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ABSTRACT. We present a numerical method for the n-dimensional initial value problem
for the scalar conservation law u(zi,...,on,t): + 3 iy fi(w)s; = 0, u(zy,...,24,0) =
ug(z1,...,25). Our method is based on the use of dimensional splitting and Dafermos’
method to solve the one dimensional equations. This method is unconditionally stable in the
sense that the time-step is not limited by the space discretization. Furthermore we show that
this method produces a sub-sequence which converges to the weak entropy solution as both
the time and space discretization go to zero.

0. Introduction. Scalar conservation laws have, due to their wide range of applications,
been studied extensively over the years, both from a mathematical, physical and numerical
point of view.

Fundamental problems are the emergence of discontinuous solutions of the partial dif-
ferential equation with the subsequent call for weak solutions, which again results in subtle
uniqueness questions.

Existence and uniqueness was first proved for the general Cauchy problem by Conway
and Smoller [1], and later on by Kuznetsov [8], Volpert [9], Kruzkov [7] who used a viscocity
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2 HOLDEN, RISEBRO
method. We will here use Kruzkov’s formulation of the entropy condition, which is a

mechanism to identify the unique physical solution.
We here study the Cauchy problem

ut + z fi(u)xe =0
i=1

u(z1,...,2n,0) = uo(z1,...,Tn).

(0.1)

Kruzkov’s definition of the entropy weak solution reads as follows: u is the entropy weak
solution if for all constants k, all ¢ € Ci, ¢ > 0, the inequality

02 [ [ [«mlu — k| + sign(u — &) S (fi(u) - fi(k))¢zi] d it

=1

+ [ o= BgGon,e. n,0) e 2 0

holds.
The method of fractional steps, or dimensional splitting, was introduced by Godunov
[4] in connection with gas dynamics, and later modified and extended by various authors.
Let us briefly describe the method of fractional steps due to Godunov for the case n = 2.
Let u(z,y,t) = S(t)uo(z,y) denote the entropy solution of

ue+ f(w)z +g(u)y =0

(0.3) u(z,y,0) = uo(z,y)

at time ¢. Similarly let v(z,y,t) = S¥*(t)vo(z,y) denote the entropy solution of

ve+ f(u)z =0

(0.4) v(z,y,0) = vo(z,y)

at time ¢, when y is considered a parameter. The idea is then alternatively to apply the
operators S and §9¥ (defined as S©%, but with y as a parameter) for small timesteps
At to approximate u(z,y,t), viz.

(0.5) u(z,y,t) = (S)uo)(z,y) ~ [ST7(A8)SI(At)]"uo(z,y)

with nAt =t¢.

When solving the one-dimensional problem (0.5), one may choose from the diversity of
methods available. Crandall and Majda [2] analyze rigorously the fractional steps method
for monotone schemes, the Glimm method, and the Lax-Wendroff scheme.

We here propose another scheme which has the advantage of yielding an unconditionally
stable approximation in the sense that the time-step is not limited by the space-step used
in the discretization, i.e. one does not need the Courant—Friedrichs-Lewy (CFL) condition.
Our method is based on an idea by Dafermos [3] of approximating the flux function by
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a polygon, i.e. a continuous, piecewise linear function. Furthermore the initial data are
approximated by step functions, thereby yielding (multiple) Riemann problems. This has
the advantage of replacing rarefaction waves by shocks in the solution and thus the solution
will be a step function in z for each ¢. Holden, Holden, and Hgegh-Krohn [5], [6] extended
this method into a numerical method for n = 1.

Finally we will give a brief resyme of the paper. Let § > 0 denote the parameter
measuring the polygonal approximation of the flux function in the sense of (1.4), and fix
a grid in the z,y-plane. We then use the Dafermos scheme in the z-direction for a small
timestep At. The solution is then projected back onto the original grid before we apply
the Dafermos scheme in the y-direction for a timestep At, using the solution computed in
the z-direction as initial data. After each time we apply the Dafermos scheme we project
the function onto the original grid, thereby obtaining a sequence of functions indexed by
the number of interations and the mesh size.

In a series of lemmas we then prove that this sequence is uniformly bounded by the initial
data in the L°°-norm, the T.V.-norm, and has L; norm which is Lipschitz continuous in
the time variable. Helly’s theorem then gives a convergent sub-sequence which is finally
proved to satify the Kruzkov entropy condition (0.3).

