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Abstract

We show that there is a close connection between deterministic differential equations of

the form e
@ = +ol6) Gl

(where zx = z} + iy are complex parameters) and Ito-Skorohod stochastic differential
equations of the form

dX¢ = bo(Xt)dt + O’O(Xt)QSBt,
where b°,0° denote the Wick versions of the functions b, 0.

The connection is provided by the Hermite transform #, which maps L? stochastic pro-
cesses X into (deterministic) analytic functions H(X¢)(z1,22,:--) on

CY = {(21,22,-+"); 2k € C and IM with z; = 0 for j > M},

and by its inverse H~!, which can be given an explicit form.




§1. Introduction.

The purpose of this paper is to establish a link between deterministic differential equa-
tions and Ito-Skorohod stochastic differential equations. If the coefficients are analytic
functions the connection becomes particularly simple. The key to the link is to replace
ordinary products in the deterministic equation by Wick products ¢ in the corresponding
[to-Skorohod equation. More generally, the given ordinary functions f should be replaced
by their Wick versions f°.

The proof of this connection is provided by the use of the Hermite transform H and its (left)
inverse H~!. The Hermite transform associates to a given (generalized) stochastic process
X on the white noise probability space (S', F, n) (see definition in §2) an analytic function
H(X)(z1,22,---) = Xi(21, 22, --) on CN. This particular transform was introduced by us
in [LOU], but the general idea of associating analytic functions to functions on &' is much
older. See [H], [HKPS] and the survey [MY] and the references there. An important
property of H is that it transforms Wick products into ordinary complex products and
this explains its role in the link above.

Another crucial property of H is that it has a (left) inverse H~! which can be computed
explicitly as an integral with respect to the infinite product of the normalized Gaussian
measures on R. This gives a useful method for solving Ito-Skorohod stochastic (possibly
anticipating) differential equations involving Wick versions.

A key result (Theorem 3.3) states that if [ -§B, denotes Skorohod integral (B; is Brownian

motion) then
T T
/K&Bg =/KOWtdt
0 0

for all Skorohod integrable processes Y;, where W; denotes the white noise (generalized)
process. Thus Wick multiplication appears naturally when Ito or Skorohod stochastic
differential equations are used to model dynamical systems with noise. Ordinary and
Wick multiplication coincide for deterministic processes, but for stochastic processes the
products differ and we would like to stress that it is not obvious what type of product
one should use to get the best model. As an example - and an illustration of our main
result - we discuss (§4) the following model for population growth in a crowded, random
environment:

d){t = T‘Xg (o (N - Xt)dt + OlXtO (N - Xt)(SBt

§2. Some preliminaries.

Since white noise is so fundamental for our construction, we recall some basic facts about
this generalized (i.e. distribution valued) process:

For n = 1,2, .- let S(R™) be the Schwartz space of all rapidly decreasing smooth (C*°)
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functions on R™. Then S(R") is a Fréchet space under the family of seminorms
1l = sup(1 + l=|™)10% £ ()],

where N > 0 is an integer and a = (ai,---,ax) is a multi-index of non-negative integers
a;. The space of tempered distributions is the dual S'(R") of SR"), equipped with the
weak star topology.

Now let n = 1 for the rest of this section and put § = S§'(R). By the Bochner-Minlos
theorem (see e.g. [GV]) there exists a probability measure u on (S, F) (where F denotes
the Borel subsets of §') such that
(2.1) EH[e<w$>] .= /ei<w,¢>dﬂ(w) = =391 51 all €S,

ISI
where ||¢||*> = "¢”%’(R) and <w, ¢ >=w(¢) forw € §'. We call (§', F, ) the white noise
probability space.

