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Abstract

The conditions of the exestence and growth properties of the rational solutions of the
second order algebraic differential equation

N
> Bu(2)w"(w)(w")¥ =0

where u;,v;,6;,1%; € N are received.
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We investigate the equation

N
S By (¥ (w) i (w")¥ =0, (1)

=0

where p;,v;,0; and 1; are integer nonnegative numbers,

N N N
S E+60)#£0, Y (WF+9H)£0, > (67 +91) #0,
1=0 1=0 1=0

Vj,’l, such that Z,] = O,N, (1/,' - IJJ')2 + (6, - 0_7')2 + (1,[), - ’gbj)z 76 0.

B,;(z) are polynomials of a complex variable z, and have the following representation
Bu;(2) = Bizb + ... where 0 # B;, b; € C. Following [1,2] we introduce such characteristics
of the equation (1) as the dimension of the i-th term of an equation concerning derivatives
n; = 0; + 1;, the complete dimension of the i-th term z; = ; + ¥; + vi, the weight of the
i-th term ®; = 6; + 2¢;. The numbers 6; and 1; determine the dimension of the ¢-th term
of the equation (1) concerning the first and the second derivatives accordingly.

We will investigate properties of the rational solution

w

P(z
_ PG) 2
Q(2)
as z — co. We propose P(z) = apzP+...+ a0, Q(z) =7427+...4+7, a7 #0, ¢=1
and P(z) and Q(z) are relatively prime.

The rational function (2) is the solution of the equation (1) if and only if

N ~ O i
Y Bu(2)Q" ™ (2)P%(2)Q (2)P (2) =0, (3)

1=0

where é(z) = P'(2)Q — P(2)Q'(2), ;6(2) = P"(2)Q* — P(2)Q(2)Q"(2)-

~

2P'(2)Q(2)Q'(2) + 2P(2)(Q")*(2), ni=zi+®;, n=max,_gx{ni}.

If ¢ # p then Q(2) = (p — Q)apyg2? I 14y if g =p, Ay =0, Ap # 0, ¢ = T,E—1,
1 <k <p, where

| % Gp—j ’

Tl m Wi

and we then have Q(z) = kA 22— (k+1)

Ifqg#p,g#p—1then P(2) = (p—q)(p—q— Dapyez- 2212972+ .;if g =p, Ay =0,

Ar#£0,¢6=1,k—-1,1<k <p, then ;3(2) = —k(k+1)7pAkz3P‘(k+2)+...; ifqg=p—1,
Ax=0,A1#0,X=1,1-1,1<1<p—1, where
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@p  Qp-1 Op-(i+1)|
Aj=| 0 %1 Y%-Gen |, i=Lp—2
To—-1 V-2  Vp—(j+2)

and

Qp ap._l Qo
Ap—l = 0 Yp—-1 70|,
Yp-1 Yp—2 O

we then have ;’(z) =-Il(l+ 1)A1z31’"(1+5) +...
The polynomial ki(p, g, ap,v,)z%®9 + ..., where
zi(p—q)+ng+bi— & Jifg#p, g#p—1;

si(P,4) =  np — mik + b — &; , if ¢ = p;
np—1)—¢i(l+1)+b;—®; +2z; ,ifg=p-—-1

corresponds to the ¢-th term in the indentical equality (3).

Let

(P—)"(p—q— 1) Bi(ay/v)" 7} Jifg#p, a#p—1;
K(p,g:ap,79) = | (=1)¥ Bilap/7p) 9y T2k (k+ DVAY L if ¢ =p;
(=1)¥ Bi(ap/vp—1)" Vi ¥+ DAY i g=p— 1
where the number k is determened by the conditions Ay, = 0, A # 0,

¢
1 £ k < p and the number [ is determened by conditions Ax =0, A; # 0, X =1,1-1,
1<I<p-1.

We will call s; the function of degree and the function k; the function of the coefficient of
the ¢-th term of the equation (1).

Lemma. The algebraic differential equation (1) may have rational solutions (2) of the
degree (p, q), if functions of degree of two (at least) terms are equal in the point (p, ¢), and
their value is maximal among the values of all functions of degree in this point.

Proof ad absurdem. Let us suppose that the value of only one term is maximal around
the values of all functions of degree in this point. In this case the equality (3) is identical
only under condition k; equal to zero. The last situation is inpossible in accordance with

(2) and (3).