1. Construction of approximate solutions. For simplicity of notation we will consider
(0.1) in two dimensions, since generalization to more than two dimensions is straightfor-
ward. In two dimensions (0.1) reads

ur + f(u)z + g(u)y =0
u(:c,y,O) = UO(may)

(1.1)
where f and g are continuous functions R — R that are also in BW,c(R) N L (R).

We wish to construct a numerical approximation of the solution u based on dimensional
splitting, and where the one-dimensional solution operators are constructed by Dafermos’
[3] method. Now we will give a brief description of Dafermos’ method as used in [6] and
as we will use it here.

Let uo be some given real number and let u; = ug+:dfor:=1... N, let fi = f(ui).
We then define fs(u) by

(1.2) u € [ui, uip1] = fo(u) = f’i_i‘( —u))+fi, i=0,...,N—-1
and
(1.3) u<ug=> fs(u) =uo, u>un= fs(u)=un.

Consider the Riemann problem with u; = uo and ur = un. Let f. denote the lower
convex envelope of fs on [ur,ur]. Then also f. is piecewise linear and continuous. Let
g < Uy < --+ <ty be such that

(1.4) ’ﬁo=’u,0, iZMzuN, {ﬁo,...,ﬁM}g{uo,...,uN},
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and such that f. is linear on each interval i, w%i+1]. The solution of the one dimensional
Riemann problem with left state uo and right state un is now given by:

: uy, for z < §pt
(1.5) u(z,t) = Ui, fordit<ez<st, i=1,..., M-1
ur, forz > Spr—1t

where

(1.6) s:iili 1=0,...,M—1.
Ui4+1 — U

There is a similar formula involving the upper convex envelope for the solution of the
Riemann problem in the case where the left initial value is larger than the right. In
particular, we see that the solution in each case is a step function in z/t. Dafermos’
method as used in [6] and others involves approximating the initial function by a step
function and thereby defining a series of Riemann problems. The solutions of these will
define a function which can be defined for ¢ > 0 until two discontinuities interact. The
interacting discontinuities will then define a Riemann problem. This Riemann problem is
solved and the solution can be continued in this fashion up to any positive time. For a
complete description of this procedure we refer the reader to [5], [6].

Let Az and Ay be given (small) numbers and let 7 be a projection from BV (R?) to

functions that are constant on each square
(1.7) zij = {(z,y); 1Az <z <(1+1)Az, jAy<y<(j+1)Ay}
for ¢,7 € Z. The projection 7 should satisfy '

i  mu(z,y) = u(z,y)

18) / / imu — u| dody = O(max(Az, Ay))

(i+1)Az  p(j+1)Ay (i+1)Az  p(j+1)Ay
(7u)ijAzAy = / / mudzdy = / / u dzdy,
Az jAy Az jAy

where we write (mu);; for mul,,;. Furthermore the value of mu in z;; should only depend
on u in zij. In addition the projection is required to satisfy min(; y)e.,; u < (mu)ij <
maX(z,y)ez; Y-

The canonical choice would be to let 7 denote the grid average, i.e.,

(1.9) mu(en) =) [ @D, (@) €

Z,'J'
for some measure u. Since we will use Dafermos’ method in each direction, we define fs

and g5 to be piecewise linear continuous approximations to f and g respectively. The
approximations should be good both in the T.V. norm and in L, i.e.,

lim |f(w) = fo(u)lz.v. =0

(110 tim £(u) — fo(u)lz, =0,
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similarly for g. If vo(z) is a piecewise constant function taking a finite number of values,
we can use Dafermos’ method to calculate the solution to the initial value problem:

(1.11) ve + fs(v): =0, v(z,0) = vo(z).

We will write v(z,t) = S’g *(t)vo(z) to indicate that v(z,t) is the weak entropy solution of
(1.11).