It follows from (2.1) that

(2.2) /f(< w, ¢ >)dp(w) = (2x]|¢|*)* /f(t)e_’—"‘:?dt;cb €S,
S’ R

for all f such that the integral on the right converges. (It suffices to prove (2.2) for f € C§°,
i.e. f smooth with compact support. Such a function f is the inverse Fourier transform of
its Fourier transform f and we obtain (2.2) by (2.1) and the Fubini theorem). In particular,
if we choose f(t) = t* we get from (2.2)

(2.3) Ef[<w,¢>’] =||4]* ¢ € S.

This allows us to extend the definition of < w,¢ > from ¢ € S to ¢ € L*(R) for a.a.
w € &', as follows:

(2.4) <w, ¢ >:= klim <w,pr > for g € L2(R),

where ¢k is any sequence in S such that ¢x — ¢ in L?(R) and the limit in (2.4) is in
L*(S', ).

In particular, if we define
(2.5) Bi(w) :=< W, X0, >
then we see that (B,,S’, 1) becomes a Gaussian process with mean 0 and covariance
E*[B(w)B,(w)] = / <w,X[0,q > * < W, X[0,s > dp(w)
SI

= /X[O,t](-'l') * X[0,s)(z)dz = min(s, t), using (2.3).
R




Therefore By is essentially a Brownian motion, in the sense that there exists a t-continuous
version B, of By:

p({w; By(w) = By(w)}) = 1 for all t.
If u € L?(R) we define, using (2.4)

/ $(t)dBi(w) =< w, ¢ >,

which coincides with the classical Ito integral if supp ¢ C [0, 00).
If we define the white noise process Wy by
(2.6) Ws(w) =<w,p > forp € S,we S’

then the white noise process Wy may be regarded as the distributional derivative of By, in
the sense that, if $ € S

< d—‘iB,( / &'(£)By(w)dt = / 6(£)dBy(w)

= Altljrgo Z ¢(t]' (Btj+1 - Bi,‘) = Alti,-IE.o z ¢(tj) S Wy X(t 4 41] 2
J J
= Altijrgo <w, z (ti)X (4 1 41] >=< w, ¢ >= Wy(w),
J

where the second identity is based on integration by parts for Ito integrals.

By the Wicner-Ito chaos theorem (see e.g. [I] and [HKPS]), we can write any function
f € L*(p)(= L*(S', 1)) on the form

(2.7) f= Z/f dB®"

n=0

where
(2.8) fn € L2(R", dz),

ie. fn € L*R" dz) and f, is symmetric (in the sense that fn(Zo,,Zop,  ")%s,) =
f(z1,- -+, z,) for all permutations o of (1,2,---,n)) and

[ fuden = / fa(u)dBE"
(2.9) o

— n! / / / / fa(u1, ) un)dBy,)dBy, - dBu,_, )dBu,




for n > 1, while n = 0 term in (3.1) is just a constant fo.

For a general (non-symmetric) f € L?(R™) we define
(2.10) / fdB®" := / fdB®"
where f is the symmetrization of f, defined by

(2'11) f(ul""’u")=%Zf(uvn"'auﬂn)’

the sum being taken over all permutations o of (1,2, -, n).

With f, fn as in (2.7) we have

o0

(2.12) 1£ 12200 = D nll fallZzmm)

n=0

Note that (2.12) follows from (2.7) and (2.9) by the Ito isometry, since

E[( | f2dB®")( | fmdB®™)] =0forn #m
R[

and

E[( / FodBE™Y?) = (n!)2E[( / o / fa(ur, -+ un)dB1) - dBu, )’
R" — 00 —00

= (n!)? ._'Z; ---(—[o fiug, - up)duy) - dug = n!n[ i (u)du

Here By(w);t > 0,w € &' is the 1-dimensional Brownian motion associated with the white
noise probability space (S, p) as explained above.

Now suppose that X; = X(t,w) : R xS - Risan B x F-measurable stochastic process
such that E[X?] < oo for all . (Here B denotes the Borel o-algebra on R). Then by the
above there exist fn(t,-) € L*(R™) such that

(2.13) X(@)=% / Faltyur, - un)dBE™ W)
n=0n,, .