The rational solution (2) of the equation (1) is called rational solution with special degree
(p, q) if we have




Tpy =2Tq =...=2r, LSh<N,

- (44)
8ro(P,0) =81, (P,9) = . = 51,(,90) > 81, (,9), 1 S f <A, A=Ff+ 1N
under conditions ¢ # p, ¢ # p — 1;
Mro = Nm = «o = N1y IShSN,
s1o(Pyp, k) = 37, (P,p, k) = ... = Sff(p’p’k) > s (p,p, k), 1< f<h, A=f+1,N
(4B)
under conditions g =p, Ay=0, Ax#0, 6=1,k—-1, 1<k <p;
¢ro=¢1'1=-'-=¢7'h, IShSN,
sn(P,p—11)=sr(p,p—1,1)=... =87, >5(p,p—1,1), (40)

1<f<h, A=f+1N
under conditions g=p—1, Ax =0, A/#0, X=11-1 1<I<p-1L

Having seen all possible equalities of the values of the functions of degree with different
complete dimensions (z; # z;) we deduce the following results.

‘Theorem 1. The differences p — ¢ determining the growth of solution (2) of the equation
(1) with nonspecial degrees (p,q), p #q, ¢ # p— 1 belong to the set

{((bi = @:) — (b — ©5))/(z; — i)} (5)

where 1 = 0,N, j =0,N, i # j. This set is complete under the base of all terms of
the equation (1) with nonequal complete dimensions i.e. z; #z;V¢=1,N, j =1,N; only
integer numbers (except 1 and 0) belong to the set (5).

We have used only the fact that equation (1) must have at least two terms with equal
values of functions of degree in a point (p,q). Taking into acount the possibility of the
existence of two terms with equal and maximal values of the function of degree in a point,
we obtain.

Theorem 2. The numbers of the set (5) can determine the growth of the solution (2) of
the equation (1) with nonspecific degrees (p, q), where ¢ # p and ¢ # p — 1 only under the
following conditions

a) there exist f 4+ 1 terms on the left hand side of the equation (1) such that

$ro(Pyq) = 81, (P, ) = --. = 5r,(P,q) > 5r,(p,q), where A= f+1N; (6)

b) there exist n € {0,1,...,f}, me€{0,1,..., f}, such as z,, # ., by m #n.
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So, we have to do the following steps to determine the growth property p — ¢ of rational
solutions (2) of equation (1) with nonspecific degrees (p,¢) (where ¢ #p, ¢ =p —1): a) to
find the set (5); 2) to select the numbers satisfying relation (6) out of the set (5).

The rational solutions of specific degrees (p, q) (where ¢ # p, ¢ # p — 1) are previded by
terms with equal complete dimensions, and there exists at least two numbers among them
with equal values. It means that we have the following.

Theorem 3. The equation (1) can have rational solutions (2) of specific degree (p,q)
(where ¢ # p, ¢ = p — 1) if the equation has a number of terms (block r) with the

property

:cT;:azrlr:...::cT;r;é:r,.&, where 1<h. <N, & =h+1,N,

(7)

brg — (I)rg = b,-lr — (I)r{ =..= b,-;r — @T}'r > b-,-;r — @,-gr y
where 1 < f, <h,, b= fr+1, h,.
Spesific degrees (p, ¢) provided by (7) must satisfy the equation

fr
> ke (P10,0p,7) =0

Ar=0

wich is reduced to the form

s
Y Bilp-9m(p-g-1¥ =0 (8)

Ar=0

Theorem 4. Differences p — ¢ determining the growth of all possible solutions (2) with
specific degrees (p, ¢) (where ¢ # p, ¢ = p — 1) complying with (7) belong to the set of
integer roots of the equation (8) not equal to zero and one.

At least two terms of equation (1) determining the degree of the rational solutions have
equal and maximal values of the functions of degree. Taking into acount this observation
we have

Theorem 5. An integes root p — ¢ of equation (8) not equal to zero and one when r = s
can determine the growth of rational solutions (2) of the equation (1) with nonspecific
degrees (p, q) (where ¢ #p, ¢ = p—1) only under conditions

sz, (Pyq) > 87, (P,q), where & =h.+1,N. (9)

Rational solutions (2) with nonspecific degrees (p, q) are only appearing under the base of
terms of the equation (1) with nonequal dimension under derivatives. According to the
lemma, at least two terms of this equation have the functions of degree with equal and
maximal values. Hence, we deduce.




Theorem 6. Equation (1) can have rational solution (2) with nonspecific degrees (p, q),
if the set

{((6i = i) = (b = ¥5))/(mi — mj)} (10)

where 7 # j, 1 € {0,1,..,N}, ;5 ={0,1,..,N} and ; # n; by ¢ # j, has a natural
k < p, satisfying the relation

Sro(Py D3 k) = 87, (PP, k) = ... = 5,(P, D3 k) > 81, (P, D5 K), (11)

where A = f + 1, N. This relation is used for f + 1 number of such terms of the equation
(1) two of them (at least) have different dimensions under derivatives.

Specific degrees (p,p) of rational solutions (2) satisfy relations, wich are like (4B). Using
the lemma we have

Theorem 7. Equation (1) can have rational solutions (2) with specific degrees (p,p)
under the following conditions: a) there exist a block r of terms with equal dimensions
under derivatives; b) for each block r there exists a natural number k, < p such, that the
following relation take place

75 (P, pi kr) = $er(p, P kr) = ... = 807 (P, P Kr) > (12)
> sr, (p,p,kr), where A\ =0,N, A #77, a=0,f, 1Zf <h,.