If, for each fixed z, u(z,y) is a piecewise constant function in y on the intervals (7 Ay, (7 +
1)Ay), 7 € Z we write '

(1'12) u](x) = uley<y<(j+1)Ay(x’ y)'
Similarly,
(1'13) ui(y) = uliA:z:<z<(i+l)Az(w,y)

for functions that are constant in z for each y. Furthermore
(1.14) uj(z,t) = S3"*(t)u;(z), ui(y,t) = SPY(t)ui(y)-

Dimensional splitting consists in first applying the solution operator S;’* to u; for each
J, then projecting the solution back onto the grid, and subsequently applying the solution
operator S3'Y to u; for each ¢. Finally the result of this is projected onto the grid, and the
process repeated. In “computer code” this looks like

t:=0
n:=0
uo(a:’ y) =7To ’LL()(;I:, y)
do whilet<T
do j:=—Nsteplto N
n+1/2 _ ofz n .
W (2) 1= 5P (Atyun(a, (G + 1/2)Ay)
enddo
u™t/2(g,y) := 7 o u™t1/2(z, y)
do ::=—-Nsteplto N
ufi(y) == SPY(AI(( +1/2)Az,y)
enddo
ut(z,y) == mou™(z,y)
t:=t+ At
n:=n+1
enddo
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Here N is a constant that is chosen so large that u™ is constant outside the square bounded
by +NAz and £N Ay in the time interval [0, T].

2. Convergence. For convenience we will from now on assume that Az = Ay = cAt for
some ¢ # 0. Then we have three main lemmas which ensure the existence of a convergent
sub-sequence.

Lemma 1.

(2.1) [l (2, y)lloo < Mlwo(z,y)lloo

Proof. This is true since Sg * and SP"Y do not introduce new maxima or minima, and
neither does the projection 7. [

Lemma 2.

(2.2) T.V. (24 (u"(x, y)) STV (UO(:I:, y))

Proof. Recall that for a function h(z,y), T.V.(z y)M(z,y) is defined as

(2.3) T.V.(zyh(z,y) = /T.V.x(h(:c,y))dy+/T.V.y(h(:1:,y))dm.

The lemma will hold inductively if we show that T.V.(u"*(z,y)) < T.V.(u"(z,y)).
(From [6] we know that if u and v are two weak solutions of

(2.4) ut + f(u); =0
with initial values ug and vo respectively, then

(2.5) /|u —v|dz < /|u0 — vp|dz.

We now have that uj(z,At) and uj,,(z,At) are step functions that are constant on
some intervals {[z,zx+1)}. Thus if Zx € [z, Tk+1)

(2.6) / uly 1 (2, A) — u(z, At)|dz =

D lufea (Fe, AL = uf (Er, Al (kar —2x) < Y Jul i — uljlAz,
k i
using (2.5). But by the construction of the projection m,

@7) Y ubia(Ee, At — uf (Fk, A2k —zi) = Y ulF ] —ul A,
k i
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Therefore

+1/2 $1/2
(2.8) Z |u?’j+{ - u:'J / |Az < Z [uljyr — uij|Az.
; ;

If again u is a weak solution of (2.4) then from [5] we have
(2.9) T.V.p(u) < T.V.o (o).

By this it follows that

(2.10) > luf(Ert, At) — uf (Ek, A1) <D Jufyy ; — ulyl.
k ) :

Now let h = h(z) € BV be any piecewise constant function, and let k. be a continuous
approximation to h defined as follows. In a small neighborhood of each jump we let k. be a
linear interpolation between the two constant values. Then T.V.(h) = T.V.(h;) > T.V.(7h)
since wh is a particular partition of h..

This implies

+1/2 +1/2
(2.11) : E |U?+1,§ - “?,j / | < Z |uia,; — ui ;-
i i

Multiplying (2.11) by Ay and summing over j, and summing (2.8) over j, and then adding
the results, we obtain

(2.12) T.V.(z,y) (u"+1/2(m,y)) STV sy (u™(z,y)).

The desired result then follows by applying S3'Y. O

Lemma 3.

(2.13) >l — uljlAzAy = (CAt + h(Az, Ay, u)) (m — n),
i,J

where h is such that limaz—0,ay—0 h(Az,Ay,u) = 0.