Moreover, each fn can be chosen measurable in all its variables (see [NZ]). Fix T > 0. Let
fn denote the symmetrization of fn - Xo<t<T with respect to its n + 1 variables. Suppose

n=0

T
00
(2.14) E[/ X?dt] + Z(n + 1)!"nt|%2("!‘;+1) < 00
0




T
Then the Skorohod integral of X:, denoted by [ X.6B, is defined by
0

T o0
(2.15) / X,&B,:Z / Fa(t,u)dBO(+)
0

n=0R"+'

The Skorohod integral is an extension of the Ito integral in the following sense:

T
(2.16) I Y; is adapted and E[[ Y2dt] < oo then the Skorohod integral of Y exists and
0

T T
/Y'téBt = /},tdBt.
0 0

(See [NZ]).
As is customary we let H* = H*(R") denote the Sobolev space

H R = (6 € SR [¥luny = [ BWIF(L+1u)dy < 00},
®n

where ¥ denotes the Fourier transform of ¥ and s € R. Then the dual of H® is H™* for
all s € R. For notational simplicity we put
H™ > = U H_k,
k=1
so that if F € H~ then F € H~* for some k.

We now recall the definition of functional processes, which were introduced in [LOU]:

DEFINITION 2.1. A functional process {X(-,w)},es’ is a sum of distribution valued
processes of the form

oo

(2.17) Xo(w) = X(dw) =3 / FM(4®")dBO" (w); ¢ € S,w € &'
n=0n,,
where
F™ () e H~(R"™ L*(R")) for alln > 1
and

F©() e H (R).
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Moreover, we assume that

(2.18) BX ()] =Y n / < F(™ 487 52 ()du < oo

n=0

for all ¢ € § with ||¢||L2 sufficiently small.

To make the notation more suggestive we often write the functional process X(¢,w) on
the form

(2.19) Xi(w) = / F{™ (4)dB®"(w) =

n_On n

/ F(")dB®n
n-OR,.

where each Ft(")(u) is really an L%-valued distribution in the t-variable, t = (t1,---,t5).
The distributional derivative of X; with respect to ¢ is then defined by

(2.20) dX'( ) = Z / tht(") o(u)dBP"(w) 1

n F(n)
t(,t,) -t (z: z“'(t)"',t)’

Fg'; denoting the usual distributional derivative with respect to z;, i.e.

aF(®
< 3m]’ ’

¢>=—<F(n),§% > for ¢ = ¢(z1,---,za) € S(R™).
j

EXAMPLE 2.2. The white noise process W, can be represented as a functional process
as follows:

where 6;(u) is the usual Dirac measure, i.e.

< 64(u), 4(2) >= 6(u)
To see this note that, according to the definition above, (2.21) means that
(2.22) We(w) = / $(u)dBy (w)
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for suitable constants & = ¢\ (¢), where a = (a1, *yam),|lal = a1 + -+ + am and
C®a — G@al ® Q@a: R ® Cgum

This gives the (unique) representation

(2.26) Xy = E Z c(n) /C@adB®n - ZCQ/(;@GdB@Ial

n=0 |a|=n

where c(n)( YEH ®(R™) forn>1 c(o)( -) € H~*°(R).

DEFINITION 2.4. Let X4 be the functional process with the representation (2.26).
Then the Hermite transform (or H-transform) of X4 is the formal power series in infinitely
many complex variables z1, z2, - - - given by

(2.27) H(X4)(z) = Xy(z) = Z Z Ca2® —anz ,

n=0 |a|=n

where z = (21,22, ), 2% = 2y - 2% -+ 28 if a = (a1, *, m).
The main properties of the Hermite transform can be summarized as follows:

THEOREM 2.5 [LOU].
(a) For each integer N put

Z(N) = (Zl,"',ZN,0,0,"')ifZ=(2'1,"',ZN,ZN+1,"') ECN

and define ) 3
X5 (2) = Xo(z')
Then the power series for X (N) converges uniformly on compacts in CV and hence repre-

sents an analytic function in CN , for each N.