Rational solutions (2) with nonspecific degrees (p,p — 1) are found only under base on the
terms of equation (1) with nonequal dimensions v; under second derivative, and according
to the lemma at least two terms have equal and maximal values of the functions of degree.
We have the following

Theorem 8. Equation (1) can have rational solutions (2) with nonspecific terms (p,p—1)
if the set

{((bi +vi = 2¢;) = (bj + v — 2¢5)) /(¥ — ¥;} (13)

where 1 # j, 1 € {0,1,..,N}, j = {0,1,..., N} consfructed under base of the terms
of the equation (1) with nonequal dimensions under the second derivative has a natural
number | < p — 1 such, as

seo(pp— L) =8, (p,p— L) =...=5(p,p—1;f) > s (p,p—1;]) (14)

where A = f + 1, N. This relation f + 1 number of such terms of the equation (1) two of
them (at least) have different dimensions under the second derivative.

Specific degrees (p, p—1) of rational solutions (2) satisfy relations wich are like (4B). Using
the lemma we have

Theorem 9. Equation (1) can have rational solutions (2) with specific degrees (p,p — 1)
under the following conditions: a) there exists a block r the terms with equal dimension
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under the second derivative; b) for each block r exists a natural number /. < p such, that
the following relations take place.

srz(pp—L1) = s,-lr(p,p -Ll)=..= Srr (p,p—L;1;) >
> s, (p,p—1,1;), where A\, =0,N, A #75, a=0,f,1<f <h,.

(15)

We can deduce from theorems 1, 2, 6 and 7 the well-known properties of Painleve equations,
for example about not existence of rational solutions of the first painleve equation [3,4].
w" — 6w? — z = 0. The next result obviously follows from these theorems: the second
Painleve equation w" — 2w?® — zw + a = 0 has rational solutions of the degree (p,p + 1) by

a #0.

To complete the investigations of A. Yablonskii, N. Lukashevich, V. Gromak, V. Tsegelnik
we can formulate the following results:

The third Painleve equation

zww" — z(w')? + ww' — yzw? — aw® — fw — 6z =10

has a rational solution (2) of degree (p,q) when
a) f=6=0, |a|+|y|=0,in this case p—¢ <1
b) a =4 =0, in thiscase p—¢>1and p—q¢ > 1,if |B| + |6] # O;
c)a=pf=y=6é=0and (y=6=0, af #0)or~6=0,in this case p =g.

The fourth Painleve equation

2uww' — (w')? = 3w 4 82w —4(2* — a)w? —28=0
has rational solutions of degrees (p;p+1) and (p,p—1). It should be noted, that a rational
solution of degree (p;p + 1) exists only when 3 # 0.

The fifth Painleve equation

222w — 2z2ww" — 32%w(w')? + 2} (w")? + 2zww'—
— 2zww’ — 20w° + 6aw?* — 2(82% + vz + (3a + B))w*—
—2(82% — vz — (a +3B))w? —6Bw+2y =0

has the rational solutions of degree (p,q) when

a) 64 # 0, in this case p — ¢ = —1;

b) a=y=6§=0, B#0, B#—1/2 in this case p—q=+/—2F;

¢) B=4=6=0, a#0,in this case p— ¢ = —/2q;

d)a=B=y=6=0, ([y|+16|#0)or(y=6=0, a#0)or(y=6=0,
B # 0), in this case ¢ = p;

e) (ad #0)or (¢ =6 =+=0), in this case p— ¢ = 1.

The sixth Painleve equation




22t — 22° + 22 wlw" — 2(2% — 2t — 2% 4 2P)wlv" +2(2° - 22* + 2*)ww" -

—3(z* = 22° + 22w (w?) + 2(2° — 2t — 2° + 2P)w(w')? — (2° — 22* + 2%)(w')*+
+2(22% — 322 4 Z)wlw' — 22 + 2% — 32% + 2)ww' +2(2* — 2¥)ww' — 20w’ +

4a(z + 1w’ —2(a+ 822+ (4a+ B+ v =8)z+ (a—7))w* +4((a+ 6+ + B)z*+
F(a+B—7—6)2)w* —2(B+7)2> + (a+48 — v+ 8)2* + (B - 8)2)w’+

48(22 + 2¥)w — 262° =0

has rational solutions of degree (p, ¢) when
a) a =0, in this case p — ¢ =1+ V1 — 26;
b) # =0, « #0,in this case p—q = —/27;
c)a=f=y=6=0o0rf#00r (B=7=0, a+é#0)or(B=7=0, a=
—6 #0), in this case p = g;
d) for all «, 3,4, 6, in this case p — g = 1.
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