Proof. If we again turn to the one-dimensional equation and let u be the solution of (2.4)
then

(214) / (e, 12) — u(z, t)|dz < Clts — 1),

for some constant C. In our notation this reads

(2.15) Z |u?+1/2(:7:k+1,At) —ui(Zk)|(zr41 — zx) < CAL,
k
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where the intervals {[zk, zx+1) } are chosen such that both u?(z, At) and u}(z) are constant
on [zk,Tk+1) and Zx € [Tk, ZTk+1). Now
(2.16) |u:-'3'1 —uj;| < |u"+1 —uj(z, At)|+
lul(z, At) - n+1/2| + ] n+1/2 '-1+1/2(a:,At)| n Iu;+l/2(:c,At) u
for iAz < z < (1+1)Az. Integrating (2.16) in both the z and y direction and using (2.15)

gives

(2.17) Z Iu"’*'1 uli|AzAy < 4NCAt + // |7Tv — v|dzdy +/ |Tw — w|dzdy

idl
3,0

where

w(z,y) = u}(z, At)

o(z,y) = uj (2, At),

and N is such that u}; is constant outside the square bounded by £/NAz and £ N Ay. Due

to (1.8) the last two terms on the righthand side of (2.17) will be of order O(Az) = O(At)
as Az and Ay tend to zero. The lemma now follows by induction. 0O

(2.18)

Denote u"(z,y) by uy(z,y) where n = (6, Az). Now by using lemmas 1-3 and Helly’s
theorem as in e.g. [1], one shows the existence of a convergent sub-sequence of uj; (which
we for simplicity also will call uy(z,y,t)). Furthermore this sequence converges uniformly
in L1(R? x [0,T]) for any T > 0, and the limit takes the correct initial value. We will
denote this limit by u(z,y,t).

Lemma 4. The limit u(z,y,t) is a weak entropy solution of (2.1).

Proof. We always have that u7(z,At) is a weak entropy solution of the problem
(2.19) u+ f(u): =0 u(z,nlt) =uj(z).

Therefore

(n+1)At
(2.20) / /n $ulu}(z, 1) — bl + bosign(uf(z,) - k) (Fs(uf(z,0) - fo(k) ) dtds

- / é(z, (n + 1)At)|uj(z, At) — k|dz +/ ¢(z,nAt)|u}(z) — kldz >0
R R

for any constant k. Since u}(z,?) is a step function in z the integration with respect to =

can be approximated by a Riemann sum of u"+1/ 2

Therefore for any small € > 0 we may
find a corresponding 1 such that '

(n+1)At 1/
2y [ 3 gt isy et -

T

#1,i(t), sign(uif"/? — k) (£ = £(k)) Aadt
_Z¢"+1 "+1/2 k|Am+Z¢ iluli — k|Az > —e,
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where f'; = f (u? ) and @7 ; = ¢(iAz,jAy,nAt). Here we have used (1.8) when replacing |

u?(z, At) by un+1/ and fs( *(z,At)) by f(u] nt1/ ?). Furthermore we can approximate
the dlﬁ'erentlatlon with respect to ¢ by a dlﬁ'erence, and the integration with respect to ¢
by a multiplication with At. Thus for any €; > 0 we can find 1 such that

(2.22)
n+1
E{—¢ O (63),siem Y - R) (7 - f(k))}AxAt

i

_ Z¢n+1 n+1/2 — klAz + Z ¢;"j|u?’j — k|Az > —e.

Similarly we get
(2.23)

¢n+1 ¢z n n . n n
Z{——”I TRkl + (971) sign(ul TP — k) (gi,fm—g(k)) AyAt
e
= DT Ay + 3 gt~ Ay >~

for any ez > 0 and for some sufﬁcxently small n. Multiplying (2.22) by Ay and adding for
all j, and multiplying (2.23) by Az and adding for all ¢, and finally adding the results we
get .

n+1

) TSy

+sign (uf} /? k)((w,;”)z( Y F) + (o3 (g::;“”—g<k>))}mym

— Z ST Pt — klAzAy + Z o7 ;lul; kleAy > —L(e1 + e2) = —Le,

i,J

where L = NAz = NAy, and N is such that supp(¢) C {|z] < N/2,|y| < N/2} x [0,T).
Summing (2.24) over n and letting n — 0 we get that u is an entropy weak solution of
(2.1). O

The generalization of this to higher dimensions is straightforward. We define
(2.25) Gs(t) = 7S ... xSH™

and let n denote the ‘grid spacing’, i.e., n = (§,Azy,...,Az,,At). The approximate
solution is denoted

(2.26) up(T1,...,Tn, mAL) = (Gs(AL))™ uo(z1,...,Zn).

Theorem. Let fi,- .., fn be continuous functions that are in BVj,.(R) N LL (R). Define
by (2.26) a sequence of approximate solutions of (0.1) indexed by n. As n — 0, a sub-
sequence of u, converges to the unique entropy weak solution (0.2) of (0.1).
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