(b) (Inverse H-transform). Define the measure A on the product o-algebra on RN by
(2.28)

oo (o TN o}

dys \ _142 dy2 _1,2 dyn
dX e dut L cie~3Vn
/f(y) (y) = / / / flyr,- - yn)e” \/___) . =
if f: RN — R is a bounded function depending only on finitely many variables y1, -, yn.

(This defines A as a premeasure on the algebra generated by finite products of sets in R
and so A extends uniquely to a measure on the product o-algebra of RN). Then

(2.29) X = 'H—I(X‘;,) = [/ X¢(IL‘ + iy)d/\(y)],,:f ¢dB
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where z + iy = (z1 + 11,22 + 1y2,---) and “z = deB” is a short-hand notation for the
substitution zx = f(kdB,k =1,2,---.

(c) Suppose p,q > 1 is such that % +% = 1. Let X4, Yy be functional processes such that
Xse LA x ),V € L¥(X x ))
for all ¢ € S sufficiently small. Then Xy o Yy is a functional process and
H(Xg0Ys) =H(Xy) H(Yy),

where the product on the right is the usual complex product in the complex variables z;
(and a tensor product in the coefficients (as functions of ¢)).

§3. Wick multiplication and Ito-Skorohod stochastic differential equations.

In this section we establish a connection between deterministic and Ito-Skorohod differ-
ential equations. The key to this connection is that ordinary multiplication should be
replaced by Wick multiplication or, more generally, given functions should be replaced by
their Wick versions. This will be explained more closely below. Heuristically, our main
result could be formulated as follows:

Ito-Skorohod calculus using usual multiplication is equivalent to usual calculus using Wick
multiplication.

First we make some remarks about the Hermite transform and its inverse, explained in §2:

DEFINITION 3.1. Let us(z) = u(t;21,22,--+) : [0,00) x C)¥ — C be measurable and
satisfy the conditions

(3.1) (Antisymmetry) us(Z) = uy(2) for all ¢, 2,

where  denotes complex conjugation, and

(3.2) f//wpﬁama@m<m

for all T < oo, where z = = + iy as before.

Then we say that u,(t) is a generalized Hermite transform. The family of such functions
is denoted by G. If - in addition - u.(2) satisfies the requirement

(3.3) ~ uy(-) is analytic in each 2z € C,k =1,2,---

we call u¢(2) an analytic Hermite transform. The family of such functions is denoted by

A.
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Note that if u € A we can write

u(z) = ) ca(t)z® for z € C}

o

and we see that )
uy(z) = Xe(2)

where

Xe=) calt) / ¢®*dBolel = 11 (uy).

is the inverse Hermite transform of u;(-). So u is indeed the Hermite transform of a
functional process X.

However, if we start with a general v(2) € G and apply the inverse Hermite transform
Yoim 1700 = [ W@ AW, fcan

we get a functional process Y; whose Hermite transform Y = H(Y:) does not necessarily
coincide with v,. For example, if

ve(z) = c(t)|z1]* 2= (21,22, ")
then

Yo [ ot)ic? + 1N, - fgoam = €OI [ 1B +11

This can be written in canonical form

o= (o)l (a5 +2)

fromn which we see that i
Yi(2) = c(t)[2] +2].

But this argument shows that to any given v; € G we can always find a (unique) analytic

ft = H(H™(v)) € A with the same inverse Hermite transform as that of v;. We call f;
the analytic representative of v,.

We will need the following result:

LEMMA 3.2. Let v, € G and let f, € A be the analytic representative of v;. Then

(3.1) /vt(z)zkd)\(y) = /ft(z)zkd/\(y) fork=1,2,---
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Proof: [vi(2)zkdA(y) = zk [vi(2)dM(y) + ¢ [ ve(2)yxdA(y) and similarly for [ fi(2)dA(y).

