ¢ < ¢, but when ¢ — 0, we can also let ¢, become small. So

y_né(%(/ / lu(t, z,y) — v(t, z,y)|dzdy — o))

1 maxc;j g
< lim (34 / |F/(w) - §'(w)ldu + K1)

minc; g

=L /mm“ |7(w) ~ §' (u)ldu

MINC; g
since the last term can be made arbitrarely small. Outside o = Ua; we have that u = v
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for sufficientley small time. For derivatives taken at ¢ = 0 we have

%//'u(t,z, y) -‘v(t,a:,y)lda:d = % g(//lu(t,x,y) —v(t,z,y)|dzdy)

a;j

minc; x

<Y1 / 1P w) - 7 ()|
=1

We can now introduce coordinates (7;,v;) along and perpendicular to the front respectivly,
defined in a small neigbourhood of the front, let i(n,~) be equal to uo outside of this
neighbourhood but % is continuous and g—; = 0. See figure 9. Then we can change variables
to get

MINC; k

maxc; k - _ ' Y _ (3 _ai .
L [P - @it = [any [17@) -7 @l
2
<3 [ [ Neradi(ate,0) - o @tz w)ldnsa

If we sum this over all fronts

2/ [ 1wt =ott e i) € 3 [ [ leead (5t ) - i, ) sds

= T.V.o I f(a(z,9)) — 3(a(z,v))]

To prove this inequality for any ¢ we use the triangle inequality. Let TV (u,t) denote
the right side of the inequality in the theorem. Let t; be the time of the first collision
between multiple points. Let w(t,z,y) be defined for ¢; < t < t; which is the time of the
second such collision, by

%? + V- flw)=0
w(ty, z,y) = v(t1,z,y)

Then we can use theorem 3.3 and what we have just shown to obtain for t; < t < t5:

//lu—v[d:z:dy5//|u——w|d:rdy+//|w—v|dxdy

< // lu(ty, z,y) — w(ty, z,y)|dzdy + (t — t1)TV(u,t;)
<HTV(u,0) 4+ (¢t — )TV (u,0)

since TV (u.t;) is smaller or equal to T'V(u,0) because TV (4,t) is smaller or equal to
TV(u,0) and the two functions take values in the same range. B
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4. Convergence

Theorem 4.1. Let uy(z,y) be a measurable bounded function R? — R with compact
support. Let f(s) be a function R — R? which is continuous and smooth almost everywhere.
Then there ezists a unique function u(t, z,y) which for each t < T is in Ly(R?) and in the
weak sense satisfies:

%;‘ +V-flu)=0

u(0,z,y) = uo(z,y)

and that for each polygonwise constant bounded vo(z,y), for all piecewise linear continuous
G(s) we have

®
//|u(t,:c,y) —v(t,z,y)|dzdy <
[ [ ua(z,) = iz, widady + 1.V ol iz, ) - (3, 0)

where @ i3 as in the last theorem, and the function v = v(¢,z,y) 1s the entropy weak solution

of

v .
5-{+V-g(v)—0

v(0,z,y) = vo(z,y).

Proof: Define ug »(z,y) tobea seqﬁence of polygonwise constant step functions appprox-
imating uo in L;. Let N, be the number of fronts of ug »(z,y), and let Cp, = max;<n{N;}.
We have that f = (f1, f2) and that f] is inL;(—M, M) since they are bounded and de-
fined almost everywhere. We choose a sequence of step functions approximating f; in
Ly(—M,M): {gn}{° such that:

1

|gin — gim|lz, < ;—C—': 4.2

1
Ifi — ginllz, < . 4.3

Since we have that step functions are dense in L;, we can find such a sequence as long as
{Ci} is independent of {g,}.
We now define f,.(s) by

fuy=f=an+ [ ’M Ga(t)dt
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Here M is a bound on ug . We define un(t,z,y) to be the solution of

Oun, - _
ot +V'fn(un)_0

un(0,,y) = uon(z,y).