Since v, and f; have the same H ™! transform we have

/ ve(2)dA(y) = / fi(z)dA(y)

So to prove (3.4) it suffices to prove that

oo

[e o]
/ vt(z)yke_%”zdyk = / ft(z)yke'h:dyk = 0 for all £

- 00
and this is a direct consequence of the antisymmetry relation (3.1).

We proceed to prove the following basic relation between Ito/Skorohod integrals and white
noise calculus: (As usual we let Wy = [ 6;(u)dB, denote the white noise functional process
and

Wi(2) =Y i(t)z,

its Hermite transform)

THEOREM 3.3. Let T > 0 and let Y; be a stochastic process such that
T
[ [ 1w n@)Pax@irwt < o.
0

T
Then its Skorohod integral [ Yi(w)6B, exists and
0

T T
(3.5) Yi(w)§Be = [[ [ Yu(2) Wi(2)dN],_ [ ogpdt (2 =z +iy)
[rerm=]f f
In particular, if {Y;} is {F;}-adapted, then °
T T
(3.0) Yi(w)dB, = [[[ Yi(2) - Wi(2)dA] __ dt
[re=]] o

Proof. If we put Y; = 0 for ¢t ¢ [0, T] and write
Fim Y ea(® [ ¢0maBOel = Y (e Gatt) [ cOmaBOl),
a a,k
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then we get (all dM-integrals are evaluated at = [ (dB)

/ Y:08B, = (cm Ck) / ¢ ® (®dBelelt

=3 (car k) [ zzd
g; k/zkz

a’k’j

= Y lets) [ziar- [ oo

f( / D (e Il0s"(5 G0z
= / ([ ¥ita)- (a0 / ([ Tt

as claimed.
A more striking way of stating Theorem 3.3 is the following:

COROLLARY 3.4. Let Y; be as in Theorem 3.3. Then
T T
0 0

If, in addition, Y; is Fy-adapted then

T T
(3.8) /Y,(w)dBt = /Yt o Widt
0 0

In other words: Ito integration is equivalent to Wick multiplication by white noise followed

Ly usual (Lebesgue) integration.

Remark: Using (3.8) repeatedly we see that the Wiener-Ito chaos formula (2.7) may be

written

fe Z / fo o WondHOn

n-Om,.

which is strikingly similar to the Taylor expansion of a real analytic function. See [St] for

o discussion about this.
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From (3.8) we see that if we model a white noise differential equation

%1 = b(X) + o(X¢) - “white noise”

by the Ito stochastic differential equation
dX: = b(X;)dt + o(X¢)dBy,
we are actually interpreting the product
o(X¢)- “white noise” as the Wick product o(X;)o W;.
This raises the question whether it may be more appropriate to interpret other nonlinear

terms in the equation in the “Wick sense” as well. For example, as a model for population
growth in a crowded - and random - environment we could use the equation

dX
T.z_ti = (r + aW,)Xy(N - Xy)
in the “traditional” sense, i.e.
(39) dXt = TX;(N—Xt)dt-FaXt(N —Xt)dBt

or we could use the Wick version of the products:
(310) d.Xt = 'I'XtO(N—.Xt)dt-l—aXtO(N—Xt)dBt.

Which model gives the best description of the situation? We will examine this example
more closely in §4. (We remark that it follows from the main result in [L@U] that if
0 <X, <N for s <tthen X,0(N - X,) >0fors<t.)

First we introduce the general concept of the Wick version f° of a given real function f:

DEFINITION 3.5. Let f : C — C be measurable. If X, is a stochastic process in L% (p)

such that

[ [ +i)Paxa) < o

then
(311) Vo= [ F(Ruo+ )W), oa = HHFOUX))

defines a stochastic process in L2(p). This process Y; is denoted by f°(X¢) and called the
Wick version of f(X).
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EXAMPLE 3.6. If f(z) = 3 axz* is a complex polynomial then
k=0

k=0

F(X) =" arX¥, .

ie. the o-polynomial obtained by replacing the usual pbwers by Wick powers (assuming
the latter exist).

THEOREM 3.7. Let b: C — C and o : C — C be measurable functions, b(z) = b(z) and
0(z) = o(z). Suppose there exists T = T(z1,z2,--:) > 0 such that for all £ € N and all
(21, -, 2k) = (z1+1y1,- - -, Tk +yx) there is a unique solution Gfk) € LZ(X[o,Tldt X dAX dA)
of the (deterministic) differential equation

a” H(HHTEX)) + o(HH(EXR)) - ic-(t)z‘-
(3.12) dt t t p J 2

(8 — ¢ € L2() x \) given.
Define &;(z) for z € C§ by putting
(3.13) t(z) = P ) if 2 = (21, -+, 21,0, ).
Assume that J(H(H™'(&))) and o(H(H™1(&:))) - W, belong to L2(X[0,T]dt X d\ x d)).
Define

(3.14) Xi(w)=H(&) = [/ Et(Z)dA(y)]z=f cdBwy fort< T(/ ¢dB).

Then the process X, solves the Ito-Skorohod stochastic differential equation
(3.15) dX, = b°(X,)dt + 0°(X)6By ; Xo=H"1(&).

PI'OOf. If z(k) — (zl,. . ',zk)O,‘ ) when z = (zl’. 2k 241, ) we have by uniqueness
ét(k)(z(k)) — Et(m)(z(k)) forallm > k.

This shows that €,(z) is well-defined. Moreover, note that by antisymmetry of b and o we
have

(3.16) £1(Z) = &(z) forall z € CY.

With X, defined by (3.14) we have

€(z) = &o + / b(X,)ds + /a(.i’,) ZCj(s)z,-ds fort < T(z)

J
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for all z € C§. We integrate this identity with respect to dA(y) and apply the Fubini
theorem to obtain

(317) Xuw)=a+ / b(X,)ds + / ( / oK WodAW)), e [ capds Tort < T( / ¢dB)

By Lemma 3.2 we may replace U(X s) by its analytic representative and by Theorem 3.3
we obtain (3.15).

If b and o are analytic then £;(-) becomes analytic and hence {; coincides with its analytic
representative H(H~!(¢;)). So in this case Theorem 3.7 simplifies to:

THEOREM 3.8. Let b : C —» C and 0 : C — C be analytic functions satisfying
b(Z) = b(z) and o(Z) = o(z). Suppose that there exists T = T(z1,z2,---) > 0 such
that for all z = (z1,22,--) = (21 + ty1,T2 + ty2,- - -) there is a unique solution &:(z) €
Lz(x[o’Tjdt X dX x d)) of the equation

d&

(3.18) -

= b(&,) + o(&) - Wi(2); €0 € L2(A x ))

for t < T, where £o(z1, z2,...) is analytic.

Moreover, assume b(&;) and o(&;) - W, belong to L(x[o,rjdt X dX x d)).
Then

(3.19) Xo:=H"(é)

solves the Ito-Skorohod stochastic differential equation

(3.20) dX, = b°(X,)dt + 0°(X:)6B: ;X0 =H (&)

for t < T(w) := T(f (1dB, [ (2dB,---). Moreover, this is the unique solution satisfying

T
(3.21) //(/0 1X(2)]2dt)dM\(z)dA\(y) < o0 (2 =z + iy)

Proof. It only remains to prove uniqueness. If X; and Y; both solve (3 202 then Xt and Yt
both solve (3.18). By uniqueness of the solution of (3.18) we have X,; =Y, and hence

Xi=H'X)=H'Th) =Y.

Remark. Note that Xy may be anticipating, so Theorems 3.7 and 3.8 provide a new
approach to (this type of) anticipating Skorohod stochastic differential equations. See [P]
and the references there for more information about such equations.
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§4. Application to population growth in a crowded, stochastic environment.