Let m > n, uo ;m can be a refinement of ug (z,y). We have

[ [ tuntt2,9) = umt 2, )1y <

[ [ 1uain(a,9) = o, mz, w)ldzdy + ¢T-V.qe 1 21) = Fn (e )

where @ = 4(z,y) is constructed from ug m.

2

T‘V'(z,y)'f_;‘ (ﬂ(z,y)) - f-’:‘ (ﬁ(:’"? y))l = Z(T‘V'(zyy)'fi,ﬂ (ﬁ(z,y)) - fi,m (&(zv y))l)

T-V-(z,y)Ifi,n (ﬂ(.’t, y)) - f;‘,m (ﬁ(z’ y))l =
/ T.V.z|fin((2,)) = fim (a(2,v))ldy + / T.V.ylfin(@(2,9)) = fim (4(z,v)) de

and
. M
T-V-zlfi,n(a(x, y)) - fl',m (ﬁ(z, y))l < Nm /M If:!,n(s) - f:,m(s)'ds
= Nullgi,n = gi,mll L,
<1
n
Therefore
= . = . 4 - diameter of support. (ug)
T~V-(z,y)|fn(u(zay)) - fm(u(zay))l S n

We have that u a(z,y) is Cauchy in L;(R?). Then we obtain
T
/ //,un(tv z, y) - um(t,l’,'y)ldl'dydt <
0
1 \-' -~ g ~
T- // |w0,n(2,) = to,m(z,y)|dzdy + ST° (T.V.(z,y)lfn(u(x,y)) - fm(u(z,y))l)
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which goes to zero as n,m — oco. u, is Cauchy in L;([0 : T] x R?) and we can define
u(t, z,y) as

u(t,z,y) = im(ua(t, z,y)).

By construction we have that all u, are weak solutions. Therefore for all appropriate
test functions ¢(t,z,y):

| /OT / / (u — un)t + (F(u) — falun))V - ddzdydt + / / (uo — uo,,,)qs(o,z,y)dzdy\

t=0

< / ! [ [ 1= wnligudadyee+

[ ] 170~ Fatan)|[9 - laedt + [ [ o~ o600, 2, 9)idedy

t=0

By construction the first and last term become small as n — co. Since |V - 4| is bounded,

for the middle term it suffices to show that: lim,_, fOT I/ Flu) - ﬁ,(un)ldzdydt =0.
We have that ’

|f.(u') - f;(u)l < ”.P —Q:zHL, —0asn—o o0

that is f, — f uniformly. f is also continuous on [—M,M] and therefore uniformly

continuous there.
T - v -
[ [ 17w - Futun)idsaya <
0

/OT/ / |(w) = fun)ldodydt + /0 ' / / 1F(un) — fulun)|dzdydt

The first of these terms will tend to 0 because f(s) is uniformly continuous , the second
because f, — f uniformly. Thus u = lim u, is a weak solution.
Now let v(¢,z,y) be the v-function in the theorem.

//|u(t,;r,y)—v(t,:c,y)|dzdyS//Iu—ui|d$dy+//|ui—vld:cdy
< [ [ = widzdys [ [1oo—uoldzay+ [ [ uo o, ldody

+t- TV f (2, 9)) = §(@(z, 1))+t T.V.o | fi(i(z,v)) - f(i(z,v))|

Here 4 is constructed from ug ;. To prove the inquality in the theorem we must show that
the first, third and last terms tend to zero as 1 — oco. The first two do so by construction.
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Let {s;}{ be a partition approximating the T.V. norm such that
J
T.V.olfi = fail S D|filsi) = fai(si) = (fils41) = fai(sj41))| + €
1

J e
=S / T 1F ) = fhi(s)lds + €
1 8;

M
< / 1A(6) = Fai(ellds+

; fore=1,2
this holds for any ¢ > 0, which implies

M

TValfi = fuil < f 1£(s) = £1(s)lds.

We can now repeat each step in the argument where we showed that
T.V. (,,y)lf,, (i(z,y)) — fm (@(z,y))| — 0 to show that T.V.(,, y)|f(u(:c y)) — —f: (i(z,y))| —
0 using condition 4.3.