To illustrate Theorem 3.8 we consider example (3.10) in detail, i.e. we consider the follow-
ing Ito-Skorohod stochastic differential equation

(41) ng ='rX¢<>(1—Xt)dt+aX,o(1—Xt)6Bg;Xo =T

where z,r, a are constants, r is positive and where we for simplicity have put N =1 and
assume z > 0.

In view of Theorem 3.8 we are led to consider the following deterministic equation

(42) -d'(—ft—t' = Tft(l - Et) + OtEt(]. - ft) . Wt(t); Eo =z >0.

Put ¢ = =2,
T
First assume z > 3, i.e. |c| < 1. Then the (unique) solution of (4.2) is

(4.3) i(2) = [1 + cexp(—rt — aF(t,z))]  fort < T
where
(4.4) F(t,z) = /W,(z)d.s = Z Zk(t)zk,

0 k

with Zg(t) = ft(k(s)ds and T = T(z1,---) = inf{t > 0; cexp(—rt — a ;Zk(t)wk) =1}
0

For t < T we have

/ E(2)dN(y) =

(4.5)
2_:0( 1)™c™ exp(—rmt — am Zk: Zi(t)zk) - / exp(—ima Ek: Zryr)dA(y)
Now
(4.6) / exp(—imaZyys — yk) \/_ exp(—-l-m o?Z2)
So
/ &i(2)d\(y) = :Z:o(-l )™c™ exp(—rmt — am Xk: Zi(t)zk — %mi’a2 ; Z:(1))
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Substituting zx = f (xdB we conclude that (4.1) has the solution
(4.7) X = Xt(l) = Z (=1)™c™ exp(—(rm + -;-azmz)t — amBy)
m=0
This is the solution if § < z < 1and t < T(w) = inf{t > 0; cexp(—rt—aB;) = 1} (Bo = 0).

Since the series in (4.7) actually converges for all ¢ (for a.a.w) it is natural to define X for
all ¢ by this formula. With this definition we see that

(48) BHX(V] = 2y,
where z; is the solution of (4.1) in the deterministic case (o = 0). Moreover,
(4.9) lim Xt(l) =1 as.,

t—o0

although for all ¢ > 0 we have

1
i

(4.10) Prx® >1>0 (ffa#0)

Thus in this stochastic model there is always a positive probability that the population
will exceed the limiting value 1.

However, since

E*[(X{")) = 0

for all ¢ (if a # 0) X,(l) is not a global solution of (4.1) in our (L?) sense. But we shall
show below that X t(l) is a global solution in a weaker sense.

Next assume 0< z < -;-, re. ¢c> 1.
Then the unique solution of (4.2) can be written

(4.11) £(z) = c Vexp(rt + aF(t,2))[1 + ¢t exp(rt + aF(t,2))] ™"
for t < T(z).

For t < T(z) we have, by a similar calculation as above,
o) o 1
/f,(z)d/\(y) = Z(-—l)’"“c exp(rmt + am Z Zy(t)zg — —2-m2a2 Z Zi(1))
m=1 k k

Substituting zx = [ (xdB we get the solution

(4.12) X, =Xx® = Z (=)™t ™™ exp((rm — %azmz)t + amBy)

m=1
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if 0 <z <3 andt<T(w)

Again we note that (4.12) actually converges for all ¢ (for a.a. w) so we define X t(2) for all
t by this formula. In this case (0 < z < 3) we still get

(4.13) E*XP) =z, |
and j

!
(4.14) PX® >1>0 forall t>0 (a#0)

However, in contrast with (4.9) we now have |
. (2) . 1,
(4.15) lim X,” =0 as. if r——-a"<0
t—o0 2

Now define X; by

(4.16) , = {Xt(l) if3<z ie. |e| <1

X® ifo<e<y iec>1

We claim that X, actually solves (4.1) for all t, in the sense that X is Fi-adapted,

T
(4.17) P“[/ X, 0(1— X)Pdt < oo forall T] =1
0
and
T T
(4.18) XT=3:+T/ X,o(l—Xt)dt+a/ Xio(1—X:)dB;  forall T
0 0

To verify this we have to compute Xy o (1 — X;). If X; = Xt(l) we have by (4.7)
Xt o (1 - Xt) =

(119) _ $™ (et exp(~lr(n + m) + Ja*(n? + m)t) exp(—amBy) o exp(-an )

m=0
n=1

To compute the last Wick product we rewrite the last two exponentials as Wick exponen-
tials:

Define

= 1
(4.20) Ezp(Vi):= Y Ve

n=o
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A similar computation verifies (4.17),(4.18) in the case when X; = X t(2).

Remark 1 Note that both the computation for X; = Xt(l) and for X; = Xt(z) actually still
works if we put ¢ = 1, as long as t > 0 (and a # 0). But neither of them converges for t =0
with this value of c. It is an interesting question if equation (4.18) has any solution at all
with 2 = 1 (if @ # 0) and if so, whether it is unique or not. The difficulty at this starting
point z = 7 reflects the fact that the corresponding (complex) deterministic equation (4.2)
does not have a solution for all zx € C. In view of (4.9) and (4.15) it is natural to regard

1

x = 5 as a kind of ”stochastic bifurcation point”.

Remark 2. It is interesting to note that our solution X; is closely related to the classical
©-function. The latter is defined by

(4.24) O(w,r) = Z exp(min®r 4+ 2minw) ;

n=-—0oo

where w € Cand 7 € H = {2z € C; Im z = 0} (See e.g. [M]). So, for example, if we choose
¢=1 (and ¢t > 0) in (4.7) and (4.12) we have

X0 - XP = 3 (<) exp(~(rn + a*n?)t ~ anB)

¢ n=—oo
(4.25) - 1
= Z exp(—§a2n2t +n(ni —rt — aBy)) = O(w,7)
n=-—00
with g
1 4 i
(426) w = -2- + 2—ﬂ:(1‘t + Oth), T = —2;a2t

Remark 3. Note that the (unique) solutions Xt(l), Xtm in (4.7), (4.12) are not Markov.
For example, if 0 < z < % we have

(4.27) E”[Xt(i)h |Ft] = Z (=)™t ™™ exp((rm — %a2m2)t + amB;) exp(rmh)
m=1

while

(4.28) EXV XM= 37 (=1)™ 1y ™ exp(rmb),

m=1

where ¢ = (1—z)/z, v = (1—X1(2))/Xt(2) and F, is the o-algebra generated by {B,(+)}s<:-
The equality of (4.27) and (4.28) would imply that
Yt (

— =exp(—-rt+ laf2mt — aBy)
c

2

for all m, which is impossible unless a = 0.
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Logistic paths

The same sample path with r = 1, « = 1. Starting points: 0.75, 0.6

Logiatic growth
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Logiatic growth

Different sample paths with r = 1, a = 1. Starting point: 0.55

Logistic growth
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Logistic growth

Different sample paths with r = 1/5, a = 1/2. Starting point: 0.6

Logistic growth
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Logistic growth

Different sample paths with r = 1/5, a = 1/2. Starting point: 0.25
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Different sample paths with r = 1/5, & = 1. Starting point: 0.25
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The non-Markovian nature of the solutions reflects the fact that the value of the Wick
product X, 0 (1 — X,) at a given wy € S’ is not a function of X(wo) alone, but depends
on the whole set of values { Xy (w);w € 8'}.

The solutions X,(I), X,(Q) are illustrated on the figure, which shows computer similations
for various choices of r,t and starting point z. In a sense the use of Wick products gives
a model of a population with a "memory”: If the population reaches the value 1 (the
capacity of the environment) from a lower starting point, it has got a momentum which
malkes it possible to grow even further.

It would be interesting to compare the solutions (4.7), (4.12) to the solution of the “tra-
ditional” stochastic model (3.9). Unfortunately this comparison does not seem to be
straightforward, because it appears to be difficult to solve (3.9) as explicitly as we have
solved (4.1).
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