Let w(t,z,y) be another function which satisfies the inequality in the theorem.

[ [t vldsdy< [ [u-witdedy+ [ [ jui - widody

< / / lu — u;|dzdy + / / |uo,i — woldzdy + T.V.(z | f(i(z,y)) - fi(a(z,y))|

The first two terms tend to zero since wo = uo, and in the existence part of this theorem
we showed that the last term tend to zero. Therefore u = w almost everywhere. B

We remark that the integral inequality in the theorem remains valid also if the integral
at ¢ = 0 is taken over eg. a rectangle, the left hand integral should then be taken over the
same region magmﬁed by a factor M; a bound on | .

5. The entropy condition

Theorem 5.1. Let u(t,z,y) be the weak solution constructed in the last theorem. As-
sume u(t,z,y) has disontinuities which are piecewise smooth surfaces in (t,z,y). Then
u(t,z,y)satisfies the Oleinik entropy condition everywhere where the limits uy and u_ as
(t,z,y) approaches a discontinuity from each side is defined.

Proof: Let p be a point on the discontinuity surface where the entropy condition is vio-
lated. We will prove that if u(t,,y)is continuous on each side of this surface this implies
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a contradiction. We may assume that p is the origin, and that the surface is tangential to
the z-axis and normal to the y-axis at p. Let

up = lim  u(0,z,y)
z—0,y—0,4
Uu_ = z—‘g?}-»o- u(0,z,y)

We may assume u_ < u,. Since the entropy condition is violated at p, for a z € [u_, u4]
we have that: (7 is unit normal to surface)

.

i-flz) =7 fluo) _ @ flug) =7 fluo) B—._B
zZ—u_ Uy — U

for a B > 0. . . .
We can now find a function h(s) which is linear in (u_,uy) and h(u-) = f(u-) and
n-h'(u_)=sand

—(f(z)n—ﬁ(z)n) >C>0

Sice u is continuous on each side of the discontinuity we can approximate u with a function

v defined by:
’ _Ju_ fy<st
v(t,a:,y)-{u+ ify>st

Let D = [—6,6])°. Then we have

// lu(t, z,y) — v(t, z,y)|dzdy < 0(52) + O(t?)

D

since we can choose § such that Ju —v| < 6 on D by the continuity of u on each side of the
discontinuity surface at p.
Let now w be the entropy solution to the problem

Ow o
E+V-g(w)—0

w(0,z,y) = v(0,z, y)

Then

[ [ 1wtt,z,) - utt,z ey <

D

// |.w(0, T, y) - u(O, T, y)ldzdy +t- 6T°V'u€[u_ g IRU) - g‘(u)l
D
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But v is also the entropy solution of

ov -
E--I-V-h(v):O

v(0,z,y) =v(0,z,y)

We then have that:

[ [ 1wtz v)=ott,2,v)idsdy = 5t / @) - 7Y, — (R(e) - 7t
5 ]
> O(8)tfA(us) - 7 = h(u_) -7 = (§(us) - 7 = G(u_) - )|

> O(6)t(ug — u_)lh(u+).ﬁ- h(u_)-7  §lus)-R—Jus) - ﬁ‘

_ (wrmw) (uy —uo)
> 0(8)t(uy ~ u_)| M2 '(f: Z(_")') LD '(f ~ i(f‘)’) ad
= Ot (h(z)- - §(z)-7)  if K(u-) = §(u-)
= o(sp=t="=(k() - 71 - f(z) - 71 = (9(=) - 71 - f{z) - 7))
> 0(5)t“z+ u”_‘ (C + (flz)- 7= 3(2) - 7))

We also have that

//Iv—wldmdys//IU—UIdzdy+//|u;w|dzdy.

We choose §(s) u such that §(z) = f(z) and T.V.|f — §] < e. Then this less than
e0(8%) + €O(6)tO(t?),

but also greater than
tO(O)K

for some K > 0, which is a contradiction. B
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